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PREFACE

The First and Second Conferences on Functional Analysis at the University of
Paderborn had been held in November 1976 and February 1979; their Proceedings
were published {in 1977 and 1980) as volumes 27 (Notas de Matematica 63) and 38
(Notas de Matematica 68) of the North-Holland Mathematics Studies series,
respectively.

The Third Paderborn Conference on Functional Analysis took place from May 24 to

May 29, 1983 (i. e., it was one day longer than the previous meetings). Organizers

and editors of this volume, which contains the Proceedings of the conference,

were again K.-D. Bierstedt and B. Fuchssteiner . - Many of the invited lecturers of
the first two meetings also attended the 1983 conference; some of them gave short

lectures, and others served as chairmen of the sessions.

At the 1983 Paderborn Conference, there were 17 invited lectures (of 50 or 75
minutes each) on topics of current active research in functional analysis, operator
theory, and related areas. Again, 1in accordance with the aim of this series of
meetings, most of the speakers of the invited lectures first presented a survey of
the theory, some motivation and background information in the first part of their
talk before proceeding to recent contributions and new results.

Since this conference was one day longer than those of 1977 and 1980, it was also
possible to include 8 short lectures (of 25 minutes each), and four articles in
this book were contributed from this part of the participants. - The joint paper
of H. Goldmann, B. Kramm and D. Vogt is based on discussions during the meeting,
and for its origins see the remark at the end of (3.1) in Kramm's article. Further-
more, one article was submitted by L. A. Moraes, a participant of the conference.

As a glance at the table of contents shows, the 22 articles in this volume deal
with many different aspects of functional analysis and its applications, ranging
from Banach space theory and the theory of {nuclear) Fréchet spaces tc e.g.
positive operators, automatic continuity, C* - and von Neumann algebras, function
algebras, distribution theory and convolution operators.
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At the time when the manuscripts for this Proceedings volume kept arriving at
Paderborn, we received the sad news of B. Kramm's tragic death on October 11, 1983.
A1l the participants of the conference will remember Bruno Kramm as an active and
very energetic mathematician, full of interesting ideas. We all deeply regret this
great loss.

The original plans for Kramm's survey article in these Proceedings included 8
chapters of which, due to his severe illness this summer and fall, only 4 could
actually be finished. In the preparation of his contribution (and of the manus-
cript in this volume), Kramm was helped by his student, H. Goldmann. In fact, as
time went on and Kramm's health situation became critical, Goldmann was, more and

more, on his own, turning the notes into the final version of the paper.

Of course, the present article “Nuclearity and function algebras - a survey -"

by Bruno Kramm is not really what Kramm had in mind when he started writing it and
what the editors had hoped to receive. E.g., it does not contain an introduction
and breaks off at the end of chapter 4. However, in its organization and in the
inclusion of problems and interesting remarks, it clearly reflects Kramm's spirit
and some of his research on the borderlines between functional analysis, several
complex variables and function algebras. So we decided to include the manuscript
in these Proceedings.

It remains to thank once more all those who participated in the meeting for their
interest and the stimulating discussions, above all the speakers and the chairmen
of the sessions. We thank all the contributors for the preparation of their manus-
cripts in time for the publication (the deadline was, more or less, September 30,
1983, but the last paper actually arrived at Paderborn in late November). We thank
the analysis group of Paderborn for their help in organizing. the meeting and in
proofreading the manuscripts; we mention J. Cioranescu, B. Ernst, R. Hollstein
and, above all, Wolfgang Lusky in this connection. Ms. B. Duddeck did an excellent
job with the typing of two manuscripts (and the first pages of the book} as well
as with the correction of many misprints.

Finally, we would 1like to thank "Stiftung Volkswagenwerk" for providing the funds
for the conference, Universitdt-Gesamthochschule Paderborn for all the support, the
editor of Notas de Matematica, Leopoldo Nachbin, and the publisher for including
this volume in their series.

K. D. Bierstedt

B. Fuchssteiner
Editors' address:

K.-D. Bierstedt, B. Fuchssteiner, FB 17, Mathematik, Universitit-Gesamthochschule-
Paderborn, Postfach 16 21, D-4790 Paderborn, Germany
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THE BANACH SPACE H1

P. Wojtaszczyk

Institute of Mathematics
Polish Academy of Sciences
00 -950 Warszawa, Poland

We present the linear -topological properties
of the classical Hardy space H1,
INTRODUCTION

The aim of this paper is to give an exposition of linear -topological
and isometric properties of the classical Hardy space H1(D). The
D) and its versions like ReH

importance of the space H T) in

( (
analysis stems from the fa;t that many integral operators1which are
unbounded on L.I are bounded on H1. We will not elaborate on this
point here. While writing this paper we had two goals in mind. First,
we wanted to show to a functional analyst an interesting and natural
example of Banach space. In our opinion the Banach space properties
of H1(D) are not well understood. There are many interesting and
difficult problems. Secondly to a classical analyst the functional

analytic point of view may be the source of new problems.

Our presentation of the subject is limited to H1(D). The fact that
H1(D) is embedded into the scale of H spaces, O <p <« 1is receiving
very little attention. Let us remark here that the scale of Hp spa-
ces, O<p<« seems to be nicer than the much more investigated scale
of Lp spaces, O <p <=, In particular the passage from p >1 to

p <1 is much more natural for Hp than for Lp spaces. The
generalisation from Banach space case to p-Banach spaces, p <1 is
much easier to understand if one thinks in terms of Hp—spaces.

Also the dual and predual of H1(D) receives relatively little
attention. This is not intended to mean that the space BMO deserves

smaller attention than H1(D) does.
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Now some explanation about the style of exposition. We usually do
not give proofs of presented results, however we did our best to
give detailed references to the literature where the proof can be
found. When the proof is given, it is usually a sketch. As a rule
this happens when this particular proof or result is not explicitly
stated in the literature, but is an easy consequence of known

results or methods.

The paper »is divided into seven sections of very unequal length.
The first two give the necessary analytic background, the next
four are devoted to the subject proper of our exposition while
the last one formulates some additional directions for possible

future research.

Now we indicate the content of particular sections. Section 1
describes the space H1(D) as a space of analytic functions on

the unit disc while Section 2 presents the real variable approach

to the same space. Section 3 gives some results on general subspaces
of H1(D). Short Section 4 is devoted to isometric problems.
Section 5 contains the description of bases and unconditional bases
in H1 and closely related results about isomorphisms between H1(D)
and various other spaces. Finally Section 6 discusses complemented

subspaces of H1(D).
SECTION 1;
Complex function approach to H1(D).

It is well known that the function f(z) analytic in D ={z €T :
|z] <1} can have an extremally irregular behaviour as |z| approa-
ches 1. So it is a natural idea to consider functions with somehow
restricted behaviour close to the boundary. Hardy spaces is one
such possibility, which turned out to be extremely successful. For
O <p <~ we define Hp(D) as the space of all analytic functions
£(z), lz] <1 such that

1

i . -
sup(ilﬁ 7| £(xe*®) |Pag)P <o,
r<i -1

So we restrict the mean growth of a function. The first important
property of a function from H (D) is that it leaves a good trace

on T. This is summarised in the following
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THEOREM 1.1.

=]

Let f(z) = % anzn GHP(D) and let fr(ele) be defined as f(rele)
n=0
for all r <1. Then there exists a function f(ele) eLp(T) such that
a) lim £ _=f almost everywhere
r+1

and in L_(T)

p
b) || £]] =sup|| £_[]

Lp(T) r<1 r Lp(T)
c) if p >1 then f(ele) has the Fourier series X anelne.

n=0

These are by no means trivial facts.

From now on we will very often identify Hp(D) with a subspace of
LP(T). Hidden in those statements is an important F.M.Riesz Theorem.
Let us discuss it in more detail. Consider p =1. Then (fr)r<1 is
a bounded family in L1(T). If we look at the Fourier series of
those functions we easily see that (fr) converges in ?he *weak
topology to a measure whose Fourier series is L a elne. That

n=0

this measure is actually an L1(T) function is a content of the

THEOREM 1.2.(F.M.Riesz)

Let u be a measure on T such that

2m ~-ineé

Je du(e) =0 for n=1,2,3,...

o

Then 1 1is absolutely continuous with respect to the Lebesgue

measure.

A functional analytic corollary of this theorem is that H1(D) is

a "weak closed subspace of M(T), so it is a dual space. Actually

we can say a little more. Let AO denote the closure in C(T) of

the set {elne}n=

1 and let HZ denote the o(Lm,L1) closure of
the same set. Those spaces can be identified with the spaces of all
analytic functions which are uniformly continuous in D or bounded

in D, respectively.
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COROLLARY 1.3.

H1(D) is isometric to the dual of C(T)/Ao and H1(D)* is
isometric to Lm(T)/HZ.

Now we will explain the canonical factorization. We first introduce

three classes of functions.

(1) Blaschke products. Let (an)m be a sequence of numbers from D

n=1

such that T (1—|an|) <,
n=1

Then

B(z) =

=8
[ o]
o7
[+]
]
]
N

iy
N
i
[4h]
N

is an analytic function (called Blaschke product) such that

@

(a) the zeros of B(z) are exactly (an)n=1’

counting multiplicity,
(b) |B(z)| <1 for =z €D and |B(ele){ =1 a.e.

(2) Singular inner functions are the functions of the form

21 it
S(z) =exp(- f it+z du(z))
(o] e -2

for some positive singular measure yu on T. Basic properties

of singular inner functions are

(a&) S(z) # 0 for 2z€D

(b) |s(z)| <1 for =z €D

(©) |se™® ] =1 a.e.

CAUTION:

S(z)_1 is not bounded, it does not even belong to any H_(D).

p

(3) Outer functions. For VY (t) defined on T such that ¥ (t) >0,
log ¥ €L1, it ELp we define an outer function of the class Hp to be
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i 1 21 it
F(z) =e Yexp(iﬁ f T log y(t)dt)
o e -z
where Yy is a real number. It is easy to see that [F(ele)| =y (6).

Obviously F(z) has no zeros in D.

Now we are ready to state

THEOREM 1.4. (Canonical factorization theorem).

Every function £ EHP(D) admits a unique factorization in the form
f(z) =B(z)-S(z)-F(z) where B 1is a Blaschke product, S 1is a
singular inner function and F 1is an outer function of class Hp'

Conversely every such product belongs to HP(D)'

The following easy corollary from the Canonical Factorization

Theorem is very useful.
COROLLARY 1.5.

a) Every f €H_(D) can be written as f =h1 +h2 where h1,h2 have
<2[lf]

no zeros in D and |!h1[|' l|h2|

b) Let =— +—, then every f EHP(D) can be written as f =g-h,

Rl

1
q
g €EH (D), h €H (D) and

LeR s

IIfIIHp(D} zllgllHq(D)‘llhllHr(D); in

particular for p =1 we can have r =q =2.

The proofs are so easy that we can give them here. Let f =B:S-F.

=(B-1)*S*F and h, =S+'F. For b) put g =B-S-Fp/q and

For a) put h 2

h =pP/T, 1
The special case of b) that every H1(D) function is a product of
two H2(D) functions opens up a new description of dual and predual
of H1(D). I do not want to go into details, here. Let me say only
that it is possible to represent the predual of H1(D), the space
C(T)/Ao, as a space of so called compact Hankel operators on a
Hilbert space. The proof of this assertion can be found in [XK -P] or
[sar] and a detailed exposition of the theory of those operators is

given in [H -P] and [Pow].
NOTE.

All facts presented in this Section are classical and can be found in
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any of the books {Dur], [Ho], [Kool,[Kat],[2yg].
SECTION 2;
Real variable approach to H1(D).

The theory sketched in the previous section depended very much on
tools (like Blaschke products) which are peculiar to one-dimensional
situation, and are impossible to generalise to several variable
situation. Thus attempts to generalise the theory required new tools.
It is a remarkable fact that those new tools invented for generalisa-
tion had also a tremendous impact on the classical theory. In this
section we intend to describe this real var%able approach to H1(D).
Let us take f(z) §H1(D). We know that f(ele) ELW(T), and

||f|IH1(D) =fT|f(ele)|de. It is also well known that Ref(z) deter-

mines Imf(z) wup to a constant. Moreover it follows from Theorem 1.1

that both Ref(ele) and Imf(ele) exist on T. Since <o

1€l g, o)

le) belong to L1(T) we may

if and only if both Ref(eie) and Imf (e
say that we are interested in harmonic functions h(z), z €D such
that both h and its harmonic conjugate have boundary values in
L1(T). It is known (cf.[Kat],[Rool,[2yg]) that for £ €L1(T) there
exists a harmonic extension via the Poisson formula to a harmonic
function f£f(z) and its harmonic conjugate ‘f(z) has boundary values
on T given by the principal value of the following improper integral

?(eit) =[f(t-t)cot % dr.
T

This justifies the following definition:
ReH1(T) is the space of all functions f£ €L1(T) such that %'€L1(T)
with the norm

~
llf||ReH1(T) =||f||L1(T) +||f||L1(T)
This space ReH1(T) basically consists of real valued functions but
there is no difficulty in considering complex functions as well.

Since it is known that for f ELp(t), 1 <p <= ? also is in Lp(T)

we infer that
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U L_(T)C ReH,(T)C L, (T).

p>1 1(
Up till now it may be seen merely as a translation but the point is
that in this way we put our space H1(D) into entirely new perspec-
tive. The fundamental development in this context is the Fefferman
duality theorem. We start by introducing the space BMO of functions
of bounded mean oscillation. Let £ €L1(T). For every interval I« T

=1 Jf. We say that f €BMO(T) if
I

£
we put T T

]
sm)T—Tf|f—f | <.
I<T I I I

The quantity above is not a norm (it is zero for the constant

function) so we define the norm by the formula

1
[ £]] =/|£f] +sup ff~£
BMO [, e 1I1 1 I

It follows from the John-Nierenberg inequality (cf.[{J-N],[Ner])

that the above norm is equivalent (for all p, 1 <p <=) to

1
1 p,\P
IRE: +sup(-[—|- f1f-f )e.
T i I<T I I Il

In particular BMO(T)c n L _(T).
p(m

The fundamental Fefferman duality theorem asserts

THEOREM 2.1.

The dual of ReH1(T) is BMO(T); more precisely, for every bounded
linear functional x*E[ReH1(T)]* there exists a unique function

© €EBMO(T) such that for f ELZ(T) we have

x*(£) =[f(t)o(t)dt

T
and conversely there exists a constant C such that for every

© €EBMO(T) and f ELZ(T) we have

|ff(t)w(t)dt| icl|f||ReH1(T) ||®I|BMO(T).
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REMARK.

The reason for invoking f EL2(T) in this statement is that
f(t)-p(t) for £ EReH1(T) and o €BMO(T) need not be Lebesgue
integrable.

The above Theorem 2.1. implies the following description of H1(D)*

THEOREM 2.2.
*

H1(D) can be identified with the space BMOA =H1(D) NBMO(T) .

Now let us explain another equivalent form of the Duality Theorem.

We will call the function a(t) defined on T an atom if
either a(t) =1 or
for some interval I< T we have

supp a({t)c I and |a(t)}iT%T and Jfa(t)dt =0.
T

THEOREM 2. 3.

A function £(t) belongs to ReH1(T) if and only if f =za.a, where

all the aj‘s are atoms and Zlkj1<m. Moreover inf I|A,| over

all atomic representations of f 1is a norm equivalent to
[EII

PROOF .

An easy calculation shows that |r5|[L (ry <C for all atoms, so all

atoms have uniformly bounded norm in ReH1(T). To show the other
inclusion it is enough to show that the set of all atoms norms
BMO(T).This follows immediately from the observation that mean zero
functions in L_ of norm <1 norm mean zero functions in Ly
Two comments about Theorem 2.3 are in order.

a) This is potentially a very useful theorem. It gives a kind of
"extreme point" description of ReH1(T). Obviously in order to

establish the continuity of an operator defined on ReH1(T) it is
enough to check that it is uniformly bounded on all atoms. Since
atoms are rather simple functions this task should be much easier

than the initial problem.
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b) The notion of an atom is very easy to generalise. In particular
we can consider atoms on the interval and we can define the space
H?(O,H) as the space of all functions f defined on (O,N1] such
that f =IX.a, where Elkj\ <e and a, are atoms defined on
[0,1]. The norm in HJ(0,1) is by definition inf z|xj| over all

atomic representations of f.

Now we establish an easy proposition which will be used in Section 5.

For a function f defined on [O,ll] we put

f(t) te[0, 1]
cef(t) =
£(-t) te[-1,0].

PROPOSITION 2.4.

For f EH?(O,H) we define Tf =¢cRef -gImf +i(cRef +ecImf). The

operator T establishes an isomorphism between H?(O,H) and H1(D).
PROOF.

It is easy to check that T is a complex linear map and that Tf

is an analytic function. For a an atom on [O,ll] ea is a sum of
two atoms on the circle. Moreover '"." 1is continuous on ReH1(T),
so €Ref -eImf is in ReH1(T) thus T is continuous. To check that
T_1 is continuous it is enough to consider functions of the form

h =a +i32 where a 1is a real atom on the circle. We have h =Tf
where ¢Ref —cImf =a. The norm of f 1is easy to estimate if one

remembers that e¢Ref is even and eImf is odd.

NOTES. There are many proofs of Theorem 2.1. in the literature. The
theorem was announced by C.Fefferman in [Fe] and the proof in the
context of RV appeared in [F-S]. The proofs for the unit disc can
be found in [Koo] and [Sar]. The John-Nierenberg inequality mentioned
before Theorem 2.1. was proved in [J-N]. The simpler proofs can be
found in [Ner] or [Koo]. The fact that Theorem 2.1. is equivalent to
Theorem 2.3 was observed by C.Fefferman (unpublished). Direct (i.e.
without use of the duality theorem) proofs of Theorem 2.3. can be
found in [Co] and [Wi]. A very general extension of the Hp—theory

using atoms is presented in [C-W].
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SECTION 3;

Stein's theorem and its consequences.

We start with the formulation of the E.M. Stein multiplier theorem.
THEOREM 3.1.

Let (u(n)):zo be a sequence of complex numbers such that

1) sup |u(n)| <c
n

2) sup(n+1)u(n+1)-u(n)| <cC.
n

o o

Then the map z anzn —_ I anu(n)zn is a continuous map from
n=0 n=0

H1(D) into itself and its norm depends only on C.

Now we define multipliers An,n =1,2,3,... as follows
1 22n <k iz2n+1
A (k) = {0 k <2207 op k >220*2

linear otherwise.

We also put

1 k =0,1,2
-] -
Ao(k) =913 k =
0 k>4 .

o)

It is easy to check that z An(k) =1 for all k and that for
n=0 ©
every €, =+1 the sequence (z enAn(k))k=o satisfies the
n=0

assumptions of Theorem 3.1. with the same C. So we have

COROLLARY 3.2.

For f €H1(D) we have I An(f) =f and the series is unconditional-

ly convergent. n=0

By a standard application of the Khintchine inequality we obtain
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COROLLARY 3.3.

For f €H, (D) we have

1
o 1
2,2
[1£] ~ T A (e %)
| {H1(D) T n=0 :

Let us recall the following
DEFINITION 3.4.

A Banach space X has an unconditional finite dimensional expansion
of identity if there exists a sequence of finite dimensional operators

(T )w_ such that for every x €X, x = ¢ T_(x) and the series is
n’ n=0 n=0 n

unconditionally convergent.

Obviously an unconditional basis is a special example of a finite

dimensional expansion of identity (for the definition see Section 5).
Now we have the following
THEOREM 3.5.

Let X be a subspace of L1(T) with an unconditional finite
dimensional expansion of identity. Then X 1is isomorphic to a

subspace of H1(D).

PROOF'.

©

We have Tn : X — X, finite dimensional and x = I Tn(x) and the

n=0
series is unconditionally convergent. This implies that |[[x{|[ =
o0 l
Sz lTn(x)|2)2 is an equivalent norm on X. By a standard
T n=0 k

perturbation argument we can assume that Ianc:span{eljt}

i=p,

We choose integers ., and v vés being all different in such a
way that

2vp 52vptl
(u, tp uy, Tk Je[2770,2 1.

Now it is obvious that the map x — £ e T (x) 1is an
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isomorphic embedding from X into H,(D).

1(
In particular H1(D) contains subspaces isomorphic to Lp(T),1 <p <2,
since L1 does. Since by a theorem of Rosenthal [Ros] every reflexi-
ve subspace of L1 is isomorphic to a subspace of some Lp’ p>1
we get that every reflexive subspace of L is a subspace of

1
H1(D). This last fact was proved in a much simpler way in [K-P].

As a next application of Stein's theorem we will prove the following

result due to S.Kwapien and A.Pelczynski [K-P].

THEOREM 3.6.
1
l2)2

Let (fn) be a sequence in H1(D) such that ||Zanfn||H1(DT“(Z[an
Then there exists a subsequence (fn ) such that span (f ) is

k k
complemented in H1(D).

PROOF.
By a standard gliding hump argument we can assume that there exist a

subsequence (f ) and a sequence of multipliers (Tk(j))oj?=1 such that
k

a) T (fn ) =f

b) Tk1(j)'Tk2(j) =0 for k4 #k,, J =0,1,2,...

c) for all choices of Sy =*1 the sum ZEka(j) satisfies the
k

assumptions of Theorem 3.1 with the constant independent of (ek).
Let Iy €H1(D)* be such that

1 Hgll <c

2) g (f ) =8

3) Tplgy) =gp-
Now we can define a projection onto span (fn ) by the formula

P(f) =g, (T (£f)) « £_ .
k k' k n,
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Since
1 1 1

(}Z(|gk(1"k(f))|2)2 SUARNEL] 2)2

<cr|r e |52 <cll £
T k

we infer that P 1is a continuous projection onto span (fn ).
k
REMARK .

k
Let us observe that if fn =z * where kn+1/kn >x>1 for all n,

then the above argument works without passing to a subsequence, so

we obtain the following classical inequality of Paley [Pa].

COROLLARY 3.7.

Let kn+1/kn_zk >1 and let f = ¥ a_z be in H, (D). We have

n 1
1

2,7
(Zla, |27 <c|| £]] .
ke = H, (D)

REMARK .

Some of the results of this section follow also from the existence

of an unconditional basis in H1(D) (cf. Section 5).

NOTES. Theorem 3.1 and Corollaries 3.2 and 3.3. were proved in [Ste].
A nice proof using atoms can be found in [C~W], Theorem 1.20.

Theorem 3.5. is a routine observation which, to the best of our know-
ledge, does not appear in the literature. Theorem 3.6. was proved in
[K-P], Theorem 3.1. The proof given there is different and rather

more complicated. We may remark that Theorem 3.5 shows that Theorem

3.6 holds also for H1(Tn); the H1 space on the polydisc.

SECTION 4;
Isometric questions.

We already know several isomorphic representations of H. (D) and we

(
will see many other later. In this situation the importan;e of
isometric theoryvis rather diminished. On the other hand there are
several interesting results and open problems pertaining to the
isometric theory of H1(D) (in this particular norm), so we decided

to present them in our exposition. The existing isometric results
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concentrate on two questions:

a) description of isometries

b) extreme point structure.

The isometries have been described for Hp-spaces on more general
domains in €% than the unit disc (cf.[Ru 1] and the bibliography

given there). The theorem for HT(D) reads as follows:

THEOREM 4.1.

Every isometry I of H1(D) into H1(D) is given by
If(2) =g(2)-£(8(2)}

where @ 1is a non-constant inner function in D, g EH1(D) and

Jb(t)dt =I(b0¢)(t)|g(t)|dt for all bounded, Borel functions b(t)
T T

defined on T. Conversely every map described above is an isometry
from H1(D) into itself.

This theorem was proved by F.Forelli [Fo]. For earlier results the
reader may consult [Fo],[Ru3},[Ho). It is known that a subspace of
Lp’ p >1 isometric to Lp is norm one complemented. As far as we
know the complementation of subspaces of H1(D) isometric to Hj(D)
was not investigated in general. Some partial results are contained
in [Ba] . The other open problem connected with isometries is the
following: does H1(D) contain a subspace isometric to H_ (D),

1 <p <2? It is known (cf. Theorem 3.5. and following remarks) that

Hp(D),1 <p <2 1is isomorphic to a subspace of H1(D).

The existing information about extreme point structure of HT(D)
is presented in [Ho], Chapter 9. Let us quote the description of

extreme points.

THEOREM 4.2.

Let f be a function in H1(D). Then £ 1is an extreme point of
the unit ball of H1(D) if and only if £ 1is an outer function
of norm 1.

We do not know about any further results. In particular strongly

exposed points or denting points of the unit ball in H1(D) are
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not described. For definitions of those notions and their importance
the reader may consult [D-U]. The problem of description of strongly
exposed points is discussed in [GaJ], IV.5. It follows from the

general theory (cf.[D-U]) that H1(D) has many points of both kinds.

The last isometric result we want to mention is the following theo-

rem of Newman's [New].
THEOREM 4.3.

Let (fn):=1 and f be in H1(D). Assume that fn tends to f

weakly and ||fn|| - ||f|

. Then fn tends to f in norm.

Newman named this property "pseudo-uniform convexity®™. In the Banach
space theory this is expressed as "the Kadec-Klee norm". Kadec and
Klee have shown that every Banach space can be renormed to have the
property described in Theorem 4.3. For a discussion of this notion

in the framework of general Banach spaces see [Di].

SECTION 5;

Bases and various isomorphic representations.

For an arbitrary Banach space X the system of vectors (Xn):=d: X

is called a Schauder basis if for every element x €X there Sxists

a unique sequence of scalars (an):=o such that the series L a_x
n=0
converges to x in the norm of X.

It is well known that in this case each coefficient a, is actually

given by a linear functional x: €X*, so the series has the form

o

by x:(x) X . It is also known that if we are given a biorthogonal

_ n

Zggtem (xn,x;):=dC:X x x* ;, i.e. a system such that x:(xn) =1 and
X:(Xm) =0 for n#m, then such a system is a basis for X if and
only if the closed linear span of {Xn}:=0 equals X and the family
of partial sum operators PN(x) =niox:(x)xn is uniformly bounded.
If the basis (xn) has the additional property that for every x €X
the series ;Ox:(x) X, converges unconditionally, we call such a

n=

basis unconditional. The basis is called monotone if ||PN[| =1 for
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N =0,1,2,... and unconditionally monotone if for every
<0
x = I x (x)x. and for every sequence of numbers e¢_ with |e_| =1
neo M n n n
@ *
we have ||nioenxn(x) x [ <IIx]]-

The problem of the existence of a Schauder basis in H, (D) was around

(
1
for quite a long time. It was solved by P.Billard in [Bi] who

constructed a basis for H, (D). His proof was real variable in

{
1
spirit and used the Haar functions. The general scheme is as follows.

Let (fn):=o be an orthonormal system on [0,I] with £ (t) =

Let us define (as in Proposition 2.4.)

£(t) telo, 1]
efn(t) =
fn(—t) tel-1,0].
Clearly (efn):=o is an orthogonal system on T. In order to obtain

a (complex) orthogonal system of analytic functions on T we define
. P~
(1) F_(z) =ef (z) +ief (z), lz] <1.

The theorem of Billard [Bi] says that if we start with the Haar

system on [0,I] as (fn):=O then Fn(z) is a Schauder basis in

H1(D). Let us recall that the Haar system on [0,I] is defined as

follows.
ho(t) =1—- r
VI
if n =2k +3, 0<3 <2k, k =0,1,2,...
then
I PRAPTIDEFEFERE o

VI
ho(t) = { = 22, 254112771 < < (grnym27%

il

6] otherwise.

It can be seen from Proposition 2.4. that the theorem of Billard can
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be formulated as follows.
THEOREM 5.1. (Billard).
© . ) . a
The Haar system (hn)n=0 is a basis in H1(O,H).
PROOF .

Obviously the linear span of the Haar system equals H?(O,H). The

partial sum operator PN is given as an averaging operator
N
P f=231 £ x
N . I. .
j=0 3j I. I]
J
' R . . 1 2
where Ijs are disjoint intervals covering [0,II] and fﬁ-illjl iﬁ'
Let us take an atom a(t), supp acI. Since [Pga =0, HPNaniHaHoo
and diam(supp PNa) i[I] +4/N we see that for [I] zi% the function
P2 is a constant multiple of an atom. In the case [I] <§% we

have ]I ﬂIjl #0 for at most two Jj's. This means that
4 . 1 1
. 4 _ <
diam (supp PNa) <¥- Obviously fPNa 0. Moreover ITT;T Ifal _TE;T
so ||PNa||oo <2N. This shows that also in this case Py a 1is a

N
constant multiple of an atom.

It is relatively easy to check (cf. the last Proposition of [K-P])
that the Haar system is not an unconditional basis in H?(O,H). The
question of the existence of an unconditional basis in H1(D) was
raised by several mathematicians (cf.[E],[KR-P],[Pe]). Before we
present the solution to this problem we need to define a new
H1—space, namely H1(d), the H1—space connected with the canonical
dyadic martingale. The general theory of this space can be found

in ([Gar]. From our point of view the most convenient definition is
the following. For a function f on [O,II] we define its norm in
H1(d) as

1

I £]] =¥[ : |¥h (0 £(t)rae|2(n (s)|21%as
Hi(d) 9'no o n
The space of all £ such that |[f||H (d) is finite is denoted by
1

H1(d). It is known that Lp[O,H]C:H1(d)CZL1[O,H] for all p >1..

Moreover it is obvious that the Haar system is an unconditional



18 P. Wojtaszczyk

basis in H1(d). The question about the existence of an unconditional
basis in H1(D) was answered by the following theorem of Maurey's
[Mau].

THEOREM 5.2.

The spaces H1(D) and H,(d) are isomorphic.

o

Maurey's proof of Theorem 5.2. has one drawback, it is not construc-
tive. This was remedied by Carleson [Ca] and the author [Wo5]. In or-
der to describe theresult from [Wo5] we need one more definition.
We define points tn as follows

k

t, =0, if n=25+3, k=0,1,2,..., 0<j<2% t_=(+n27"n.

The Franklin system fn(t) is defined by the following conditions:

£ (t) =— ,

© Vi

fn(t) is a piecewise linear function on [0O,l] with nodes at points

t rtyr...,t, which is orthogonal to all fj's, j <n and |[|£ {|,=1.

We have the following theorem proved in [Wo5].

THEOREM 5.3.

The operator T defined by T(fn) =hn extends to an isomorphism
from H?(O,H) onto H1(d). If Fn(z) is defined as in (1) then the
map Fn(z) —_— hn induces the isomorphism between H1(D) and H1(d).
In particular the Franklin system is an unconditional basis in
H?(O,H) and the corresponding system Fn(z) is an unconditional
basis in H1(D).

It is clear that only the first assertion needs a proof. This can be
found in [Wo5] and [Cie] or in a greater generality in [Wo6] or
[s-s}.

The reader may be interested to note that the existence of an uncondi-
tional basis for H1(D) is a phenomenon from the isomorphic theory.
The corresponding isometric fact is false as is given in the
following
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PROPOSITION 5.4.

H1(D) is not isometric to a subspace of a Banach space with an

unconditionally monotone basis.

The outline of the proof can be found in [Wo5].

The following isometric problem concerning H1(D) is open.
PROBLEM.

a) Does H1(D) have a monotone Schauder basis?

b) Describe the norm one, finite dimensional projections in H1(D).

It is quite likely that the answer to a) is negative. I do not
know about any norm one, finite dimensional projection in H1(D)
whose rank has dimension greater than 1. It was shown in [Wo2]
that any norm one finite dimensional projection in L1/H1 is

actually one dimensional.

As the reader may have noticed we have dealt with three different
H1 spaces, and all of them turned out to be isomorphic. It is
only a tip of an iceberg. There is a vast proliferation of
H,-spaces important in analysis, cf. [C-W] or [Fo-S]. To decide
exactly which are isomorphic to H1(D) and which are not may be
of interest. Maurey in [Mau] considers a wide class of martingale
H1-spaces associated with different sequences of o-fields and
shows them to be isomorphic to H1(d). He also shows that the

Fefferman-Stein spaces H1(Rn) (for definitions see [F-5]) are

19

isomorphic to H1(d). If we adhere to the spirit of complex function

theory the picture becomes more complicated.

It is possible to consider H1—spaces of functions analytic on
relatively wild sets in € (cf. [Dur], Chapter 10) but instead we
prefer to discuss the situation in several complex variables. There
are at least two extremely nice subsets of m“, the ball Bn and
the polydisc D". Both admit natural H1 spaces, which can be
defined as a closure of analytic polynomials in a certain norm. To

get H1(Dn) we take the norm

ey (pny = 7 1£(8) Javie)
1 ol
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. . . . n
where \'4 is a normalised invariant measure on a torus T . The

space H1(Bn) is obtained if we take as a norm
£l =/1£(z) a0 (z)
H1(Bn) s

where ¢ 1s a normalised, rotation-invariant measure on the unit
sphere §.

About those spaces we have the following
THEOREM 5.5.

(a) H1(Bn) is isomorphic to H1(D), n=1,2,3,... [Wo7].

(b) If H,(dM m

1 is isomorphic to H, (D

1 ) then n =m [Boul],[Bou2].

Both those facts are quite complicated to prove. Let me remark only
that in both cases the isomorphism between H1(D) and H1(d) is a
vital part of the proof.

We feel that a lot remains to be done in connection with this Theorem.
In particular we do not know what is the Banach-~Mazur distance
between H1(Bn) and H1(D). Also we do not know what is the situation
for other nice domains in C". We feel that it should be possible

to extend (a) to all strictly pseudoconvex domains. The methods of
[Wo8] give many domains which are not strictly pseudoconvex for which
(a) holds. The other class of domains which admit nice H1-spaces are
bounded homogeneous domains . Those are fully classified and rather
well understood, cf.[Hual,[H-M]. It is a very interesting problem to
investigate and classify H1-spaces on those doﬁains. Some interes-
ting partial results in this direction have been obtained by T.

Wolniewicz [Woll].

Let me discuss briefly the method of proof of Theorem 5.5. (b)

(cf. [Bou 1]) since it gives a very interesting information about
H1(D). We will formulate it in terms of the Haar system in H1(d).
Let H?(d) denote the span of the first N Haar functions. We say

1(d) is
order inversing if £(h ) = I a,h, and the A 's are finite, pairwise
kEA
n

disjoint sets with min Ak >max AS whenever k <s. It is an easy

(following J.Bourgain [Boul1]) that a map ¢ :HT(d) — H

exercise (cf.Theorem 3.5.) that there exist order inversing isomor-

phic embeddings of H?(d) into H1(d) with uniform constants. The
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main result of [Boul] asserts however that every projection onto the
range of such order inversing isomorphismshas big norm. More precise-

ly: for every C >1 there exists a function ¢(N) — o such that
N->e

for every order inversing isomorphism g :H?(d) — H1(d) with

[VE]| <]l gf|] <c||£f]], £ EH?(dL the norm of every projection from
H,(d) onto &£(H)(d)) is greater than o(N).

We wish to conclude this section with the description of a recent
beautiful and deep result of P.Jones [Jon]. Let us start with the

definition of the uniform approximation property.

A Banach space X 1is said to have the uniform approximation property
(cf.[P-R]) if there exist a constant € and a function ¢ (N) such

that for every finite system of vectors oo r Xy in X there

exists a finite dimensional operator T :X — X such that

(1) Txi =X i=1,2,...,N

(2) |lz|[=<c

(3) dim T(X) <@ (N).

This is a property stronger than the bounded approximation property
since the bound on the dimension of the range of an operator T is
imposed.

P.Jones proved in [Jon] that BMO has the uniform approximation
property. It was previously unknown (cf.[Pel]) whether BMO has the
approximation property. Since uniform approximation property is a
self-dual property (i.e. X has it if and only if x* has it), cf.

[Hei], we see that H1(D) has the uniform approximation property.

SECTION 6;
Complemented subspaces,

In this section we are interested in complemented subspaces of H1(D).
Let us remind that a subspace XC:H1(D) is complemented if there
exists a projection (an idempotent map) with a range equal to X.
Generally, being a complemented subspace of a given space is a much

stronger restriction then merely being a subspace. To illustrate
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this let me remark that for every p, 1<p<2 lp is isomorphic to
a subspace of H1(D) (cf. Remarks after Theorem 3.5.) but only l1
and 12 are isomorphic to complemented subspaces of H1(D). This
is immediate from Corollary 2.1. of [K-P] which says that the only
reflexive complemented subspace of H1(D) is 12.
We start however with a more harmonic-analytic problem; what are the
projections in H1(D) which commute with rotations? It is easy to
see that such a projection is determined by a subset A of natural

. . n
numbers, and is given by the formula £ anzn — % a_z . To charac-
n=0 nea

terise the idempotent sets, i.e. sets A for which it is a continu-
ous map on H1(D) is an interesting unsolved problem. The following

remarks are obvious:

(1) each finite set is idempotent

(2) if A and B are idempotent then A UB, ANB and N\ B are

idempotent

(3) if A is idempotent then for every k €N the translate
(A-k) NN 1is idempotent.

(4y a periodic seguence is idempotent.

Let us remark that the above facts (except (3)) are valid also
for L1(T). In this case the idempotent sets have been described by

Helson [Hel] as periodic sequences mod a finite set.

For H1(D) the situation is different. By the Paley theorem (Corol-
lary 3.7.) there is an invariant projection onto a Hilbert space.
The theorem of Rudin [Ru4] describes the invariant projections onto
Hilbert spaces in H1(D) as given by a finite sum of lacunary sets.
The above mentioned theorem of Kwapien and Pelczynski ((K-P], Corol-
lary 2.1.) say that every complemented reflexive subspace of H1(D)
is isomorphic to a Hilbert space.

The above mentioned facts lead to the following conjecture.

If A 1is an idempotent set then there exist a periodic set B and

lacunary sets (i.e. sets satisfying the assumptions of Corollary 3.7.)
k s

C.). and (D.)~ such that

( ])j=1 ( ])]=1 u
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Let us remark that invariant projections for Hp(D), p <1 have been
described in [K-T] as corresponding to a periodic set mod a finite
set. For the invariant, norm one projections on H_. (D) the situation

1
is clear. We have

PROPOSITION 6.1.

There is a constant ¢ >1 such that if P is an invariant projec-

tion on H, (D) with [lP|| <c¢ then P is given by a set A of the
form A ={a +bk, k =0,1,2,...} for some a <b.
PROOF .

If the set A 1is not of this form then there exist integers p,q,

P >g such that p €A and exactly one of p+g and p-g 1is in A.
So we infer that there exists an invariant projection of norm <c
from span {zp—q,zp,zp+q} onto span {zP79, 2P} or onto span
{zp,zp+q}. Both those cases reduce to the natural projection from
span{z, 1,2} onto span {z,1}. It is an elementary calculation to show

that the norm of this projection is strictly greater than 1.

Now we turn to other class of distinguished subspaces of H1(D),
namely to subspaces invariant for multiplication by 2. The celebra-
ted Beurling theorem, specified to H1(D) (cf.[Dur], Sect.7.3. or
[KooL IV.E.) reads as follows: Let XC:H1(D) be such that z:XcX.
Then there exists an inner function I (i.e. a product of a Blaschke

product and a singular inner function) such that X =I'H1(D).
The following theorem holds
THEOREM 6.2,

The multiplication invariant subspace X =I-H1(D) is complemented in
H1(D) if and only if I 1is a Blaschke product whose zeros form a

Carleson sequence.

Let me recall that a sequence (zn)c D 1is a Carleson sequence if the
measure giving each of the zﬁs the mass (1 —[znlz) is a Carleson

measure.
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The proof of this Theorem is almost the same but simpler than the
one given for the analogous result in the disc algebra case in
[c-p-s].

Now we turn to the (possibly open ended) problem of classifying
infinite dimensional complemented subspaces of H1(D). To do it

for a given Banach space is one of the favorite occupations in the
geometry of Banach spaces. The case Lp’ p >1 has generated a vast
literature, the results of [B-R-S] indicate that such a classifica-
tion in this case has to be very complicated or is impossible at
all. In contrast, the case L seems to be much simpler; only two

1

isomorphic types of complemented subspaces of L1 are known,

namely l1 and L1. It is a well known open problem if that is all.

Our aim now is to write down all isomorphic types of complemented
subspaces of H1(D) we know of and to indicate that they are indeed
different.

We have three building blocks;

(a) by Paley's theorem(Corollary 3.7.) 12 is isomorphic to a
complemented subspace of H1(D)

(b) 11 is isomorphic to a complemented subspace of H1(D) (this
is very easy)

(c) H1(D) has an unconditional basis; fix a Franklin basis and let

H? denote the span of the first n elements of this basis.
We will put those blocks together with the aid of the following
THEOREM 6. 3. H1(D) is isomorphic to its lT—sum (ZH1(D))1.

The proof can be found in [Wo3]. Also the isomorphism H1(D%JH1(d)
provides the alternative proof, since for H1(d) the theorem is
easy.

THEOREM 6.4. The following spaces are complemented in H1(D):
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The arrow X —> Y means that X embeds into Y as a complemen-

ted subspace. All those ten spaces are pairwise non-isomorphic.

PROOCF'.

Everything except the last statement follows from previous comments.
The proof of the last claim uses a lot of Banach space theory but

otherwise is quite boring. Nevertheless let us give some hints.
We start from the top.

(1) 12 is the only reflexive space on the list
(2) l1 is the only one which does not contain

lg's uniformly complemented

(3) l1 +1, has a unique up to permutation unconditional basis

[E-W], which is clearly different from all other spaces

(4) (z 1

1 also has a unique up to permutation unconditional
n=

basis (cf. [B~C~L-T]) so is not isomorphic to ( I H?)1
n=1

(5) (= H?)1 does not contain 12
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(6) (Z 12)1-+12 does not contain (212)1 and does not contain a
n=1
complemented copy of ( Z Hr11)1 (Assume it does, then by [Wo1l]
(z 12)1 would contain ( Z H?)1 complemented, so both would
n=1 n=1

be isomorphic and it is not so.)
(7) since every operator from l2 into ( I H?)
n=1 o
[E-W] we obtain that every unconditional basis in ( Z H
n=1

splits into a part spanning l2 and a part spanning ( L H?)1,
n=1

1 is compact, by

R

o

but the natural basis in ( I H?)1 +(212)1 does not have this
n=1
property
(8) (le)1 has a unique up to permutation unconditicnal basis,

see [B-C-L-T]

(9) (z H?)1 +(212)1 does not contain a subspace isomorphic to lp
n=1

1 <p <2, but H1(D) has such subspaces.

REMARK.

The isomorphic type of the space ( £ H
n=1

o)

1 does not depend on a

1

choice of basis.
This is a standard decomposition argument.

The very natural question raised by the above discussion is to
construct more complemented subspaces of H1(D). In view of the mul-
titude of apparently different isomorphic representations for H1(D)

(see Secticn 5) we believe that such a construction is possible.

Itis still an open problem raised in [Cas] if H,(D) is primary. Let
us recall that a Banach space X is primary if for every decomposi-
tion X =X1+X2 we have at least one of X1 or X2 isomorphic to
X. It is our belief that the answer to this problem is positive.

The following result seems to justify this belief.
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THEOREM 6.5.

Let X be a subspace of Hl(D). Assume that X 1is isomorphic to
H1(D). Than X contains a smaller subspace Y complemented in

H1(D) and isomorphic to H1(D).

The proof of this theorem is a verbatim repetition of the proof of the

analogous statement for Lp’ 1 <p <2 given in [J-M-S-T], pp.265-70.

Now we will discuss briefly the space of polynomials. To be precise,
let Pn denote the span{1,z,...,zn} in H1(D). It is well known
that in its natural position as a subspace of H1(D) the space Pn
is badly complemented, more precisely the norm of the best projec-
tion is of order 1log(n+1). This result however depends on the
particular position of Pn in H1(D). It is a natural gquestion
(cf.[wWo4d]) if the P 's are isomorphic to uniformly complemented
subspaces of H1(D). A positive answer to this was given by
J.Bourgain and A.Pelczynski. Their argument runs as follows: As is
well known H1(D) is isomorphic to H1(D)+ H1(D). Now we define
in:Pn — H1(D)+ H

1(D) by

i (2% =2,

and qn:H1(D)+ H1(D) —_ Pn by

oo

o n
q(Zakzk, % b zK) = %

k=0 k=0 * K

n-k k n-k n-k

Since |linll <2 and {\qnll <1 and q o i =id the claim follows.

Actually S.V.Bo&kariov [Bo] has shown more. He has proved that P

n
is uniformly isomorphic to H?+1. This is incomparably more complica-
ted.

SECTION 7;

Concluding Remarks.

In the previous sections the patient reader has found many open
problems connected to the results we have been discussing. In this

section we want to present some directions for possible further
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research.

1) Multipliers. It is a well known open problem to give good
criteria for a sequence (u(n)):=o to be a multiplier from H1(D)
into H1(D). The Theorem 3.1. is a fine example. Our knowledge
however is still quite small as is withessed by the problem of
description of 0,1 valued multipliers (i.e. invariant projections).
There is a vast literature on multipliers both from H1(D) into
itself and from H1(D) into other natural spaces. We do not want

to discuss it here. Let us mention only that multipliers from

H1(D) into H2(D) and from H1(D) into l1 are fully described
(cf[Dur]Th.6.4 and [Sl-Stlresp). However, as far as we know,all the
existing theorems deal with boundedness or compactness of multipliers.
It is our belief that it is worthwhile to investigate what multip-
liers belong to other natural and important operator ideals. The
theory of operator ideals (cf.[Pie]) is a very important tool in
various parts of analysis, its applications to the disc algebra

are discussed in [Pel]. In this situation we believe that some

theorems of this type may turn out to be very useful.

2) Finite dimensional structure. The problem basically is to develop
the local theory of H1(D). In particular to investigate various
parameters associated with its main finite dimensional building blocks,
i.e. the spaces H?. The presentation of some parts of local theory

of Banach space (in the context of classical spaces) can be found

in [Pell1]. The only paper which contains some results of this

nature connected with H1(D) is [G-R].

3) Convergent Taylor series. It is well known that the Taylor series

oo

N anzn of an H1(D) function f need not converge to f in

n=0
norm. We feel that the space of convergent Taylor series, i.e. the

space consisting of all £ = ; anan H1(D) such that
n=0

N n
Hf\\u=5§9 Ilnioanz HH1(D) <%y

may be an interesting object to study. I do not know of a single
work dealing with this space. The analogous space for p =«, i.e.
the space of uniformly convergent Taylor series received much
attention in recent years. The basic reference for this is

[Vin]. We feel however that there is a very small connection between

p =1 and p =« 1in this case.
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This is an expanded version of a lecture given at the Third Paderborn Conference
in Functional Analysis, May 1983.

One of the first unpleasant examples that one sees in mathematics is a function of
two variables f(x,y) that is nicely differentiable in each coordinate but is not
"differentiable”. In higher dimensions or even in infinite dimensions things be-
come even worse. Let us relate this to an old and still unsolved problem of Banach:
Given an infinite dimensional Banach space X, is X isomorphic(linearly homeo-
morphic) to a closed hyperplane? In other words, is X isomorphic to X X R,
where R is the real numbers? The difficulty of this problem is that of finding

a suitable invariant for X. One useful invariant is the following: Suppose X
has the property that each continuous convex function on X is (Gateaux)
differentiable on a dense set. The special case of Banach's problem is also un-
solved: If X has this differentiation property, does X x R ?

We begin with the definitions of Gateaux and Fréchet differentiability. Let X and
Y be Banach spaces and U an open subset of X. A continuous function f : U =Y
is Gateaux differentiable at a point Xy in U if there exists an operator (a
continuous linear function) T : X = Y such that for all x in X, xt =1,

f(x0+tx) - f(xo)

Tim = T(x).
t-0 t
Such a function is Frechet differentiable at an X, in U if
IF(x)-f(x_ ) - T(x-x_)1l
Tim 9 0 = Q.
XX X = x

We shall define a Banach space X to be a (weak) Asplund space if every real-
valued, continuous and convex function defined on an open subset of X is (Gateaux)
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Fréchet differentiable on a dense G6 subset of that open set. It is a well-known
result that finite dimensional spaces are Asplund. Indeed, since there are analy-
tical characterizations of Asplund spaces it is easy to see that the class of
Asplund spaces is closed under the operations of finite products, closed linear
subspaces and quotient spaces (continuous linear images). Very much less is known
about the class of weak Asplund spaces, particularly the permanence properties of
this class. It is a result of Mazur that any separable Banach space is weak Asplund,
and Asplund proved that any closed linear subspace of a weakly compactly generated
Banach space is weak Asplund. Our objective is to construct a class of Banach
spaces that (1) contains the Asplund spaces, (2) contains the weakly compactly
generated spaces, (3) has reasonable permanence properties and (4) the class is
contained in the weak Asplund spaces. Our basic techniques are topological in na-
ture. Our main motivation is the following old and non-trivial theorem. The Fréchet
differentiability part is due to Smulian (before 1944) and the Gateaux part is due
to many authors, culminating with Mazur in the 1930's.

DIFFERENTIATION THEOREM

Let ¢ be a continuous and convex function defined on the Banach space X. Then
the following are equivalent {we may assume that ¢(0) = -1 and @(xo) £ 0):

1) The function ¢ 1is Gateaux (Fréchet) differentiable at X3

2) If G = {{x,t) e X x R : t 2 ¢(x)} is the supergraph of ¢, then
(xo,w(xo)) exposes (strongly) 6%, the polar of G;

3) The Minkowski functional of G s Gateaux (Frechet) differentiable at

(50(%))3

4) For each x € X, choose ¢(x) = x*  such that <G(X),y=x> < o(y) - o(x)
for all y € X (which exists by the Hahn-Banach theorem); then the function

. * -
¢ 1is norm to weak” {(norm to norm) continuous at Xy

PROPERTIES OF PERFECT MAPS

A11 of our topological spaces will be Hausdorff and completely regular. A topologi-
cal space is Baire if no non-empty open subset is of the first Baire category.

We recall the definition and elementary properties of perfect maps. A continuous
function f : A - B 1is perfect if it is onto, closed and has compact fibers, that
is f-l(b) is compact for each b € B. A perfectmap f : A - B 1is minimal if the
image of any proper closed subset of A 1is a proper subset of B.
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A11 of the following elementary facts about perfect maps can be found in [B] (see

also (E]).

Let f :

(Pxif)

A - B be perfect, then

there exists a closed subset Amin of A such that

flAmin : Amin - B is perfect and minimal;

-1

for any subset Boof B, f : f (BO) - B0 is perfect;

f_l(C) is compact for each compact subset C of B;
if g : C~D 1is a homeomorphism onto, then
fxg:AxC-BxD is perfect;

the composition of a finite number of perfect maps is perfect;
the product of a finite number of perfect maps is perfect;
if C s compact then C x A - A defined by projection is perfect;

if f : A -~B is an onto function then the following are equivalent:
(a) f is perfect,
(b} G = {{a,b) : f{a) = b} is a closed subset of B{A} x B,
(¢} for any homeomorphic embedding i : A - K, X compact,
the set {(ia,f(a)) : a € A} s closed in K x B;

if f:A-B and g : B> C are continuous and onto and gof is
perfect then g and f are perfect;

if f : A-B is perfect and minimal and B 1is Baire, then A is
Baire;

suppose f : A -~ B is perfect, then f s minimal if and only if for
every pair ao,b0 so that f(ao) = b0 and every pair of ??en sets
u,V so that a, € v, b0 e U, it follows that (bel : f “(b) &V}
is open and non-empty.

suppose f : A - B s minimal perfect, then for bO € B, the
following are equivalent:
(a) there exists a function g : B ~ A such that fg(b) = b
and g s continuous at bo;
{b) for any mapping g : B ~ A such that fg{b) = b, g must
be continuous at bo;

(c) fnl(bo) has only one point;
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(Pxiii) if f:A~-B is minimal perfect then for any open subset U of B,
flf_l(u) : f_l(u) > U s minimal perfect.

ATthough we shall have 1ittle to say about set-valued mappings, we shall give a

few facts about them for readers who prefer this way of looking at things. We can-

not emphasize strongly enough that it is a routine, indeed boring, exercise to re-

formulate our results in terms of set-valued mappings. Let S and T be topologi-

cal spaces and P(S) be the power-set of S. A function F : T - P(S) is upper

semi-continuous {usc) if for any open subset U of S, {(t : F(t)y< U} 1is an open

subset of T. Suppose F : T - P{S) 9s usc and each F(t) is a compact and non-

empty subset of S. For such a mapping F, define

G = {(s,t) : s €F(t), teT}.
Then

projT G~ T

is perfect. Conversely, if f : S - T 1is a perfect map then

F:T-P(S)
defined by F(t) = f-l(t) is usc with compact non-empty values. This is a well
known duality. With this duality in mind, we have two choices: we can give a very
simple definition of a class of topological spaces which is awkward to apply, or,
an awkward definition that is easy to apply. We shall begin with the simple
definition:

DEFINITION: C' will denote the class of topological spaces with the following
property: K € C' if and only if for every Baire space T and for every compact
{non-empty) valued usc function

F: T~ P
there exists a dense G5 subset G of T and a function f : T » K such that
f(t) € F(t) for all teT
and f s continuous at each point of G.
Unfortunately, this definition is not very useful for the applications we have in
mind, so we shall define another class C and show that C = C'.

In fact, we only give the definition of C' above to appease the topologists who
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objected to the definition of C on aesthetic grounds.

DEFINITION (see [S4]): A topological space K s in C if and only if for all
topological spaces C,S5,T,B so that B is Bajre, C&KxS, all f :C~T
perfect and all g : B -~ T continuous there exist a dense Gé subset G of B
and a function h : B - K such that for each b € B there exists an s € S such
that (h(b),s) € f_l(g(b)) and h is continuous at each point of G.

The first thing to check is that C & C' and this is easy: suppose F : B -~ P(K)

is usc and compact valued. Define
C = {{kib) : k € F(b)}.

As before
projB :C-8B

is perfect. Of course, g 1is the identity on B, and we have the desired function

h : B> K and dense 66 subset G of B.

The converse requires a bit more work: Suppose K is in C' and C,5,T,B,f and
g are as in the definition of C. We need to check that the set-valued function
F:Bo-PK) defined by F(b) = (k : 3s €5 so that (k,s) € f “(g(b))) fis usc.
This is a routine computation if one uses (Pviii).

It should not be necessary to justify the presence of the space S in the defini-
tion of C, but it is because of some ill-considered commentaries we have received.
First, and least important, it makes the verification of (Ciii) below utterly
trivial. Most importantly, S does not have to be there, but it may! The space S
corresponds to the "dummy" variable. See our penultimate theorem. The definition

C 1is glib and hides the important properties of the class of topological spaces
under consideration. We now list the permanence properties of the class C:

(1) If K1 is in € and f : Ky~ K2 is perfect then K2 is in C;
(Cii) if K dsin C and f : K, ~ K, is continuous and 1:1, then K,
is in C (in particular, if K in the topology <t 1is in C and T
is a finer topology then (K,rl) is in C;
(Ciii) C s closed under countable products;
(Civ) if K= U K, and each Kn is a closed subset of K, and K, Ts in
n=1

C, then K 1ds in C;
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(cv) if I is a set and {Ki};gp s a subclass of C and each K, s
locally compact then the one-point compactification of the disjoint
union is in C.

The verification of (i) is elementary. To see (ii) let G E-_K2 X B, where B is
Baire, projB(G) =B, and G is closed in B(Kz) x B. Assume projB is minimal
on G. Then, define T x idB : B(KZ) x B~ B(Kl) x B where ¥ : B(KZ) - B(Kl)

is the obvious extension. Thus, f x 1dB is a homeomorphism on G. Let

G1 = (F x idB)(G) and we have that projB : G1 -~ B is minimal perfect (try (Pix)).

So there exists a dense Gé set D £B such that for b € D there exists a
unique k, € K, such that (kz,b) € G;. Since F x idg was 1:1 on G there
is a unique k1 € K1 such that (kl,b) € G. Apply (Pxii) to obtain the desired

results.
The equivalence of C and C' yields (Ciii).

To see property (Civ), let K= U Kn where each Kn is a closed subset of K,
CEKxB and f :C~+8B perfe@%{ where f s projection. Assume also that
f:C~-B dis minimal. Since Dn =Cn (Kn X S) is closed in C, f(Dn) is a
closed subset of B. Since B 1is a Baire space we have that

nc 8

int f(Dn)

n=1

is a dense subset of B. Since f : C - B is minimal, flf_l(V) : f_l(V) -V s

also minimal for an open subset V of T. Hence, by minimality f_l(int f(Dn))
is a subset of Dn, and by the remarks above, there exists 9, ¢ int f(Dn) - Dn
continuous, uniquely defined on a dense G_ subset Gn of int f(Dn) and

@

f(gn(b),b) = b. - We may assume Gn = mglwn’m, wn,m is an open dense subset of

int f(Dn). We know that 9, = 9y On Gn n Gm and the gn's patch together to

m
form a function continuous except perhaps on U U f(D )\ Nn m which is first

n
category. nm

To check (v), let @ Ki U {=} = K be the one-point compactification of the dis-
joint union U K1..1
i

Suppose C&K and f : C - B is minimal perfect.

On the closed set B_ = (b : f !

(b) » =} define
g :B_~K by g(b) =

It remains to define g on the complement of B_. Let
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Each Bi is open and because f is minimal

is dense in B, For each Bi that is non-empty we may find a function

9; ¢ Bi - Ki with the desired properties. A function g : B - K defined
arbitrarily (subject to f(g(b)) = b) on the compliment of gBi 3] BZ and equal
to g; on Bi will have the desired properties on all of B!

We have a reformulation of a result of Mazur:
THEOREM: Let K be a metric space. Then K is in C.

PROOF: Suppose C<€ K and f : C - B is minimal perfect and B is a Baire space.
From the minimality we know that

U = {b€B : diameter f'l(b) < 4

n

contains an open dense subset of B. That is, each b € n

U has a one point
n=1"

fiber. Apply (Pxii).

Also, it follows from known results that Eberlein compacts are in C (see [S2-4])
and sets with the Radon-Nikodym property in appropriate weak topologies are in C
(this is one of the main results of [S2] reformulated in the language of perfect
maps, see [S4]).

THEOREM: Let K be a subset of the Banach space X and Y a linear subspace of
X* such that every Y bounded subset of K 1is Y dentable. Then, (K,t) is in
C for any topology t finer than the weak topology on K determined by Y.

We shall define S to be the class of all Banach spaces such that X is in S if
and only if (X*,0(X*,X)) is in C. If X s a separable Banach space,
(B(X",o") s a compact metric space. Applying (Civ) we know that X is in S.

We turn now to the permanence properties of S:

(S1) if X dsin S and T : X - Y 1is an operator with dense range then
Y dsin §;

(Sii) if X disin S and T :Y »X is an operator so that T+ s 1:l,
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then Y dis in S (in particular, if Y dis a closed Tinear subspace
of X, then Y idis in 5S);

(Sii1) S is closed under "countable products", for example if Xn is in S,
then Y = (£ X), disin S, and, using (Si), a dense image of Y
is in S; n=1 1

(Siv) if I is a set and X1. is in S for each i €1 then (=T Xi)C is
in S and for 1<p<= (ZX) isin §. i€l © "o

i€l p

A few words about the permanence properties of S: first, (i) is clear because T

maps (B(Y*),w*) homeomorphically into the ball B(X*,llTll) with the weak™ topo-

logy. If (B(Y*),w") s in S, sois (Yiw') ((Civ)). Property (Siii) follows

from (Si) and (Ciii). That S 1is closed under arbitrary CO sums follows from (Cv).
Once (Cii) has been established, it is easy to see that ();Xi)] » 1 <p <o, is

in S because the identity function 1 P

(2X.)0 - (7X.)
P

satisfies (Cii). What remains is (Cii). Suppose T : Y = X has the property that
7% 4s 1:1 and X s in S. Suppose C is a subset of Y*, B is Baire space

and

@ : C~>B 1is minimal perfect.

Define f : x* x EY*(O,%) = ¥* by fn(x*,y*) = 7% + y*. Since T is 1:1

we know that T has norm dense range and fn is onto. Let

_ o-1 = = 1.

Cy = {b:e “(b)n fn[BX*(O,m) X BY*(O’F)] D .

Each C_ is closed and U C_ = B.

m m

m=1
Define Uy = Cf» U;=Coq\ UC..
jgm !

Thus, U U 1is an open dense subset of B. Since wlw'l(U
m=1
minimal and for b € Um

-1 .
m) 0 (Um)+Um is

o (b) n £, [Byx(0,m) x Byx(0,3)] # B

we have that

w'l(b) an[Ex*(O,m) X EY*(O,%)]_

Define Am = {(x*,y*) : ixTi < m, wyn £ 1/n so that Lp(T*X* + y*) € Um) in the
product of the w*-topologies.
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The map

defined by ¢m(x*,y*) = w(T*x* + y*) is perfect. Use the properties of C (here,
y* is the dummy variable) to obtain a function 9y Um - EX*(O,m) so that I
is continuous at each point of a dense G, subset of Up and for each b in U

& m
there exists a y* in Y, uy"i s 1/n, (g (b),y") in A and
®y o %k *\ _
Un(9,(B)sy™) = o(T¥g (b) + y*) = b.
Define hn : B+ X* so that hnIUm =9 For each n, hn .is continuous on a
dense G6 subset of B. Let b0 be a point of continuity of all hn' Let y: be

a w cluster point of T*hn(bo), which must be in @-1(b
symmetric weak " neighbourhood of the origin in ¥,

0). Let W be a convex

Choose p large enough so that %w EZEY*(O,%). There exists a g 2z p such that
* * 1 . * . . .

T hq(bo) S §w. Since T hq is continuous at b0 there exists U open,

b0 € U, such that

* * 1
(T (V) Gy + -

Therefore, for b € U,

-1 2

@ (b)ﬂ[yz+gw]2w_1 B !

(b) n [By*(0.3) + yj + 1 # 9.

The minimality says that w-l(b) is the one point set {y:} and we have verified
that Y* in the weak™ topology is in C.

The following is a reformulation of some of the results of [S1-4]:

THEOREM: (a) if X is in S then X 1is a weak Asplund space;
(b) if X s an Asplund space then X is in S.

From {b), (Si) and the factorization theorem [DFJP] it follows that all weakly
compactly generated spaces are in S (indeed the much bigger class of all GSG
spaces are in S, see [S2]). As a very special case, from (S$ii) it follows that
if X dswcgand T :Y - X has property that ™ 4s 1:1, then Y is in S;
in particular, Y 1is weak Asplund if T {s isomorphism (a result of Asplund)
(compare also [CK]).
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An example of the sort of result that can be obtained by using our techniques
combinated with the Differentiation theorem is:

THEOREM: Let X be a Banach space in S.

(i) Let U be an open subset of the Banach space 7 and let g : U - X be
continuous and Gateaux differentiable on a dense G(5 subset of U; Tlet
@ @ X = R be continuous and convex. Then ¢oB 15 Gateaux differentiable on

a dense G6 subset of U.

(i1) Let S be a topological space such that X x S is a Baire space;
o : X xS =R locally bounded and for each s € S, o(.,s) is continuous
and convex. Then there exists a dense G, subset G of X x S such that

8
at each point of G the X-partial Gateaux derivative of ¢ exists.

For a proof, see [S4].

We shall bore the reader by one foray into "optimization theory". Suppose K is
in C; for f in C(gK), define

Kf = {k € BK, where f(k) = o(f)}, po(f) = sup {f : K} and
A= (f €C(BK) : Ko K.

Suppose U 1is an open subset of a Banach space Y and g is a continuous function
from U to Y with the properties that there exists a dense G5 subset G of

U so that g 1is Gateaux differentiable at each point of G and g(u) is in A
for u in G. Then the composition pog is Gateaux differentiable on a dense

G5 subset of U (this is not a “"chain rule"). The proof follows immediately from
the definition of C and the theorem above. In particular, if K is also compact,
U =C{K) and g 1is the identity function then, by applying the differentiability
theorem, we have that

{f € C(K) : p 1is Gateaux differentiable at f} =
{f € C(K) : f attains its sup at a singlepoint of K}

and this set is a dense G5 subset of C(K). This proves also that if K is
compact and in C then

{k € K : k has a countable basis of neighbourhoods}

is a dense subset of K and that K is sequentially compact, that is, every
sequence in K has a converging subsequence.
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Let S be an uncountable set. One easily computes that the norm on 11(5) is not
Gateaux differentiable at any point. Hence, the unit ball of (11(5))* in the
weak™ topology (which is homeomorphic to the S-fold product of [0,1]) s not in
C. The topological properties above can also be used to show this and for other
spaces as well.

Rather surprising is the following:
*

THEOREM: If X s in S then (X*,o(X*,X*)) dis in C. In particular, 1_ in
its weak topology is in C.

An interesting reformulation of an old problem (see [N]) is the following:
PROBLEM: Is any Banach space in its weak topology in C ?

If, in the definition of C one restricts the space B to be complete metric
(which is enough for differentiability results) or Eech—comp]ete (or, even strongly
countably complete) one obtains new classes such that all Banach spaces in their
weak topologies are in these classes. One need only translate the proofs of [N] into
our terminology. It involves only the straightforward copying of the interesting
results of [N]. Indeed, this has been done several times over in the literature.
Our results have obvious reformulations in the language of multivalued maps, mono-
tone operators, convex analysis, optimization, etc.; this would be suitable work

for a master's thesis. We would be surprised, however, if these reformulations gave
any new insight into the obvious non-trivial problems that have arisen.
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We study here the local unconditional structure
of certain operator ideals. Invariants like the
Gordon-Lewis constant are investigated.

Grothendieck[6] defined a one absolutely summing operator between
two Banach spaces, to be an operator which maps every unconditional-
ly convergent series to an absolutely convergent series. It was as-
ked in [6] whether every one absolutely summing operator can be fac-
tored through an Ll(p)-space. This problem was solved in the nega-
tive by Gordon and Lewis [4].

By this they also answered other problems. They observed that every
one absolutely summing operator from a Banach space E into another
space factors through an Ll(u)-space provided that E has local un-
conditional structure (lust). It was unknown whether there are Ban-
ach spaces without local unconditional structure. Thus they showed
that there are in fact spaces without lust.

The spaces they considered are spaces of operators with an ideal
norm {12). In particular, they found that the space of all bounded
operators L(QZ) with operator norm does not have local unconditiona:
structure and that there are one absolutely summing operators from
L(2?) to 22 that do not factor through an Ll(u)—space.

In [15] the proof was simplified and the result was strengthened so
that some open questions could be answered.

V. Samarsky [14] proved at the same time independently a weaker re-
sult that, nevertheless, could be successfully applied in all inte-
resting cases.

Then Szarek [17] simplified the proof so that it is by now very
short. It is completely contained in this paper.

Besides the space L(22) we consider the Schatten class Cp, 14¢p<e,
all operators from 22 into itself with p-summable singular numbers

{12]. It turns out [8] that Cp has Just if and only if p=2, i.e. Cp
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is isomorphic to a Hilbert space.
For the standard notions in Banach space theory we refer to [9].

0. Preliminaries

The Banach-Mazur distance of two isomorphic Banach spaces E and F is
given by

d(E,F)=C NTIT W | 1 s isomorphism between E and F}
The space of p-absolutely summing operators A is denoted by Hp(E,F).

The norm « (A) is given by the infimum of all numbers C>0 such that
for all {xi}?=1 ¢ E, neN, we have

(

= p,1/p
; i oX > ") .

ne~>S

1/ n
HA(xi)Hp) Peg sug (£ |<x
1 ¥ =1 i=1

r (E,F) is the space of all operators that factor through a space
LP(w): The norm is

yp(A)=inf{HBH“CH |A=CB, BeL(E,LP(u)), Cel(LP(n),F)2.

There are several notions that are related to the unconditional

structure. We say that a basis {xi} I possibly infinite, is C-

iel?
unconditional if we have for all a,eR, e,=tl, iel

b r a.,x.ie Ch £ e.a.x.l.

iel T jel 1T
The infimum over all such C is denoted by ch({xi}iel)’ the uncon-
ditional basis constant of the basis {xi}iel‘ The unconditional ba-

sis constant of a space E is
ubc(E):inf{ubc({xi}iEI)l {x;}; [ is a basis of E},

A Banach space E has local unconditional structure (lust) if there
is a C>0 such that for all finite dimensional subspaces F of E there
is a finite dimensional subspace G of E that contains F and satis-
fies ubc(G) € C. The infimum of all these numbers C is denoted by
Tust(E).

There is a property that is - obviously - weaker than lust. It was
used by Gordon and Lewis. We'd Tike to call this property GL-lust:
There is a C>0 such that for all finite dimensional subspaces F of
E there is a space G with ubc(6)2C and operators Ael(F,G), Bel(G,E)
such that BA is the identity on F and fAY BN 21,

Certainly, it is not a great surprise that we put GL-Tust(E)=inf C.
The invariant that we shall actually compute is the Gordon-Lewis
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constant
g1 (E)=suply (A)| Aemy(E,22), m (A)=1}.

1f {Xi}?=l is a basis of a space we denote by {xﬁ}?zl the biorthogo-
nal functionals.

Quite often we consider {natural) identities. If we have such an
identity, say from a space E to F, we might denote it by 1dE,F or
some other way making clear between which spaces it is operating.
The e-tensor product of two finite dimensional Banach spaces ESEF is
the space of operators L{E¥,F).

The dual space is the space of nuclear operators from E to F*,E*BﬂF*
Several tools we use, e.g. the Khintchine—inequaiity,can be found in
[91,[12].

1. Some elementary inequalities

LEMMA 1.1 Let E be a Banach space. Then we have

gL(E)2GL-Tust(E)£lust(E)Zubc(E).

The first inequality was proved in [4]. The other inequalities fol-
low immediately from the definitions. Pisier observed [11]

LEMMA 1.2 Let E be a Banach space. Then we have

GL-lust(E) = GL-lust(E®¥).

LEMMA 1.3 [A] Let E and F be Banach spaces.
(1) glL(F)Ed(E,F)gl(E)

(212) Suppose PeL(E,F) <8 a projection from E onto F. Then

gL(F)41NPligl(E).

By ‘using Lemma 1.3 we estimate the Gordon-Lewis constant from below.
In fact, we consider finite dimensional, uniformly complemented sub-
spaces and compute the Gordon-Lewis constant for these spaces.

Since the Gordon-Lewis constant is a quotient of the Y1 and Ty -
norms of certain operators we have to estimate these norms. It turns
out that it is technically easier to estimate my-norms. Therefore we
would like to reduce the problem to estimate nl—norms only. This 1is
done by duality. First, we have Yl(A)=yw(At). Moreover, since we

have for finite dimensional Banachspaces Hl(E,F)=Fm(F,E)*[5] we have
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t
v (A)=supt tzlABB |BeL (E¥,22))

provided E is finite dimensional. Thus we obtain for finite dimensi-
onal Banach spaces E

tr(A'B E
(1.1) g](E)=SUp {_”—(—A—g'“_—TBL)' | ACL(E,ZZ), BCL(E ,22)}.
1 1

The next inequality is due to Figiel and Johnson [2].

LEMMA 1.4 There is an a, o<a<1/2, such that for every n-dimensional

Banach space E we have

gZ(E)ésup{;E%¥%%zj-inf{“A|F“|FCE, dimF2an}}

where the supremum is taken over all invertible operators AeL(E,22)..

2. Estimations of the Gordon-Lewis constant

We know that in general gl1(E) is less than ubc(E). Most Banach spa-

ces of operators have (under certain assumptions) the property that

g1 (E) and ubc(E) are equivalent - and big. The next theorem is taken
from [15]. The proof was simplified by Szarek [17].

THEOREM 2.1 Let {xi}zzl be a basis of a Banach space E. Assume
that there exist constants M and K and a set G of n~tuples of signs
0 so that

n n
Z n
(2.1) ILE Oiaixi" -KH.E aixiﬂ for all scalars {ai}i:I and all 0eG
=1 =1
-1 n -1 n 2.1/2 n
(2.2) |¢| Tl ool 2M 0T Al for all scalars {A };_,-
0e¢ <=1 © ° i=1 ° vors

Then we have

n 2z 2,2
ube({z Y, ;) £ KM gL(E) .

For the proof we require a lemma.

LEMMA 2.2 Let {xi}zzl be a basis of a Banach space E and suppose

that (2.1) and (2.2)nare valid. Then we have for all diagonal opera-
tors TeL(E®*,22), 7( v a.2®)=(|t.]a. )"
n .2 vz Z

=1 172=1 "
n
WJ(T) £ KMH.E ti“i"'
=1
n
Proof. By (2.2) we have for Yo= 2 n%x: s =1, ,N
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N n
N 2 2,1/2
-1 oy~ oz ( Znstil )
M b HT(yg)u =M g=1 o1 11
2=1
N n
£ |G| L | = e1nft1.|
e=1 0eG =1
N n }
€ max I | I @i”1t1|'
0eG 2=1 i=1
Now we shall apply (2.1). We obtain
-1 N n N N
M IT(y )l € max max 1 z CRR |< ¢ nyxyax>
2=1 0eG N xl=1 i=1 e=1 i=1
n N
€ Ko tox, il max Loy x>, o

i=1 Ixt=1 g=1

Proof of Theorem 2.1 Consider diagonal operators SsL(E,zﬁ), Te
L(E*,z%) as in Lemma 2.2. By (1.1) and Lemma 2.2 we obtain

t
- tr(S°T 2 X ;2
91 (E)=sup{ opeyorry | SeL(Esap)s Tel(E%00))
n
2,,-2 A
LKW supt ——— [Gsioy > (i
x
N saxp s thxa
IS

Therefore we get

KZMZQ](E) a ubc({Xi}?=1) .

O
We say that a double sequence {xij}?’?=1 is C-tensor-unconditional
if we have for all €i=i1’ 5j=i1’ aist, i=l,...,n, J=1l,...,m
n,m n,m
z a..x. . £ Cl I N D
hoh R L 11’j=151 §2i5% 0 -

This notion and the following corollary applies in particular to
spaces of operators.

COROLLARY 2.3 Let E be a Banach space with a basis {x.

nym
1j}

i 3=1 that

is8 l-tensor-unconditional. Then we have

(2.3) ube (tw; 332" 1) £ 4g1(E) .

Proof. As a basis in Theorem 2.1 we choose {xi.}q’m and G =

jii.i=1

n,m ;
{(EiSJ)i,j=ll£i=i1’ 6J=11} . Therefore we have K = 1. By using the



52 C. Schiitt

Khintchine-inequality (9] twice and the triangle-inequality once we
get (2.2) with M = 2, a

REMARK. (i) V. Samarsky [14] proved independently a weaker version
of this corollary.

(ii) In inequality (2.3) appears 4 as a constant. We do not know
what the best possible constant is. Nevertheless, we know that it
has to be greater than or equal to 2. Indeed, consider ¢l@ g}

2€2and

choose x1j=eieej, i,j=1,2. We obtain

11
55 i .

L )2 — =
= aa
® 1

- = 1 p® ®y
J=1 and therefore 1-d(220222,22@£22) =

2
ubc({eiaej}i,

On the other hand, d(z%,z

1 1 © 1
d(2,8_2,525). But, gl(1g)=1.

~Ny

3. Unitary operator ijdeals

As in the whole paper we also restrict ourselves here to the real
case. We consider the space of finite rank operators AcL(H) on a

possibly finite dimensional Hilbert space H. We call a norm o oOn

this space unitarily invarjant if aE(UAV)=aE(A) where U and VEare
isometries of H and if HAHEaE(A)én(A), i.e. aE(A) is larger than
the operator norm and less than the nuclear norm, The completion of
this space under ep is a unitary operator ideal CE(H).

Consider now H=%? orlﬁ and a diagonal operator T((a1)151)=(t1a1)181.
Then there is a space E with a symmetric basis {e1-}1-£I (i.e. for all
permutations m and all a.;eR we have HZaieiu=HZiaﬂ(i)e4l ) such that

@ (T)=] T tiel.
iel

By polar decomposition the computation for the norm of an operator
can be reduced to this case. Therefore one also says that the symme-
tric space E "generates" the operator ideal CE.
If E=2? we have the space of Hilbert-Schmidt operators which we pre-
fer to denote by HS and its norm by hs{ ). Also, if £=¢P, p¥=, we
write Cp.
It was shown by D.R.Lewis [8] that CE has local unconditional struc-
ture if and only if E is isomorphic to a Hilbert space. This result
was refined in [10].
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THEQOREM 3.1 There is a C>0 such that we have for all CE(Ri), nedV,

<z z Z V4
gZ(CE)#Zust(CE,)—ubc(Cb,)fd(CE,HS)—CgZ(CE) .

We require a proposition that is essentially due to D.R.Lewis.

PROPOSITION 3.2 There Zs a C>0 such that we have for all CE(EEZ),HEW

n,(id,, JECulid, g | -1

E,Hb ,CE

where <d denotes the natural identity between C,. and HS.
¢, S E

Proof of Theorem 3.1 By (1.1) and Proposition 3.2 it follows that

9](CE)*”2[“1(1dc HS)“l(ing,HS)]-l

E’
$072Hid, Ll bidgy ]
£ o HS
=c‘2n1dc st lidys g2c7d(Cg HS) .
E’ *ME
The other inequalities follow from Lemma 1.1 . o

The next lemma is a nonessential modification of a result of Helga-
son [7] and Figa-Talamanca and Rider [1] . o, denotes the orthogo-
nal group on zﬁ and o its normalized Haar measure,.

LEMMA 3.3 [10] There <s a constant C>0 such that we have for all 4,
BeL(EfZ), nely,

S5 |tr(AUBV) |do(U)do(v) » cho(AIRs(B)

00 n
n n

Proof of Proposition 3.2

N N
sup T [tr(AB)[* sup b ff|tr(A£UBV)|do(U)dc(V)
ap¥(B)=1 2-1 apx (B)=1 2=1
n
N hs(A, )hs(B)
2 sup C = ln
ap*(B)=1 2=1
1, . N
=Cn l|1dC *’Hsngilhs(Az) a

COROLLARY 3.4 [8] CE:CE,(ZZ) has lust <1f and only Zf E is isomorphic
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to 22,

This corollary follows immediately by reduction to the finite dimen-
sional case. There are projections of norm 1 from CE( 1% onto CE( zﬁy
So, we just apply Lemma 1.3 and Theorem 3.1

By this it is also clear that there are l-absolutely summing opera-
tors that do not factor through a space L!(p). This is done by put-
ting finite rank operators together.

COROLLARY 3.5 There are operators from L{.2) to HS, the space of
Hilbert-Sehmidt operators, that are omne absolutely summing but do not

factor through a space L1(u).

4, e-tensor product

n m
PROPOSITION 4.1 [16] Suppose {e }._, and {fj}j:z

nal bases of the Banach spaces E and F, respectively. Then

are l-unconditio-

1/2

C(Zog(n+m))_1/2min{d(E,x:) ,d(F,z;)J/Z}

(4.1) ng(E@EF)fubc(E@EF)

tmin{d(E, &, ),d(F, & )}
where C>0 is an absolute constant.

REMARK. This result was refined by Gordon [3]. He showed essential-
ly that assumptions on ubc(E) and ubc(F) are not necessary.

Thus the question was raised whether the log-term in the left hand
side of (4.1) is necessary. As a matter of fact, the log-term enter-
ed because one passed from Gaussian to Bernoulli random variables.
Since it turned out that the log-term is essential it also reflects
the difference between Gaussian and Bernoulli random variables.

THEOREM 4.2 [16] There 18 a constant C>0 and a sequence of spaces

E , nell, ube(E_)=1, such that d(E
n n n
and such that we have for all nell

’zdimEn) tends with n to infinity

P4
ubC(En@eEn) £ C.

We give the construction of the spaces En. En is the space R" equip-=
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k
ped with a norm defined for the vectors T e where ;s i=1l,...,n
are the natural unit vectors i=1
K
k1=1, kj+1—2 , J=1,2,3,.....
k
Al = =j .€k<k . .
ﬁzle1ﬂ ¢(k)=3j for kJ k kJ+1
For the dual basis {e?}qzl and all permutations » of {1,..... ,n}t we
put k . K o
oz oe® .gq=ki el .
jop m O TR

Now we take the convex hull of

k

M=l z eXg™l 5 se¥, . |k=1,...,n, m is permutation of {l,..,n}}
=1 1 q=1 - 3

as the dual unit ball. Please note that {ei}?=1 is a l-unconditio-

nal basis. In order to show ubc(EnQEEn)éC we use a solution of Zar-

ankiewicz's problem [13] and the following property of the spaces En

Consider the function r:{88,88+1, ..... 1N

r(k)=[1092109210921092k].
We observe that there is a C>0 such that for all k=8%,8%+
have

1,.... we

€ .
e; CHz e”

k r(k)
z
=1 1=1

5. Unconditional structure of subspaces of zﬁ@ezﬁ

So far we found out that the Gordon-Lewis constant of z%@ezﬁ is of
the order ¥m'. But we did not obtain anything for subspaces. Clearly,
2%961% contains 2% as a subspace and for zﬁ we have certainly 91(1%)
:ubc(nﬁ)=1. But what if we consider a subspace of larger dimension?
We get that subspaces of %%982% with sufficiently big dimension have
big Gordon-Lewis constants. We restrict ourselves here to the case
2%981% . But the same can be done for various spaces.

The main idea used here is due to Figiel and Johnson [2]. They con-
sidered a different class of spaces. The result presented here can
be found in [107.

THEQOREM 5.1 There is a constant (>0 such that for all k-dimensional

subspaces E of 231852;21’ nykell, we have
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cin”%% 2 g1(m) .

If k is of the order of n this estimate is certainly optimal. But
for other k this is not known.

LEMMA 5.2 [10) If E is an k-dimensional subspace of 2%%122 then we
have for the natural identity ZdeL(E,HS)

. N k
pzdlb 2 V?ﬁ .

Now, Theorem 5.1 follows from Lemma 1.4 and 5.2 and Proposition 3.2.

6 .Embedding spaces without GL-lust into spaces with GL-lust

It is clear that one cannot embed a space without GL-

lust complementably into a space with GL-lust. The assumption of
complementation is here essential. Indeed, since every Banach space
can be found as a subspace of a space L™ (u).

Nevertheless, Pisier proved [11] that one cannot find certain spaces
without GL-lust as subspaces in a space with lust if one assumes
that the space does not contain 2:’5 uniformly (we say that E con-
tains 2:‘5 uniformly if there is a C>0 and subspaces EnCE such that
for all neN we have d(En,E:)éc ).

This applies in particular to the spaces Cp, pt2.

We would like to introduce the invariant "matrix-average" of a space

E. Let C>0 be so that for all double sequences {xij}? j=1 > all €i5°
+1, i,j=1,..... .n, nelN, we have
- n _ n
(6.1) 272" 2y e Banxs s c2272" ¢y g 6i”jxij"2
§,mi,g=1 111 8. 1,31

where & and n range over all possible sequences of +1's. We denote
the infimum of all these C by mave(E).

THEOREM 6.1 [11] Let E be an infinite dimensional Banach space with

GL-lust(E)<es. Moreover, suppose that E does not contain 1;’3 unifor-
miy. Then we have

mave (E) <= .

COROLLARY 6.2 The Banach spaces Cp, p+2, are mot isomorphic to a

subspace of a Banach lattice that does not contain 2:’3 unt formly.
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In particular, C_is not tsomorphic to a subspace of a uniformly con-

vex Banach lattice

To show the first statement of the corollary it is sufficient to show
that mave(Cp)=w. Let {x. }1

have for all aijR’ Sis N 1

1 be an orthonormal basis in 22. Then we
1 1sj:1, ..... s N

n
= ro§insas X.exl
L i C
j J 35

Therefore, if mave(Cp)éc, {6.1) means

I
15

. ™M S

n
e..a..x.ex. . €CI £ a..x.ex.l
U VR IV R N Cp i,j=1 137177 Cp

for all Eijzil' In other words, ubc({x sx } £ C for all neN.

,j=1)
But, by Theorem 3.1 this is not poss1b1e

To verify the second statement of the corollary it is left to see
that a wuniformly convex Banach space does not contain z:'s uniform-

ly.
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INTRODUCTION

The object of this paper is to discuss the problem of how - for
given Banach spaces X and Y - the space K(X,Y) of compact linear
operators from X into Y and its dual space reflect the geometric and
topological properties of X and Y and their respective duals.

Since X* and Y are closed linear subspaces of K(X,Y), they inherit
trivially properties such as non-containment of Z1, the dual having
the Radon-Nikodym property, weak sequential completeness, or reflexi-
vity, from K(X,Y). The natural guestion thus is to find out which ad-
ditional conditions are needed for the reverse implications: how can
geometric and topological properties of K(X,Y) and its dual be re-
covered from the corresponding properties of (the presumably well
known spaces) X and Y and their duals?

Besides the properties already mentioned, we shall consider the
representation of the dual of K(X,Y), and discuss how the various
classes of extreme points of the dual unit ball of K(X,Y) can be re-
presented by the corresponding classes of points in the (bi-) duals
of X and Y.

The paper is essentially written in survey form, but, except for
section 5, the main stream results are presented with proofs.

The spectrum of results considered here will cover only a very
small sector of the subject matter and is restricted to those parts
that I have been involved with during the past few years.

1. PRELIMINARIES
1.1 SPACES OF COMPACT OPERATORS

Our discussion is placed in the general context of the operator
space Kw*(X*,Y) of compact and weak*-weakly continuous linear opera-
tors from X* into Y, endowed with the usual operator norm. This space,
originally introduced by L. Schwartz [60] in 1957 as the so-called
e-product XeY of X and Y, apparently has gone out of sight over the
years. However, it has the advantage over K(X,Y)} that, as far as
methods of proofs are concerned, it is conceptually easier to handle
than K(X,Y) itself, and that it comprises not only spaces of the type
K(X,Y) but also completed injective tensor products X®&.Y, and thus
many more concrete spaces of analysis - particularly spaces of vector-
valued continuous functions and of vector-valued measures. More spe-
cifically, we have the following (well known) fundamental isometrical
isomorphisms and isometrical embeddings, respectively:

*) This paper is based on joint work with H.S. Collins, Baton Rouge
(Louisiana) [4,5] and C.P. Stegall, Linz (Usterreich) [52,53].
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(1.1) K(X,Y) = K , (X**,¥)
k —— k**
(1.2) X8 Y <=k, (X7, 1)
x®y > {x*¥ ——(x*x)y}, and X®_ Y = Kw*(X*,Y) if

X or Y has the approximation property, cf. [60].

(1.2.a) C(K,X) = K_, (X*,C(K)) = C(K) B X
F —— {x*»+—> x*F} (K compact Hausdorff)
(1.2.b) cca (2,X)= K, (X*,ca(l)) = ca(l) & X

¢ — {X* b—— x* 0}

(Here, ¥ is a o-algebra (of subsets of a nonempty set
), and cca(l,X) denotes the space of countably addi-
tive measures from % into X with relatively compact
range, endowed with the semi-variation norm, cf.[18,51].

Duality results for K *(X*,Y) thus often allow immediate speciali-
zations to both K(X,Y)-spaces and X®: Y-spaces, and this is the ge-
neral approach that we use in this paper.

1.2 NOTATION

Basically, we follow the classical notation of Dunford and Schwartz
[12]. A subset A of a Banach space X is called weakly sequentially
precompact if every sedquence in A has a weak Cauchy subsequence. The
unit ball of a Banach space X is denoted by BX, and its extreme points
by extBX.

The spaces of all bounded, weakly compact, compact, and nuclear
operators from X into Y -~ X and Y Banach spaces - are denoted by
L(X,Y), W(X,Y), K(X,Y), *and N(X,Y), respectively. In accordance with
our definition of K , (X ,Y), we denote by Lw*(X* Y) the space of all
weak*-weakly continuous llnear operators from X* into Y.

The term Radon-Nikodym property is, as usual, abbreviated by RNP,
and the term [metric] approximation property by [m.la.p.

2. EARLY RESULTS

We briefly recall several classical results on the duality and
geometry of K(X,Y) in order to give a flavour of the results to be
expected - and those not to be expected.

2.1 Dunford / Schatten [11], 1946, and Schatten [58], 1950:

For 1<p<ew , the space K(Zp) contains a copy of ¢, tsometrically.

2.2 Schatten [59]1, 1957: The unit ball of K(Zz) has no extreme
points.
2.3 Corollary ( Dunford / Schatten ): Let H be an infinite-di-

mensional Hilbert space. Then K{(H) is not reflexive, and not even
weakly sequentially complete, nor isometric to a dual space.

These are, in a sense, the negative results. The message is that
one cannot expect K(X,Y) to be "nice” provided that only X and Y are
"nice" enough. On the contrary, K(X,Y) may just become too large.
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In the other direction, there are the following classical positive
results.

2.4 pitt [45], 1936: For 1<p<g<oe, all bounded linear operators
from Zq into Zp are compact: L(Zq,Zp) = K(Zq,lp).

Combined with Grothendieck's result 2.6(b) (i) quoted below, this
implies that for 1 <p<g<w, the space K(Zq,Zp) 18 reflexive.

2.5 Grothendieck [19], 1955: <Consider the canonical (linear) map

Jos XF Y —— (K, (XF, )Y
x*@y* +—— {(h+—— (hx¥*,y*)}.
Then we have:
(a) J is surdective <f X* or Y* has RNP.
(b) § is ingective <f X* or ¥Y* has a.p.
More specifically: If either of X* and Y* has a.p., then the map
Pt X8, ¥ —— B(X,YV)
x*¥@y* —— {(x,y)— (x*x) (y*y)}

Z8 injective, and 1f p is injective, then so <s J.

2.6 Corollary (Grothendieck [19], 1955):
(a) If X** or Y* has RNP, then K(X,Y)* is a quotient of B, v,
and if, in addition, either of X** and ¥Y*¥ has a.p., then we have:
K(X, )% = x** @, v* = N(x*, v%).
(b) Assume that X and Y are reflexive. Then we have:
(2) If L(X,Y) = K(X,Y), then K(X,Y) Zs reflexive.
(Z7) Conversely, if K(X,Y) is reflexive and p : X**%nY*——» B(x*,Y)
s Injective, then L(X,Y) = K(X,Y).

We pause for a proof of Corollary 2.6, for these consequences of
Grothendieck's results 2.5 later on have often been reconsidered

(see Remarks 2.7 below).

Proof of Corollary 2.6: Proposition (a) is — via the isometry (1.1)-

just a special case of 2.5. For a proof of proposition (b), assume
now that X and Y are reflexive. Then, according to (a), we have

K(X,Y)* = x&; v*/0, so that K(X,V)** = o' cL(X,Y). A quick inspection
of the corresponding isometrical embeddings reveals that K(X,Y) is
reflexive in case L({X,Y) = K(X,Y). This proves proposition {b) (i).

As for (b)(ii), we need only use 2.5 to conclude from K(X,Y)*=X5WY*

(and the assumption) that K(X,Y)=K(X,Y)**=(x&, v*)*=L(X,¥).

2.7 Remarks: 1. Theorem 2.5 is possibly better known as the re-
sult on the coincidence of integral and nuclear operators in the
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presence of RNP. Grothendieck LJ9,I.§4.2,Thm.8] did not explicitly
state 2.5, but proved it for X @&; Y under the assqution that X is re-
flexive or has a separable dual, and that p : X*®; ¥* —— B(X,Y) is
injective. In his proof, however, he only uses that, under the as-
sumptions on X, the dual unit ball B_,, has what he called the "Phillips
property"” ("propriété ¢") [19,I.§4.19Def.6,p.104] which, in present day
language, exactly is the RNP for x*.

For an explicit proof of 2.5, see Diestel [7], Gil de Lamadrid [16],
Schachermayer [57], and C. Stegall [66,Cor.7].

2. The results of Corollary 2.6, only implicit in Grothendieck's
thesis [19] - as indicated above - have explicitly been proved by
various authors. Feder and Saphar [14,Thm.1] proved proposition (a),
also relying heavily on Grothendieck's work [19]. Proposition (b)
appears in various (partly weaker) versions in Ruckle [50], Holub
[28,29], Kunas K. Jun [34], Kalton [35,section 2,Cor.2], and, in the
form stated above, in Heinrich [22].

3. Note that proposition 2.6 (b) (ii) particularly implies Dunford /
Schatten's result that, for an infinite-dimensional Hilbert space H,
K(H) is not reflexive.

Historically, looking back, it is not too surprising that after the
early results on spaces of operators on Banach spaces mentioned so far,
not much happened in this direction for about a decade, and that it
took the vivid revival of Banach space theory in the sixties to renew
the interest in the geometric and topological structure also of ope-
rator spaces. This process did not start before the early seventies.

A survey on a small part of it is the subject of the subsequent sec-
tions.

Note: It seems worth specifying the assertion of Theorem 2.5 in
the sense of our general program - to determine K(X,Y) and its dual
from the spaces X and Y and their duals:

(a) If either of X** and Y* has RNP, then every TE€ K(X,Y)* has a

representation of the form T = ZAixI*@y; , with (Ai)iE 1., , and

1
(x¥*), and (y}); bounded sequences in X** and v*, respectively, in the

sense that Tk = Zki(k**x;*,y;) for all k€ K(X,Y).

(b) If x* has RNP, then every ¢ EC(K,X)* (K compact Hausdorff) has
a representation of the form ¢ = Zkix;@ui , with (Ai)i €Z1, and
(x;)i and (pi)i bounded sequences 1in X* and M(K), respectively, in
the sense that ¢F = ZAiIXIdei for all F € C(K,X).

This is to be noted as the advantage over the case for general X,
where the dual of C(K,X) can only be represented as a space of more

general X*-valued measures, cf. Singer [63], Prolla [46,Ch.V.5] and
Schmets [61,p.368-377].
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3. REFLEXIVITY AND WEAKER NOTIONS

We first recall the implications among the various weakenings of
reflexivity.

Z2 reflexive

—_—
z* RNP o~ Bounded subsets of % are weakly

§\\\\ &4;4%¢¢,ﬂ sequentially precompact .
23 21

Any of these properties is being inherited by X and Y from the
operator space K *(X*,Y). According to our general theme, we now turn
to the discussion of which additional assumptions are required for the
reverse implications.

%z weakly segquentially complete

3.1 REFLEXIVITY AND WEAK SEQUENTIAL COMPLETENESS

Generally speaking (and modulo the a.p.), for K(X,Y) to be reflexive
or just weakly sequentially complete, all bounded operators from X in-
to Y must necessarily be compact. More specifically, the following re-
sults hold.

3.1.1 Grothendieck [19] (see 2.5 and 2.6 above):

Assume that X and Y are reflexive and that either of X and Y has
a.p. Then K(X,Y) s reflexive if and only <f L(X,Y) = K(X,Y).

3.1.2 Theorem ( D.R. Lewis [37,Thm.2.1]1):
(a) Assume that X and Y are weakly sequentially complete, and that

Lo (X*Y) = Kw*(X*,Y). Then Kw*(X*,Y) is weakly sequentially complete.
(b) Conversely, assume that Kw*(X*,Y) is weakly sequentially complete,
and that either of X and Y has the metric approximation property.

Then X and Y are weakly sequentially complete, and Lw*(X*,Y) = Kw*(X*,Y).

Notes: ©Proposition (a) as stated here is to be found in [4,Thm.3.4].
D.R. Lewis [37,Thm.2.1] proved it for the space X®; Y and thus needed
the a.p. in one of the factors also for this part of the assertion.

A special case of proposition (a) is the result of F. Lust [40].

What is behind Theorem 3.1.2 is the following general result.

3.1.2' [4,Prop.3.1]: KU*(X*,Y) 18 weakly sequentially complete
if and only 2f

() X and Y are weakly sequentially complete, and

(22) Kw*(X*,Y) i8 weak-operator-topology sequentially closed in Lw*(X*,YL

Thus, D.R. Lewis' particular achievement - with his beautiful proof
of proposition 3.1.2(b) in [37] - was to show that condition (ii) in
3.1.2' together with the m.a.p. in one of the factors implies equali-
ty of Lw*(X*,Y) and Kw*(X*,Y).
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3.1.3 Corollary (D.R. Lewis [37,Cor.2.4], and [4,Thm.3.5]1):

{a) Adssume that X* and ¥ are weakly sequentially complete and that
W(X,Y) = K(X,Y). Then K(X,Y) is weakly sequentially complete.

(b) Conversely, assume that K(X,Y) is weakly sequentially complete
and that either of X* and Y has m.a.p. Then X* agnd Y are weakly se-
quentially complete and W(X,Y) = K(X,Y).

This is just a special case of 3.1.2 by using the isometries
K(X,Y) = K ,(X**,¥) and W(X,¥) = L_, (X**,¥).
W w

For further special cases (and extensions to particular locally
convex spaces), the reader is referred to section 3 of [4], and to
Tsitsas [70,71].

Note, finally, that 3.1.3 implies Dunford / Schatten's result that
K(H) is not weakly sequentially complete if H is an infinite~dimensio-
nal Hilbert space.

3.2 THE DUAL HAVING THE RADON-NIKODYM PROPERTY

In contrast with the situation for reflexivity, weak sequential
completeness and non-containment of 1 (3.3 below) - where additional
assumptions are needed - the RNP for both X* and Y* completely deter-
mines the RNP for the dual of Kw*(X*,Y).

3.2.1 Theorem [52,Thm.1.91: The dual of Kw*(X*,Y) has RNP 1f and
only if X* and Y* have RNP.

3.2.2 Corollary [52,Cor.1.10]): The dual of K(X,Y) has RNP if and
only if X** and Y* have RNP.

A particular consequence of Theorem 3.2.1 is the result that - in
case either of X* and Y* has a.p. - the space N(X,Y*) = X*§HY* of
nuclear operators from X into Y* has RNP, provided that X* and Y* have
RNP; for, under these assumptions, we have Kw*(X*,Y) = X%eY' and
Kw*(X*,Y)* = X*@, Y* = N(X,¥*) (see 2.5 above). This special case of
Theorem 3.2.1 is proved in Diestel / Uhl [10,VIII.4,Thm.7,p.249], and
it is their method of proof that we generally follow in our proof of
Theorem 3.2.1.

Proof of Theorem 3.2.1: We use the fact that z* has RNP if and

only if every separable subspace of Z has a separable dual: Uhl, cf.
[10,I11.3,Cor.6,p.82] and Stegall [66]. From this equivalence, the
necessity part of Theorem 3.2.1 follows trivially. Now, assume that
x* and Y* have RNP, and let A be a closed separable subspace of
Kw*(X*,Y). Choose a dense sequence (hn)n in A, and a closed separable
subspace YO of Y such that imlkf:Yo for all n€IN . Accordingly, for
(h;)nc:Kw*((Yo)*,X), choose a closed separable subspace XO of X such

that imI%:cXO for all neéIN . Thus, we can view the sequence (hn)n as a
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subset of Kw*((xo)*,Yo). Now, it is generally true (cf. [60]) that for

M and N closed linear subspaces of X and Y, respectively, the space
Kw*(M*,N) is (isometrically) a closed linear subspace of Kw*(X*,Y).
This reveals that A is a closed linear subspace of Kw*((Xo)*,Yo). By
)* and (Y )*

assumption on X and Y, both (X, are separable, so that

o
is separable as well. According to Theorem 2.5 in section

~

*
(X )" @, (Y,)
2, the dual of Kw*((xo)*,YO) is a guotient of (Xo)* ®; (Yo)*, and thus
is separable. Consequently, the dual of the closed linear subspace A

of Kw*((Xo)*,Yo) is separable as well. This completes the proof.

3.3 NON-CONTAINMENT OF ( AN ISOMORPH OF ) Z1

3.3.1 Theorem [4,Thm.1.14]: A4ssume that X and Y do not contain 14
and that either of X* and Y* has RNP. Then Kw*(X*,Y) does not contain 1lq.

As usual, the isometry K(X,Y) = Kw*(X**,Y) of (1.1} above allows

the following specialization to K(X,Y).

3.3.2 Corollary [4,Cor.1.121: Assume that X* and Y do not contain
L4, and that X** op Y* has RYP. Thewn K(X,Y) does not contain lq.

Notes: 1. The result of Theorem 3.3.71 has been presented by Heron
Collins at the 1980 Conference on "Measure Theory and its Applications"
at Northern Illinois University, DeKalb, Illinois, and first appeared
in our joint announcement of results of our paper [4] in the Procee-
dings ‘of that conference in 1981, edited by G.A. Goldin and R. Wheeler,
p.187-192. It is interesting to note that B.M. Makarov and V.G. Samars-
kii announced the assertion of Corollary 3.3.2 in [41,Thm.2.3], and
that, in the period when our paper [4] was in print, C. Samuel's pa-
per [54] appeared where he proves 3.3.1 for the subspace X®, Y. This
development may help to support cur point - specified in section 1.1 -
that the "right" space to be looked at is the space Kw*(X*,Y).

2. Fakhouri [13,Thm.3] proved 3.3.2 under the assumption that X**
is separable.

Proof of Theorem 3.3.1: We use Rosenthal's fundamental result

(see Rosenthal [49] and 0Odell / Rosenthal [42]) that a Banach space
Zz does not contain (an isomorph) of 79 if and only if the bounded sub-
sets of Z are weakly sequentially precompact.

Assume that Xi>Z1 and that Y* has RNP. (Notice the symmetry
Kw*(X*,Y) = Kw*(Y*,X).) Let (hn)n be a bounded sequence in Kw*(X*,Y).
Then there exists a separable (closed linear) subspace Y, of ¥ such
that hnhnCYb for all nélN . According to our assumption, (Yo)* is se-
)*

parable, see Stegall [66]. Let (y;’;)n be a dense sequence in (Yo

Then (hgy§)n is a bounded sequence in X and thus, since X:bZ1, has

a weak Cauchy subsequence (hﬁky?)k. Considering now the sequence
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(hﬁky;)k in X, continuing inductively, and using a diagonal process,

. - .
we arrive at a subsequence (hnl)l of (hn)n such that (hnlyk)l is weakly
Cauchy in X for all k€N . Taking adjoints, we conclude that (hnlx*)l
i * - : * x* . * . _
is O(YO,(yk)k) Cauchy in Y, for all x¥€X . But, since (yk)k is norm
dense in (YO)*, on bounded subsets of Yo’ the weak topology U(YO,(YO)*)
of YO and the topology O(Yo’(yi)k) coincide. Hence, (hnlx*)l is weak-
ly Cauchy in Yo’ and thus in Y, for all x* € X*. At this point, we use
the isometrical embedding Kw*(X*,Y)Cﬁ;a C(BX*XBY*)

h /——— {(X*ry*)k_’(hx*ry*)} ’
to conclude from the classical weak convergence result for C(X)-spaces

that (hnl)l is weakly Cauchy in Kw*(X*,Y). This completes the proof.

Going back to Theorem 3.3.1, and inspecting its proof - where we
made heavy use of v* having RNP - the guestion arises naturally whether
the assumption of the RNP for either of the duals is only a technical
matter that could possibly be dispensed with by just requiring X and Y
not to contain 11. Too much hope in this direction is put to rest by

the following example.

3.3.3 Example [52): Let JT denote the James Tree space, cf. [39].
Then JT 31, 1391, but JT 8, JT does contain Z,-

Proof: JT is the dual of a (separable) Banach space B such that
B**/B = Zg = Hilbert space of the dimension of the continuum [39].

Using the fact that projective tensor products "respect" quotients,
we conclude that JT* §ﬂ JT* has Z;"éﬂ Zg‘ as a quotient. Now, the "dia-
gonal" in Z§§WZ§ is isometric to Z? , which thus can be "lifted"
isomorphically to JT*%WJT*, cf. Pelczynski [43,Lemma 3.1]. But
JT*%HJT* is a closed linear subspace of (JT%EJTW* (see 2.5 in sec-
tion 2), so that the dual of the separable space TT%EJT contains Z%.
Using Pelczynski's and Hagler's results [43,20], we conclude that

JT® ITS 1, .

A combination of Corollary 3.3.2 with Theorem 2.5 yields the fol-
lowing connection between reflexivity and weak sequential complete-
ness of K(X,Y).
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3.3.4 Theorem ([4,Thm.3.91 and [5,Cor.3.31): Let X and Y be re-
flexive, and consider the following statements:
(a) L(X,Y) = K(X,Y); (b) L(X,Y) is reflexive;
(c) K(X,Y) is reflexive; (d) K(X,Y) is weakly sequentially complete;
Then (a) implies (b), (b) implies (c), and (¢) is equivalent to (d).
Finally, if the natural map J :)(aﬂY*-—a(K(X,Y))* 18 injective,

then (d) implies (a). j is injective, whenever X or Y has a.p.

For a description of general weakly sequentially precompact subsets
of Kw*(X*,Y) via the corresponding concepts in the factor spaces X and

Y, the reader is referred to Lewis [37,Thm.3.1], ‘and to [4,section 1].

4. WEAK COMPACTNESS IN K(X,Y), AND EXTREME POINTS IN THE DUAL OF
K({X,Y)

4.1 WEAK COMPACTNESS

We start with the well-known fact that weak sequential convergence
and weak compactness are determined by convergence not necessarily on
all elements of the dual but just on the extreme points of the dual
unit ball.

4.1.1 Rainwater [47]: A bounded sequence (zn)n in a Banach space

Z converges weakly to z€ 2 if and only <if (z*zn)n converges to z%¥3z
for all z*Eemth*.

This result was the starting point for an intense study of the re-
duction of weak sequential convergence and weak compactness in Banach -
and more general locally convex — spaces Z to the corresponding notions
with respect to the weak topology 0(Z,extByx) on Z generated by just
the extreme points of B,x. We refer the reader to K. Floret's detailed
exposition of this development in [15].

For our purpose here, it suffices to recall one of the latest re-
sults in this direction.

4.1.2 Bourgain / Talagrand [2]: A4 bounded subset H of a Banach
space 7 is weakly relatively compact ©f and only <f it is relatively

countably compact with respect to o(Z,extBZ*).

Remarks: 1. Note that, in result 4.1.2, the improvement over Rain-
water's result - for describing weak relative compactness - lies in
the reduction to o(Z,extBZ*)—relative countable compactness as opposed
to o(Z,extBZ*)—relative seguential compactness.

2. There exist by now further proofs and extensions of Theorem 4.1.2
by Khurana [36] and Tweddle [73], a further simplification of Khurana's
proof by I. Namioka (personal communication), and a deduction of result
4.1.2 from Ramsey-type theorems by C. Stegall (oral communication).
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Also, it ought to be noted that for convex subsets H, 4.1.2 has
been known, see De Wilde [6].

According to the discussion so far, one way to characterize weak
compactness in Kw*(X*,Y) is to determine the form of the extreme points
in the dual unit ball of Kw*(X*,Y) and then to apply 4.1.1 and 4.1.2.
This approach and the subsequent results of section 4.1 are to be
found in Floret [15,sections 8.10-8.13], and in ([(4,section 2].

4.1.3 Observation: extB(Kw*(X*,Y))* c(extBX*) @(extBY*) s where

x*@y* acts on heKw*(X*,Y) in the canonical way: x*®y*(h) = (hx*,y*).
Proof: Kw*(X*,Y) is a closed linear subspaci of C(BX*XBY*), BX*
and BY*being endowed with their respective weak -topologies:
Kx (X*,Y) €—=—— C(ByxxB,x)
h ————— {(x*,y*)—— (hx*,y*)}.
Thus, every extreme point of B(Kw*(X*,Y)f is of the form
6(X*’y*)le*(X*,Y) = X*@y* with (X*,y*)eBX*XBY*. However, if we as-

sume X*@&y* to be an extreme point of B then, by the bi-

(Ry* (X*,¥))% 7
linearity of the map (x*,y*)—— x*®y*, x* and y* necessarily must
be extreme points of BX* and BY*’ respectively. This proves the as-

sertion.

It is now easy to arrive at the following weak compactness results,
cf. Floret [15,8.10-8.13]1, and [4, section 2].

4.1.4 Theorem:
(a) A bounded sequence (hn)n in Kw*(X*,Y) converges weakly to
h€Kw*(X*,Y) 1f and only <f (hnx*,y*)n converges to (hx*,y*) for all
(x*,y*)€extBX*XextBY*.
(b) A bounded subset H of Kw*(X*,Y) 18 weakly relatively compact if

and only 1f 1t Zs extBX*xgxtBY*-weak—operator—topoZogy relatively
countably compact.

We note two particular cases.

4.1.5 Corollary:

(a) A bounded sequence (kn)n in K(X,Y) converges weakly to kK€K(X,Y)
if and only <f (k;*x**,y*)n converges to (k**x**,y*¥) for all

(x**,y*)EextBX**xextBY*,

(b) A bounded sequence (Fn)n in C(K,X), K compact Hausdorff, converges
weakly to FEC(K,X) tf and only <f (Fn(t))n converges weakly (in X) to
F(t) for all te€K.
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For related weak compactness results, compare Kalton [35,section 2],
and Tsitsas [71].

After all, we can summarize that the reduction to the ¢ (Z,extB_x)-
topology actually led to the desired description of weak compactnéss
properties by means of the corresponding pointwise-weak compactness
properties.

Finally, we derive a further result on the dual of K *(X*,Y) by
combining observation 4.1.3 with a result of Haydon {21,Prop.3.11}.
4.1.6 Theorem ([52,Thm.1.7]1): Let H be a closed linear subspace of
Kw*(X*,Y), containing X%a Y. Assume that H does not contain Zl.
Then H* is a quotient of x* 3ﬂ ¥,

Proof: The map 3] : x* &, Y*——#* of 2.5 in section 2 is continuous
linear with Iij ll= 1. Since H :bZ1, Haydon's result [21,Prop.3.1] tells
us that BH* = norm-cl co (extBH*) . We conclude, using observation 4.1.3,
x* §n Y*))C BH*’
x)). Banach's classical homomorphism

that BH*cnorm—cl co (extBX*&extBY*) c norm-cl (j(B

so that BH* = norm-cl (J (BX* 5“ v
theorem now reveals that Jj is a gquotient map.

Example: The James Tree space JT turned out to be an example for
a Banach space Z not containing 74 but such that Z®¢ Z does contain
Z1. Yet, according to Theorem 3.3.1 in section 3, JT & JT ought to
be very close to not contain 74. In this sense, the James Tree space
now also marks the limits of Theorem 4.1.6:

The map J : JT*QNbTT JT*—+(JT§€ JT)* 18 not surjective ([52]1).

4.2 THE EXTREME POINTS OF B

(K (X*,¥))"

The observation made in section 4.1 that extB is con-

(R4 (X*,¥))*
tained in extBX*sextBY* naturally leads to the guestion whether there
is actually equality between the two sets, i.e. whether it is true
that for x* and y* extreme points in BX* and B,
functional x*®y* is an extreme point of B .
Y P (K, (X*,¥))F

had been solved in special cases by Singer YGZ] for C(X,X), Brosowski

%, respectively, the

This problem

and Deutsch [3] and Strdbele [67] for C,(8,X), 8 locally compact Haus-
dorff, and, for general completed injective tensor products X @&.Y, by
Hulanicki / Phelps [31] and Tseitlin [69]. C. Stegall and I [52] took
up the general Kw*(X*,Y)—case and proved the following result which
shows that the extreme points in the dual unit ball of the operator
space Kw*(x*’Y) in fact are completely determined by the extreme points
in the duals of X and Y.
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4.2.1 Theorem ([52,Thm.1.11}): Let H# be any Llinear subspace of
Kw*(X*,Y), containing X®Y. Then extB,x = (extBX*)G(extBY*L

H
4.2.2 Corollary ([52,Thm.1.31): Let H be any linear subspace of
K(X,Y), containing the finite-rank operators. Then we have:
extBH* = (extBX**)®(extBY*).

(For the special case of K(l3), see Holub [30,Thm.3.1].)
We established Theorem 4.2.1 in [52] by proving the following more
general fact.

Given X&YchKw* (x*,v), h*EH*, IIh*|=1, and (xF,v%) EextBX*XextB * g

Y

such that h*|X®Y = § ) | X®Y , consider the set
(x3,v78)
C=co{d =3 -8 8 as a subset of
U8 (xgya) 0 (mxk vE) TS (xE-v8) O (=xE, -y E)]
M(BX*XBY*). Then we have:
(a) C is the set of norm-one extensions of h* to C(BX*XBY*), and
(b) C is an extremal subset of BM(BX*XBY*)'

Here, we give a direct proof of Theorem 4.2.1 based on Tseitlin's
result (thanks to S. Heinrich and W. Schachermayer).

Proof of Theorem 4.2.1: Let (x;,y;)EextBX*XextB
to Tseitlin's result, T = xc";@yc";lx'ée Y € extB

v* Then, according

(XEE Y)* . Consider the set

¢ = {h*EH* Ih*l){ﬁg‘Y = T and Hh*H=1}. Then ¢ is a weak*-compact convex
extremal subset of BH*’ and thus is the weak*-closed convex hull of
its extreme points. Let h;Eext¢. Then, since ¢ is an extremal subset

of B, x, h; is an extreme point of B_x, and thus, according to obser-

H H

vation 4.1.3 above, is of the form h; = x?@y? with x? and y? extreme

points in Byx and B,x, respectively. Since h;EQ, we have:

* @ * — h* R ; ; : T D .
X1®y] IX®Y hOIXQY XOQYOIXQY. This implies that X718y} xoayo
even on H. We conclude that ¢ = {xé@y;} is an extreme point of BH*'

5. GEOMETRY OF THE DUAL UNIT BALL OF Kw*(X*,Y) AND
DIFFERENTIABILITY OF THE NORM

After discovering that the extreme points of the dual unit ball of
Kw*(X*,Y) are made up exactly by the set of functionals x*®y* with
X* and y* extreme points in the dual unit balls of X and Y, respectively,
it was only natural to ask whether analogous results hold for the vari-
ous special classes of extreme points. C. Stegall and I thus investi-
gated the form of the [w*-]exposed and [w*-]strongly exposed points
of the dual unit ball of Kw*(X*,Y). And, finally, Joe Diestel posed
the problem of determining the denting points.

We shall present in this section the respective results and dis-
cuss various applications.

First, we briefly recall the definitions of these special classes
of extreme points. For a detailed discussion and equivalent definitions,
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the reader is referred to Joe Diestel's Lecture Notes [9] and, con-
cerning denting points, to Phelps [44].

Definition: Let Z be a Banach space, and z €2 with[lz&l = 1.
(a) (1) z, is an exposed point of B

i i *g 7 * *|| =
7 if there exists z¥€Z ,Ilz&l 1,

such that zé(zo)=1 and zé(z) <1 for all ZGBZ‘~{ZO}.
The set of exposed points of BZ will be denoted by expBZ.

*

(ii) If Z = X° and the exposing functional ZS happens to be an ele-

ment of X : zé=xO€X, then zg is said to be a w*-exposed point of BX*'
The set of all such points will be denoted by w*—expBX*.
(b) (1) z, is a strongly exposed point of B, if there exists ZSGZ*'

*|| = * = . ;
Hon 1, such that zo(zo) 1 and, whenever (zn)n in BZ is such that

zé(zn)———~1, then Hzn-zolk—eo.

The set of strongly exposed points of B, will be denoted by sexpBZ.

(ii) If z = X* and the strongly expoging functional zé happens to
be an element of X : zg = xOGX, then z, is said to be a w*-strongly
exposed point of BX*' The set of all such points will be denoted by
w*—sexpBX*.

(c) (1) zg is a denting point of BZ if, given any e >0, there exist
§ >0 and ZEGZ*, Hng=1, such that z;(zo) > 1-8§ and, whenever {lzll< 1,
and zg(z) >1-§ , then Hz-on <g (i.e. z, is contained in slices of

arbitrarily small diameter).
The set of all denting points of BZ will be denoted by denth.
(ii) If z2 = X* and the slices of (c) (i) can always be chosen to
be generated by elements z} = x. in X, then z_ is said to be a
o
w¥-denting point of BX*' The set of all such points will be denoted
by w*—dentBX*.

5.1 Theorem [53]: Let # be a closed linear subspace of Kw*{X*,Y),

containing X%EY. Then we have:

(a) [w*—]expBH* = [w*—]expBX*@[w*—]expBY*.

(b) [w*-]sexpBH* = [w*—]sexpBX*®[w*-]sexpBY*.

(e) [w*-]dentBH* = [w*—]dentBX*e[w*—]dentBY*.

(For the w*-part of proposition (a), compare J.A. Johnson [32].)

Thus, in the vein of our general theme set at the beginning of this
paper, in all cases, the geometry of the dual unit balls of X and Y
completely determines the geometry of the dual unit ball of the opera-
tor space Kw*(X*,Y).

Although the results of Theorem 5.1 qualitatively are all of the
same nature, the respective methods of proof they required turned out
to be quite different from each other and rather involved, so that it



72 W. Ruess

would go beyond the scope of this survey to present even the ideas of
proof. Instead, the reader is referred to our paper [53], where more
general results are derived. Some of these will be quoted below.

We shall now discuss some consequences.

5.2 SOME EXTENSIONS AND CONSEQUENCES

We first use Theorem 5.1 (b) to derive Feder / Saphar's extension
of Schatten's result that, for H infinite-dimensional Hilbert, K (H)
is not isometric to a dual space.

5.2.1 Theorem (Feder / Saphar [14,Thm.2]): Assume that X and Y

are reflexive, and let H be any closed linear subspace of K(X,Y), con-
taining the finite-rank operators.

If H is Zsometric to a dual space, then H is reflexive.

Proof: Assume that H = z*. According to our assumptions, z** = y*
has RNP (Theorem 3.2.1 above).Hence, we have (taking into account that
X and Y are reflexive): BZ** = norm-cl co (sexpBZ**). We now use
Theorem 5.1 (b) (and the fact that X and Y are reflexive) to conclude
that B xx = norm-cl co (sexpBZ**) = norm-cl co (sexpBH*) =

= norm-cl co (sexpBX**esexpBY*)

= norm-cl co(w*—sexpBX**@w*-sexpBY*)

= norm—clco(w*—sexpBH*) = norm—clco(w*—sexpBZ**)
= norm—clco(sexpBZ) = BZ
(We used the fact that, for a general Banach space W, w*—sexpBw**=

= sexpBw .) This shows that Z, and thus H, is reflexive.

To deduce further consequences, we first recall a classical result
by Smul'yan connecting the exposed point structure of the dual unit
ball with differentiability properties of the norm.

Theorem ( Smul'yvan [64,65] ): Let 2, be an element of norm one

of a Banach space 2. Then the norm of 7 is Gateaux- (resp. Fréchet-)
differentiable at 2z, with differential z; if and only <if 2, w*—-exposes

(resp. w*-strongly exposes) B_x at z; .

7

In our paper [53], instead of Theorem 5.1 (b), we prove a more ge-
neral result which allows us to extend the assertion of this proposi-
tion to any linear subspace H even of L *(X*,Y). In particular, we
can deduce the following result on the geometry of the dual unit balls
of K(X,Y) and L(X,Y).

5.2.2 Corollary [53]: Let X*@YcHcL(X,Y).

Then w*—sexpBH* = sexpBXQw*—sexpBY* . In particular, we have:

*_ = k- = o¥— = * o .
w SexpBK(X,Y)* w SexpBW(X,Y)* w sexpBL(X’Y)* sexpBXGw sexpBY*



Geometry of operator spaces 73

Together with a result on G-differentiability that, again, is
stronger than Theorem 5.1 (a), the extension of Theorem 5.1 (b) al-
lows us to derive the following conseguences.

5.2.3 Corollary [53]: Let xOEX, Y, €Y, with HxOH:Z:HyOH.
(a) Let X®YcHCB(X*,Y*) = L{Xx*,¥**).
Then 11 | Z8 F-differentiable at x, ®y if and only <2f H |l and

H X
I l& are F-differentiable at <, and Y,s respectively.

(b) Let ‘Y®)7CH(:COdd(BX*XBY*) ( fecodd(BX*xBy*): Fl-z*,y*) =
= fle*, —y*) = =flz*,y*) ).
Then |l I% 18 G-differentiable at x&%yo if and only <f 11 1l and

X
Ml

y are G-differentiable at x, and Y, respectively.

( For proposition (b), compare J.A. Johnson [32]. )

The extensions of Theorem 5.1 (a) and {(b) can also be used to de-
rive the results on F- and G-differentiability of the norms in K(X,Y)
and L(X,Y) announced by S. Heinrich in [23]. We note here one parti-
cular case.

5.2.4 Corollary ( Heinrich ): Let kOEK(X,Y) with HkOH = 1. Then
the following propositions are equivalent:
(a) The norm of K(X,Y) is F-differentiable at kO.
(b) The norm of L(X,Y) is F-=differentiable at ko
(¢c) The norm of L(X**,¥**) is F-differentiable at k;*.

(Actually, Heinrich [23,Cor.4.2] proved this up to the space
L(X,Y), i.e. the equivalence of (a) and (b).)

Some of the above results are significantly different from those
of the preceding sections in that they transfer properties of x* and
v* not only to the dual of (x* ,Y) but to the duals of much larger
spaces of merely continuous linear operators. Further results in this
direction can be found in the joint paper [53] with C. Stegall.

6. PROBLEMS

We close this paper with some of the problems that naturally arise
from our discussion of the operator spaces K(X,Y) and K, ( x*,¥) in
the previous sections.

6.1 When is it true that K(X,Y) does not contain (an isomorph of) Cq

6.2 Under which conditions does K(X,Y) have RNP ?

6.3 1Is there an isomorphic version of Feder / Saphar's result 5.2.1
above, i.e. if, for reflexive Banach spaces X and Y, the space

K(X,Y) is isomorphic to a dual space, is K(X,Y) then necessarily
reflexive ?

2
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6.4 Instead of Kw*(X*,Y) - and thus )(5E thnd K(X,Y) - consider the
completed projective tensor product X&; Y of Banach spaces X and
Y: to what extent can the geometric and topological properties
of X®;Y and its dual L(X,Y*) be recovered from the corresponding
properties of the factor spaces X and Y and their duals ?

6.5 To what exXtent can geometric and topological properties of parti-
cular operator spaces other than K(X,Y) - like p-absolutely sum-
ming, p-integral, or p-nuclear operators - be recovered from
those of the factor spaces X and Y and their duals ?

COMMENTS AND RELATED PROBLEMS

6.1 and 6.2: The general feeling is that - like for reflexivity it-
self - for positive results on these weakenings of reflexivity
for K(X,Y), the coincidence of L(X,Y) with K(X,Y) will play an
important role.

For the Radon-Nikodym property, this is being discussed in
Diestel / Morrison [8]. They showed:

Theorem ( Diestel / Morrison [8] ): Suppose that X* is separable
or reflexive, and that Y has RNP. Then, whenever L(X,Y) = K(X,Y),
K(X,Y) has RNP,

For extensions of this result, see Andrews [1]. Compare also the
discussion of the RNP for operator spaces in Diestel / Uhl
[10,Ch.VIII,p.258].

For the problem of containing c,, results by A.E. Tong [68]
and N.J. Kalton [35] indicate a strong connection with the coin-
cidence of bounded and compact linear operators.

Theorem ( Kalton [35] ): Suppose that X has an unconditional

finite-dimensional expansion of the Zidentity. Then, I1f Y Zs any
infinite-dimensional Banach space, the following are equivalent:
(a) K(X,Y)Ddec, . (b) L(X,Y) = K(X,Y) .

(¢} K(X,Y) Zs complemented Zin L(X,Y)

Thus, problems 6.1 and 6.2 bring our attention back to the
"0ld" problem of characterizing spaces X and Y for which there
exist non-compact bounded linear operators from X into Y, and to
the problem, whether K(X,Y) ever is complemented in L(X,Y) in a
"non-trivial" way : is it true that either L(X,Y) = K(X,Y), or
K(X,Y) is uncomplemented in L(X,Y) ?

For a thorough recent discussion of these latter problems, the
reader is referred to J. Johnson [33].

6.3: Problem 6.3 has earlier been raised by J.R. Retherford [48,p.1006].
It leads us to the general problem of when K(X,Y) is (isometric
or isomorphic to) a dual. In particular: is K(X) ever a dual ?

J. Hennefeld [27,Cor.2.3] showed: If X has a complemented
subspace with an unconditional basis, then K(X) is not isomorphic
to a dual.

And J. Johnson [33,Prop.1] proved the following result on the
non-conjugacy of K(X,Y) :
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If Y has the bounded approximation property, and K(X,Y) Zis not comple-
mented in L(X,Y), then K(X,Y) is not isomorphic to a complemented sub-
space of a dual space.

Note that, again, an assumption on the relative position of K(X,Y)
in L(X,Y) interferes !

For further information on the problem of non-conjugacy of K(X,Y)
or L(X,Y), the reader may consult Hennefeld [27] and J. Johnson [33].

6.4: This program particularly includes the problem of characterizing
conditions on X and Y such that X@; Y has RNP, does not contain an
isomorph of 714 or cgy, or is weakly sequentially complete.

Note that this program is guite ambitious, for it includes the case

of the space L1 (y,X) = L1UU ®, X, which, just for the special case of
weak sequential completeness and of characterizing weak compactness,
turned out to be rather difficult. ( As far as I know, M. Talagrand

finally showed that L1 (u,X) is weakly sequentially complete whenever
X is. )

A further particular problem is to find out under which conditions
the space N(X,Y) of nuclear operators has RNP; compare the remarks
following Corollary 3.2.2 in section 3 above.

In [24], Heinrich showed that sexpB = sexpresexpBY . We de-

XK@ Y
rive this result in [53] as a further special case of our extended
version of Theorem 5.1 in section 5 above.

6.5: For this program, we only give a partial list of references
related to this problem.

Reflexivity of the space of p-absolutely summing operators (1<p<e)
is being discussed in Gordon/Lewis/Retherford [17], and in Saphar [56].

D.R. Lewis [38] discussed reflexivity, the RNP, and weak sequential
completeness for various classes of o-tensor products, and specializa-

tions to corresponding classes of absolutely summing and integral ope-
rators.

Heinrich [25] obtained conditions under which the spaces of p-inte-
gral and of p-absolutely summing operators {a) have RNP, and (b) do
not contain (an isomorph of) Co-

Non-containment of 74 and of ¢,, and the RNP and weak sequential
completeness for the spaces of p-nuclear and gquasi-p—-nuclear operators
are being discussed in Makarov/Samarskii [41].

Andrews [1], too, has results on the RNP for the spaces of p-abso-
lutely summing and of p-nuclear operators.

Finally, Heinrich [26] also obtained results on the weak sequential
completeness of the spaces Xeng and XQEPY [55] and of the spaces of

p-absolutely summing and of p-nuclear operators.
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1. INTRODUCTION

Besides its norm topology, an infinite dimensional Banach space X
carries infinitely many different locally convex topologies which are
compatible with <X,X'» , the duality given by X and its continuous
dual X'. The most familiar example is certainly the weak topology
o(X,X"'); another one is obtained by the topology of uniform conver-
gence on the compact subsets of X'. The latter is also known to be
the finest Schwartz topology on X which is compatible with <X,X'>;
similarly, one may consider the finest nuclear topclogy on X which is

compatible with <(X,X'", etc.

All these topologies on X may be defined by means of seminorms such
that the quotient map from X to (the completion of) X modulo the ker-
nel of such a seminorm belongs to a prescribed ideal of operators.
The present note is devoted to the discussion of certain aspects of
this general setting as well as to the consideration of additional
examples. We will solve the problem of completeness of the locally
convex topologies under consideration for a fairly large class of
operator ideals, and we will describe the effect of replacing the
basic ideal by its uniform closure in terms of a known procedure to
generate new locally convex topologies from given ones. The guestion
of consistency for our topologies, when passing to subspaces, will be
shown to be linked with a classical Hahn-Banach situation. In the in-
teresting case where the basic ideal consists of all Lz—factorable
operators, this link will enable us to give another description of
the so-called Hilbert-Schmidt spaces [9]. We shall make use of the
occasion to include some sequential characterizations of these spaces,
in terms of the topologies in question, and finally we shall discuss

some elementary aspects of the (unsolved) problem of whether or not
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there exists any reflexive Hilbert-Schmidt space of infinite dimen-

sion.

2. NOTATION

Our terminology and notation concerning Banach spaces will be more or
less standard. In particular, subspaces of Banach spaces are always
understood to be linear and closed submanifolds, and by an operator
between two Banach spaces we mean a continuous linear map. We reserve
X,Y,Z2,... to denote Banach spaces, and R,S,T,... to denote operators
acting between these spaces. If X is a Banach space, BX will be its
closed unit ball, X' its dual, X' its bidual, eX:X — X" the evalu-
ation map, X_ the space lw(BX,), and JX the canonical isometric em-
bedding X — X_- Let us agree that all locally convex topologies oc-
curring in this note are understood to be Hausdorff. Any unexplained
terminology concerning locally convex spaces can be found in [8]. If
E is a locally convex space and U is an absolutely convex O-neigh-

bourhood in E, whose gauge functional is g, then we write E for the

(U)
Banach space obtained by completing the space E/g 1(O) with respect
to the norm derived from g. By ¢U we denote the canonical continuous

linear map E — E If vcU is another absolutely convex O-neigh-

(u)”
bourhood in E, then ¢U factors through ¢V, i.e. there is a unique

: — = * 0.
operator ¢UV Ey) E y) Such that ¢U ¢UV ¢V
Facts and terminology from the theory of operator ideals will be used

freely in the sequel. Our main reference is of course [16]; see also

[8].

3. LOCALLY CONVEX TOPOLOGIES ON BANACH SPACES AND OPERATOR IDEALS

In the sequel we will briefly review a connection between ideals of
operators and certain locally convex topologies on Banach spaces. The

details were meticuously worked out in [21].

Suppose we are given any method to produce a locally convex topology
T on every Banach space X, which is coarser than the norm topology
and such that the passage from X to XT:=[X,T] behaves "functorial" in
the sense that f(X,Yk:i(XT,YT) holds for every pair (X,Y) of Banach
spaces. Then X and XT obviously have the same dual, so that even

L(X,¥Y) = £(XT,Y3_) is true.
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If we now put,ﬂ(X,Y) := £(XT,Y), for all X, Y, then we get an ideal
A&t of operators. Moreover, on every Banach space X, the topology I can
be recovered from &. In fact, the seminorms

PpiX — R :xw || Tx||,

where T varies over £(X,Y) and Y runs through all, or sufficiently
many, Banach spaces, form a directed generating family of seminorms
for the topology I'. We note that the ideal & obtained in this manner
is injective.
Conversely, if we are given any ideal of operators,g&, then the semi-
norms pT, Tef(X,+), as defined above, generate a locally convex topo-
logy on X which is compatible with {(X,X'> and which will be denoted by
Ta
in the sequel. Let us also agree to write
X4
in place of [X,{k]. Since f(X,Y)=£(X&,gk) is then trivially true for
all Banach spaces X and Y, the construction described above yields an
ideal which is easily seen to be nothing else but the injective hull,

in

K

], of(ﬂ, i.e. the smallest injective ideal which contains A

In this way, a one-to-one correspondence is obtained between the in-
jective operator ideals on one side and the "functorial" locally con-

vex topologies on the other side.

4. SOME ADDITIONAL PROPERTIES OF THE TOPOLOGIES Ii

For a large class of operator ideals £, the completion of Xy for a
given Banach space X admits a surprisingly simple description. Let 4¥
be the ideal of all weakly compact operators, and let Aﬁ be the ideal
of all operators S:X — Y such that S = A<B-C with Ae£(£2,Y),
CeiKX,QZ), and Beﬁ(lz,iz) a A-nuclear operator, where A is, for ex-
ample, a nuclear power series space of infinite type. A-nuclearity of
B means that the sequence of singular numbers (approximation numbers)

of B belongs to A .

The following extends a construction in [6]:

1. Proposition: Let J& be any ideal of operators such that JﬁcJQCQJ.
Then, for every Banach space X, the completion of Xa is linearly iso-

morphic to X".
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Consequently, X, is complete if and only if X is reflexive.
&

Proof. We may suppose X to be infinite dimensional. Extending a re-
sult in [22] it was shown in [4] that X' can be represented as the
locally convex inductive limit of the directed family (Ha)aeA of Hil-
bert spaces embedding continuously into X' such that Hu is a linear

subspace of H, with A- nuclear linking mapping, for a £ B:

B
X'= ind H .
[6157:%
A fortiori we may write
X'= ind Rf,
geT

(Rf)fef being the family of all reflexive Banach spaces which embed

continuously into X'.

Let now zeX'" be given. Then the restriction of z to BRr is weakly
continuous, and hence weak*-continuous since BR is weakly compact,
Ygel'. By Grothendieck's completeness theorem, z belongs to the com-
pletion (X”)~ of X%.

Clearly, (x”)N is a linear subspace of (ka)w. Thus it remains to
show that every ze(Xd"A)~ can be regarded as an element of X" . Again
by Grothendieck's completeness theorem, z may be regarded as a linear

form on X' whose restriction to BH is weak*-continuous, VYaeA. In
o

particular, z(BH } is bounded, hence z H is continuous, YaseA. Thus
a a
ze(ind H )' = X" . ®
a
oedA
We do not know if there is any constructive way to produce minimal
operator ideals & such that (X‘k)~ = X" holds for every Banach space

X.

Our next proposition establishes a connection between the topologies
Ih and?k, A a given ideal. As usual,.K denotes the ideal whose com-
ponent for a given pair (X,Y) of Banach spaces is obtained by taking
the closure of #(X,Y) in #(X,Y), with respect to the usual operator

norm topology.

2. Proposition: On every Banach space X, qt is the finest locally

convex topology which coincides with q& on BX'

Proof. From ACA we get :f'i éfﬁ.
Now let p be a continuous seminorm on X for the topolegyy Iﬁ. We may
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assume that it is of the form p(x)=|| Tx ||, for some Telh(X,Z). Let
SedA(X,2) be such that || Tx ||=]] sx ||+4]] x ||, ¥ xeX. If we put
Vg = {XEX}H Sx || 21}, etec., then BXn%V§:VT follows, showing that

Bynvy, is a zero-neighbourhood in [BX,Qk]. Consequently, J, and Jj co-

incide on B_.
X

Next let 3; be the finest locally convex topology on X which coin-
cides with J; on BX' A O-basis for 78 is given by all sets of the

form U=acx U n-BXnUn, the Un running through a O-basis for Ih, cf.
n=1
[8], 12.3. We may assume Un=VS , with suitable Sneﬁ(X,Zn), so that

n
x || follows, ¥ xeX, Vne N . According to [8],20.7,

< 1,
i ogx s lls x|l + 1
this implies ¢Ueﬁlnj, and hence U is a O-neighbourhood for Tj. [ ]

In the language of [8], 12.4, Iﬁ is the gDF-topology associated with
Ta-

The next proposition i1s included merely for the sake of completeness.

3. Proposition: Let & be a surjective ideal, X a Banach space, and Y

a subspace of X. Then (X/Y), carries the quotient topology of X,.

Proof. All we need to show is that the quotient map Q:X, ——»(X/Y)&
is open. For this, let U be a O-neighbourhood in X;. We may assume
U=VT for some Tek(X,Z). Let Za be the closure of the space T(Y). Let
Zb = Z/Za and Qb:Z — Zb
jectivity of &, we may write QbﬂT = 5S¢0 for some Sef{X/Y, Zb). con-

be the corresponding quotient map. By sur-

sider the O-neighbourhood vs in (X/Yl&. The proof is complete if we

can show %VSCQ(U). But if Qxa%vs, then ||SQx|1=l|QbTx[|§ $, so that
|| Tx+z|| < 1 for some zeZ,, hence || Tx+Ty|| < 1, or x+yeU, for some
ye¥Y. Thus QxeQ (U). ®

A corresponding result for subspaces cannot be obtained by simply con-
sidering injective ideals: We know that J3 =73 holds if & and B have
the same injective hull. Let us look a little closer to this situ-

ation.

Let X and Y be Banach spaces such that X is a subspace of Y. Suppose
Xp is a subspace of Y,. It is then easy to see that, given any
SeA(X,2), there exists a Banach space Z, and an operator Teﬂ(Y,ZO)
such that || sx ||£ ||Tx|| , ¥xeX. A simple argument (cf. [21] and [16])
yields the existence of an operator Rs£(ZO,Zw) such that R-T'I=JZ’S,
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I being the embedding X — Y. Consequently R+ Te A extends JZ-Seﬁ.

The converse is also true: If every Sef(X,Z) can be extended as indi-
cated, then X, is obviously a subspace of Yy. We have thus proved
that our problem is equivalent to a Hahn-Banach extension property

for & -operators:

4. Proposition: Let & be an operator ideal, and let X and Y be Ba-

nach spaces such that X is isomorphic to a subspace of ¥, via an iso-
morphic embedding I. Then Xy is isomorphic to a subspace of Ya if and
only if, for every Banach space Z and every operator Sed(X,Z), there

exists an operator TeﬁiY,Zm) such that T-I = JZ°S.

5. Corollary: Let & be an ideal of operators. X4 is a subspace of Yy
whenever X is a subspace of Y if and only if Alnj(x,Z) and

(&°tw)an(X,Z) coincide for all Banach spaces Z.

Here Tp, 1<psw, denotes the ideal of all operators S:Za — Zb such

that e, - S Za — Zb” factors through an £p(F)space. Note that in
b

case p=2 the passage to Zb" can be omitted.
The hypothesis in 5 is satisfied if # contains T, as a right factor,

i.e. if A=%®T holds with some ideal B.

5. SOME APPLICATIONS

If in 4.5, we take the ideal & of all compact operators for &, then
the assumptions made there are satisfied, because % equals [R°Tw]lnj.
On a Banach space X, @k is nothing else but the finest Schwartz topo-

logy which is compatible with (X,X'>.

Let Jqlzlz be the smallest ideal whose components on Hilbert spaces
are formed by the corresponding trace class operators. On a Banach
space X, the topology $k1dﬂz is the finest nuclear topology which is
compatible with <X,X'» . It is easy to see that

and that 4.5 applies to Jq 5 2" Tt

iy =T
M1 Wi2,2° e

The ideal W} of all nuclear operators also satisfies the hypothesis

of 4.5. We shall consider the spaces X a little later (cf. 7.3.).

VA

The reader may easily extend the list of ideals verifying the hypo-
thesis of 4.5. We shall now change our approach slightly and discuss

restrictions to be imposed on the spaces in question, in order to
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make 4.4 work.

To clarify what we have in mind, consider, for example, the ideal
of all weakly compact operators. Given a Banach space X, the space X%
is a subspace of Y%,whenever X is a subspace of Y if and only if the
identiy Iy of X belongs to the quotient ideal %r1°[QJiﬂm]inj. This is
equivalent to saying that for every Banach space ZO and every
Se%(X,ZO) there exists a Banach space Z containing ZO as a subspace
and a Z-valued measure B on the Borel sets of [B_,,0(X',X)] such that
S is "Riesz representable" by p, in the sense that Sx = jﬁxfa,x>dp(a)
holds in 2%, YxeX. It is known that, besides [ _-spaces, certain spaces
of analytic functions, such as the disc algebra, also have this prop-

erty, cf. [10].

We next consider the ideal TZ of all operators which factor through a
Hilbert space. Let us denote the ideal of all absolutely p-summing

operators by Q;, 1sp<w,

1. Proposition: X has the property that X, is a subspace of Y., when-

T'2 T2
ever X is a subspace of Y if and only if £(X,H) = gé(X,H) holds for
every Hilbert space H.

Of course, it suffices to take the space £2 for H. Note that XT
2

carries the finest locally convex topology which is hilbertisable and

compatible with <{X,X').

The proposition is a simple corollary of 4.4 and the well-known fact
that gé = TE°T; holds. If X satisfies £(X,£2) = gé(x,ﬂz), then every
operator on ﬂz which factors through X is a Hilbert-Schmidt operator.
By appealing to Dvoretzky's theorem [3], it was shown in [1] that
every compact operator on Kz factors through a subspace of an arbi-
trarily given infinite dimensional Banach space X; hence every Hilbert-
Schmidt operator on EZ factors through X itself. Consequently, the
infinite dimensional Banach spaces X, such that £(X,£2)=5§(X,£2), are
characterized by the property that the operators on KZ which factor
through X are precisely the Hilbert-Schmidt operators. It is for this

reason that these spaces were called Hilbert-Schmidt spaces in ([9].

Here are some elementary characterizations of Hilbert-Schmidt spaces;

cf. [9]:
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2. Proposition: For every Banach space X, the following are equiva-
lent:

(a) X is a Hilbert-Schmidt space.

(b) If (xn) and (an) are weak lz-sequences in X and X' respectively,
then ((an,xn>)a£2.

(c) X' is a Hilbert-Schmidt space.

By a result of Grothendieck (cf. [5] and [14]), L -spaces and Lm-

spaces are Hilbert-Schmidt spaces. But there are ;ther examples, e.g.
quotients of £1—spaces by reflexive subspaces, and the corresponding
duals {(cf. [13] and [17]), some spaces of analytic functions such as
H_ and the disc algebra {see [2]), and all Banach spaces Z such that
z®€z=zaﬂz; see [20] for the existence of infinite dimensional Banach
spaces of this type. Many of the known examples even deal with a
Banach space X such that X and/or X' has cotype 2, implying that X
and/or X' "verifies Grothendieck's theorem" (all operators into £2
belong to g%). If X is a Hilbert-Schmidt space such that X and X'
both have cotype 2, then X cannot have the approximation property,

unless dim X<»; cf. [18].

6. £2—SUMMABLE SEQUENCES IN SPACES XT
2

Further let X be a Banach space and let f be a O-basis of 'X. . What

r

2
follows does not depend on the particular choice of &, and therefore
we may assume from the beginning that 9 consists of all sets

VT = T-1(BH), H being a sufficiently large Hilbert space and T run-
ning through £(X,H).

On the linear space £2(X) of all weak Zz—sequences in X we consider

the locally convex topology given by all seminorms
2% o
eplix )) := sup {(E{<a,xn>| ) ®laevy},
Tef(X,H). The resulting locally convex space will be denoted by
£ (X, ).
2 F2
We write 22(X) if we wish to consider our space as a Banach space

T,

1
with respect to the norm e,((x )) := sup{(i[(a,xn>l2)2iaeBX,
n
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Next we define the space

ZZ{XFZ} 1= {(xn)afN (HTan)elz, vTe (X ,H)},

topologized by means of the seminorms

1
ap((x ) = (EHTXnHz)z , Ted(X,H).

This space has to be distinguished from the space
_ N
ZZ{X} 1= {(xn)s X (Han)a 22}

which is a Banach space with respect to the norm

2. %
a, ((x )) == (rilllxnn ) 5.

Recall that £(£2,X) and KZ(X) are isometrically isomorphic by virtue
of S (Sen). Here e, denotes the n-th standard unit vector in 22.

It is clear from the definition that for (xn)=(Sen) in KZ(XF ) we
2
have ¢, ((x ))=||T*S||, ¥Tef(X,H). Moreover (x_) belongs to £ {Xx. }
T n n 2 F2

iff T°S:£2 — H is a Hilbert-Schmidt operator, and in that case,
aT((xn)) is nothing else but the Hilbert-Schmidt norm of T°S,

vTed(X,H). In other words, S +— (Sen) induces a linear isomorphism
dual .
from @zua (ZZ,X) onto ZZ{X }. It can be shown that this isomorphism

Fz dual
is continuous with respect to the canonical norm, Wz ,
@gual(ﬂz,x). In fact, ﬂgual(S) equals the supremum of all aT(

where T runs through the unit ball of £(X,H), VSeggual(ﬁz,X).

on

(x ),

These remarks immediately lead us to

1. Proposition: A Banach space X is a Hilbert-Schmidt space if and

only if £_{(X, ) and £,{X, } coincide as linear spaces.
2 F2 2 F2

In fact, a little more can be proved. Let QE,ZIZ be the ideal of all
operators S:X — Y such that ((an,bn)) e 22 for all weak Ez—sequen—
ces (xn) and (bn) in X and Y' respectively. According to [16],
§2,2,2 is the largest ideal whose components on Hilbert spaces coin-
cide with the corresponding spaces of Hilbert-Schmidt operators. By
5.2, a Banach space X is a Hilbert-Schmidt space iff.its identity IX
belongs to gE,Z,Z' For arbitrary Banach spaces X and Y we have

se® 5 (XY @ re5e® (X,H) vTeL(Y,H) & (an)azz{xrz} V(xn)slz(xrz).
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Thus 92 5 2(X,Y) consists exactly of those operators X —Y which
7 7

give rise to a linear mapping from EZ(XF ) into £2{YF }. What can be

said about continuity of this mapping? 2

|2. Proposition: Se#(X,Y) induces a continuous linear mapping

dual
KZ(XFZ) — zz{er 92 (X,Y).

} iff it belongs to

Proof. Suppose firstly Sa@gual(X,Y). Then, given T:Y —* H, there is
a Ve#(X,H) and a Hilbert-Schmidt operator W:H — H such that

WeV = T°S. As before, H is a suitable Hilbert space. Since W induces
a continuous linear map £, (H) — Kz{H}, we can find a ¢>0 such that
uz((WVxn)) < c-equxn)), V(xn)eﬂz(xrz). Eguivalently,

I12). Consequently, S induces a

continuous operator £ {(X_. ) — £_{Y_ }.
2 F2 2 FZ

uT((an)) < c-ev((xn)), V(xn)elz(x

Suppose, conversely, that S induces such a continuous mapping. Thus,
given Tef(Y,H), we can find a Hilbert space G, an operator Ved(X,G)

and a ¢>0 such that aT((an))é c-ev((xn)), V(xn)eﬂz(xrz). This gives

n 5 2 n 2
(*) ] [lTsx | )® < cesup () | (alvx) [
i=1 aeB, i=1

1
2

for all x
(e
yields a well-defined map W:V(X) — H which is clearly linear. By (*)

1,..,xne X and all nelN. Here we denote scalar products by
*). Note that Vx= VX implies TSx= TSx for x,XeX, so that Vx » TSx

it is also continuous. We may assume G= V(X). The unigque extension
of W to an element of £(G,H) will also be labeled by W. Note that (*)
implies

n

n 2 i 2
(1 ljwall ) < cesup (]| (ajup D)
i=1

i= aBBG i=1

1
2

for all u1,..,url e G and all nelN, so that W is a Hilbert-Schmidt

operator. Since T was arbitrary, we get now Se@gual(X,Y). L]

As a counterpart of 1 we may now state:

3. Corollary: Only for Banach spaces X of finite dimension,ﬁz(xr )

2
and Zz{Xr } coincide as locally convex spaces.

2

For the sake of completeness, we include the following elementary
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result:

4. Proposition: For every Sed(X,Y) the following are eguivalent:

(a} S maps 22{Xr } continuously into 22{Y}.

2
(b) S maps Zz{xrz} into Kz{Y}.
(c) S maps £.,(X, ) continuously into £_(Y).
2 F2 2
(d) S e Fz(x,y).
Proof. fa) = (b), (d) = (a), and (d) = (c) are trivial. The assump-

tion of (b) implies S°T € 92(-,Y) VTe@gual(-,X). Hence SeIE(X,Y), cf.
[11], i.e. (d) holds. Thus it remains to show (c} = (d). By hypo-

thesis, we can find Te#(X,H) and c>0 such that €2((an))§c-€T((xn)),
Y (xn)eﬂz(x

p )+ In particular, ||sx|| sc-
2
argument (used already in the proof of 2) it follows that S factors

Tx||, ¥xeX. By a standard

through H. [ ]

In particular, X is a Hilbert space & £2{XF } = @2{X} as linear
2
spaces & £2(XF ) = Ez(x) as locally convex spaces. Combining this
2
with 1 we get the classical result that £2(X)= £2{X} occurs only for

finite dimensional Banach spaces X.

7. REMARKS ON REFLEXIVE HILBERT-SCHMIDT SPACES

One of the unsolved problems in our context is the question if there
exists a reflexive Hilbert-Schmidt space of infinite dimension. In
fact, this question is open even for Banach spaces X such that X and

X' both have cotype 2 and X®EX = X®nX holds; cf. [20].

First of all, since no Hilbert-Schmidt space can contain the Zg’s
uniformly complemented, there are certainly no infinite dimensional
Hilbert-Schmidt spaces of type >1; in particular, no infinite dimen-
sional Hilbert-Schmidt space can be super-reflexive; cf. [19] and
[9].

Suppose now X is a reflexive Hilbert-Schmidt space. Because of
$(X,H) = gé(X,H), all operators from X to H are fully complete, hence
compact. If J} denotes the ideal of 2-nuclear operators, then, by a

result of [15] and application of the closed graph theorem to the
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ideal norms which are involved, we even get £(X,H) = WE(X,H). Whereas
this latter egquation is also valid e.g. for the space SRS have, in
our case, in addition Q£(H,X) = wgual(H,X) by just looking at the dual

X'. It follows, for example, that X cannot have a quotient or a sub-
space isomorphic to 22. But we do not know if the above two equations
already imply that the Hilbert-Schmidt space X is reflexive. Note
however, that for every reflexive Hilbert-Schmidt space X it follows
that £(X,H) and £(H,X) are reflexive, cf. [7]. Also note that we are
dealing with a rather particular case of the following long-standing
general problem posed by A. Pelczyfiski: If X and Y are Banach spaces
such that £(X,¥)=%k(X,¥) and £(v,x)=%k(Y,X), is then X or Y finite

dimensional?
Let us return to reflexive Hilbert-Schmidt spaces in general.

1. Proposition: Let X be a reflexive Hilbert-Schmidt space. Then

XP is a complete Schwartz space, and for every infinite dimensional

2
Banach space Y, there exists a set M such that XF is isomorphic to
2
a subspace of the product space YM.
Proof. Every 2-nuclear operator X -— H is the composite of another

2-nuclear operator X — H followed by a compact operator H — H. Thus

LX,H = JE(X,H) implies X, 1is a Schwartz space. Its completeness follows from

T2

4.1, and the embedding into YM for suitable M was proved in [1]. @
Further suppose X to be a reflexive Hilbert-Schmidt space. Since
every 2-nuclear operator X — Y is the composite of another 2-nuclear

operator X — H followed by a bounded operator H — Y, we get

3} = T} on X. If X is reflexive and verifies Grothendieck's theorem
2 2
(i.e. &L(X,H) = g:(X,H) holds), then we may proceed exactly in the

same manner to obtain £(X,H) =.”#n](X,H) and hence 3} =T on X. In

2 4

general, T < T, < T < inf (T, I} on every Banach space.
& W, N T,'"%
1,2,2 1 2 2
We are interested in coincidence of T, with I or T, .
1—|2 X MG,Z,Z

2. Proposition: Let X be any Banach space.

(a) If T} is finer than xi on X, then X is a Hilbert space.
2

(b) 1If I =T on X, then dim X < o,
T .
2 1,2,2
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Proof. (a) Our hypothesis implies that, given any compact operator
S:X — Y there is an operator T:X — H such that [[Sx{|<||TxI|], ¥xeX.
It follows that S factors through a Hilbert space, so that
K(X,Y)crz(X,Y) follows. Application of Pietsch-Persson duality [16],
{11] yields that the 2-dominated operators with values in X are al-
ready integral, which is only possible if X is a Hilbert space.

(b) If T} and qy coincide on X, then £(X,H) consists of nu-

2 1,2,2
clear operators only, implying that IX is 2-dominated and hence

dim X < . ]
The hypothesis in (b) implies :rw1= \’J"d(1 , 2. We shall see that the
conclusion of (b) also follows from this’weaker assumption.

3. Proposition: Let X be a Banach space. If XW’ is nuclear, then

dim X < o, !

Proof. Our assumption implies that, given any TeJﬁ(X,Y), there is

an SeJﬁ(X,Z) such that VSCVT and ¢VTVS:X(VS)——*X(VT) is also nuclear.
Consequently, T belongs to W, ey In particular, JG(X,X)=¢ﬂ 5 2(X,X)
’ ’ ’ ’

holds, showing that the eigenvalues of every nuclear endomorphism on
X form an £1—sequence. By [12], X must be a Hilbert space. But it
follows, for example, from [11] that for every infinite-dimensional
Hilbert space H there is a Banach space Z and a nuclear operator

H — Z which does not belong to Jq . Thus we get that X is finite
’

2,2
dimensional. L
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DECOMPOSITIONS OF POSITIVE OPERATORS
AND SOME OF THEIR APPLICATIONS
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Universitdt Kaiserslautern, West Germany

Since the work of Kakutani and Yosida on the "Operator theoretical treatment of
Markoff's process” there has always been a connection between the theory of
positive operators and stochastic kernels (see [55), [ 71). For the most part one
"translated" statements on transition probabilities into statements on positive
operators and tried to apply functional analytic methods to problems of probabi-
lity theory. But there are also problems in operator theory where it is advan-
tageous to think of a positive operator T as being represented by a stochastic
kernel (uy),

(*) TFy) = [ fd

in order to be able to apply probabilistic and measure theoretical methods.
Recent examples for this may be found in works of Arveson on operator algebras
([ 1) and Kalton on Lp-spaces (211, [22], [23]1). In this report we emphasize
the second point of view. We describe the representation (%) (Section 1) and
certain decompositions connected with it (Section 2). The remaining sections are
devoted to applications of this approach:

Sec. 3 Ll-subspaces of Banach lattices and the Radon-Nikodym property,
Sec. 4 Approximation by weakly compact operators in Ly,

Sec. 5 The essential spectra of Lj-operators and an application to the linear
transport equation,

Sec. 6 Convolution operators.

1. THE REPRESENTATION THEOREM

Recall some of the usual examples for positive or, more generally, regularoperators:
- integral operators given by a measurable kernel k

(1) TF(y) = [ k(y,x)f(x)du(x).

- Rieszhomomorphism given by a transformation o of the underlying state
space and a multiplication by a function a

(2) Tf(y) = a(y)f(aly)).
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- Convolution by a measure X on a locally compact group G

(3) TF(y) = | fy-x)dr(x)
- The semi group generated by the transition probabilities Pt of a Markov
process
(4) Tf(y) = [ dP(y,dx)f(x)

If we consider these operators as operators T:E-F in Banach function
spaces E and Fl) on standard measure spaces (X,A,u) and (Y,B,v) with finite

u and v, then they are all of the form
(5} Tf(y) = f fduy v-a.e.

for all f€E where (”y)ye "

(X,A) 2). Indeed, in (1) we may use the up-absolutely continuous kernel
duy= k(y,-)du, in (2) we have the point measures Hy = a(y)-so(y) and in (3)
we put uy(A) = A{A-y).

But besides concrete examples there is also a nice functional analytic
characterization of the representation (5).

is a stochastic kernel of signed measures Hy on

THEOREM 1. Let T:E-F be dominated by a positive operatorn S:E-F, i.e.
|Tf] < Sf fon all O<feE,
Then T has a hepresentation (5) if and onky i T is onder continuous,
L.oe. if ngnngE and fn—>0 u-a.e. always {mply = that Tfn—>0
v-a.e.

For E=F=L_ this is essentially Neveu's characterization of Sub-Markovian
operators (see [34], § 5.4); the case E=F=L, was treated by Arveson ([ 1]) in
the context of operator algebras on Hilbert space; for E=F= L1 Kalton [21] gave
an independent proof and applied the theorem to the structure theory of Lp-spaces;
an even more general version is due to Sourour (see [42]).

SKETCH OF PROOF

If T is order continuous then we can extend
P(AxB) = jXB.T(xA)dv, A€ A, BEeB

b

E is an order ideal in the space Ly(X,A,u) of equivalence classes of measurable
functions on (X,A,u) containing the characteristic functions and at the same
time a Banach lattice with respect to the pointwise ordering.

) We assume that y€Y-u,(A} is a B-measurable function for every fixed A€ Abut not
that the uy are probability measures. In (5) we assume implicitly that
f|fld|uy|< = for v-almost all y€Y and that u(A) =0 implies |uy|(A)=0 v-a.e.
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to a measure on the product space (XxY,ABB). Disintegrating P with respect to Y
gives a stochastic kernel (uy) of measures on (X,A) with
PU) = ff xy(xsy)du (x)dv(y), U€ABB

and now one can check that (“y) satisfies (5). The converse follows from
Lebesgue's convergence theorem.

The main advantage of the representation (5) is certainly that it introduces
certain techniques from probability theory and Banach space theory to operator
theory. The decompositions discussed in the next section and the subsequent
applications will be an example for this. For the moment I just mention some
simple but very useful and intuitive consequences of this "pointwise" approach to
positive operators.

- The modulus |T| of the operator T in theorem 1, defined by
(6) |TVf = sup{|Tg] : |g|<f}, OsfeE
is represented by (|“y|)ye y+ Similarly, if
Sfly) = [ f d v-a.e.
then SAT and Sv T (see [41] IV. § 1) are represented by the measures
Hy A Ay and “yV xy resp. {see e.g. [42], [501).
(7) - If E=F=L_ then [|T[| = sup|u,|
- (5) allows for a simple p?oof of the "little Riesz theorem" (cf. [41] V §8);

If T is bounded as a linear operator in L1 and L_ then we have for all
1<p<o, %+%=1 and 0= fel_(X)
UTHFNP = (] F()du )P
X p/q, p
luy 1(X) [Ty |
TIPS 71 (£P) ()
and furthermore

FUTIF@Pasty) =TI/ 311TI(EP) (v)du(y)

sl Py MALLIOR

A

WA

Hence
T, < ||IT ||| V97 P,
\||\Lp I \HLp H|||_uo |||||_1

Somewhat surprisingly there is a converse to this interpolation result.
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THEOREM 2 ([47]1). 14 T: Lp(X,u)—+Lp(X,p), lsp<w, 44 dominated by a positive
operaton S in ip(X,u) then there s a positive Lsometry J of Lp(X,u)
such that JTd™" extends to a bounded operaton

ITIL L ()L (Xon)

q q
forn all 1sq< e,

There is also a somewhat weaker version of this ‘'change of density' result for
regular operators in Banach lattices (see [47]).

These theorems may be used to reduce a general problem on positive operators to
the Lq-space best suited for it (usually q=1, 2 or =). Let us take that as an
excuse to simplify the presentation by restricting ourselves to the Ll-case most
of the times. One advantage here is that every bounded operator in L1 has a
representation (5) (because every Ll—operator is dominated by a positive operator,
see [41] 1V § 1).

2. DECOMPOSITIONS OF POSITIVE OPERATORS

The decomposition of a Markov operator into an absolutely continuous part and a
‘singular' one is a standard method in the ergodic theory of Markov processes
(e.g. see 'recurrence in the sense of Harris', [13] Chap. V). Also in Harmonic
Analysis, e.g. if one wants to describe invertible convolution operators (3) as
closely as possible by exponentials of the algebra M(G) it is necessary to
consider singular and atomic parts of the involved measures (see [15] p. 136).
In this section we will study such decompositions from a more general point of
view and give further applications of this approach in the following sections.
Given a stochastic kernel (py)y€ y on (X,A), we use Lebesgue's decomposition to
produce operators

(8) T'f(y) = Jf du; . Tf(y) = [f duj v-a.e.

where_ui is pu-absolutely continuous and u; is u-singular and therefore

T = 7475, By the Radon-Nikodym theorem T1 s just a classical integral operator
(1) and called the integral part of T. 75 is called the singular part and we say
that T has a singular representation, Te_gi, if T1= 0. Similarly, by decomposing
each My into its purely atomic part u; and its diffuse part us (i.e. uy({x})= 0
for all x€X) we obtain operators

(9) M) = g ad L 1) = fF el

d

with T = T9+T%, T has a diffuse (atomic) representation, Teﬂ (TeB_a), if the
atomic part T2 (diffuse part fa§ of T is zero. N. Kalton has observed in [21]
that T2 can be written as
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o

(10) T (y) = 2l F (7))
n=

where a: Y- R and CP Y- X are measurable functions satisfying
la N 2 a2z .., ngllan(y)|< w

o, (¥) # o (y) for m#n

ie. T2

is a "sum" of Rieszhomomorphisms as in (2).

To write down such decompositions is of course just a first step. (8) and (9) will
only be useful if one can link the measure theoretic properties of (uy) with
topological and convergence properties of the operators. But until recently this
was done only for integral operators and a special kind of operators with an
atomic representation, namely Rieszhomomorphisms (2). Starting from these well
known cases we describe now some characterizations of TS, Td and T® obtained in
[ 48], [50].

Let T always be a bounded operator T : Ll(X,A,u)—»Ll(Y,B,v) where (X,A,u) and
(Y,B,v) are standard measure spaces with finite v and v.

For integral operators there is the classical result of Dunford and Pettis.

THEOREM 3 ([ 10]1). T 48 an Lntegral operaton i4 and only Lf everny A€ A, u(A)>0,
contains some BEA, u(B)>0, such that TXB 45 (weakly) compact.

If we replace the bands Ll(B) in this statement by sublattices Ll(z), then we
obtain a characterization of the much larger class Bd.

THEOREM 4 ([50] Th. 4.2). T has a dijfuse representation if and only if every
AeA, u(A)>0, contains a non-atomic o-subalgebra <A such that
T‘Ll(Z,u) 45 (weakly) compact.

To motivate the next results, recall that T is a Rieszhomomorphism if and only if
the images of disjoint functions are still disjoint. Since sequences cenverging

to zero in measure (fnli+0) contain subsequences of functions with ‘almost’ dis-
Joint support the following conditions (11) and (12) on cenvergence in measure are
similar in kind but weaker than this disjointness preserving property.

THEOREM 5 ([50] Th. 6.5). T has an atomic representation Lf and onky Lf for akl
e>0 there is an A€EA, w(A®) =, such that for Tx, we have:

(17) 1§ (f,) 46 bounded in Ly and f 2=0 then (Tx, )f = 0.
n

n)
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For the next statement, assume that A is generated by a metric d on X and denote
by d(A) the diameter of a set AcX,

THEOREM 6 ([50] Th. 5.3). T has a sdngulan representation 4§ and only <4 for all
£>0 thene 48 an A€A, u(AS) e, such that for Txy we have:

(12) 14 (fn) 48 bounded 4in Ly and d({fn¢0})—>0 then (TXA)fn—v-»O.

There are various other characterizations of Td, T2 and T° contained in {481, [50]1
E.g. one can replace the condition "d({fn¢0})—>0" in (12) by a more complicated
but more natural condition (called 'universal convergence' in [50]) and there is
also a characterization of Td using an equi-integrability notion. Furthermore, Td,
Ta, 78 may be characterized in terms of the vector-valued martingale representing
them (see [50]) or by topological conditions on the "kernel" function

yevy —-»uyEM(X) (cf. [541).

The idea behind the proof of theorem 6 is related to the following result of
Kadec and Pelczynski ([20]1): for every bounded sequence (fn)CL1 there is a sub-
sequence (nk) and sequences (hk)’ (gk)CL1 such that f, = hk+ 9> hk——“—>0 and
(gk) is equi-integrable. Theorem 4 and 5 essentially fohow from (10) and the
following purely measure theoretic lemma.

LEMMA 1 ([49]1). For every astochasitic hernel (“y)yEY on (X,A,u) with u difguse
and sgg ”“y” < w there 4s a c-subalgebra ¥ < A such that
Y
4} “|>:* 0 and diffuse
£4) v-almost all Hy ane u-absolutely continuous on %,

From the definitions of B1, Bs, B? and Bd and the above characterizations one

easily obtains the following order theoretical and algebraical properties of these
classes.

COROLLARY 1 ([421, (501). B, BS, 8% and BY are projection bands in the Lattice
B of allf bounded Linean Ll—opejza,tou and we have the (Lattice) ontho-
gonal decompo»smom

B-38 e85, B =g

® B2,

In particular, B2 is the band generated by all Rieszhomomorphisms (2) (see [50],
6.3).
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COROLLARY 2. Bi 8 a closed two-sided ideal in B; Bd s a closed Left (but not a
night) ideat. B is a closed subalgebra of B.

The fact that B% is not a subalgebra of B has received some attention in Harmonic
Analysis; we will touch on this in Sec. 6.

3. Ll—SUBSPACES OF BANACH LATTICES AND THE RADON NIKODYM PROPERTY

From the results of Section 2 one can easily derive some interesting characteri-
zations of Banach Tattices without L1-subspaces or with the Radon Nikodym
property.

Since 5 does not have the Radon Nikodym property we can restrict ourselves to
Banach lattices not containing o By a well known representation theorem

(e.g. [29]11b.14) there is no loss of generality in assuming that E is a Banach
function space on a standard measure space (Y,v) with

(13) L(Yv)cEc Ll(Y,v)

and order-continuous norm. Furthermore, every operator T: Ll(X,u)—»E has a
representation {5) by a stochastic kernel. Then, by translating the usual
Dunford-Pettis representation into our context, we can say that E has the

Radon Nikodym property (RNP) if and only if every operator T: Ll(X,u)—»E is an
integral operator (1). The following characterization of RNP is similar in spirit
to the dentability condition for general Banach spaces.

THEOREM 7 {[ 61). For a Banach Zattice E as in {13] the following are equivalent

a) E has the Radon Nikodym propenrty.
b] Eveny bounded Linean operaton T : Li(Xsu)=»E s an integral operaton.
¢) Every closed, bounded, convex subset D of E is onder-dentable, Li.e. fon
some n€ N we have
D> oV (feD : Ifalll s .

Since 1 is a quasi-interior point of E, ||[fal|l is small, typically when f is a
function which is very small outside a small subset of Y. Hence D is order-
dentable if it is not the closed convex hull of its very 'peaky' members.

SKETCH OF PROOF: a) = c) is a slight modification of a standard argument in RNP-
theory (see [ 81). The more difficult part of the argument in [ 6] is c)=sb).
But this also follows from Theorem 6. Assume there is a non-integral operator
T:Ly(X,u)=»E. By decomposing this operator if necessary we may assume that T has
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a singular representation. Choose an A< X as in Theorem 6 and then sets A?cA,
i= 1,...,2", n€ N such that

on
iy A"na" =4 for isj, UAT =&
R 2
i=1
oN
i1) max d(Al) - 0
i=1
By (12) we have f? = T(u(A?)_lx n)—“+ 0. Since the norm of E is order
Ay
continuous this implies
n
(14) max ||f]A1]—0 for n o e.
i=1

On the other hand, since every Ll(X,u)-function can be approximated by step-
om
functions Y a:x _, m Tlarge enough, we have
i=1l AT
5

T(U ) = T(@onv ANy 1= 1,..,2" mzn))

(15) 1 A;

< Conv {fT,1'=1,...,2m, mzn}

for all n. It follows from {14) and (15} that D=T(UL ) is not order dentable
. 1
in E. o

The connection between Ll-subspaces of E and operator representations is given by

THEOREM 8. Fon a Banach Lattice E as in (13) the following are equivalent:
a} Every operatorn T: L1[0,1]—-E has a diffuse representation.
b) L1[0,1] 45 not a subspace of E.
el L1 0,1 45 not {somorphic o a sublattice of E, morne precisely,
there 48 no o-sub-algebra T 04 B such that u 5 45 diffuse and
the nowm of Ll(Y,v) and E are equivalent forn T-measwrable functions.

The equivalence b)<=sc) was shown for subspaces of L1 by Enflo and Starbird ([11]),
for dual Banach lattices by Lotz ([31]), for Banach Tattices not containing

JL:'s uniformly by Johnson, Maurey, Schechtman and Tzafriri in [19] and in the
general case by Kalton ([ 23]).
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SKETCH OF PROOF. a)=sb) T : Ll—»E cannot be an isomorphism onto a subspace of E
and at the same time have a diffuse representation, since in the latter case
there is always a subspace of Ly on which T is compact (by Theorem 4).
b)= c} is clear.
c)=>a) Assume T : L;[0,1]-E is not diffuse. Then the atomic part of T 1slnot
zero and there is (compare (10)) some >0 such that the set A={e< |a1| <2
has non-zero v-measure. Define

al(x)f(ol(x)) for x€A

Sf(x) =
0 for x¢gA.

Since |S|f<iiT|f for f20 it follows that S maps L; into E. Then the image
measure u()ol is v-absolutely continuous_and there is a subset A c:A, v(A }>0,
where the Radon-Nikodym derivative QEngl_ is bounded and bounded away from
zero. For Z=¢ 1( )ron it is easy to see now, that the norms of E and Ll(Y v)
are equivalent on L _(Z,v).

Comparing the proof of Theorem 7 with c) of Theorem 8 one might ask if a Banach
lattice without Ll— and co-subspaces has already the Radon-Nikodym property.
This is true for dual Banach lattices (see [31}) but not in general (see [441).

4. APPROXIMATION BY WEAKLY COMPACT OPERATORS

In recent years there has been some interest in approximation theory in the
question if there is for every bounded linear operator an element of best appro-
ximation in the class of compact operators. The answer is 'yes' for bounded
linear operators on xp, l<p<w, (see [14 Chap. II, Sec. 71, [17, 33, 2]

for different methods of proof) and for reasonable integral operators on
Lp[O,l], 1<p<e, but on Ll[O,l] there is even an integral operator without an
element of best approximation in the class of compact operators (cf. [47]).
However, many of the natural properties of the ideal of compact operators on g
(especially with respect to spectral theory and perturbation theory, see [38)
§ 26.6, 26.7 and Sec. 5) belong on Ll[O,l] to the ideal of weakly compact
operators and therefore one might consider approximations by weakly compact
operators.

Let (X,A,u) be a standard measure space with finite » and denote by B(Ly) and
W(Llj the class of all bounded linear and of all weakly compact operators on

Ll(X,A,u), respectively.
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THEOREM 9 ([51]). Forn eveny TE B(Ll) there 48 an So€ W(Ll) such that

(16) (T-Soll = AnfC[IT-5]| : Sew(Ly)y .

The proof of Theorem 9 depends on a formula for inf {||T-S|| : S€ W} which will
also be useful in the next sections. Recall that Te€ B(Ll) is weakly compact if
and only if T(UL } is equi-integrable, i.e. if and only if

1

(17) a(T) = TTim I, Tl
u(A)+0

is zero. In particular, integral operators with an uniformly bounded kernel are
weakly compact.

For an integral operator T with kernel k (7) gives

(18) ITil = sup [ [k(y,x)|dy
X

and we obtain

inf{ ||T-S|| : SEW(L)} s inf||T |i= sup Alk(y,x)]dy
n

1im
u(A)0 x
= A(T) s inf{a(T+S) : Sew}=inf{ |[T-S|| : Sew

where Tn is the integral operator with kernel

(19)

k(y,x) if [k(ysx)|] zn
kn(.V9X) =
0 otherwise

On the other hand, if T is a Riesz homomorphism

Tf(y) = a(y)f(a(y))
we may choose A €A, u(A,) ~» 0, such that for f_= u(An)—len we havel|Tfn” [Tl -
(Observe that UL1 is the closed absolutely convex hull ?{ all u(A)” Xps u(A)<s,
for every fixed 6>0.) Since Tfn is supported by Bn= o (An), u(Bn) -0, it
follows that ||T| = A(T).
Furthermore, since every weakly compact operator S maps (fn) into anequi-integra-
ble sequence (an) and Tfn~i$0 we have

T = |17+S|| for all Sew,

or ||T{l = inf{ |T-S{ : Sew} = a(T). )
In the general case, the decomposition of T into its integral part 1! and its
singular part T5 and Theorem 6 give
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THEOREM 10 [[51]). For arbitrhany TE€E B(Ll) we have
a(T) = inf (||T-S = S€w(Ly)} = inf [|To+(TT) |
. n

where (T1)n &4 degined analogously Lo T in (19).
In particular, if T has a singular representation, then |[|T| = a(T).

PROOF OF THEOREM 9. If (vx)X€X
Theorem 9 give the formula

represents T':L_(X,u)-L_(X,u) then (7) and

(20) (1) = inf sup (llvgll + ] [k, (y:x) [du(y)}
n  xex

where vi is the y-singular part of vy and kn is defined as in (19) if k is the
kernel of T'. For all
xEA:={x€X:|th>AU)}

we choose tXE R+ in such a way that for

B, = {y & |k(y,x)| >t}

we have
ol + f [k(ysx) lduly) = a(T).
B
X
Using (20) again one may check that the integral operator SO with kernel
k(y,x) for y;{Bx, XEA
kolysx) =

0 otherwise

satisfies |[T-S |l = (T) and 4(S,) = 0.

One might ask if w(Ll) is even an M-ideal in B(Ll). This would imply (see [17]),
that for every TE€ B(Ll)'w(Ll) there are infinitely many elements of best
approximation. In sharp contrast to this the next proposition shows that for
every Markovian operator with a singular representation 0 is the only element of
best approximation in W.

PROPOSITION 1 ([511). Let S, T€B(L,) with T'1= [|T| 1.

1§ eithen
a) S has an integral nepresentation and T has a 4singulan represen-
tation, on

bl S has a diffuse rnepresenfation and T has an atomic representation
then  [|T+S|[ = [[T] +1IS] .

The special case, where S is a finite dimensional projection and T=1d follows
from [39], Sec. 3, and the case where S is compact and T=1Id is treated in [3 1] .
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PROOF: Let T' and S' be represented by (vx)X€X and (ux)Xe X respectively. By
assumption we have

n ] A lv,] = 0, v, Il = 1T 11(x) = |7}
Now the claim follows from (7) and

vy = T+ Doy = 1 1+ 1T

5. THE ESSENTIAL SPECTRUM OF Ll—OPERATORS

It follows from results of Kato ([25]) and Pelczynski ([37]) that the ideal w(Ll)
of weakly compact operators in Ll(X,u) (we continue with the notation of Sec. 4)
is the largest ideal of Riesz operators - i.e. operators with the 'same' spectral
theory as compact operators - and also the largest ideal of admissible perturba-
tions of Fredholm operators (s. e.g. [38] § 26.6, 26.7). In particular

{21y S4T) = T) if sew(ty).

Tess ! Tess!

Put another way, (21) says that the essential spectrum oess(T) of T equals the

spectrum o(T) of the equivalence class T of T modulo W(Ll):

(22) Tess

On the other hand it follows from Theorem 9 that

(23) il g = AMT) = Tim HXAT”

/W u(A)~0
and this indicates that A(T) plays the same role with respect to the essential
spectrum as the operator norm does with respect to the whole spectrum. For
example, (23) implies that A(T) is a multiplicative semi-norm on B(Ll) and from

(22) and Theorem 9 we get the following formula for the radius Yess(T) Of %ss(T)

COROLLARY 3. Fon all T€ B(Ll) we have

(24) (T) = Tim a(TM/n,

n-e

Tess

THE DOEBLIN CONDITION.

As an illustration for formula (24) we mention that for a positive T€ B(Ll) the
condition
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(25) IneN with a1y <1

is connected with the classical Doeblin condition which is of interest in the
theory of Markov processes as a criterion for when the uniform ergodic theorem

holds. Let (vT)xe,X be a stochastic kernel representing (T')m: L _(Xsu)=L_(X,u).
Then the Doeblin condition says that there are
(26) nEN, §>0, e>0 such that u(A)<s= vi(A) < l-c a.e.

. n
If one thinks of (vx)XE X

then (26) says - very roughly speaking - that no matter where you start, you
cannot be sure to reach A in n steps if A is just small enough. Since

as the n-step transition probability of a Markov chain,

sup VA = TNl - HxATnHLl

(25) and (26) are equivalent. On the other hand, (25) is equivalent to Yéss(T)< 1
and therefore (25) holds if and only if T is quasi-compact, i.e. there is some
neN and a compact SEB(L;) with [[T"-s]| < 1. This gives the well known fact
that the Doeblin-condition holds if and only if the corresponding Markov operator
is quasi-compact (see e.g. [40] Chap. 6, § 3, [34] Sec. 5.3).

Formula (24) implies that if T" has a singular representation for all n€ N then
ress(T) equals the usual spectral radius of T. But more information on the
spectra can be drawn from the representation (5).

THEOREM 11, a) T4 T" has a singular nepresentation fon all n€ N then the
unbounded components of €-of(T) and € - cess(T) coinedde.
b) T4 T has an atomic nepresentation then ofT) = cess(T).

Some special cases of b), e.g. for multiplication operators where already
observed e.g. in [35].

PROOF: a) Denote by D the unbounded component of € -o(T). For A€C with
|x]>o(T) the resolvent R(:) := (>\Id—T)'1 has the form

(27) RO = 3 amitlyd
i<0

and for all x€D we have in a small neighbourhood of A
(28) RO = 3 et ROy L

The set {x€D : R(A)n has a singular representation for, all n€ N} equals D since



108 L.W. Weis

it is non-empty (by (27) and the assumption), closed (by Corollary 1) and open
by (28).

Assume now that X belongs to the unbounded component of E—aess(T) but not to D.
Then o is an isolated pole of R()x) and there is a circle rcD with midpoint Ao
such that the spectral projection

(29) P = 5 [ RO
T

is finite-dimensional. Since all R(Xx), X€T have a singular representation, P also
has a singular representation. But this is impossible for a finite-dimensional
operator.

b) follows from the fact that a Fredholm operator with an atomic representation
is already invertible. Indeed, assume there is an operator S and finite dimen-
sional operators Kl’ KZ such that

d

[I)

(30) Id+K =TS = 752+ TS

d

75 = %1+ 5%7.

"
n

(31) Id+K,

By Corollary 2 Ts? has an atomic and TSd has a diffuse representation. Then
(30) implies 1d=T1s? and K1=TSd. In particular it follows that Sd is finite-
dimensional (since T is a Fredholm operator) and (31) implies Id=S%T. Hence T is

invertible. o

To give an illustration for the use of the representation (5) and of A in spectral
theory we consider a linear transport eguation:

(32) g—i(t,x,v) =-Iv, % FtsXsV) = o(XoV)F(t,X,v) + [ k(X,v,v' )F{t,x,v"')dv’

i v

Here, x€D and veV where D (the 'position space') is open, convex and bounded in

R3 and V (the 'velocity space') is compact in R3. If

A F{x,v) t= -E£v. o f
1 BX_I

M f(x,v) = o(x,v)f(x,v), O<c€l (DxV)
(33) -

K f{x,v) = [ k(x,v,v")f(x,v')dv', O<k with

v
(34) sup [ k(x,v,v' )dv <
XED,v' €V

then the 'absorption coefficient' cand the ‘scattering kernel' k define bounded
linear operators M and K in Ll(Dx V) and the linear Boltzmann operator B= A-M+K
is an unbounded generator of a strongly continuous semi-group St in Ly(Dx V).



Decompositions of positive operators 109

Then for an appropriate initial distribution fOE D{B) the solution of (32} is
given by

F(t,x,v) = Stf(x,v).
This indicates that the asymptotic behavior of the solutions for large times is
related to the spectra of the operators St (see [24] Chap. 11 for a more detailed
discussion). Here we concentrate on ress(st)' Since St is not known explicitely
we apply a perturbation argument following [45] and [46]: The ‘streaming' opera-
tor A-M generates a well known semi-group, namely

t
Ti flxsv) = xp(x-vt)expl- [ o(x-vs,v)ds]f(x-vt,v)
0

whose essential spectrum can be determined in concrete cases. For example, if V
is a ball in R, then

*
o(Ty) = (el = [l e Y, aFo1im ess inflo(x,v) : x€D, ||v| = %&.
n>c
Since Tt has an atomic representation we have by theorem 11 that a(Tt)= GESS(Tt)

and it remains to show that

(35) ress(Tt) -

ress(st) for t>0.

The semi-groups St and Tt are related by Duhamel's formula

t
(36) St = Tt + é TS KSt_Sds

but (21) cannot be applied yet because the last operator in (36) is not weakly
compact in general. The main reason is that K: Ll(Dx V) - Ll(Dx V) - although
occasionally calied an 'integral operator' in the literature - is really a good
example for an operator with a diffuse but singular representation, namely we have

K f(x,v) = [ fd“(x,v)’ Bixov) = O ® k(x,V,+)dA

where ) is the Lebesgue-measure on ¥V (not on Dx V). By iterating formula (36)
once we obtain
t

S, =T, + [ TKI,_ds + [ T KT KS, . __ dsids
Bt o ST pesy,s, S1oSz 1S 12
sl+52§ t
Since A is a multiplicative semi-norm on B(Ll) and since
t t
(37) A é U ds) < é AU, )ds

for every strongly continuous s - USE B(Ll) (see [53]), we obtain



110 L.W. Weis
t
(38) 8(5p) = a(Ty) + [ aT)a(KIa(Ty )ds

+ f A(Ts )A(KTs K)a(s
0< ST t 1 2

sl+s2§ t

e _c )dsids, .
t-sy-s, 12

To estimate the first integral observe that by (24)

. 1/n L1
= 1im A(Tnt) /n exp(1im ﬁ-10g A(Tnt)), or

>0 n-+w

r T

ess( t)

.= 1im t"1n AT

£t

= e with t)

“1
i.e. wr is an analogue of the 'type' of a semi-group (Tt) with respect to the
essential spectral radius. For wy < w' <" and some C we have A(Tt)g Cetm and
if we assume that

(40) MKE Ky =20 for all 0<s

then for large t (38) becomes

1 1
ete -+CA(K)tetw <e

(S to"

A

t)
Therefore oo i= lim %—1ogA(St)§ W' for all m":>wT and (39) implies that
ress(st) < ress(Tt)' The inequality ress(st) z ress(Tt) also follows from (39).
Indeed, since all St’ Tt are positive operators we get from (36) that Stg Tt and
t) z A(Tt) for all tz0.

It remains to give reasonable conditions so that (40) is fullfilled. Using a
criterion for conditionally weak compactness of vector-valued functions from [ 5]

one can show

therefore A(S

THEOREM 12 ([53]). 14 4n addition to (33) we assume that the scatfering kesnel k

Satis fies

(41) sup [ k{x,v,v')dv -0 dor w(E) - 0
xeD,v'eV E

then ress(St) = ress(Tt) = r(Tt) don tz 0.

If one interprets (32) as the neutron transport eguation, then k(x,-,v') corre-
sponds to the velocity distribution of a particle that emerge from a collision
between a particle with the velocity v' and a host particle at the point x of the
position space. Hence condition {41) says that all these distributions form an
equi-integrable subset of Ll(V). Theorem 12 was known so far under stronger
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restrictions on k, e.g.

- {Greiner, [16]) k uniformly bounded,

- (Voigt, [46]) k(x,v,v') < g{v) for all xeD, v'e€V and some fixed g€ Ll(V).
Versions of theorem 12 for unbounded D and V are contained in [46] and [53].

6. CONVOLUTION OPERATORS

In this section we show that for some non trivial results of harmonic analysis

one can give rather short functional analytic proofs using the representation (5).
So,let A be the right Haar measure of a locally compact group G with a countable
base of its topology {(then G is homeomorphic to a complete metric space and the
results of the previous sections apply with slight changes).

The first observation is close to some results of Oberlin (e.g. see [36]).

THEOREM 13. T4 T: Ll(G,A) - Ll(G,A) is translationinvarniant, bounded and conti-
nuous with respect to convergence in measure, then T L8 an infinite
sum of tramslation operators, L.e. there are x; € G, a; € R
such that Z|a;| <= and

. ix. R
i=1 ' X i

PROOF: It follows from the representation theorem 1 and the transiation invariance
that Tf = f*yu for some measure p on G. By theorem 5 T has an atomic representa-
tion and so, by (10), there are x;€6, a,€ R with Ila;| <= and u= Ta.s -
It follows now that 1

f*u(x) = Za].f(X-X]-) a.e.

Consider M(G) as a Banachalgebra with respect to convolution of measures. It is
well known that the subset of all w €M(G) which are singular with respect to the
Haar measure A on G is not a subalgebra but there is a stronger result in this
direction.

THEOREM 14. 14 vEM(G) and the convolution product vy 4s r-singular forn all
A-singular w € M(G), then A 4is an atomic measwre.

This is due to Doss ([ 91) in the case of abelian groups {see also [15] Sec. 7.5).

A proof similar to the following one was found independently by M. Talagrand
([431).
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PROOF ([48] p. 77): Assume to the contrary that the diffuse part o of v is non-
o in Ll(G) and in M(G)
with a diffuse representation. By Theorem 4 there is a o-subalgebra £ of Borel

zero. Then Vo defines a convolution operator T(u) := u#*v
sets of G, such that 2 oy is diffuse and TlLl(z \) is compact. Choose a sequence
flEL(Z54), ||an = 1, such that f - converges weakly (in the o(M(G), C(6))-
topology) to some measure Vo which is singular with respect to A. Since

T : M(G) » M(G) is weakly continuous and also compact on Ll(z,k) it follows that

(Tfn)A converges in the norm topology to T(“o) = u_%v. But Ll(G,A) is norm

)
closed and we obtain that Vo ¥ g is r-absolutely continuous. This contradicts the

assumption, that [u *v| 2z u *v | is x-singular. o

In [56] Zafran discusses a class of measures whose spectrum with respect to M(G)

is essentially given by the Fourier transform. Let G now be a compact group with

dual group T and denote by C the class of all measures p whose Fourier transforms
vanish at = and with

o(uIM(G)) = u(r)y{o3.

One of the main results of [56] is
THEOREM 15. C 45 an L-ideal, 4i.e. an algebraic ideal and a sublattice of M(G).

Theorem 15 can be derived easily from the following characterization of C con-
tained in [ 4] and for which we will give a short proof using formula (24).
PROPOSITION 2. w€ M(G) belongs to C if and onty i ||(v")°|| Y10 for n»w
whe/e (un)S £5 the r-singularn part of the n-fold convolution pro-
duct un.

(To derive theorem 15 observe that
(ev)M® < ("))

PROOF of Proposition 2: It is well known that o(u|M(G)) equals the spectrum
c(T]B(Ll)) of the convolution operator Tf = fxu and that the Fourier transform
of u gives the eigenvalues of T. Therefore, p€ ¢ if and only if o __(T) = {0} or
A(Tn)l/n - 0 by (24). The_integra] part of T s the weakly compaiisconvo1ution
operator (Tn)If = fx (un)1 where (un)1 is the integral part of u. By theorem 10
we have

s(™) = a0 = 1AM =11

and the result foliows. o
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In this paper we prove some uniform convergence theorems
for operators on a Grothendieck space with the Dunford-
Pettis property. As consequences we obtain 1) that on such
spaces (in particular on 1.¥ and HW(D)) every CO-Semigroup
is uniformly continous, 2) that on such spaces the strong
ergodic theorem becomes a uniform ergodic theorem, and 3)
Dean's result that such a space does not have a Schauder

decomposition.

1. INTRODUCTION

It is well known that Lm differs greatly in some respects from the spaces LP
for 1 £ p < ®». On the other hand, 1" shares with L1 the Dunford-Pettis property;
and with LP, 1 < p < ®, the property of being a Grothendieck space. For a more
detailed discussion we refer to Section 2, where we give other examples of spaces
with these two properties. Here let us mention that recently Bourgain proved that
Hw(D) is a Grothendieck space with the Dunford-Pettis property. This was pointed
out at the Conference by Professor A. Pelczydskl.

In this article we investigate the uniform convergence of bounded linear
operators on Lm and similar spaces, or to be more precise, on Grothendieck spaces
with the Dunford-Pettis property. It turns out that in many interesting cases
the strong convergence of operators on such a space implies the uniform con-
vergence. Let us at first give three known examples in this direction.

* The author is grateful to the Deutsche Forschungsgemeinschaft for support
during his stay as Visiting Professor at the Universitdt Tubingen.
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A sequence (Pn) of bounded linear operators on a Banach space E is called a

(weak) Schauder decomposition if the following conditions hold:
(i) PmPn = Pinf(n,m) for all n,m €N
(ii) (an) converges (weakly) to x for every x € E

(iii) Pn_# P for n # m.

Usually, the (weak) Schauder decomposition is defined in terms of closed sub-
spaces. We prefer here the equivalent operator theoretic definition. Now Dean
shows in [8] that a Grothendieck space with the Dunford-Pettis property does not
have a (weak) Schauder decomposition. This means, if on such a space a sequence
of bounded linear operators (Pn) satisfies (1) and (i) above, then (iii) cannot
hold, which implies that Pn = 1 for n sufficiently large, or equivalently, since
the operators Pn are projections, that lim HPn - 1“ = 0. So, trivially here
strong convergence implies convergence in the uniform operator topology.

In [14] Kishimoto and Robinson show that a Co-semigroup (i.e., a strongly
continuous semigroup in the sense of [10], VIITI.l.l) of positive operators on L
is uniformly continuous and ask whether this is also true without the assumption
that the operators are positive. (It seems that this question has also been

raised by other authors.)

Let us call a bounded linear operator T on a Banmach space strongly (resp.
-1 n-1

n - ¥ T
i=0

uniform) operator topology. In [2] Ando shows that if T is an irreducible

uniformly) ergodic, if the means Tn = converge in the strong (resp.
positive contraction on Lm, then T is strongly ergodic. 1In [15] we show that
under the same hypotheses T must be uniformly ergodic. More generally, it is
shown in [15] that an irreducible positive operator T on C(X), where C(X) is a
Grothendieck space, is uniformly ergodic iff T is strongly ergodic.

Starting with some problems concerning strongly ergodic operators the author
was ultimately led to the results of [17]. There we show that the answer to the
question of Kishimoto and Robinson mentioned above is affirmative not only for Lm,

but for every Grothendieck space with the Dunford-Pettis property. Moreover, we
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show that on such a space every strongly ergodic contraction is necessarily
uniformly ergodic and we give a new proof of Dean's result.

Most of the results which we present here are already contained in [17].
But as announced there, in the present article all these results are deduced from
two Tauberian theorems from the last section of [17]. These two theorems
(Theorems 1 and 2 below) are uniform convergence theorems for (UM)-sequences (to
be defined in the next paragraph). These sequences provide a natural frame for
many results in ergodic theory, Schauder decompositions, and semigroups (cf.
(18h.

Let (Sn) be a sequence of bounded linear operators on a Banach space E, We

will call such a sequence a (UM)-sequence 1f the following conditions hold:

(o1,) sup [Is || < «
(UMl) lém HSm(Sn - l)H = 0 for every m €N
(o) Lrilm ||(sn - l)SmH = 0 for every m €N,

We gilve several examples of (UM)-sequences, some of which will be used in

Section 4 below.

Examples. 1, Let (Pn) C £(E) be uniformly bounded. 1If (Pn) satisfies (i) above,
then (Pn) is a (UM)-sequence. In particular, every (weak) Schauder decomposition
(Pn) is a (UM)-sequence.

2. Let (ei) be a basis of the infinite dimensional Banach space E. Let
an = igb aiei for x = izb aiei. Then (Pn) is a Schauder decomposition and so a
(UM) -sequence.

3. Let (S,Z,w) be a probability space, let (Eﬁ) be an increasing sequence
of g-subalgebras of ¥, and let E = LP(S,E,u), 1<p<owo If Pnf, f €E, is the
conditional expectation of f with respect to Zh, then (Pn) is a (UM)-sequence.
If, in addition, I is the U-algebra generated by the Zh, 1<p<w and
Zh # Z£+l for all n, then (Pn) is a Schauder decomposition.

4. Let D be a non-empty subset of the complex plane and let R: D - £(E)

satisfy the resolvent equation

R(N - R(w = (p - MRVDRY
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for all x,u €D. TIf (kn) C D with lim \kn\ = o, and 1f the operators knR(kn) are
uniformly bounded, then (Sn) with Sn = knR(kn) is a (UM)~sequence. Similarly, if
(kn) C D with lim kn =q € ¢ and the operators (xn - a)R(Xn) are uniformly
bounded, then (Sn) with Sn =1 - (kn - a)R(kn) is a (UM)-sequence.

5. Let T be a bounded linear operator on a Banach space E. If the means
(Zég Ti)/n are uniformly bounded and lim HTnH/n = 0, then (Sn)’ where Sn =1-~-T
is a (UM)-sequence.

6. Let {T(t): 0 <t} bea Co-semigroup of operators on a Banach space E,.
Let Sn = j T(t/n)dt, where the integral is taken in the strong operator topology.
Then (Sn) is a (UM)-sequence. Another (UM)-sequence associated to {T(t): 0 < t}
is (kn(xn - A)-l), where A is the infinitesimal generator and 0 < kn € p(A) with
lim kn = o,

Finally, we want to point out comnections between (UM)-sequences and
martingales. Let (Sn) be a (UM)-sequence of operators on a Banach space E. A
sequence (xn) C E is called an (Sn)-martingale if 1imn Smxn =x for all m €N,
Obviously, if (Sn) is as in Example 3, then the (Sn)-martingales are just the
martingales in the usual sense. Now let (Xn) be an (Sn)-martingale. it is
easily proved (cf. proof of Lemma 1 below) that 1if (xn) has a weak cluster point,
say x, then (Xn) converges to x and x = Snx for all n €N (actually, this also
holds under weaker assumptions on (Sn)’ we refer to [18] for this and other re-
lated facts), We also note that if (Sn) is a (UM)-sequence then (Sn) itself is a
(gg)-martingale in the Banach space £(E), where gn denotes left multiplication

T+ SnT; similarly, for the right multiplication.

2, GROTHENDIECK SPACES WITH THE DUNFORD-PETTIS PROPERTY

In this section X denotes always a compact Hausdorff space. X is called
Stonian (resp. o-Stonian) if the closure of every open subset (resp. open Fo-set)
of X is open. X is called an F-space 1f two disjoint open Fo-sets have disjoint
closures. Clearly, every Stonian space is O-Stonian and every o-Stonian space is
an F-space. For any measure space (S,Z,u), localizable or not, we denote the

space LP(S,Z,U) (p=1or p=«) by P, 1f ¥ is an algebra of subsets of a set S,
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then B(S,%) denotes the Banach space of all bounded T-measurable scalar valued
functions on $ with the sup-norm.

A Banach space E is said to have the Dunford-Pettis property if
1imn(xn,xé> = 0 whenever (Xn) C E tends weakly to zero and (xé) C E' tends weakly
to zero. If E has the Dunford-Pettis property, then every weakly compact pro-
jection on E is of finite rank. Therefore every reflexive Banach space with the
Dunford-Pettis property is finite dimensional, The Dunford-Pettis property is
inherited by complemented subspaces and by preduals., Grothendieck [11] shows
that every space C(X) has the Dunford-Pettis property. This implies the
classical result of Dunford and Pettis that every space L1 has the Dunford-
Pettis property. Another consequence is that every AM-space, in particular,
every closed ideal of C(X) has the Dunford-Pettis property.

A Banach space E is called a Grothendieck space if every sequence (xé) CE'
which converges for the weak”™ topology to zero converges weakly to zero. If E is
a Grothendieck space, then every quotient space of E, in particular, every
complemented subspace of E is a Grothendieck space. Obviously, every reflexive
Banach space is a Grothendieck space. Every separable quotient space of a
Grothendieck space is necessarily reflexive (cf. [11], p. 169). Non-trivial
examples of Grothendieck spaces will follow next.

The following Banach spaces are Grothendieck spaces with the Dunford-Pettis
property:

1) C(X) where X is Stonlan, o-Stonian, or an F-space.

2) Lm, in particular, <.

3) B(S,?) where T is a ¢g-algebra.

4) 1Injective Banach spaces,

5) The Hardy algebra Hw(D) of all bounded analytic functions on the

open unit disk.
For the spaces listed above, the results of Sections 3 and 4 can be applied.

Let us make some comments about these spaces above.
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As we have already mentioned, every space C(X) has the Dunford-Pettis
property. Grothendieck [11] proves if X is Stonian then every sequence in the
dual of C(X) which converges in the weak® topology also converges in the weak
topology. This result was extended by Ando [1] for X g-Stonian and by Seever
{20] for X an F-space. Hence every space under 1) is a Grothendieck space with
the Dunford-Pettis property. For other interesting examples of spaces C(X)
which are Grothendieck spaces we refer to Talagrand [21] and Haydon [127.

We turn to the spaces listed under 2) and 3). It is well known that these
spaces are norm and order isomorphic to spaces C(X) (cf. [10], V.8.11 and
p. 716). Since 1" and B(S,Y) where T is a 0U-algebra are g-order complete, X must
be g-Stonian ({197, 11.7.7). Thus it follows from 1) that the spaces in 2) and 3)
are Grothendieck spaces with the Dunford-Pettis property.

Every injective Banach space is isomorphic to a complemented subspace of a
space C(X) where X is Stonian. So it follows from 1) that the spaces under 4)
are Grothendieck spaces with the Dunford-Pettis property.

Now to 5). Bourgain shows in [4] that Hm(D) has the Dunford-Pettils property
and in [5] that Hm(D) is a Grothendieck space. These results depend on deep
results due to Bourgain in harmonic analysis (cf. [6] for some of these relevant
facts) .

We conclude this section with the remark that a Banach space E is a
Grothendieck space with the Dunford-Pettis property iff every weak® convergent
sequence in E’' converges weakly, moreover, uniformly on weakly compact subsets of

E, or equivalently, iff every bounded linear map from E into ¢, is weakly compact

0

and maps weakly compact sets into norm compact sets.

3. TAUBERIAN THEOREMS

Now we come to the maln results of this article. We will give various
conditions which imply that a (UM)-sequence of operators on a Grothendieck space
with the Dunford-Pettis property converges in the uniform operator topology.

Thus these results are of Tauberian nature (cf. [10], p. 593). For the definition
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of (UM)-sequences we refer to the Introduction, and for examples of Grothendieck
spaces with the Dunford-Pettis property we refer to Section 2,
We start with two lemmata.
lemma 1. Let (Sn) be a (UM)-sequence of operators on a Banach space E, Let G
be the closure of USnE and let F = ﬂs;l[ol. Then the following assertions hold:
(a) G is a linear subspace and thus the weak closure of USnE; moreover,
G = {x: x = lin Snx}.
(b) 1f for every x € E the sequence (Snx) has a weak cluster point, then
(Sn) converges strongly to a projection P with G as range and F as
kernel.
Proof. (a) Let H = {x: x = lim Snx}. Then H is a linear subspace and H C G.
That H is norm closed follows from (UMO). On the other hand, (UMZ) implies that
USnE C H, Hence G = H, Since G, as a closed linear subspace, is weakly closed,
G is also the weak closure of USnE.
(b) It follows from (a) that F NG = {0}. It suffices now to show that
E =F + G. Then E is the direct sum of F and G and (Sn) tends to the desired
projection, since Sn\F =0 for all n and (Sn\G) tends strongly to the identity
on G by (a). Now let x € E be given and let z be a weak cluster point of (Snx).
By (a), z €G, Let m be fixed, Since z -~ x 1Is a weak cluster point of
((Sn - Dx), Sm(z - x) is a weak cluster point of (Sm(Sn - 1)x). But this
sequence converges in norm to zero by (UMI)' Hence Sm(z - x) = 0, which shows

that z - x € F, Therefore, x =z ~ (z -~ xX) €G + F, and so E

F + G.

More results concerning the strong convergence of (UM)-sequences can be
found in [18].

The next lemma is a slight variation of Theorem 2 from [177.
Lemma 2. Let (Vn) be a sequence of bounded linear operators on a Banach space
E with the Dunford-Pettis property. Suppose that the following two conditions
hold:

(1) (ann) tends weakly to zero whenever (xn) C E is bounded,

(ii) (V;xé) tends weakly to zero whenever (xé) C E' is bounded.
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Then limn HViH = 0. 1In particular, 1 + Vn is invertible for n sufficiently
large.
Proof. We choose a sequence (xn) in E with nan < 2 for all n and a sequence
(x!) in E' with \\x"ll\ <1 for all n such that \\vi\\ = (vixn,x‘p. By (1) and (ii)
the sequences (ann) and (Véxé) tend to zero for G(E,E') and G(E',E") respective-
ly. Since E has the Dunford-Pettis property, 1im<ann,Véxé) = 0, and so,
lim“ViH = 0. Hence, for n sufficiently large, HViH <1 and so 1 - Vi is in-
vertible. But then (1 - Vn)(l - V‘zl)-1 = (1 - Vi)_l(l - Vn) is the inverse of
1+ Vn'

We are now ready to prove the first two main results, which also appear as
Theorem 10 and Theorem 11 respectively in [17].
Theorem 1. Let E be a Grothendieck space with the Dunford-Pettis property and
let (Sn) be a (UM)~-sequence of operators on E., 1If USnE is weakly dense in E, in
particular, if (Sn) converges to the identity in the weak or strong operator
topology, then limnsn - IH = 0.
Proof. Let Vn = Sn - 1. We will show that (Vn) satisfies conditions (i) and
(ii) of Lemma 2., Consequently, since E has the Dunford-Pettis property, Lemma 2
implies the existence of a natural number, say m, such that Sm =1+ Vm is in-
vertible., It will then follow from “Sn -1f < HS;IHHSm(Sn - 1|l and from
(WM,) that lims - 1|l = o.

So suppose that USnE is weakly dense. Then (a) of Lemma 1 implies that
x = lim Snx for every x € E. In other words, (Vn) tends in norm to zero for
every x € E. It follows that (Véxé) tends to zero for oO(E',E) if (xé) CE' is
bounded, and since E is a Grothendieck space, (Véxé) tends weakly to zero. Hence
(ii) of Lemma 2 is satisfied, and in particular (Véx') tends weakly to zero for
every x' €E', This implies that (S;x') tends weakly to x' for every x' €E',
and since (S;) is clearly a (UM) -sequence as well, Lemma 1 shows that (Sé) con-
verges strongly to the identity on E'. As above we conclude that (ann) tends
weakly to zero whenever (xn) C E is bounded, so, condition (i) of Lemma 2 is

satisfied. Q.E.D.
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Remark 1. A simple modification of the proof of Theorem 1 gives the following
result: Let (Sn) be a (UM)-sequence of operators on a Banach space E with the
Dunford-Pettis property. TIf (S;) converges weakly to the identity, then (Sn)
converges uniformly to the identity.

Theorem 2. Let E be a Grothendieck space with the Dunford-Pettis property and
let (Sn) C £(E) be a (UM)-sequence. 1If for every x € E the sequence (Snx) has a
weak cluster point, then (Sn) converges uniformly to a projection P with

PE =@ end (1 - P)E = nsr'\l{o}.

Proof. Let F and G be as in Lemma 1. Applying Lemma l, (b), we see that (Sn)
converges strongly to a projection P with PE = G and (1 - P)E = F. Since

SnG C G for all n €N, (Sn\G) is a (UM)-sequence of operators on G, which con-
verges strongly to the identity on G. Now G, as a complemented subspace of E,
is a Grothendieck space with the Dunford-Pettis property. Hence it follows from

converge uniformly. Since all the Sn vanish

Theorem 1 that the operators Sn\G

on F, it is clear that 1im||Sn - Pl =0. Q.E.D.

Remark 2. Let (Sn) be a (UM)-sequence of operators on a Banach space E with the
Dunford-Pettis property. 1If (SK) converges weakly to an operator whose range is
og(E",E') closed, then the operators Sn converge'for the uniform operator top-
ology to a projection with UE;E as range and ﬂS;l{O} as kernel. The condition
that the range is o(E",E') closed cannot be dropped as the following example
shows: Let (ei) be the usual basis of El and let (Pn) be as in Example 2 of the
Introduction. Then (P;) converges strongly, but (Pn) does not converge in the
uniform operator topology.

Next we show that if, for a (UM)-sequence of operators (Sn) on a Grothen-
dieck space E with the Dunford-Pettis property, UEKE or ﬂS;l{O} is a "large" sub-
space of E, then this subspace is of finite codimension and (Sn) converges in
the uniform operator topology.

Theorem 3. Let E be a Grothendieck space with the Dunford-Pettis property and

let (Sn) C £(E) be a (UM)~-sequence. If E/ﬂS;l{O} is reflexive, then (Sn)
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converges uniformly to a projection of finite rank with USnE as range and
ﬂS;l{O} as kernel.

Proof. Tet F and G be as in Lemma 1. Let F = ﬂSé—l{O} and let G, be the weak™

1
closure of US&E'. Clearly, (Sé) is a (UM)-sequence. The norm closure of US&E'
is by Lemma 1 a linear subspace, which implies that Gl is a linear subspace as
well, It is easily checked that Gl is the annihilator of F and that Fl is the

annihilator of G. By assumption, E/F is reflexive. Therefore its dual, Gl’ is

reflexive, which implies that on Gl the weak® and the weak topology coincide.
Hence Gl is the weak closure of US&E', and so by Lemma 1 also the norm closure
of that set. Hence Fy n Gl = 0., Now let x' €E' be given and let z' be a
o(E',E)~cluster point of the bounded sequence (Séx'). An argument similar to

that in the proof of Lemma 1 shows that x' = z' - (z' - x') € G +F Hence E'

1
is the direct sum of the o(E',E)-closed subspaces Gl and Fl’ Therefore, E is the
direct sum of their annihilators F and G. This implies that (Sn) converges
strongly to the projection P with G as range and F as kernel. But by Theorem 2,
(Sn) converges in norm. Since E/F is assumed to be reflexive, G is reflexive.
Hence P is a weakly compact projection and therefore of finite rank since E has
the Dunford-Pettis property. Q.E.b.

Lemma 3. Let X be a topological Hausdorff space and let (xn) be a relatively
compact sequence in X. If the set A of all cluster points of (xn) is metrizable,
then the closure of the set {xn} is metrizable.

Proof. Without loss of generality we may assume that X is the closure of the

set {xn}, so that X is compact. Let I = {f € C(X): £(A) = {0}}. Since X\ is
countable, I is finite dimensional or isometric to co. Hence I is separable.
Since A is a compact metrizable space, C(A) is separable. As C(A) is isometric
to C(X)/I, and since the separability of C(X)/I and of I implies the separability
of C(X), X is metrizable.

Lemma 4. Let (Sn) be a (UM)-sequence of operators on a Banach space E. 1If

((Sn - l)xn) is relatively weakly compact for every bounded sequence (xn) CE,

then the operators (1l - Sn)' converge strongly to a weakly compact projection.
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Proof. Clearly, the assumption implies that (Snx) is relatively weakly compact
for every x € E. It follows from (b) of Lemma 1 that (Sn) converges strongly to
a projection P with PE = UE;E and (1 - P)E = 05;1{0]. Hence SnP = Sn = PSn for
all n €N. Now let (xn) C E be bounded. Then ((Sn - l)Pxn) is relatively weakly
compact by assumption. We claim that this sequence converges weakly to zero.
Indeed, let x be a weak cluster point. Then Smx = 0, since

umnnsm(sn - DEx || =0 by (M,). So x € (1L - P)E. On the other hand, x € PE,
since P commutes with all operators Sn - 1 and PE is weakly closed. Hence

x = 0, which shows that ((Sn - l)Pxn) tends weakly to zero whenever (xn) CE is
bounded. This, together with the equality Sn - P = (Sn - 1)P for all n, easily
implies that (S;) converges strongly to P', and so (1 - Sn)' converges strongly
to the projection (1 - P)'. It remains to show that (1 - P)', or equivalently,
that 1 - P is weakly compact. Let (xn) C (1 - P)E be bounded. Then Snxn =0
for all n. Hence (xn) = ((1 - Sn)xn) is relatively weakly compact by assumption.
Hence (1 - P)E is reflexive and so (1 - P) is weakly compact.

Theorem 4. Let E be a Grothendieck space with the Dunford-Pettis property and
let (Sn) be .a (UM)-sequence of operators on E. If E/UE;E is separable, or
equivalently, if ﬂS;_1{0] is separable, then (1 - Sn) converges uniformly to a
projection Q of finite rank with 05;1{0] as range and DE;E as kernel,

Proof. Tet H = E/USnE and F, = OSé_l{O]. Then F, is (in a canonical way) the

1
dual of H., Hence if F1 is separable, H must be separable. Conversely, if H is
separable, then as separable quotient of a Grothendieck space, H must be re-

flexive. Therefore, F, as the dual of a separable reflexive space must be

1
separable.

Now we assume that H is separable. Then every bounded subset of F1 is
metrizable for the topology induced by o(E',E). Let (xé) C E' be bounded and let
x' be a g(E',E)-cluster point of the sequence ((Sn - 1)'x;). It follows easily

from (UMZ) that Séx' =0 for all m €N, Hence x' €F Since ((Sn - 1)'x$) is

1
relatively o(E',E)~compact, the set of all its o(E',E)-cluster points is a

bounded subset of F1 and hence metrizable for the topology induced by o(E',E).
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We conclude from Lemma 3 that the O(E',E)-closure of [(Sn - 1)'xé} is a compact
metrizable space. Thus every sequence of this space has a g(E',E)-convergent
subsequence, Since E is a Grothendieck space, this subsequence converges also
for g(E',E"™). 1t follows from Eberlein's theorem that ((Sn - 1)'X;) is rela-
tively weakly compact. Now, since (Sé) is a (UM)-sequence, it follows from
Lemma 4 that (1 - Sn)” converges strongly to a weakly compact projection. This
clearly implies that 1 - Sn converges also strongly to a weakly compact pro-
jection Q as well. Theorem 2 shows that 1 - Sn converges uniformly to Q and that
QE = ﬂS;l{O} and (1 - QE = UE;E. Finally, since E has the Dunford-Pettis
property, we conclude that the weakly compact projection Q is of finite
rank. Q.E.D.

We do not know whether the conclusion of Theorem 4 still holds if we only

assume that E/USnE is reflexive.

4., APPLICATIONS

In this section we apply the results of Section 3 to Schauder decompositions,
semigroups of operators, and ergodic theory.

An immediate consequence of Theorem 1 is:
Theorem 5 (Dean). Let E be a Grothendieck space with the Dunford-Pettis property.
Then E does not have a (weak) Schauder decomposition.
Proof. Suppose that (Pn) is a (weak) Schauder decomposition of E and hence a
(UM) ~sequence with the operators Pn converging weakly to the identity. Now
Theorem 1 implies that 1im||Pn - 1| = 0. Thus P =1 for n sufficiently large,
since the Pn are projections. But this contradicts the requirement for a (weak)
Schauder decomposition that the Pn be distinct.

Theorem 1 was first proved in [8] using basic sequences. Our proof was
originally given in [17], Corollaries 7 and 8.
Remark 3. It follows easily from Remark 1l that if (Pn) is a Schauder decompo-

sition of a Banach space E with the Dunford-Pettis property, then (Pg) is not a

Schauder decomposition of E".
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We turn to semigroups of operators.

A family {T(t): 0 < t} (resp. {T(t): 0 < t}) of bounded linear operators on
a Banach space E is called a Co-semigroup (resp. strongly continuous semigroup)
if the following two conditions hold:

(1) T(t + s) = T(t)T(s) for 0 < t,s (resp. 0 < t,s)
(ii) t & T(t) is a continuous map from [D,®) (resp. (0,®)) into £(E)
with the strong operator topology.

We note, that the Co-semigroups are precisely the strongly continucus semigroups
in the sense of [10], VIII.l.1. A Co-semigroup {T(t): 0 < t} is called uniformly
continuous if t + T(t) is continuous for the uniform operator topology. If
{T(t); 0 < t} is a strongly continuous semigroup such that x = tliP0+ T(t) for
every x € E, then obviously, {T(t): O < t} with T(0) = 1 is a Co-semigroup; in

this case, we simply say that {T(t): 0 <t} is a C_-semigroup.

0

In [14], Kishimoto and Robinson raise the question as to whether every CO-
semigroup of operators on LOc is uniformly continuous. This is answered affirm-
atively in [17], Theorem 3, where we give two proofs in the setting of a
Grothendieck space with the Dunford-Pettis property (moreover, as pointed out in
Remark 7 of [17], this also holds for semigroups of class (A) in the sense of
[13D).

Theorem 6. Every Co-semigroup of operators on a Grothendieck space with the
Dunford-Pettis property is uniformly continuous.
Proof. Lit {T(t)y: 0 <t} be a Co-semigroup of operators on E. For every n €N,

put Sn = I T{t/n)dt, where the integral is taken in the strong operator topology.
0

We leave it to the reader to verify that (Sn) is a (UM)-sequence, that (Sn) tends

strongly to the identity, and that

*) lim  |T(t) - s |l =0 , mEWN
t — 0+ "
holds. Now, Theorem 1l implies that 1im“Sn - IH = 0. Hence for some natural

number, say m, H(Sm - 1)” < 1 and thus, Sm is invertible. It follows from
-1 : =
lreey - 1] < |lcreey - 1)sm|||]sm || and (*) that Jim llr¢ty - 1] = 0. This in

turn easily implies that {T(t): O < t} is uniformly continuous. Q.E.D.
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As we have mentioned in the Introduction, Kishimoto and Robinson show in
[14] that every Co-semigroup on 1LY is uniformly continuous provided that all
operators are positive. Another special case of Theorem 6 is due to Rubel. His
result, which can be found in [3], shows that every strongly continuous one-
parameter group of isometries {T(t): t €R} on Hm(D) is of the form
{éxitlz t €R} for some o €R and hence, trivially, a uniformly continuous group.
Remark 4. Let {T(t): 0 <t} be a family of bounded linear operators on a Banach
space E with the Dunford-Pettis property. If {T(t)": 0 <t} is a Co-semigroup

of operators on E", then {T(t): O < t} 1s a uniformly continuous C.~semigroup

0
(cf. [17], Theorem 4).

Theorem 7. Let {T(t): 0 < t] be a strongly continuous semigroup of operators on
a Grothendieck space E with the Dunford-Pettis property and suppose that for some
a >0 the family {T(t): 0 < t < a} is uniformly bounded. If E/W is
separable, then there are bounded linear operators P and A on E with 1 - P a
projection of finite rank and PA = AP such that T(t) = PeAt for t > 0.

Proof. Let H be the closure of the linear subspace 0 2 . T(t)E. By assumption,
{T(t)} is uniformly bounded on some non-empty interval (0,a) and so on every
interval (0,b). This implies that the restrictions of {T(t): 0 < t} to H form a

1
C.-semigroup of operators on H and that Sn = I T(t/n)dt exists in the strong

0
operator topology. It is easily checked that (Sn) is a (UM)-sequence of oper-
ators on E. Let F and G be as in Lemma l. Obviously, G € H. On the other hand,
if x € H, then x = t1£W0+ T(t)x, and so, x = lim Snx, Hence H € G, and therefore
H = G.

By assumption, E/G is separable. Now Theorem 4 implies that (Sn) converges
to a projection P with 1 -~ P of finite rank, PE = G, and (1 - P)E = F. Hence G,
as a complemented subspace of E, is a Grothendieck space with the Dunford-Pettis
property. Theorem 6 implies that the restrictions of {T(t): 0 < t} to H form a

uniformly continuous Co-semigroup of operators on G. Hence there exists an

Bt

operator B € £(G) such that T(t)\G =e  for 0 <t ({10], VIII.1.2). The

operators T(t) and Sn commute. Hence P commutes with the operators T(t), which
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implies that T(t)F C F for 0 < t. But since T(t)F C T(t)E C G, the operators
T(t) vanish on F. Since E is the direct sum of F and G, T(t) = PeAt, 0 <t, for
some A € £(E) with PA = AP. Q.E.D.

We come to ergodic theory.

Let T be a bounded linear operator on a Banach space E. We denote the means
(:ég Ti)/n by Tn. The strong ergodic theorem ([10], VIII.5.l1) asserts that if
T%/n tends strongly to zero and (Tnx) is relatively weakly compact for every
X € E, then the means Tn converge strongly to a projection P with
PE = {x: Tx = x} and (1 - P)E = YT_:_TYE. The next theorem shows that on a
Grothendieck space E with the Dunford-Pettis property the means Tn converge in
the norm topology if the assumption that Tn/n tends strongly to zero is replaced
by 1im“TnH/n = 0. Theorems 8 and 9 were proved differently in [17].

Theorem 8 (Uniform Ergodic Theorem). Let T be a bounded linear operator on a
Grothendieck space E with the Dunford-Pettis property. Suppose that “TnH/n tends
to zero and that the means T are uniformly bounded. If for every x ¢ E the
sequence (Tnx) has a weak cluster point, then the means Tn converge in the
uniform operator topology.

Proof. Let Sn =1 - Tn. We show that (Sn) is a (UM)-sequence, Clearly, if the
means Tn are uniformly bounded, (UMO) holds. It is easily checked that

1 - Tm = gm(T)(l - T) for some polynomial g Hence 1if HTnH/n tends to zero,
limnH(l - Tm)Tnn = limanm(T)(l - T)TnH = limanm(T)(l - ™||/n = 0. This shows
that (Sn) satisfies (UMl) and (UMZ)'

I1f for every x € E the sequence (Tnx) has a weak cluster point, then (Snx)
has a weak cluster point. Now Theorem 2 implies that (Sn) converges in the
uniform operator topology. Hence the means Tn =1 - Sn converge in the uniform
operator topology. Q.E.D.

Remark 5. Let T be a bounded linear operator on a Banach space E with the
Dunford-Pettis property and suppose that HTnH/n tends to zero. If the means T;
of T" converge strongly, and the norm closure of (1 - T") is G(E",E')-closed,

then the means Tn of T converge in the uniform operator topology. This follows
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from Remark 2. The condition on the norm closure of (1 - T") cannot be dropped:

Let E = 21 and let T be the operator Gli) P ((1l - i'l)ai). Then (T;) converges

strongly, but (Tn) does not converge in the uniform operator topology.

Theorem 9. Let T be a bounded linear operator on a Grothendieck space E with the
Dunford-Pettis property. Suppose that “TnH/n tends to zero and that the means
(T) are uniformly bounded. If {x': T'x" = x'} is separable, in particular, if
it is finite dimensional, then the means Tn of T converge in the uniform operator

topology to a projection of finite rank.

Proof. Let Sn =1 - Tn' As we have seen in the proof of Theorem 8, the
assumptions on T imply that (S ) is a (UM) -sequence, Obviously, {x': T'x' = x'}
is the kernel of Sé. If this kernel is separable, then ﬂSé-l{O} is separable.
Now Theorem 4 implies that the operators Tn =1 - Sn converge in the uniform
operator topology to a projection of finite rank. Q.E.D.

Special cases of Theorem 9 can be found in [15] and [16]. Finally, we note
that Theorem 9 as well as the Scholium in [17] can be deduced from Theorems 2

and 4 above.
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1. Introduction.

As is well known, most classical Banach spaces are Banach lattices. Compared to the
enormous generality of (even separable) Banach spaces, the order structure
constitutes a considerable enrichment in both geometric (see [7]) and operator
theoretic (see [12]) terms. (For the elementary results of Banach lattice theory
needed in the sequel, the reader is referred to either of those monographs.) If
E,F denote (real) Banach lattices, a (bounded, linear) operator T : E - F is
called positive (T > 0) if Tx >0 for all x>0 in E; T is called order
bounded (or regular) if T s the difference of positive operators. The space of
order bounded operators E - F is a Banach space L"(E,F) under the "regular"
norm

HTI% : = 1inf || T1 + Tzn,

the infimum being taken over all decompositions T = T1 - T2 where T1 =0, T2 > 0.
If F is order complete {Dedekind complete), then for each order bounded T

the modulus |ITl = sup (T, -T) exists, L"(E,F) is a Banach lattice, and IITIIr
is simply the operator norm of |T{.

However, meaningful relations between order properties and topological properties
of operators T € L"(E,F) often are not easy to find. For example, there exist
compact operators in £2 which are not order bounded, or which have a non-compact
modulus ITl (see [12, p. 231]). Or, if T3> 0 has a certain topological property
(such as compactness) and we have 0 < S < T, what properties does S inherit from
T? We will return to this question, recently settled by [1], below in some detail.

Combining expertise in Grothendieck's theory of tensor products [5] and familiarity
with order bounded operators, Schlotterbeck [13] was probably the first to
recognize that the point of closest contact between classical and order theoretic
operator theory is the space of bounded linear operators C(X) -» M(Z) (continuous
real functions and Radon measures on the compact Hausdorff spaces X,Z,
respectively). Considering, more generally, operators T : E-» F' (E,F Banach
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spaces), Grothendieck [5] defined T to be integral if the bilinear form

(f,g) » < Tf,g > induces a continuous linear form on the e-tensor product

E Qe F. (For a brief introduction to integral maps, see [12, IV, 5]). The prototype
of an integral map is the canonical injection L™(p) - L1(u) (u finite), and
integral maps E - F' are indeed characterized by admitting a factoring

E- U”(u)—z———? L1(u) - F' for a suitable Radon measure W on some compact space.
>0

These maps form a Banach space Li(E,F') under the norm dual to the e-norm on
ERF. Now if E = C(X), F = C{Z) (X,Z compact), the important fact is that the
subspaces (of L(C(X), M(Z))) of integral and order bounded operators are
identical, inclusive of their respective norms [12, IV. 5.6]:

Theorem A. A4 linear map T : C(X) » M(Z) <s integral iff it is order bounded, and
HT o = 1T

2. The Operator Space L'(C(X), M(Z)).

There is another way to look at order bounded operators C(X) - M(Z). By Thm. A

a linear operator T : C(X) » M(Z) is order bounded iff the bilinear form

(f,g) » <Tf,g> on C(X) x C(Z) induces a continuous linear form @p on

c{x) 8 C(Z). But the completion C{X) E; C(z) is isometrically isomorphic with
C(X x Z) and hence, if T 1is order bounded, the continuous extension éT defines
a Radon measure mp on X x Z. Conversely, every Radon measure m on Xx Z
defines, by virtue of ¢(f,g) := f/{f @ g)dm, a continuous bilinear form ¢ on

C(X) x C(Z) such that o(f,g) = <Tf,g > for a uniquely defined operator

T : C(X) » C{Z)' = M(Z), which is clearly order bounded. Moreover, T » 0 iff

mp > 0 and it is easy to see that the usual norm fime 11 (total variation) equals
the regular norm i T ”r'

We summarize:

Theorem B. The mapping T - Mrs given by the identity of bilinear forms

<Tf,g>= s (f® g)me
XxZ

on €(X) x C{Z), is an isometric isomorphiem of Banach lattices L' {(C(X),M(Z))
— M(X x Z) (Radon measures on X x Z). In particular, the principal band
B(T) of trec(x), M(z) generated by T <s isometrically isomorphic to the
principal band of M(X x Z) generated by mr, that is, to L1(mT, X x 7).
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The last assertion: B(mT) = L1(mT, X x Z) is, of course, the classical Radon-
Nikodym theorem applied to the measure mr on X x Z.

3. Approximation of Operators.

In his recent dissertation [6], W. Haid makes skilful use of Thm. B for the
approximation of order bounded operators T : E > F' where E = C(X), F = C(Z)
and, in fact, of operators between general Banach lattices. He thus obtains new
proofs and extensions of results previously obtained by several authors (for
details, see below). The present paper is intended to set the power and elegance
of his approach in evidence; for details and technicalities, we must refer to
[6] and a forthcoming paper by W. Haid. Haid's method of approximation can be
outlined as follows. Let T € L"(C(X), M(Z)) where, as above, X and Z are
compact spaces, and let S € B(T) (the band generated by T). Then mg

(cf. Thm. B) is absolutely continuous with respect to ImTI = mITi; therefore
mg = h. m for a suitable h € L1(m|T|) (Radon-Nikodym). Now C(X x Z) and,
consequently, C(X) & C(Z) 1is dense in L1(m|T|); so h can be approximated,
in the L1—norm, by continuous functions on X x Z which are of the form

€ C(2)) (Separation of Variables).

t™M>S

p; 8 a; (py € C(X), g

n
The operator R corresponding, by Thm. B, to the measure (~ roopy B qi). my
is given by the bilinear form P
n n
<Rf,g>= s (fRg)(x p; @ qi)me =¥ f(pif f qig)me
X x Z 1 1

=y < T(pif), 4;9 > =< ( aiTﬁi)f,g >

- M >
_M>

on C(X) x C(Z), where by 51 and 51 we have denoted the operators
(orthomorphisms) on C(X) and M(Z), respectively, defined by multiplication wi
the continuous functions P; and ;-

From the preceding identity we conclude:

Theorem C. Let T € L'(C(X), M(Z)). Then the set of all operators

(*) ain’i,

M=

1

137

th
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where n €N and ai’ 51 are the orthomorphisms of M(1), C(X) defined by
arbitrary functions p; € c(x), q; € C{Z) (i =1,....n), 25 dense in the
principal band B(T) of L (c(x), m(z)).

Corollary. Let H be a closed linear subspace of LT (e(X), M(2)) such that
TeH implies qTp € H for all p € C(X), q € C(Z). Then H <s a band.

The following are instructive examples.

1. The nuclear operators C(X) - M(Z) form a band in L'(C(X), M(Z)) (cf. [12,
IV. 5.6 and IV. 9.11).

2. The order bounded compact operators C(X) - M(Z) form a band in L(c(x),M(2)).

The second of these results was proved by Dodds and Fremlin [3] in 1978; in 1975
Fremlin [4] had shown that a positive compact operator C(X) - M(Z) is not
necessarily nuclear. If X and Z are Stonian spaces, the operators in (*)
can obviously be chosen to have the form I o ﬁi T 51 with Pis 95
characteristic functions of open-and-closed subsets. In a forthcoming paper and
in a more algebrajc setting, B. de Pagter [11] uses such components q T p of

T (T > 0) as well as more general ones for varied purposes of approximation
(see also [2]).

4, Riesz Homomorphisms.

Let T : C(X) » M(Z) be order bounded; it is easy to see that the range of every
S € I(T) {the deal generated by T) and, in fact, of every S € B(T) is
contained in the principal band of M(Z) generated by pu:= I Tley (eX the unit of
C(X)), that is, in L1(u,Z). It will be seen that I(T) is especially easy to
characterize if T or its adjoint is a Riesz homomorphism. Without restriction of
generality we can assume that L1(u) is represented over the Stone space of the
measure algebra of y, so that Z s compact Stonjan, p a normal measure on Z
and L™(y) can be identified with C(Z).

Suppose now T : C(X) ~» L1(u,Z) is a Riesz homomorphism (i.e. 1Tf] = TIfl for all
f € C(X)) and, to simplify, that Tey = e;. It is well known [12, III. 9.11 that
Tf = f oy for some continuous ¢ : Z » X. Then for arbitrary f € C(X), g € C(Z)
we obtain

<Tf,g>=<fop,g>=17 (foylgdy=7, (f@glr,
Z G¢
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where r =y ° w_1 is a Radon measure on X x Z supported by the graph GW of
y. From Thm. Bwe concludethat my = r 1is supported by G . Conversely, if

T : C(X) » M(Z) 1is positive, TeX = e;, and m; is supported by Gw for some
continuous v : Z - X, then T s a Riesz homomorphism (namely, Tf = f o y). It is
a mere technicality to remove the assumptions TeX = e and T > 0; hence, the
operators S in the ideal I(T) generated by a Riesz homomorphism T are
characterized by the fact that mg (see Thm. B) has its support contained in the
graph of a continuous map Z - X. (These operators S have |S| a Riesz
homomorphism.)

A positive operator T between Banach lattices E,F is called interval preserving
(or to have the Maharam property [8]) if for all 0 < x € E, T[O,x] = [0,Tx]. This
property is dual to the property of being a Riesz homomorphism in the sense that
T:E->F 1s a Riesz homomorphism iff T' : F' - E' 1ds interval preserving. Using
this duality, Haid [6] shows that an order continuous operator T : C(X) - L1(u,Z)
is interval preserving iff there exists a continuous map ¢ : X - Z such that

mp has its support contained 1in Gw < X x Z. This leads to the following result:

Theorem D.

(i) 1 T :0C(X) - L1(u,Z) is a Riesz homomorphism, then the ideal 1(T) consists
of all operators qT, q ranging over the set of all orthomorphisms of L=(u,2Z).

(ii) Ir C(X) <is order complete, T : C(X) » L1(u,Z) 18 order continuous and
interval preserving, then the ideal 1(T) consists of all operators TE), p
ranging over the set of all orthomorphisms of C(X).

As an indication of proof for (i), let Tf =f oy (f € C(X)) and et 0<S<T;
we recall that L™(u,Z) is identified with C(Z). Then mg has its support in
Gw by the above; letting o : Gw - 7 be defined by (y(z),z) »z, 0 := mg ° p
is a Radon measure on Z for which

<Sfug>=/ (fRg)dng =/ (fou)gde (feC(X),qgecC(2).
G z
¥

Letting q := SeX we obtain < Sex,g >=/4qg doe =S gqduy forall ge€ C(Z).
Thus w =9 « 4 und SFf =q(f o y) for all f € C(X), whence S = q T. Assertion

(ii) follows similarly, using the duality of the Riesz and Maharam properties
mentioned above.

Theorem D is a special (but typical) case of a much more general relationship
(Thm. D' below).
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5. Operators between Banach Lattices.

We will now consider the extension and application of the above ideas to operators
between Banach lattices. Our discussion will be simplified by the following
hypotheses on the Banach lattices E,F; this assumption can often (if not always)
be removed.

(H) E s a Banach lattice possessing a dense principal ideal Ey (112, 11. 61);
Fis an order complete Banach lattice on which there exists a strictly positive,
order continuous linear form y'.

We recall that the ideal Ex generated by an element x € E+ is identical to

? nB, where B = {z € E: -x < z < x} 1is a bounded, absolutely convex and
n=1
complete subset of E; hence Ex is a Banach lattice (with unit ball B and

order unit x). Dually, y » < |yl,y' > defines a lattice norm on F which is
additive on F_; the completion (F,y') of F s a Banach lattice. By the

well known theorems of Kakutani and Krein (cf.[12, II. 7,8]1), we have E, = c(x)
and (F,y') = L1(u,Z) (isometric isomorphisms of Banach lattices) for suitable
compact spaces X,Z. Moreover, the canonical injections i : C(X) = Ex - E and

J i F-(F,y") = L1(u,Z) each define a Riesz isomorphism with range a dense ideal.

In these circumstances, it is easy to verify that bicomposition T->j o T o i
is a Riesz isomorphism ¢ of L"(E,F) onto an ideal of L"(C(X), L1(u)) which
is dense in the strong operator topology. It is now a standard procedure to
translate Thm. D into the following result.

THEOREM D'. et E,F be Banach lattices satisfying (H).

(i) If T : E->F 4s a Riesz homomorphism, then 1(T) <s the set of all operators

q T, where Q ranges over the orthomorphisms of F.

(i1) If E is order complete, T : E » F order continuous and interval preserving,
then 1(T) 4s the set of all operators T p , where P ranges over the

orthomorphisms of E.

For Banach lattices satisfying (H), this is the Radon-Nikodym type theorem for
operators proved-by Luxemburg and Schep [8] in a more algebraic setting.

Similarly, the approximation theorem (Thm. C above) can be adapted (via the map ¢)
to the present situation, as follows.
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THEOREM C'. Zet E,F be Banach lattices satisfying (H). If T : E->F s order
bounded, then the set of operators

(*)

M3

where n €N and [_31-,(-11 range over Orth (E) and Orth (F), respectively, <s
super order dense in the ideal I1(T) of Lr(E,F) (i.e., every S € I(T) 4s the

order limit of a sequence of operators of this type).

Comparing this to Thm. C above, the reader will notice that topological
approximation by operators (*) is replaced by approximation in order; this is

of course, due to the fact that the mapping ¢ (see above) is continuous but
not, in general, a homeomorphism. In fact, if T : E - F is compact and
0<S<T then (in contrast with the situation in L(C(X), M(Z)); see Sect. 3,
Example 2) in general S 1is no longer compact [1]. Therefore, in order to obtain
topological approximation through {*), one has to search for conditions {on E,F
and/or T) under which sequential order convergence in I(T) implies convergence
in norm. Here is one example. If E' and F have order continuous norm and

T >0 is compact, then by modifying an argument of Nagel and Schlotterbeck [10],
Haid (6] shows the norm of L"(E,F) to be order continuous on I{T). It follows
immediately from Thm. C' that in these circumstances, every operator in I(T)

is compact - a result first proved by Dodds and Fremlin [3] in 1979.

If we call an operator S : E -~ F satisfying 0<S< T for some compact T,
compactly majorized, then a natural question is: What properties are enjoyed by
compactly majorized operators in general?

After the partial answer by Dodds and Fremlin [3] just mentioned, Aliprantis and
Burkinshaw [1] solved the problem of compactness of S as follows: The composition
of at least three compactly majorized operators is always compact, and no fewer
than three will do in general.

On the basis of Thm. C', Haid [6] obtains several generalizations and refinements
of the theorem of Aliprantis and Burkinshaw. (Similar results have simultaneously
been obtained by B. de Pagter [11] with different methods.) Of Haid's results we
only mention the following.

Theorem E. Let G,E,F,H denote Banach lattices and let T1 : G- E, T2 :E-F,

and T3 : F - H denote positive operators such that T‘I ,T3 are weakly compact
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and T2 18 compact.

If 51- are operators satisfying 0 < 51. < T1. (i =1,2,3), then
53 o 52 ° 51 : G- H 1s compact.

The proof of this theorem, which is also independent of (H), is lengthy and
technical. Thus for this and similar results, especially on so-called Dunford-
Pettis operators (i. e., operators transforming weakly convergent into norm
convergent sequences), the interested reader is referred to [6].
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WHAT CAN POSITIVITY DO FOR STABILITY ?

Rainer Nagel
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7400 Tiibingen 1

For strongly continuous semigroups (T(t)k>

of p051t1ve linear operators on Banach lattlces
it is shown that the asymptotic behavior, i. e.
11$ T(t),depends strongly on the location of the

spectrum o(A) of the generator A

1. Introduction

It is one of the basic results on linear differential equations that

the location of the eigenvalues of the matrix A = (al] nxn deter-
mines the asymptotic behavior of the solutions of the Cauchy prob-
lem
d n
(*) — x(t) = Ax(t) . x(0) = Xy € C
dt
More precisely, if
(%) Rer < ¢ for all elements A of the spectrum olA)

and some ¢ < 0

then all solutions x(t) := etA xg of (*) are stable , 1. e.
(%) lim IIetA X~ || ® 0 for every x. € C" , resp
t o0 0 0
6 1im e = o ,
tomw

since strong and uniform convergence coincide on finite dimensional
Banach spaces.

Tt is clearly of great importance to look for an infinite dimen-
sional version of the above result. Therefore we replace ¢ by an
arbitrary Banach space E and the matrix (aij) by a linear oper-
ator A with dense domain D(A) in E . Then the 'abstract'

Cauchy problem (*) 1is well posed for every initial value x, € D(A)

0
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if and only if A 1s the generator of a strongly continuous semi-
group (T(t))tzo . In that case the solutions of (*) are given by
x(t) := T(t)xo . We refer to [5] , in particular to theorem 2.3.2
for more details.

Again we may ask whether the location of the spectrum o¢(A) deter-
mines the 'stability' of the semigroup (T(t))tzO ,1.e. of the so-
lutions of (*) , but it is evident that in the infinite dimensional
context there are different concepts of 'stability' naturally gen-

* *k

eralizing (t:) » resp.  (,.)

2. Uniform Stability

Let T - (T(t))tzo be a strongly continuous semigroup of bounded,
linear operators with generator (A,D(A)) on some Banach space E
(see [3] for the basic definitions). Then the location of the spec-
trum o¢(A) of A and the asymptotic behavior of I~ with respect to
the norm topology on & (E) can be described by the following two
constants.

2.1 Definition: The spectral bound of A 1is

s(A) := sup {Re X : » € o (A)}

The growth bound of ci/ is

w = w(T) = inf {we R :3 M such that ||T(t)HSMw-eWt) t201.

From general semigroup theory it follows that always
s < o (TH .

Moreover one knows that 1lim eyl =0, i.e.cﬁ— is uniformly
>

stable , if and only if w < O . Therefore uniform stability is

characterized by the location of o¢(A) 1if we can answer positively
the following:

2.2 Question: s(A) = w(QT') ?
There are a number of examples showing that in general we may have

s(A) < w (see [31, 2.17 , [101 , [17) ) , but the following one
(due to M. Wolff) is particularly simple.
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2.3 Example: Take the translation semigroup

T(t) £f(x) := f(x+t)
on E o= (R O LYR,,e%dx)
T ooty $3
with norm el == £l + |l flh_ . Then s(A) @ -1 ,while w B0,
Remark that spectral and growth bound coincide for the translation
semigroup on each of the two spaces CO , resp. L1 . In fact, they
are zero on CO(R+) and - 1 on Ll(R+,exdx)

The spectral radius of the operators T(t) , t > 0, 1is determined

by the growth bound by the formula

wt

r(T(t)) = e , (031 , 1.22) .

Therefore the spectral mapping theorem for norm continuous or merely
eventually norm continuous semigroups ([31, 2.19) implies s(A) =uw.
Except for self adjoint semigroups on Hilbert spaces no other gen-
eral answer to question (2.2) seemed to be known. But since posi-
tive operators on ordered Banach spaces admit a rich spectral theo-
ry - today called Perron-Frobenius theory - , it was tempting to ask
the question formulated in the title of this talk: For which semi-
groups of positive operators on which ordered Banach spaces does

s(A) @ w hold ?

The semigroup in (2.3) indicates that we should not be too optimis-
tic. In fact, in this example E 1s a Banach lattice (see [161)
and each T(t) 1s a positive operator. Therefore, in order to ob-
tain 's(A) B o' we need some additional hypothesis either on the

semigroup (T(t)) or on the Banach space E

It was R. Derndinger (4] who first realized that it is a simple con-
sequence of the Krein-Rutman theorem that 's(A) B w' holds for
every positive semigroup on spaces C(X), X compact. The subsequent
investigation of other classical Banach lattices brought up a num-

ber of interesting results.

2.4 Theorem (Derndinger [u41, Greiner-Nagel [381) : Let I = (Tﬁﬂ)t>o
be a strongly continuous semigroup of positive operators on
E = LP(X,u) for p = 1,2, . Then s(A) m u .
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Proof: For a semigroup of positive operators the integral represen-
tation of the resolvent R(A,A) := (>\—A)_1 holds not only for
Re A > m(ﬁ—) (see [31, 2.8) but already for Reir > s(A). In fact,

the following is true:

For each A € € such that Re x> s(A) +the resolvent

R(Ar,A) of the generator A 1s given as

o0

RO, & = [ e medfas , feEr
0
and therefore || R(A,A)|| < || R(Rer, A)|

For a proof we refer to [41, 3.2 or [101, 3.3

Case p = 1 (G. Greiner): By considering a 'rescaled' semigroup
(e“tT(t)%>O for appropriate o & R we may assume s(A) < O
Then, for A =2 0 , AR(x,A) 1is uniformly bounded and, as remarked

above,
R(A,A) @ J e M8 T(s) ds
6]

Therefore we have for 0 < f € E and 0 < t
1 f t ¢ s/
Lo meas < ® J et p(o)f ds < fe's Treef ds = € R(E,A)E
t 5 t 5 5 t ot

ot 1D

and hence the Cesaro means

t
Clt) := % £T<s> ds

are uniformly bounded for t > O

Next choose constants w > 0 , M 2 1 such that [ T(D)}] = M.e"t
for t 2 O
For 0 <s <t and O < f € E we obtain
I reoel] < || TCe-s) ]| |l TeedE]] < Mee¥ TS e
or ML SYSTE) yiocor || < [ TCe)E ]|

Integration from 0 to t and the additivity of the Li—norm on

positive functions yield

w Mt
-wt

w Mt 1

Wt

| T < | T(s)E]| ds = [leeof]] < M (t+D £ ]

o+
Ot



What can positivity do for stability? 149

for some constant M1 > 1 and all t =z O . Therefore

|| T(e) || < My (t+1) ,
i. e. the growth of || T(+) || is of polynomial order. From the defi-
nition of the growth bound we conclude w < O

If s(A) 1is strictly smaller than w we apply the above consider-

ations to the rescaled semigroup (e_VtT(t))t>O for v := %(SOU +w )
and obtain a contradiction. Therefore
s(A) = w
holds.
Case p = 2 (see [91): The proof is a combination of two Important

results. The first is the fact that for positive semigroups the norm
of the resolvent R(x,A) can be estimated by the norm of the re-
solvent in Re ) (see the beginning of this proof). The second is

true for Hilbert spaces only and essentially due to Gearhart [61

The growth bound of a strongly continuous semigroup

(T(t)) on a Hilbert space H 1is characterized by

w = inf{a ¢ R:at+iR € g(A) and {R(a+iB):H € R} 1is

uniformly bounded}

Various proofs of this characterization can be found in [61, [31 or
most recently [15]1 , but we point out that it does not hold in ex-
ample (2.3).

Case p = » : In fact, this is a special case of the above mentioned
result for positive semigroups on spaces C(X) (see {4l), but more
generally it follows from a beautiful result of H. P. Lotz on the
automatic norm continuity of strongly continuous semigroups on

L”-spaces (see [12] or Lotz's article in this volume).

Remark: Further vresults on the coincidence of o and s(A) for
positive semigroups on CO(X) , X locally compact, and on Ctelge -

bras have been proved by Batty-Davies [2]1 and Groh-Neubrander [91]
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3. Strong Stability

As we have seen, the condition s(A) < O 1in general does not imply
uniform stability of the semigroup, but there is still some hope to
obtain a weaker stability property, e. g. one corresponding to (**).
Moreover, we point out that the actual solutions of the Cauchy prob-

lem (%) are given by
t e T(t)x

for x € D(A) only. Therefore it will be good enough for many pur-
poses to have some sort of stability for these solutions only. This
idea was developped by F. Neubrander in [13) where he defines the
following.

3.1 Definition: A semigroup (T(t)) on a Banach space [E 1is

t20
called strongly (exponentially) stable if there exists v < O
such that || T(t)x]|| < Mx-th for every x € D(A) , t 2 0 and

appropriate constants Mx

Since the following result does not hold for each strongly contin-
uous semigroup on an arbitrary Banach space it shows again the use-

fulness of positivity for stability theory.

3.2 Theorem (Neubrander [131): Let (T(t))t>o be a strongly con-
tinuous semigroup of positive operators on a Banach lattice E . If
the spectral bound of the generator is smaller than zero, i. e.

s(A) < 0 , then the semigroup is strongly stable.

4. Spectral Decompositions

In this section we look for a more detailed description of the

asymptotic behavior of semigroups (T(t))t>o . As before we hope to

obtain such a description from information on the spectrum o(A)
of the generator A . More precisely, we ask the following:

4.1 Question: Given a strongly continuous semigroup (T(t)) on

t20
some Banach space E . Assume that the spectrum o(A) of the gen-

erator decomposes in the following way:
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g(A) = T, T, ,
where sup{Rex : A € Ul} < a < inf{Rex : » € 52}

for some o € R . Does there exist a 'spectral decomposition' of
(T(t)) and E corresponding to the decomposition of o{(A) ? This
means: Can we find closed, (T{(t))-invariant subspaces El’EZ such
that E = EI() E, and

Il T(t)le < PieatH xll] 5 ]]TﬁﬂXQH aneutHX2|| for all x; € E
X, € E2 , £t 20

and appropriate constants m, M > 0 7

Such spectral decompositions do not follow from the usual spectral
calculus since both oy and o, may be unbounded. Moreover, the
example (2.3) shows - for 9y = @ - that in general the novrm esti-
mates are not satisfied. Nevertheless we present two interesting
results on the existence of such spectral decompositions and in both
cases the positivity of the semigroup 1s essential. Remark that the
underlying Banach lattices are again those for which we could al-
ready answer (2.2).

4.2 Theorem (Arendt-Greiner [11): Assume (T(t)) to be astrongly

te€R
continuous  group of positive operators on CO(X) , X locally
compact. Then spectral decompositions as explained above are pos-

sible.

4.3 Theorem: Let:eT“ = (T(t))t>O be a bounded, irreducible semi-
group of positive operators on E @ LZ(X,u) . Assume that s(A) = 0
is a pole of the resolvent of the generator A and that

g(A)N iR % {0} . Then the following holds:

(i) o(A) B o, 0, , where o, = i0Z for some o € /R and
sup{Re xr : X € 02} <0

(ii) Em E1 () E2 , where El is a closed sublattice isomorphic
to Lz(r,m) , T the unit circle.

(iiid (T(t)\El)t>O is a group isomorphic to a rotation group on

LZ(F,m)

(Iv) The growth bound w(T(t)|g,) is smaller than O
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Proof: Since 1  is irreducible and O is assumed to be a pole of
the resolvent we conclude from [7], 2.5.b that o(AYMN iR 1is a

subgroup 1iaZ of 1R consisting only of simple poles of the re-

solvent. Moreover [8], 2.6.c implies o(A) = o(A) + iuaZ and

I R€XY] = || R(x + ina)|| for every A € A , nez

This proves (1) and shows in addition that || R(a)|| is bounded on
each imaginary axis -y + 1R with sufficiently small «y > O

Next we apply the Glicksberg-de Leeuw theory to the abelian, rela-
tively weakly compact semigroup CT' and obtain a decomposition of E
into the closed subspace El of all reversible vectors and the
closed subspace E2 of all escape vectors (e. g. see [16],p. 214
Then it is known that By is spanned by all eigenvectors per-
taining to purely imaginary eigenvalues of A . Therefore
(T(t)|E1)tzo has discrete spectrum and its weak (=strong) closure
yields a compact group.

The projection P onto E1 with kernel E, is orthogonal and
strictly positive ( Qr'is irreducible), hence [16], ITITI. 11.5 & 11.6
imply that E, @ PE 1is a sublattice of E . On this sublattice the
restricted semigroup (T(t)1E1) is still irreducible (having one-
dimensional fixed space) and has discrete spectrum. Therefore the
Halmos-v. Neumann theorem (e. g. [16), IIT. 10.4) assures: E is

1
isomorphic to the L2—space on the dual group of o(A) N iReo 1aZ

)
and (T(t)IEl)t>O is isomorphic to a rotation group on I = %
(whose period is determined by the smallest non-zero eigenvalue ia).

Hence we proved (ii) and (iii).

Finally, observe that (T(t)\Ez) is a strongly continuous semi-

group on the Hilbert space E such that S(A‘EQ) < 0 and the

2
resolvent of A|g, 1s bounded on imaginary axes -y + iR for small
v > 0 . From Gearhart's result mentioned in section 2 (see: proof

for p = 2) it follows m(T(t)[Ez) <0 , i.e. (iv).

Final remark: Further results on the asymptotic behavior of posi-
tive semigroups with respect to the strong operator topology can be
found in [8)
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EXTENSION OF POSITIVE OPERATORS

Klaus Donner

Universitdt Passau

D-8390 Passau

Let E, F denote Banach lattices, H a linear subspace of
E and let T:H+F be a continuous positive operator, In
order to solve problems concerning the existence and
uniqueness of positive extensions T : E->F of T it is
necessary to study sublinear operators from E into ab-
stract cones containing F (see [2]). The purpose of this
note is to prove some useful identities for sublinear
operators occuring in this context. As a consequence

an easy access to results on extensions of positive
operators in classical Banach lattices is achieved.

INTRODUCTION

Let E be a locally convex vector lattice, F a Dedekind complete
topological vector lattice and H a linear subspace of E. If T:H»F
is a continuous positive operator we shall be concerned with the

following two problems:

1. Do there exist positive extensions TO: E+F of T?
2. Describe {Toe : Topositiveextensiontaf T} for each e € E!
In a previous publication (see [2]) these two problems were satis-

factorily solved at least for E an Lp—space, F an Lq-space with
1<qsp s, However, even in the chontext, many questions remained
open. In order to obtain extension results beyond the L’ case, it is
of utmost importance to develop a well-established theory of sublinear
mappings into (abstract) cones. For the readers' convenience let us

first recall some basic definitions and results (see [51,[21,[3]).

1. PRELIMINARIES AND NOTATIONS

All vector spaces occuring in this note will be xeal.
If x,y are arbitrary elements of some lattice X we shall use the
notations x Ay, xvy for the infimum and the supremum of x,y, respec-

in X

tively. Correspondingly, for a finite family (xi)i€I
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V x, := sup{x,:i€l}, A x, := inf{x,: i€I}.

. i i ; i i

i€I i€l
Let F denote a Dedekind complete vector lattice. Then there exists a
Dedekind complete lattice ordered cone FS (in the terminology of [3],

pages 6,7) containing F with the following properties

S1) The supremum sup A of A exists for every subset A of Fs’
in particular, e := sup FS € Fg.
S2) The elements of F are precisely those members of FS which are

invertible with respect to addition.

S3) For all subsets A,B < Fs the equivalence

SupA = supB Vv supl(anf) =sup (ba £f)
is valid. feF a€A be€B
s4) {x€F_: x<f} c F for each f€F.
S5) f + supA = sup (f+a) for every subset A of F and each fe€F.

ach

FS is called the sup-completion of F and is uniquely determined up to
isomorphisms of ordered cones (for proofs see [2]), p. 6 - 10). For
instance, the sup-completion of R is R _:= R U {e}, the sup-com-
pletion of a space P (W) ;, P€[1,o[, U a o-finite measure, is the
cone of all Lp—minorized equivalence classes of IRm -valued u-measur-
able functions (the equivalence being u-a. e. equality).
If F is a locally convex vector lattice, the sup-completion of the
topological dual F' of F is the cone of all lower semicontinuous
(abbreviated in the sequel by l.s.c.), additive, positively homo-

geneous functionals from ]5‘+ into IR _.

While in arbitrary lattice ordered cones G positive parts x 1= xvo0
of elements x€G always exist, negative parts are not available, in
general, since xaA0 need not be additively invertible. If, however,

G is the sup-completion of a (Dedekind complete) vector lattice,

x := —-(xA0) is well-defined, since xA0 is invertible with respect to
addition by (S4).

We adopt the usual notion of sublinearity to mappings between cones.
In contrast to [3], however, a linear map will only attain values

invertible under addition.

1.1 Lemma: Let FS be the sup-completion of a Dedekind complete

vector lattice F. Then sup{f€F: f<al = a for all a€F_.

Proof: Setting A:= {f€F: f <a}l we have ang€A for all g€F

by (S4). Hence, for each g¢F,

sup (fEAag) 2 (ang) Aag aAang 2 sup (fAgqg)
fen fea
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whichyields sup A = sup{gl} =g by (S3). |

Let P denote a sublinear mapping from a locally convex space E into
the sup-completion FS of a Dedekind complete topological vector
lattice F., If, for each e €E, KP,e denotes the set of all concave
continuous maps k : U~>F defined on some convex neighborhood of e,

then the regularization Pn of P is defined by

ple = sup {k(e) : k€K }

P,e
Pn is a sublinear operator dominated by P provided that KP 0 4
14
and
ple = sup {Te : T: E »F linear continuous, T <P}

for all e € E (for proofs see again [2 ]). P will be called regularized
if Pn =P. Note that a sublinear functional p : E-> IR _ is regularized

iff it is l.s.c..

1.2 Example: Let X be a compact space, F a Dedekind complete topo-
logical vector lattice, S :C(X) > F a positive operator and H a
linear subspace of C (X) (not necessarily containing a strictly
positive function). Given a function g€ C(X), is it possible to

find a positive modification T of S such that S|H = T[H and Sg * Tg?

To answer this question, consider the mapping P : C (X) —>Fs defined by
Pe = sup inf {Sh: h€H, hze-¢-1},
e>0

where 1 denotes the constant function with value 1 and we use the
convention inf §: ==, It is easy to show that P is sublinear and
that a linear operator T : C(X) +F is P-dominated if and only if it
is a positive extension of S|H' We claim that P is regqularized. In
order tc prove this let e € E be given, I1If, for every e >0, U£/2

denotes the closed ball of center e and radius &

5 then the

implication

v (h2k - 51 >hze - €.1)
is valid for each kGUe/z. Thus, if {heH:h2e - ¢+1} =¢ for some

€ >0, then the constant function f : Ue/2 +F of value f €F is majorized
by P on U_,,, since P(k) z inf {Sh: h€H, hzk - %-1} =inf § =« for

each kéUe/z. It follows that Pe = sup %’(e) = o, which shows that P is
feF
regularized at e.
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If {heH : h2ze - €*1} ¢ for every e >0, the constant function
Ce * UE/2 + F given by ce(k) = inf {Sh : h€H, h2e - £€-1} satisfies
the inequality

c (k) £ inf {Sh : h€H, h2k- —;--1}§P(k)

for each k €U€/2, hence c. 1is dominated by P on U€/2 and

sup c_(e) = Pe,
e>0

Therefore, P is regularized at e.

Consequently, we have Tqg = Sg for every positive extension
T:C(X) ~F of S|H if and only if Se =Pe and S(-e) =P(-e). Since
always Pe 2 Se and P(-e) 2 S(-e), this is equivalent to Pe € Se and

P(-e) £ S(-e) or, which amounts to the same,
inf {Sh:h€H, h2ze-¢-1}< Se<sup{Sh:h€H, h<e+ec-1}

for every e > 0.

2, SUBLINEAR OPERATORS AND BISUBLINEAR FUNCTIONALS

Let E be a real vector space and F a locally convex vector lattice,
Since the sup-completion F'S of the topological dual F' of F is
(ordered cone isomorphic to) the cone of all l.s.c., additive,

positively homogeneous IR _-valued functions on F a sublinear

+I
operator P : E ->FS‘ induces a bisublinear functional p : EX F~+ 1R

defined by

Pe(f), if £20
ple,f) = 0 ; if e=0

oo ' else

The functional p obviously satisfies the conditions
i) {f:ple,f) <} < F, for each e€ E~ {0},

ii) £ ->ple,f) is l.s.c. additive for each e € E,

Conversely, if p: E xF>IR_ is bisublinear such that the conditions
(i), (ii) hold then the eguality Pe(f) = ple,f}) (f 20) defines a
sublinear operator P from E into F; (this is also true without

condition (i)). Setting

) €F,} for t€E®F,

t) 2= inf { ] ple;,f5) ¢ (e, f) o 1€F,

i
i€T

where Ft is the set of all finite families (ei'fi)iel in E xF such
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that _Z e,® fi = t, we obtain a sublinear, Hﬂ;valued functional p® on
the téiior product Ee F. For F a Dedekind complete Banach lattice, it
is known that ple,f) = p (e ef) for all (e,f) €ExF,_ (see (2], Thm. 3.17).
The equality remains true, however, for arbitrary locally convex vector
lattices. For readers interested in the details we add a sketch of a
generalized proof at the end of this note. Therefore, the correspon-
dence p-*p® is one-~to-one, provided that only bisublinear functionals

P on ExXF with the properties (i) and (ii) are admitted.

Every linear operator T:E+F' induces abilinear form bT(xxEXF,where
bT(e,f) =Te(f). This, in turn, generates a unique linear form b?, on EaF.
Moreover, T is P-dominated iff bT is majorized by p, or equivalently, if b?
is dominated by’pg.Provided that E is a locally convex space, F a normed vector
lattice and F' bears the dual norm, the mapping T—>bT is abijection from the
set of all continuous linear operators T:E»F*' onto the set of all continuous
bilinear forms on ExXF endowed with the product topology. On the other hand
abilinearforml:onEXFiscontinuousiffbgiscontinuouswithrespectto
the projective topology on EeF.

Setting EP:={T:E+F' : T continuous, linear, T<P} it follows from [2], Thm.
2.8 and Lemma 2.11 that {Te: TEEP} is upward directed for each e€E. Hence

ple (£) = {sup Te) (f) = sup{Te(f) :TET,) =sup{b§ (eef) : TET,}
TEEP
= sup{l(e@f): L€ (EaF)' , £<p®)
= gleef),

where g denotes the regularization of pe. Therefore, P is regularized
iff p® is l.s.c. with respect to the projective topology on EeF.

In this case, p is l.s.c. on E X F endowed with the product topology.
Unfortunately, the converse is not generally true {(see [2 ], for
counterexamples).

Restricting our attention to the extension of positive operators from
a locally convex vector lattice E into the dual F' of a normed vector
lattice F we shall be concerned with <sotone sublinear maps P : E*F'S .

Then p satisfies the additional condition
iii) e-»ple,fi is isotone for each f€F+.

For bisublinear functionals of this type the lower semicontinuity of

p implies that of p® at least for the majority of.the classical Banach
lattices. In fact, this implication is true in each of the following
cases:

1} E is an arbitrary normed vector lattice, F a Dedekind complete

AM-space,
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2) E is an Lp-space, F and Lq-space, where % v 1< 1, P, ¢ €11,[,

3) E is an AM-space and F an arbitrary Banach lattice

(see [ 2 ]). Thus, there are serious reasons to investigate lower semi-
continuous bisublinear functionals on E xF satisfying the conditions
(i), (ii), (iii).

In particular, the following problems have to be solved:

a) Given an isotone sublinear operator P : E+F'S , 1s the greatest
l.s.c. minorant p: ExXF »IRU f~wo,»} of p defined by

1im inf ple,f) = Ple,f) for all (e,,f,) €EE xF
(e, f)+(es,£f,)

again a bisublinear functional with range contained in IR_?
(If p attains the value -«, there is of course no hope to extend

operators under domination of P to the whole space E).
b) If so, are the conditions (i), (ii), (iii) true for P?

c) Is it possible to find alternative descriptions of 5 facilitating

. . [
computations with p?

The solution of these problems is the aim of the next section.

3. LOWER SEMICONTINUITY OF ISOTONE SUBLINEAR OPERATORS

3.1 Lemma: If F‘S is the sup-completion of the dual F' of a locally
convex vector latticeF, @€ F'S and £, EF+, then
© (£)= -inf {o(g) : g € F,, g s f_}.

Proof: It is easy to show that the functiorrlarl, Yo F, » R defined by
v (f) = inf {o(qg) : geEF,, gsf}

is additive and positively homogeneous. Since —@ (f) é—(p_(g) <@(g)
for all f, g€ F+ such that g £ f, we conclude - <y £0. Therefore,
Y is continuous at 0, hence continuous on F,., i.e. ¢ EFS' . From the

obvious inequality ¢ £¢ we thus deduce that VY £ -¢ , which yields

3.2 Definition: Given a locally convex vector lattice E and a

normed vector lattice F a mapping @ : E~ F; is l.s.c. at 0 iff for
every € >0 there is a zero-neighborhood U in E such that
(1(Pe) Il € ¢ for all e €EU.
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3.3 Lemma: Let P be a sublinear operator from a locally convex vec-

tor lattice E into the sup-completion Fs': of the topological dual
of a normed vector lattice F. Then P is l.s.c. at 0 if and only if
the bisublinear form p : E X F » R_ associated with P is
(0,0) with respect to the product topology.

l.s.c. at

Proof: If P is l.s.c. at 0 and ¢ >0, then thereexists Uell such that
[l (Pu) || < ¢ for all u € U. Hence p(u,f) = Pu(f) 2 -¢ for all u€eU
and £€F,_, |[£]|] £ 1. Since this inequality clearly extends to all
terF, |[£]l =1, p is 1l.s.c.at (g,0) . Conversely, if p is 1l.s.c. at (0,0),
there is Well, § >0 such that pl(e,f) 2 -¢ for all e€EW and f€F,
I|£]l = 8.Given e € 6-W we conclude Pe(f) = P(le] (8f) z -e for all

8
feF,, [[f]] 1. It thus follows from Lemma 3.1 that

I

L (Pe” || = sup ((Pe) (£) : £eF ,|[£llc1} = -inf{-(Pe) (£f): f€ F[|f| <1}
= inf {pPe(g) : g€F,, Hgll =1} = ¢,

which shows that P is l.s.c. at 0. B

For monotone sublinear operators on Frechet lattices we automatically

have lower semicontinuity at 0:

3.4 Proposition: Let E be a Frechet lattice, F a normed vector lattice

and P:E»Fé a monotone sublinear operator. Then P is l.s.c. at 0.

Proof: Using the inverse ordering if necessary we may assume without
loss of generality that P is isotone. Suppose P were not l.s.c. at 0.
Then {|| Pul| : u€U, u<0} is unbounded for every zero-neighborhood U
in E. To show this note first that Pus0 for u<£0 since P is isotone.

Hence Pu € F' by condition (S4) of section 1. Suppose that

{|[Pul| : ueU, us0} were bounded from above by r > 0. Given e >0 we
then conclude that || pul| < ¢ for all uE%U , us0. If V is a solid

zero-neighborhood in E contained in ]EC-U, then -v_ €V and P(-v )s—~(Pv)
for each v e v. Hence

lpv)“ |l = |IP(~v7) || = € for all v €V contradicting the assumption

that P were not l.s.c. at 0.

Let d be a translation-invariant metric on F compatible with -the

Frechet space topology. For each n€ N we can select un€E such that
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du_,0) <én, u £0 and [[R(u)l| > n,
since {||Pulj: w€E, us0, d(u,0) < in} is unbounded. Since the
partial sums of the series oi]un form a Cauchy sequence, it is
n=
convergent. Moreover, u:= iun is a lower bound for every -
n=

Therefore ||Pull z |[[Pu |/>n for all n€ N which is absurd. 8§

If E is a locally convex vector lattice,l will always denote the

fundamental system of all convex, solid neighborhoods of 0 in E.

3.5 Theorem: Let E be a Frechet lattice, F a normed vector lattice
and P : E ->Fé an isotone sublinear operator. Then there exists a
greatest sublinear operator P : E - Fé dominated by P such that

e » Pe(f) is l.s.c. for each feF,. P is again isotone and

Pe(f) = sup inf P(e+u) (f}) for each (e,f) €Ex F,.
UEN u€u

Moreover, the functional (e,f)-+» Pe(f) ((e,f) €E x F+) is 1l.s.c. at

each point (e,f) €E xF+ where the following condition holds:
Ju€eU : P(e+u) (f) <= for all UE€ .

Proof: Let q:E X F -+ RU{-=,«} be defined by

sup inf P(e+u) (f) if e€E, f€F+
Uuen ueu
qle,f) = 0 ife=O,f€F\F+
i else.
Since P is l.s.c. at 0, there exists V€ il such that |[(Pe) ||£1 for all

e € V. Selecting U€ U such that U + UcV we conclude llp(e+u) 21 for
all e, u€ U. It follows that

gle,£f) z inf P(e+u) (f) 2 inf (-P(e+u) ) (f) z - [|f]|| for all e€U,f€F, .
uey u€ey

This inequality obviously remains true for all f € F. Furthermore, it

is easy to check that g is positively homogeneous in each variable.
Hence

qfe,f) 2 -pyle) - l£ll for all e€E, f€F,
where Py denotes the Minkowski functional of U, which implies that
g(ExF) € R_ . Given e € E, let us show that f+qgle,f) is subadditive.
Since gqle,f; + f2) < gle,f;) + gle,f,) whenever f1¢F+ or f2¢F+, it
suffices to prove the subadditivity on F_.
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Let f., f2€F+; UEWNl such that v+VvcU and vy, vz € V. Then

inf P(e+u) (£1+f,) $ P(e-vi-vz) (£1+f,) SP(e-vi) (£1) +P(e-vz) (£;)
uel < Pletvy) (£1) +Ple+vy) (£2) .
Since vi,v: were arbitrary, we conclude
inf P(e+u) (£1+f,) £ inf P(e+vi) (f1) + inf P(e+vy) (f2) £ gqle,f1)+gle,fa).
u€u viEV Va2€EV
Passing to the supremum on the left side, it follows that

qle,f1+f;) s qgle,f1) +qgle,f2).

Moreover, if U€ell and u €U then

inf P(e+u:) (£1) + inf P(e+us) (f2) S P(e+u) (£1) + P(e+ul (£2)
ui €U u, €U P(e+u) (f1+£f>),

therefore

inf P(e+u;) (f1) + inf P(e+u;) (f3) £inf P(e+u) (f1+£f,)
u; €U u,€u ucl

A

qle,£1+£f2),
which implies that

gle,f1) +qgle,fy) £gqle,f1+£,).
It follows that f +qgl(e,f) is additive on F_.

The proof of the subadditivity in the first variable is straight-

forward. We claim that g is separately l.s.c.. Given (e,f) € ExF_

ExF
and o <qg(e,f) there is UE U such that inf P(e+u) (f) >o. If VEL

ucyu
satisfies V+VcU, then, for each e'eV,

gle+e',f) 2 inf P(e+e'+v) (f) 2 inf P(e+u) (f) > a.
veEV ucvu
Hence x +q(x,f) is l.s.c. at e.

In order to show that g + gle,q) (g € F,) is lower semicontinuous

at £, choose U€ll as above. Suppose that, for each n € N, there

exists f_ € F such that |l £f-f || < 1 and
n + n n

inf P{e+v)} (f_ ) < o for all vel,
n
vEV
Inductively, it is possible to construct a sequence (W) of

n' neIN
closed, convex, solid neighborhoods of 0 in E such that

W, + W, U and W c W_ for all n€N.
1 1 n n

Moreover, we can select elements w € W with the property

+1" Wha

P(e+wn) (fn) < 0 . Since P(e-wn) (fn) < P(e+wn) (fn) and —wn€Wn, we

may assume that W <0 for each neNN.

o«
It is easy to check that the partial sums of the series 2 W form
=] n=1

a Cauchy sequence in E and that w := 2 W € W1+W1 c U.
n=1
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Furthermore, w is a lower bound of every W hence
P(e+w) (fn) < P(e+wn) (f) <a for all n€ IV,
On the other hang,

a < inf P(e+u) (f) < Ple+w) (f),
u€vu
which contradicts the lower semicontinuity of P(e+w) at f.

Therefore, g-+g(e,g) is l.s.c. at f. It follows that g induces an
isotone, sublinear operator lS:E—>FS' . By definition, the functicnals
e >gle,f) are the greatest l.s.c. minorants of e »p(e,f) for each
feF,_, where p denotes the bisublinear functional on E xF associated
with P.

Let us finally show that (e,f) - gf(e,f) ((e,f) € ExF ) is l.s.c. at

(e,f) if VUEW: 3Ju€U: P(e+u) (f)<ew, If is a sequence in

(en’ fn)nE]N
E xF_ converging to (e,f}) then

q(en, fn) = q(en, fn— f/\fn) + q(en, £ Afn) for each n € IN .
Since P and hence also g is l.s.c. at 0 it follows that

lim inf q(en, fn - f/\fn) z 0.

n > o
Furthermore, f/\an [0,£] : = {g€F,_:gc<f} for all n€ IN. It there-

fore suffices to prove that q|Ex[0 g1is l.s.c. at (e,f).
’

Given a pair (e,f) €E ><F+ such that g(e,f) <o and a real number
o <gfle,f) suppose that there exists a sequence (en, fn) in Ex [0,f]
such that 1lim (en,fn) = (e,f) and q(en,fn) < o for all n€emWN. If d is

n-+co
a translation-invariant metric on F compatible with the topology on

F choose U € U, Unc {x€E: d(x,0) < %}. Let U, VEU be such that
inf P(e+u) (f)>a and V + V + V < U. It is possible to find an element

u€vu
v, €V, Vo £0 with the property P(e+vo) (f) < «, Since P(etv,) is a

lower semicontinuocus additive positively homogeneous functional on F
it is known (see [2]1, Lemma 3.15) that

lim P(e+v,) (£ ) = Pl(e+v,) (£)

n->co n

or, equivalently, lim P(e+v,) (f —fn) = 0.
n->o«
If € »0, n, EIN and vnE Unnv satisfy the following conditions
a+e < inf P(e+u) (f),
u€yu
e -e €V and |P(e+vy) (f—fn)l < & for all nz2n, and

<
P(en+vn) (fn)= o for all n€ IN,

then P(en+vn) (fn) = P(e+(en—e)+vn) (fn) 2 P(e+voh (Vn+(en—e))) (fn)-
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Since P is isotone, we have P(e+v°/\(vn+(en—e))) (f) -
- P(e+v°/\(vn+(en—e))) (fn) = P(e+v°/\(vn+(en—e))) (f—fn)
< Ple+vy) (f—fn) < € for all n 2n,
Therefore, P(en+vn) (fn) 2 P(e+v°/\(vn+(en—e))) (f) - ¢
2 inf P(e+u) (f) - € > o for all nz2ng,
u€yu
contradicting the assumption. It follows that g is l.s.c. at (e,f). R

3.6 Example: Let H be alinear subspace of a Frechet latticeE, F a
normed vector lattice and let To:H»F' be apositive continuous operator.
For a continuous linear operator T:E+F' the following statements
are equivalent:
i ) T is a positive extension of T,
ii ) T is positive and dominated by the sublinear operator

P, : E ~» Fé , where Poe = » for all e€ E~H, P,h = T,h

for all h € H.
iii) T is dominated by the isotone sublinear operator P : E - Fé '

where Pe = inf {P,x : X€E, x2e} = inf {T,h: h€H, hze}.

iv) T is dominated by 1/5 :E > Fé , where
Pe(f) =[ng§ inf {( /]._\Tohi) (£) : (hy) EHe,U}
and H denotes the set of all finite families (h.) . in H
e,U + i’ i€l
such that (e- /1\ hi) €U
Proof: It is easy to check that sup inf P(e+u) (f)
T e e UEll ueu
= 525 inf {( /N Toh) (£) = (hy) €H, o).

The rest of the proof is obvious.

Reviewing Example 3.6 note that the sublinear operator P, as well as
P only attain values in F'W {«}. (This is, in general, no longer true
for ﬁ) . The advantage of constructing ﬁ from P thereby approaching

the regularization Pn (provided that K # § or, equivalently,

that there exists at least one continu(l;,l(s) linear operator dominated
by P) will soon become evident. As mentioned at the end of the last
chapter if P = Pn then the bisublinear functional g on E X F asso-
ciated with P must be l.s.c. at each point (e, f) € ExF. It is an
immediate consequence of Theorem 3.5 and of the following lemma
that the lower semi-continuity of g can fail only at points

(e, f) € E><F+ where qle,f) = o,
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3.7 Lemma: Let E be a locally convex space, F a locally convex
vector lattice and p:ExXxF » R, be a bisublinear functional
satisfying {£€F : p(e,f) <} =F, for each e € E~{0}. Then p is
l.s.c. at every point (e,f) € Ex(F~F_ ). If p|ExF is l.s.c. at
(e,f) € ExF_, then p is also l.s.c. at (e, f).

Proof: Let (e,f) € Ex(F~F ) and a <ple,f) be given. sSince F_ is
closed, there is a neighborhood V of £ not intersecting F,. If e=0
then a <0 =ple,f) £p(x,g) for all x€E, g€V. If e+ 0 then
a<p(x,g) == for all x€U, g€V, where U is a neighborhood of e
not containing 0. Therefore, p is l.s.c. at (e,f). Finally, let

(e, f) € Ex F+, o<pl(e,f) and assume that p] is l.s.c. at (e,f).

X
Then there are neighborhoods U of e and Vv o? ?fsuch that a <p(x,qg)
for all x€U, geVNF_ . It follows that a<pix,g) for all x€U, geV.
This is evident whenever 0 ¢ U. If 0€U, the inequality o <p(x,9)
is again obvious for x €U~ {0}, g€V. For x =0 and g € V we have

o<pl(x,f) = 0 = p(x,g). Consequently, p is l.s.c. at (e,f). 11

3.8 Remark: Lemma 3.7 shows that it would perhaps be more natural
to define the bisublinear functional associated with a sublinear
operator P : E ~» F; only on E xF, . On the other hand, the subsequent
use of tensor products then requires the introduction of tensor
products of cones. Since tensor products of vector spaces are more
common, we preferred touse the domain E xF for the associated
bisublinear functional.

By abuse of language we shall say that a sublinear operator P : E - F;
is l.s.c. iff the associated bisublinear functional is l.s.c..

Lemma 3.3 shows that this convention is consistent with Defi-
nition 3.2.

As indicated by Example 3.6, extension problems of positive operators
can often be formulated using the domination by a sublinefr operator

P:E > F. attaining only values in F'U{=}. In this case P is l.s.c.:

3.9 Theorem: Let P be an isotone sublinear operator from a Frechet
lattice E into the sup-completion Fé of the dual FF of a normed vector
lattice F. If P(E) cF'U{w} and P is l.s.c. at 0 then the bisublinear

functional

Pe (£) if e€E, fEF,
ple,f) = 0 if e=0, £EF~F,
© else

associated with P is the greatest l.s.c. minorant of the bisublinear
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functional p induced by P on EX F. In particular, P is l.s.c.

Proof: By Theorem 3.5 and Lemma 3.7 it suffices to show that

p\EXF+ is l.s.c. at each point (e,f) € Ex F+at which P(e+u) (f) =~ for
all u€Uand some UeEll (hence P(e+u)=oo for all u€U). Selecting

VEUN such that V+VcU we conclude P(x+v) (g) == for all x€e +V,
g€F~{0}, which implies that ﬁ(x,g) = ., It follows that P is l.s.c.

The rest of the proof is an immediate consequence of Theorem 3.5. 1

If ¢ € ]11,»[, F =Lq(u) for some o-finite measure space (f,A,u), then
the dual F' is isometrically isomorphic to Lq(u) where q': = E%T.

Thus the sup-completion Fé can not only be interpreted as the cone

of all l.s.c. positively homogeneous, additive IR _-valued functionals
on F_ but also as the cone of all (equivalence classes of) p-measurable
functions from @ into IR minorized by some function in LY (p) .
Similarly, although L1(u) is not a dual space in general, it is at
least a KB-space in the sense of Vulikh (see [ 6]), i.e. a band in

its bidual. It can be shown that the sup-completion of a KB-space G
can also be interpreted as a subcone of the sup-completion of G"

(see [ 2], Thm. 7.12). Unter this point of view an element of Gs is

a l.s.c. positively homogeneous, additive IR _-valued functional @

on Gl that satisfies the order-continuity condition lunw(g ) =v(g")
for every increasing sequence (gn) in Gl with g’ su%qg EG'. If J:G +Gu
denotesthenaturalimbeddingandf’isanisotonesubllnearoperatorfroma
Frechet 1att1ce E 1ntc>G , then JeP is an 1sotone sublinear map from E into G"
so 1is JoP Provided that the range of J°P is contained in the natural
image J(Gs) of Gs in G;, we shall be able to reformulate

the majority of results about extensions of positive operators mapping
into Lp—spaces, P >1, also in the context of L1—spaces (see [ 21).

Thus we are strongly interested in an alternative description of E
that allows the direct interpretation of the values Ee as u-measurable
functions. Remarkably, it is the equivalence of the order-topology

and the original loecally convex topology in Frechet lattices that
leads to a solution of this problem. To show this we need the

following

3.10 Definition: Let E be a Frechet lattice, F a normed vector

lattice and P : E ~ Fé an isotone sublinear operator. If a €E_ we
put

A
p%(f) = sup inf P(e+u) (f) for all f€F, e €E.
e>0 lulsea

: A : . . .
It is easy to show that 2 E-+Fé is again sublinear and isotone.
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3.11 Theorem: Let P be an isotone, sublinear operator from a

Frechet lattice E into the sup~completion Fé of the dual of a normed
vector lattice F. Then

A
Pe(f) = inf ﬁae(f) for each e €E, fEF;.
aEE+

A
{u€E: Jul €€ alcU. Hence Pe(f) £ inf lgae(f) for all e€E, £E€F).
acE,

Proof: For each U€ll and each a EE+ there exists ¢ >0 such that

Suppose, that there were elements e €E, f € F+ such that

A \ Aa , A . Aa
Pe(f) < inf P e(f). Choose o € IR with Pe(f) <a<1élf Pe(f).
ack, aek,
For each a€E+, let Ma = {r>0: inf P(e+u) (f) 2a}. From the choice

of o we conclude that Ma 9 . Iulé-_;];a

The functional ¢ : E > R_ defined by ¢(a) = -inf Ma is obviously
decreasing. It is easy to check that >‘Ma = an for all x>0, a€E,.
Since MO = 10,=[, ¢ is positively homogeneous. If a;, a; € E are such
that ¢(ai) #0, ¢v{as) #0, we claim that Mal+azc Ma1+ Maz‘ To prove
this inclusion note first that Ma is an interval in IR unbounded
from above. Therefore, if s >0 is such that s iMal + Ma2 , there are

real numbers r;,r, >0, s=r; +r,, not contained in Mal and Maz ,
respectively, i.e.

inf P(e+u) {f) < o and inf P(e+u) (f) < o
ri-lulga; r;*lulsa;

Hence there are elements u;,u; € E satisfying r;-lu,| a1,

r2-luzl € az, P{e+u1) (f) < a and P(e+u,) (f) < a . Setting

i re €E
1= — u; + —— u
u ry1+r, ! ri+r, °
we thus conclude (ri+r,)-lul =lr;yu; +r,u,l £a; + a2 and
+ =pP({— (e+ + —— (e+
Ple+u) (£) = Pz (erwi) + g7 (evus) )
r2
£ —— + + — + <
T P(e+uy) r1+r2P(e uz) o,
which implies that rj; +r, €M .
a,+a,
We have thus proved the inclusion M oM, +M , which implies

~ a;ta: al as
that ¢ is subadditive. If ¢ : E - IRm is defined by
@ (x) if x EE+
@(x) =
© else
then ¢ is sublinear. Moreover, using the same arguments as in the

proof of Proposition 3.4 it can be shown that iE is 1l.s.c. at 0, since
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¢ 1s decreasing. Let { be a continuous linear form on E dominated by
2@ . Since 2-¢ is decreasing, we have £(x) ¢ 2'$(x) 22'6(0) =0

for all x€E_, hence £, : = - € 1is positive. Setting

{x€E : £,(a)-Ix| 2a} if 4L, (a) %0

{J [-ra,nral else
A>0

for each a€E_, the convex hull U of %)E U, is a zero-neighborhood
a

+
in E with respect to the order topology. Since E is a Frechet lattice,

U is in fact also a zero-neighborhood for the original topology on E.

We claim that U c U Ua' Once this inclusion is proved it follows
ac€E,
that inf P(e+u) (f) 2 inf inf P(e+u) (£). Moreover, if £, (a) >0 then
u€u aeE+ u€u

L, (a)>-@(a) for each a € E_ . This inequality being trivial for ¢(a)=0

it results from 4 (a) 2-2'$(a) ==2+¢pl(a) >-pla) for @(a} <0.
Consequently, £, (a) EMa in this case, which implies that

inf Ple+u) (f) 2 o . If £,(a) = 0, then U_ = |J [-xa,ral] i.e. for
ucu, a A>0

every u € Ua there exists r >0 such that r-Jul£a.On the other hand,
—¢ being majorized by £, on E, © must also vanish at a. Therefore

rEMa and P(e+u) (f) 2a. We thus have the estimate 136 P(e+u) (f) z a
u

for every a € E_, which yields o £ inf P(e+u) (f) < sup inf P(e+u) (f),
u€yu Uell u€u
since I is a neighborhoodbasis of 0. This contradicts the choice of o.

To complete the proof it thus remains to show that UcakéJE Ua'
+
If x €U then there exist finite families (xa)aEA in E,

“‘a)aEA in [0,1] and (r

-

) €10,e[ such that éA:1x= Ao X
a’ a€A ’ atp @ ’ az

aa’a
ra-ﬂo(a) <1 and Ix_I| €r_-a for all a€ A.

a a
Setting a_ : = A_r_+a€E, we obtain {,{a ) = ) A_r £_(a) <)X =1,
X agA a-a * X a€p @3 ° a€n @
. < . . = i 1 i
hence |x| (’,o(ax) éazAkalxal =aéA>‘a r, -a a, which implies that
X EUa . [ |
X

3.12 Corollary: Let P be an isotone sublinear operator from a

Frechet lattice into the sup-completion of the dual F' of a normed
vector lattice F. For each e€E, f EF+ there is an element a EE+

A A
such that Pe(f) = PPe(f).

A
ggggﬁ% It follows immediately from the definition of P® that
a b

< i < z
P~ £ P~ whenever a, b€ E, satisfy b<)a for some A z0. If (an)nE]N
is a sequence in E+\{O} and d denotes a translation invariant

. 1
metric on E, choose An >0 for each n € N such that d ()\n agy 0) < sn o
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® *a a
Then An a, < a: =22Xmam,which yields P® < P°D for every n.
Given e€E, f €F+,it follows from Theorem 3.11 that we can select

Aan A 1 .
a, € E, such that P e(f) < Pe(f)-+ﬁ for each n€ N, If a is

Aa < A . Aa A
constructed as above then P e(f) = Pe(f). Since always P e(f) 2 Pe(f)

equality results.

Returning to the problems mentioned before Definition 3.10 let
(Q,A,n) be a o-finite measure space, ¢ € [1,»[, and c? be the coneof all
(eguivalence classes of) p-measurable B{b-valued functions minorized
by some element of Lq(u). Recall that c? is ordered cone isomorphic
to the sup-completion of Lq(u). If P is an isotone sublinear operator

from a Frechet lattice E into Cq the? %gf P(e+u) is a function in Cq.
ulsea

A A
Similarly, P%e as well as igg Ple are directly seen to be members of
a
Cq. If ¢ =1 and J is the natural imbedding of Ll(u)sinto Ll(u);,
AN
we thus see that JoP only attains values in ct. (For the details of

this argument see [2], p. 137 ff.)

3.13 Remark: Using Lemma 1.1 and the equivalence of relative
uniform *-convergence (see [4], Ch. IV, §2) and the topological
convergence in Frechet lattices it can be shown that, for each
e € E there exists an element a € E, such that Se = gae. Since we

do not need this fact here, we omit the proof.

4, APPLICATIONS TO POSITIVE OPERATOR EXTENSION

In this section we shall be exclusively concerned with the following
situation: E is a locally convex vector lattice, H a linear subspace
of E, F a topological vector lattice that will always be assumed to
be Dedekind complete and T:H»F will be a positive continuous operator.
Our aim is to construct positive (continuous) extensions of T and to
describe the set of all extensions.
If e€E~NH and {Th:hze} or {Th: h2-e } is not bounded from below
in F, then there cannot be any positive extension S of T with domain
including e since otherwise

Th Se for all he€H, hze and

Th -Se for all heH, hz-e,
Thus we should at least postulate that {Th: hze} is bounded from

v
v

[\

below in F for all e € E, or, equivalently, that T(A) is bounded from

below in F for every subset A of H bounded from below in E. Under
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this condition the first step to a solution of the positive extension
problem is the construction of the iscotone sublinear operator P:E—>FS
given by Pe = inf{Th: hze} for all e € E. While the concept of
forming P via Theorem 3.5 is available only for duals of normed vector
lattices or at least KB-spaces, the sublinear operators g (a€E+)
are well-defined with values in F_ even in the context of arbitrary
Dedekind complete vector lattices. Moreover, if

E, := {x€E: 31X >0: Ixl s Xa}
is the vector lattice ideal generated by a, then p? is already regu-

larized on H + Ea under a suitable locally convex topology:

4.1 Theorem: Given a€E+, let Pa denote the set of all positive exten-
sions of T to H+E_. If T(A) is bounded from below for every subset

A of H bounded from below in E, then
P%e = sup{se : sep_} for all e € H+E_.

Proof: Note that Pl = sup inf {Th: h€H, h2e-cal. Since {h€H: hze-ca}
is bounded from below ir€1>g‘. inf{ Th: h€H, h2 e-e+a} exists in F

Eor every ¢ >0, consequently, Eae er'AA routine argument shows that
P? is isotone and sublinear and that P%h = Th for all h € H.

Let H1 be an algebraic complement of Ea in Ea+ H such that Hy < H.

1f m, denotes the Minkowski functional of the order interval [-a,al

in Ea and g is an arbitrary continuous seminorm on E, then
sq(h1+ X) = q(h1) + ma(x) (h1€ H1, XEEa)

defines a seminorm s_ on H+Ea.
For every r >0, let Ur:={h1+x: h1€H1, ma(x)< r}. Given € >0 note
that the affine linear mapping kE: e+U€/2 -+ F with values

= 3 . ce- £
ke(e+h1+x) 1an{Th : h€H, h 2ze-ca} + Th, (h1€ Hy, X€E_, ma(x)< 2)

Indeed, for each h.,€ H

. N a
is majorized by P~ on e + Us/ 1 1

. x€ E such
2 a

€
that ma(x) < 3 we have

inf{Th: h€H, hz2e-cal +Th inf{T(h+h1): h € H, h2 e-ca}
= inf{T(h') : h'€ H, h'2 e+h1-€a}
inf{T(h') : h'€H, h'2 e+x+h - Sa}

1 2
Pa(e+x+h1) .

1

A

IA

Moreover, since T is continuous on H ke is obviously continuous with
respect to the locally convex topology T induced by the seminorms
sq on H+Ea, where g varies over all continuous seminorms on E.

Finally sup ke(e) = p?(e).
e>0 ~a
Since e EEa+H was arbitrary, P~ is regularized with respect to ¢ .
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It 1s easy to check that a linear operator S: H+E + F is dominated
by P if and only if it belongs to P. Furthermore the linear maps
in P are automatically T-continuous. Hence the assertion follows

from the general theory outlined in section 1 (see [2], 2.12 ). &

4.2 Corollary: Under the assumptions fixed before Theorem 4.1 the

following statements are equivalent:

i} For every a€E T has a positive extension to H+JRa .
ii) For every acg,_ T has a positive extension to H+E_.

iii) For every subset AcH bounded from below in E T(A} is bounded

from below in F.

Proof: (ii} = (i) is trivial, (iii) = (ii} is clear from Thm. 4.1,

(i} = (iii): If AcH is bounded from below by a € E choose a positive

extension Ta of T to H+IRa . Then T(A) is bounded from below by Ta(a) .0

In order to extend a positive operator to the whole space E the re-
lationship between the orderings of E and F cause overwhelming troubles,
in general. At least in classical Banach lattices, however, we can
procede further using the results of [2]:

Although every pair (E,G) of adapted Banach lattices in the termino-
logy of [2] could replace the (Lp,Lq)—configuration introduced now,

we only deal with this more restrictive situation, since the central
ideas are not hidden behind too much technical framework in this case.
Thus, from now on, let E always be an Lp—space, G an Lq—space with
1<gqg£p< oo, Setting F:=G' we may identify F' with G since G is re-
flexive. It was shown in [2] that in this context an isotone sub-
linear map from E into Fé = GS is regularized if and only if it is
l.s.c.. As an immediate consequence of the results prepared in the

last section we hence reprove some deep extension theorems in Lp—spaces.

4.3) Theorem: The positive operator T:H +G has a positive extension

To:E~+G if and only if T(A) is bounded from below for every subset
A cH bounded from below in E (see [2], Thm. 4.7).

A
Proof: For the sublinear operator P mentioned above P isregularized.B

4.4) Theorem: Assume that T has a positive extension. Given e € E,
f€F and o € R such that

1nf(sup{Th h € H, hse+egal) (f} < a < sug(lnf{Th h€H, hze~-cal) (£}

for all a€E .+ there isapositive extension S:E~Gof T such that Se(f)= a.

Proof: The inequality is nothing else but o<inf p% (£} = f’e(f) and
a€E,

-o <inf P?(-e) (f) = P(~e) (f). Hence the theorem follows from [2], 5.9.8
acE
.
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5. APPENDIX

5.1 Theorem: Let E be a vector space, F a locally convex vector
lattice and let p: EXF » ]Roobe a bisublinear functional satisfying
the conditions

i) {f€eF : ple,f) <oo}cF+

ii) £ » p(e,f) 1is additive and l.s.c. on F_ for each e € E.
Then ple,f) = pg(egf) for all (e,f) € EX F+. For the proof we need
the following
5.2 Lemma: Given a vector lattice F and a non-empty finite subset
A of F, let a € F+ be such that A is contained in the vector lattice
ideal

Fo: = {f€F : 3)20: Ifl< a}
generated by a. Then, for each n €N, there exists a finite-dimensional
vector sublattice Fn of Fa and a positive projection Prl : Fa - Fn
such that a € F_ and

n
1 1
f—Haé Pnfg (1+H)f'

Proof: Since Fy is a vector lattice with order unit a there exists
a vector lattice isomorphism f +f from Fa onto a dense vector sub-
lattice of some space ((K), K compact, such that @a=1 (see [1],

p. 76).

If ne N, and x € K choose an1open neighborhood UX of x in K such that

F - i F <
sup f(UX) inf f(UX) S e and
< - .
f(x) < (1+n) inf f(UX)
f%r all £f€ A. Then there is a finite subset {xl,...,xm}CK such that

\J Uy. = K. Without loss of generality we may assume that x,€u_~ \JU
i=1 °t i J#i
be a partition of unity in C(K) sub-

3
for i=1,...,m. Let (gi)1£i£m

ordinate to (Uxi)1SiSm and choose § >0, Snm-l|fll-§£1 for all f €A,

Since {?E: fe Fa} is dense in € (K), we can select f1""’fm€Fa’ such
that fi(xj) = 6ij for i,j_=1,...,m,
- < < b
9; § < fi‘ gi+6 and fi 20
for i=1,2,...,m. The linear subspace Fn of Fa generated by

{fi :1 £ i £ m} is a vector sublattice of Fa. Indeed, the mapping
o: R™ » Fn given by
m
@(al,...,am) =_E o, fi
i=1
is an algebraic isomorphism satisfying @ (]RIJI(1 ) < Fn+ (coordinatewise

n . . .
order on IR') with order-preserving inverse
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£f - /___f(x1) P e s ———f(xm) .
\E (7)) &0/
Hence, ¢ is a vector lattice isomorphism.
Consider the projection Prl : E‘a > E‘n given by
m
PEf = iZ1f(x.l) £
If £€K and f € A there exists £€ {1,...,m} such that £ €UX£. Keeping

in mind that g.l(g) + 0 implies § €UX we conclude
i
) -Ftx )1 g 8) s (1T -Fxp) |+ [Exy) - (&) ]

+IEE) —£ix ) £ 93 (8) Sin - g4 (&)

for all n€UX . Since z gi(g) = 1, it follows that
L i=1 n
J£(n) -Pnf(E)|§.Z If(n)gi(i) _f(xi)fi(g)lé,z I£(n) —f(xi)lgi(g)+
m i=1 i=1
f TR 19, () £, ()1 S ==+ 6m IEN S o
121 i i i ~ 5n = 5n °
We thus__obtain
Ty - alE) T -1 <inf ¥ N
f(£) o < sup f(le) 5 inf f(sz) =n =Pnf(£)
z 4 1 . = 1, 7
< f(x£)+§ﬁ§ (1+H) inf f(Ux£)§ (1+H)f(g),
which yields
a 1
f - =y < Pnf <1 o f. [ |
Using the lemma and an obvious generalization of {2], Lemma 3.15,

we can now complete the proof of the theorem with exactly the same
arguments as in [ 2], Thm. 3.17.
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In the first part we review some ideas and results
on matrix order and convexity. For further results
we refer to the survey articles of Stdrmer [22],
Effros [10] and Tomiyama [24]., In the second part
we explain a proof of extension theorems of
Hahn-Banach type for operator valued linear maps
into B(H) Dbased on a non-commutative analogue

of the Riesz separation property valid for B(H).

1. REPORT

In the theory of non-commutative operator algebras on Hilbert space
the classical methods of functional analysis based on convexity
theory are in general not strong enough to prove interesting results.
Experience shows that one obtains better results by strengthening
the notions of convex set, convex cone, order, bounded or positive
linear map, convex functional in a specific way. One uses sets of

matrices and inequalities for matrices over the algebra.

If A 1is an operator algebra, M = Mn(t) the complex

nxn-matrices (n € N) then

An: = MH(A): = A ®L Mn

is an operator algebra with respect to matrix multiplication.
So AIl has a positive cone An+ and a unit ball Sn . For a
linear map T on A we denote by

Tn: =T ® 1dMn: [Xij] H[T(Xij)]
the n-multiplicity map. T 1is called completely positive
(abbreviated : cp) if all Tn (n € N) are positive and T 1is
called completely bounded (abbreviated : ¢cb) if

Ty = sup 7, 1< @
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The theory started with Stinespring's representation theorem [21]

for completely positive linear maps T :A —) B(H) . This theorem
generalizes the Gelfand-Naimark-Segal representation for positive
linear forms to completely positive operator valued maps. Then
Arveson [ 3] generalized the Krein-Rutman extension theorem for
positive linear forms to an extension theorem for completely positive
linear maps into B(H) . A lot of interesting maps in the theory of
operator algebras are automatically completely positive. Tomiyama [23]
proved that a projection of norm one onto a subalgebra is automatically
an expectation or equivalently a completely positive projection. We
refer the reader to the survey of Stdrmer [22] for further results

in this direction.

Choi and Effros [7 J, [10] introduced matrix ordered spaces as the
right setup to study complete positivity and Arveson's extension
property. In [27] we adapted the notion of a sublinear functional

to matrix order and proved a corresponding matricial Hahn-Ranach
theorem. In [28] we defined matrix normed spaces as the appropriate
spaces on which the completely bounded maps live and proved extension
theorems for completely bounded maps. The structure behind all

these is the following:

1.1 DEFINITION: TLet E be a K-vectorspace (K =R or €) and

C, < E g (Mn)h (n € W) a family of subsets. We call (Cn>nEIN a
matrix convex family, if the following holds:
Let x; € Cni y o ¥35€ Mni,m , 1 =1,...,%, k,ni,m €N such that
k k
i§1 viovy o= iy then iE1 Y% 15 €60

In this connection (Mn)h denotes the hermitian part of the complex
nxn-matrices and Mn,m the nym-matrices. Notice that

E 8F(Mn>h = E B Mn = :MH(E) is a C-vector space, if E 1is a
c-vector space and if E 1is a real vector space then

E 8k<Mn>h : = MH(E)h is the hermitian part of its complexification
with respect to the natural involution.

It is easy to see that all Cn are convex sets 1f the family
<Cn)n€N is matrix convex. If all Cn are cones, IK = R, then we

speak of a matrix order on E . Examples of matrix order are the
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positive cones A; of operator algebras A, the dual cones and the
cones of the non-commutative LP spaces, Examples of matrix convex
sets are the unit balls Sn of an operator algebra or the family

of n-states

8, = {f A — Mo, F completely positive, f(1A) = 1n}

of a unital operator algebra. The family of completely positive
linear maps CP(A,BD) between operator algebras A,B 1is a family
of matrix convex cones. In [20] Schmitt and the author proved that
the Hilbert-Schmidt operators between two non-commutative Lg—spaces
matrix ordered by the completely positive cones are completely order
isomorphic to a L -gpace, which is the matrix ordered tensor
product of the two Lg—spaces. From this one can easily deduce that
for non-commutative Lg—spaces the maximal and the minimal matrix
order of their tensor product coincide. The maximal and the minimal
matrix order of the tensor product of matrix ordered spaces was
studied by Choi and Effros [ 7], [10]: a C*-algebra A 1is nuclear
if and only if the maximal and the minimal order coincide on

A ® B for all C*-algebras B

If E is a locally convex vector lattice there is only one matrix
order with closed cones on E . A C*-algebra A 1is a lattice if
and only if it is commutative. For non-commutative C*-algebras A
the situation is quite different. A and the opposite algebra A°P
(the order of multiplication is reversed in AOp) have the same
positive cone AT - (A°P)T | but the n-cone MH(AOP)+ is the
transposed of M _(A)Y . A is commutative if and only if

M2(A)*= M2(A0p)+ . Choi proved [5]: a bijection T:A — B
between C*-algebras is a *-isomorphism if and only if T2 and T

2
are posiftive, The question is what further informations on A are

1

hidden in the family of cones Mn(A)+ and how to use these informa-
tions.

An 0ld question of Kadison [13] is to characterize C*-algebras in
terms of order. Since the order determines only the Jordan structure
and not the algebra structure one needs an additional information
which is called "orientation". There are several proposals to define
an oriented ordered space. Using quite different types of orienta-
tion Connes [ 8] and Alfsen-Hanche Olsen-Shultz [2 ] gave characte-
rizations. Werner [25] and Schmitt-Wittstock [20] gave characteri-
zations in terms of matrix ordered spaces. All these characterizations

use as a common axiom a "projection property" which says: to every
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closed face there is a special type of positive projection of the
positive cone onto thisg face.

We are searching for other characterizations which use generalizations
of the lattice axioms or generalizations of the Riesz property.

One has to be careful, both the lattice and the Riesz property
characterize commutative algebras, and purely non-commutative algebras
with trivial center) are anti-lattices. We will discuss such a
property, called the matricial Riesz property which characterizes
injective von Neumann algebras (for example B(H)). Injectivity means
that the matrix ordered space has Arveson's extension property.

By a result of Chol and Effros [ 7 ] an injective unital matrix

ordered space 1s completely order isomorphic to an injective
C*~algebra. In [27] we gave a more general extension theorem for
operator valued linear maps into an inJective C*-algebra which
generalizes the Hahn-Banach extension theorem for maps into an order
complete vector lattice (cf.[9 1, [171) and gave an internal
characterization of injective von Neumann algebras.

With the aid of this matricial Hahn-Banach theorem it is possible
to extend completely bounded linear maps T [28] and to decompose
them T =T, - T into two completely positive maps T

i 5 T2 such
that

1°?
[ TN P N 3 (1-1,2).

Later on Paulsen [15] gave a proof based on Arveson's extension
theorem and explained the connection of this decomposition and the
solution of the similarity problem. It is possible to deduce the
matricial Hahn-Banach theorem from Arveson's extension theorem

and vice versa just in the same way as the Krein-Rutman extension
theorem for positive linear forms is equivalent to the scalar Hahn-
Banach theorem. The proof of Arveson's extension theorem is simple
in the case where the completely positive map is defined on a
subalgebra (Lance [14]1). 1In chapter 2.3 we give a short proof of
Arveson's extension theorem based on the matricial Riesz separation
property for B(H)

In a recent preprint [11] Haagerup proves that a von Neumann algebra
N 1is injective if and only if CB(N,N) 1is the span of CP(N,N)

It is essential that N is a von Neumann algebra, because Huruya [ 12]
gave an example of a non-injective C*-algebra B such that every
completely bounded T :A — B, A a C*-algebra,is the difference
of two completely positive maps.
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C{Q)) has the I1+e-extension and decomposition property for compact
linear maps. Saar [16] showed the same for completely compact linear
maps into nuclear C*-algebras A : a comrpletely bounded map T into
A is called completely compact (abbreviated cc) if for ¢ >0 there
is a finite dimensional subspace F < A such that

dist (Tn(x), Mn<F)> - for all x|l (1, =n €N

A completely positive compact map T :B — C(H), B a C*-algebra,
is always completely compact. But there is a completely bounded
compact map S : B(H) — C(H) , which is not completely compact.

As a last feature T want to mention the left matrix multiplier
algebra of a matrix ordered space. In the case of an order unit space
it was introduced by Werner [25], Schmitt and the author gave the
general definition [20]. It is an analogue to the ideal center
which Wils introduced for ordered locally convex vector spaces

[26] . For a C*- algebra the left matrix multiplier algebra
coincides with the left multiplier algebra. For a non commutative

L2 space the left matrix multiplier algebra is a von Neumann algebra
M in standard form. Schmitt and the author [20] characterized

von Neumann algebras in this way.

In the recent report of Tomiyama [24] the reader will find a2 lot of
further related results. I hope to convince the reader that matrix
order and matrix convexity is auseful enrichment for the theory of
operator algebras.

2.1 BSOME PRELIMINARY REMARKS ON MATRTX ORDER AND INEQUALITIES

To simplify the presentation we concentrate on B(H) or C*-algebras
and their subspaces with the natural order of operators. For the
technique of general matrix ordered spaces we refer to Choi and
Effros [ 7] and the report of Effros [10]. 1M _(B(H)) - B(HY) is
ordered by the cone of positive operators. Let 1y € Mm,n be a

m Xx n scalar matrix. The linear map

(2.1) M (BCE)™ 2 x 5 yrxy €M (B(H)”

is completely positive. To represent sums of those maps the following
m

notation is useful. Let o € M (M ), o = la. 1. . , .. €M,
mn ij 1,3=1 1] n
¥ =[x .02 . €M (B(H)
137 1,3=1 m *

We denote the contraction of x and o by



180 G. Wittstock
(2.2) X X o = Loz, ®a..

This multiplication by block matrices is a natural analogue of the
multiplication by scalars. Let £ j be the usual matrix units in Mm .

b
e = [Elj]?j , €M (). Since €-me, ¢ is positive. & gives the
identity map: x x ¢ = x and hence y*x ¢y = y*(xxe)y = x x (y*ey)

Choi [6] showed that the map X — x x « is completely positive if
and only if « 1is positive. Then there exists a finite number
k k

- * = v *
Yareeos¥py € Mm,n such that « uii Yroew, and X x « o vE X ¥,
If A < B(H) is a commutative subalgebra, it is a vector lattice
and may be identified with a space C(Q) of continuous functions
on a locally compact space (O . A matrix x € Mn<A> is positive
if and only if [Xij(m)] € Mn+ for all ® € Q . Hence we obtain
for commutative A (and only for commutative A)

(2.3) x € Mn(A)+ = x x a € A7 for all a €M *

Thus in the commutative case (lattice case) the order structure of
Mn(A) is uniquely determined by the order structure of A

2.2 THE RIESZ SEPARATION PROPERTY IMPLIES THE MATRICTAL
RIESZ SEPARATION PROPERTY

An ordered vector space E has the Riesz separation property if the

assumption
(24> Xi’yi € E 9 O»Xi _<'yJ j—wj = 15---7n
implies
(2.5) there is a 2z € EY  gsuch that Xi_gz_gyj , i,3=1,....n
We define diagonal matrices
o =0, = diag(1,...,1,=1,...,-1) € (Mgn)h
a = diag(yj,...,yn ,—X1,...,—Xn) € M2n(E)h

and write (2.5) 1in an artificial form :

(2.6) there is 2 2z € E guch that z ® o, ( a

What happens if a 1is not diagonal but a general hermitian matrix

. ~ R .
in M, (E), = E € (I, ), ordered by the rule (2.3)? We are searching
for a condition on a which implies the estimation (2:6). If (2.6) is
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fulfilled then a has the following property:

(2.7) if g € M2n+, o xe)0 then ax§&)O0
PROPOSITION 2.1: Let E be a uniformly complete ordered vector
space, which has the Riesz separation property. Let a € M?n(E>h ,
then condition (2.7) implies the estimation (2.6).

PROOF: We may assume that E = A(K), the space of continucus affine
functions on a compact Choguet simplex K . TLet

g(k) - inf {a(k) xgleen,t, oxeg- 1}

£(k) - sup {-a(k) xn e, oxm-= -1}

Il

for k € K . The function g is concave, f 1is convex and by (2.7)
0,f (' g . Denote by | [, the trace norm on the matrices. The set
U o= {a € (M2n>h | there exists f > O such that
—OCXn—E\\n\\1(OCx§+E\\§\M

for all 7,m €M, " , oxg=1, axn-= _1}

is an open convex set in the finite dimensional vector space (M2n>h
The functions

v(«) = inf {a xelegen, ', oxeg- 1} ,

ola) = sup {—a x T | n € M2n+’ axn= —1}

are real concave, respectively convex functions on U , hence they
are continuous. Thus g(k) = y(a(k)) and f(h) = olalk)) are
continuous on K

By Edward's separation theorem (cf. [1 ], theorem II, 3.10) there
is a z € A(K) such that O,f ( z {( g . This implies
z(o x g) ( a(k) x ¢ foa. g€ M, "

i.e, z ® 0 {a

in the pointwise order of MQH(A(K))

2.3 B(H) HAS THE MATRICTAT, RIESZ SEPARATION PROPERTY

We start with the case where dim H = k ( ®@, B(H) = Mk and prove
an analogue of proposition 2.1 for matrices.

LEMMA 2.2: Let a € M2n.(Mk>h and assume that
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+ . .
E €My (Mk) , o, x£20 implies awxg ) O
Then there exists a 2z € Mk+ such that 2z ® oy { a
PROOF: Tet n € (M), , n=n"-n", nt,n € Mk+ and ¢,
the matrix units in M2n . Then we have

o - +
= n Eepptn Eoepy oo € Mo (1)

and o, xg = n . We identify M, (I, ) =1, . in the natural way.
The functional

8<ﬂ> = inf { & Xonk g ‘ % *on g2 m, &E MEn(Mk>+}

is well defined, subadditive and positive homogeneous on (Mk)h
By assumption we have $(0) > O wund hence

0 =48(0) ( 8(n) + 8(-n)

4 1s a real valued sublinear functional. By the usual Hahn-Banach

theorem there is a linear form ¢ on (Mk)h such that
oln) € 8(n) for all n € (M),
and there exists a unique 2z € (Mk)h such that

oln) =z X N
Since #(n) ( 0 for all m O we have 2z ) O
From
(z ® on) Xopx & = 2 X (on Xon £)
CP<Onx2n 2 £ G(UnXEH 2 L - Xong & o
for all ¢ € MQH(Mk>+ , we obtain

Z®on$a

Now let H be an infinite dimensional Hilbert space. The family of
finite dimensional orthogonal projections p is directed upwards
and converges to the identity. Moreover pxp converges in the weak
operator topology to x € B(H) . The map X —pXxp 1is completely
positive, Using this approximation by finite dimensiocnal operators,
the result of Lemma 2.2 and the weak compactness of the unit ball

of B(H) we obtain the following theorem:

THEOREM 2.3: Let a ¢ Mgn_(B(HD and assume that
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(i) k €N, £ € M2H<Mk>+, o, x £2 0 implies a x g0
Then
(ii) there exists a =z € B(I)T such that =z ® o, {a

We call the property (i) ==(ii) of Theorem 2.3 the matricial Riesz

separation property.

In this form the matricial Riesz separation property is given by
I. Schmitt [18]. It characterizes the injective von Neumann algebras.

In [27] the author gave a similar characteristic property:

THEOREM 2.4: Let a € Mgn(B(H)) and assume that

(i) k €N, £ € Man(Mk)+ , o, x€&=0 implies a x £)0

Then

(ii') there exists a =z € B(H))h such that 2z @ o, (a
Por the proof one changes the inequality sign to an equality sign
in the definition of 9 in Lemma 2.2 . It does not seem to be

obvious that both properties are equivalent.

2.4 THE MATRICIAT, RIESZ SEPARATION PROPERTY IMPLIES ARVESON'S
EXTENSION THEOREM

THEOREM 2.5: (Arveson [3 ]) Let A be a C*-algebra (or a matrix
ordered space), E < A a cofinal *-invariant subspace and

T:E — B(H) a completely positive linear map. Then there exists
a completely positive extension T :A —> B(H)

PROOF: Tet x € A"\E . We are looking for a =z € B(H)" such that
(2.8) xe®a (y implies 2z ®a (T (¥)

for all m €N, y € Mm(E)h , a € (Mm)h . Then we define a comple-
tely positive extension T of T by

T(y + Ax) = T(y) + Az for all X € ¢, y€E

It is sufficient to solve (2.8) for the special matrices

o =0 =diag (1,...,15 =1,...,-1) € (M, )

o m=2n , n €N .

2n’h ’?

The general case follows easily by a transformation o = y* o, ¥
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with an appropriate rectangular matrix vy

Let e€M (M, )" , o, xg) O, then

0 (xe® (on x €) {y x g => 0 < TZn (y) x

Ua

By the matricial Riesz separation property there is a 2z € B(H)+
such that

n
Let n, €I, v, € M2nK<E>’ nwo=T1,...,k such that
x® (o, @..@o ) L ¥, &..@7,
1 k
Since o &...e Onk is similar to Op @ = Ty +aeut oy there

1
is a gz € B(I)" such that

z@(on1 ée..eo, ) L T, (yy @@ ¥

n

Z ® o < T, (y%) for w = 1,...,kK
K o

Since bounded closed sets in B(H) are compact in the weak operator
topology, there is a 2z € B(H)T such that

z ® o < T2n,<y) for all n € I, v € M2H<E)h

The proof of the extension theorem is finished as usual by trans-

finite induction or by Zorn's lemma.

2.5 THE MATRICIAL HAHN-BANACH THEOREM

The usual Hahn-Banach theorem (Banach [4 ] Chp.II, Thm.1) says:

given a sublinear functional p:E -— R, a subspace Fc E, a linear
map f :F — TR dominated by p]F then there exists a linear
extension T:E — R such that f(x) S_p(x) for all x € E

The séme theorem with exactly the same proof holds, if R 1is replaced
by an order complete vector lattice (cf. [ 9]). We want tc generalize
the Hahn-Banach theorem to B(H) in place of IR . Usually the sub-
linear functional p 1is constructed by taking the infimum of some
set-valued functional. B(H) is an antilattice and it is not possible

to take infima, Therefore we consider set-valued functionals. We intro-
duce the relation

K <L 1if for every 1 € L there is a k € K with k ( 1, where
K,I, are subsets of B(H)h . Let E Dbe aXK-vectorspace (K = IR or ).
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A set valued functional & E — B(H)h is called sublinear, if i%
has the following properties:

(1) 9(x) + ¢ for all x € E

(i1) 9(X1'+X2> < S(X1> + S(Xg) for all x,,%, €FE
(1ii) 0 < ¢(0)

(iv) s(xx) < a8(x) for all x € E, » ¢m*
Clearly, if & ‘takes its values in some commutative order complete
subalgebra A , we may take infima in A and x +— p(x) = inf $(x)

is a well defined sublinear functional into A

The notion of set valued sublinear functional becomes useful if it is

connected with matrix order:

DEFINITION 2.6: Let LE be aXK-vector gpace. A family § = (Sn)ngm
of set valued functionals 8, E ®E2(Mn>h — Mn,(B<H»h_ is called
a matricial sublinear functional denoted by #:E — B(H)h if %n
(n €W) fulfils condition (i)-(iii) and the matricial homogeneity
condition

(v) %m(X x €) < %n(x) X E

+
for all & EMH(Mm) , X € Mn(E>h , n,m € N

We say & linear map T :E — B(H) is dominated by a matricial
sublinear functional 4 :E — B(H)h if each multiplicity map
fulfils

re Tn(x) : %—(Tn(xj + Tn(x)*)< Sn(x), for 211 x € E g (Mn%l'

If % and T have their values in a commutative subalgebra A of
B(H) then

re T1<X> < 91(X) implies re Tn(x) < Sn(x) for all n

This can be seen in the following way : Let x € E 8P <Mp>h s
genm”
n

re Tn(x) X £ = re T1(Xxg) %81(Xx§) <GH(X> x g

Since A 1is a lattice the matrix order of A is given by (2.3)
and hence re Tn(x) < %n(x) . Thus in the commutative case the
following matricial Hahn-Banach theorem reduces to the usual Hahn-

Banach theorem for order complete lattices.

THEOREM 2.7: ([271) Let E be a K-vector space, $:LE — B(H)h
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a matricial sublinear functional, F < E a K- linear subspace and
T:E — B(H) a K-linear map dominated by # . Then there exists

a K- linear extension T dominated by ¥ . The following proof genera-
lizes the well known usual proof of the Hahn-Banach theorem. The proofs
given in [27], chp. 2, are different. In [27] and [ 28] one finds some
applications of this theorem.

PROOF: The complex case follows easily from the real case.
Tet x € ENF . We are looking for a =z € B(H)h such that

(2.9) Z ® 4 < «9m(y + X ®a) - Tm(y)

for all ocE(Mm)h, y € E® (Mm)h’ m € W,

F
Then we define an extension T :F @ Bx — B(H) by

ﬁ(Y+)X)=T(y)+>\z for all » € R, y€F
Tt is sufficient to solve (2.9) for the special matrices « = g =
diag(1,...1,—1,...,—ﬂ)E(Mgn)h, m=2n, n€¢ DN, Let
£ € Ml(Mgn)+ » o, xE= C then

0 < 4,y +xe@odxe) -T(y xg)

< (oo (yexe@o) -T,0)) x¢
By the matricial Riesz separation property of B(H), given in
Theoren (2.4), there exists for every
w € 82n(y + X8 on) - Tzn(y) a z € B(H)h , such that z & o ( w
From property (ii) and (v) of definition 2.6 of a matricial sublinear

functional it follows that

4 4
%ﬁwﬁ%§1a”@%)< %ﬁ%>@“@%gﬁ>

for n%EI\I, XnEE®(MnM)h’ w=71,...,k, k€N
Using the same idea as in our proof of Arveson's extension theorem

(2.5) we find a 1z € B(H)h such that
Z & On < ‘Sgn(y + X & On) - Tgn(y)

for all n € W, y € E ®R(M2n)h

Property (v) of definition 2.6 implies
e () < g (v xy) < v ()

for every inmvertidle vy €M , x ¢ E gp (Mm)h, m € I,
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Let ¢ , = diag (1,..7,-1,..-1) with k positive entrieg and 1
kd

negative entries. Bince o 1 PO g is similar to we obtain
k] 9

O+ 1
for y € E 812(Mk+1)h

z 8<0K,1 @ ol,k) < Bop o (7 By b X ®(Ok,l @Ol,k)> - Top,oy (&)
<(8yy (rxeop 1) - T 1 (7)) & (8,4 (yrxe cl,K.) - Tpq (7D
Hence
2 8 o 1 < Y (y+ x @ Ok,l> -1

Every invertible o € (Mn)h is similar to some where k 1is

o
k,1°
the number of positive eigenvalues of a, 1 the number of negative

eigenvalues, k+l = n . Hence
Z R X < {}n(y+X®OC)‘Tn<y>

for all invertible « € (Mn)h , v €E ®11<Mn>h , n €W,
If o i1s not invertible, « +6ﬂn is invertible for small & >0
For & — 0 we obtain (2.9)

The proof is finished as usual by transfinite induction or by
Zorn's Lemma,
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ERGODIC THEOREMS IN VON NEUMANN
ALGEBRAS
Dénes Petz
Mathematical Institute of the
Hungarian Academy of Sciences
Budapest, HUNGARY

Ergodic theory has been a large body of the mathematical Titerature

for a long time. In the von Neumann algebra setting it was initiated
1 "

by Kovacs and Szucs {C73, [£83) in the 60's.

To give a better insight into the subject we start with citing some
classical results whose analogues in the algebraic set-up are the
main components of this talk. As in ergodic theery, let (Q,S,u)

be a measure space and let T:2 - @ be a measure-preserving
transformation. For a compliex function 7 of @

PRENG PN PR L

is denoted by sﬂ(f). By the statistical ergodic theorem of von

Neumann sn(f) converges in % -norm for every f € Lg(p)

and Birkhoff's individual ergodic theorem asserts that if

f € Ll(u) then sn(f) converges wu-aimost everywhere. In fact,

Upf = F T is a unitary in Lz(u) and for every contraction U in a
. B B et

Hilbert space = U converges strongly to a projection P

1=0

satisfying PU = UP = P . The mean ergodic theorem of Alaoglu and

Birkhoff concerns a semigroup of contractions. If G 1is such a

semigroup in the Hilbert space H then there exists a projection

P in the closure of convG such that Pt is the unique G-fixed

point in convGt for every geH . This result probably inspired

both the basic theorem of Kovacs and Szucs and an abstract mean

ergodic theory (0203, III.7.). The Kovacs Szucs theorem states that

if G 1is a group of automorphisms of a von Neumann algebra A

possessing a separating family of G-invariant normal states then

the w-closed convex hull of Ga, a€A , contains a unique fixed

point E(a) (see Theorem 1 below for the details). It was observed
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in £102 that this fits very well in the abstract mean ergodic theory.
A semigroup G of bounded operators on a Banach space A 1is given
and the closure of <convG contains a projection E such that

Eeg = geE = E for all g&G

In the first part of this note we deal with mean ergodic theorems

in the von Neumann algebra setting and in the second part we turn

to "pointwise" ergodic theory. The individual theorem treated covers
Birkhoff's theorem in the case per> .

A always will denote a von Neumann algebra. We recall that a linear
map o:A + A is called Schwarz map when afa)®a(a) < afla®a)

for every a€A . Schwarz maps are positive and so bounded. It is
known that every Z2-positive map is a Schwarz map. The next result is
a generalization of the Kovdcs-Szlics theorem.

THEOREM 1 (C101). If G <s a semigroup of w-continuous Schwarz

maps on A and there is a family & of normal states such that

(i) ofglal) < ofa)  (¢€9, g€G, a€A®)

(i) if a€AT and g(a) = 0 for all €& then a=0 ,
then the closure of convG in the weak® operator topology contains
a projection E which is a G-invariant conditional expectation

onto the fixed point subalgebra of A

We show an example how Theorem 1 (or the Kovacs-Szlics theorem) can

be applied to approximate conditional expectations by convex
cC

combinations of automorphisms. For B C A we denote by B the
relative commutant of B in A . If B = B then

¢ = {Adu : u 1is a unitary in B°} is a group of inner auto-
morphisms of A and B 1is the fixed point algebra of G . Assume

that A possesses a faithful unitarily invariant normal state
(in other words, A is supposed to be finite). So by Theorem 1
there is a net(Bi) C convG such that E(a) = w—]imsi(a) where
E:A > B is the +t-preserving expectation.

+ . . . . .
Let f:A" - R be a lower w-semicontinuous convex function which is

unitarily invariant (f(u®au) = f(a) 1if u is a unitary in A).
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Then
F(E(a)) = flw=11im Bi(a)) < Tim inf f(Bi(a)) = fla)

This situation occurs in some physical applications (see [121)
Let ¢(.) = v{p.) be a state of A . The entropy of ¢ s
defined as #H(¢) = —-t(plogp) . Since the function

o b =-1(plogp) can be put in the role of f above we obtain
H(wlg) < H(g¢) . A similar argument yields the decrease of the
relative entropy of two states under some kind of expectation
(c121, £231)

The following theorem was proved in C111 for cyclic & and a
locally compact version is treated in [241

THEOREM 2. Let G, ¢, E be as in Theovem 1. If G 18 a countable

commutative group, then

AO = {a€A:E(a) € convGa u3

18 a w—dense subspace of A

We indicate the proof. Since G 1is amenable there is a summing
sequence (Un) (c%1), that is, v, Cc U, C ... C© G and

1 2
| g+U_|I
.——n— > 0
1U |
n
as n-»o for every g € G . Let
4 (a) = 1w 17 gta)
n n g )

<
g UVL

Then An(a) Y E(a) for every acA (cf.r51,3.3.Thm) .

If f € KJ(G) and Y. f(g) = 0 then
gEG

a, = L Fflglgla) € A
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for every a€A . More specifically, "An(uf)" >0 as n >
So for each a€A and mEX we have

a = a=A _(a) + E(a) € A
m m o
w
and on the other hand a, > a .
It seems to be a hard question to decide if the subspace AO
contains a w-dense %x-subalgebra. As far as we know this problem
was posed in C1131 and it is open even for cyclic &G . When G s

commutative the answer is affirmative.

From now on we fix a faithful normal state ¢ of A . We may
assume that A acts on a Hilbert space H and ¢ 1is determined

by a cyclic separating vector ¢ , i.e. ¢(a) = <ag,&> . In such
a situation we have the tools of the Tomita-Takesaki theory at our
disposal. J 1is the canonical conjugation on H and a + Ja*J
is an ahtiisomorphism of A onto A’ . For a€A

vy () = <.8, Ja*I>
a
is a normal functional of A . So y is a positivity preserving
dense embedding of A into A, (C61, C161, C221, C211, 1.8.)
We define i

;7 on A as

lal ;= Uy I

("'”1 is the analogue of the Ll—norm and it is really that when
¢ 1s a trace.) We recall that for a = 0 we have Haﬂl = ¢(a)
and if 2€A%?  then

llblll = 1'nf{¢(a1)+¢(a2) P a,,a, 20, b= al—aZ}

1’72

When o:A > A is positive and satisfies b ea £ ¢ then it is
quite straightforward that "a(a)ﬂl < "a"l . Hence the next
theorem generalizes Theorem 1.

THEOREM 3. Zet A be a von Neumann algebra with a faithful normal
state ¢. If G 1s a semigroup of normal selfmaps of A such that
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() bgta)l < hal (a€A , g€G )
(77) ||g(a)||1 < |la||1 (a€A , g€G )

then G 1s mean ergodic. (In other words, the closure of convG

contains a zero.)

The proof is based on the classical Alaoglu-Birkhoff theorem (C131)
and the Calderon-Lions interpolation theorem (191, IX.20.). We use
the fact that the spatial 2 space with respect to ¢ 1is an inter-

polation space between A and A, (see £221 and its references)
By assumption every g&€G is a contraction with respect both to
.1 and to ".U1 . According to the interpolation theorem they

are norm decreasing in L2(¢) and admit an extension to a
contraction. However, L2(¢) is isomorphic to H (r221,
Theorem 23) and the relations between the topology of H and the
operator topologies of A are well-known (r32,I.Chap.4.Prop 4
or £211, 2.12.).

As a corollary we state the adjoint of Theorem 3 for a single
a:A - A . It can be proved directly without results of inter-
polation type (£161, Theorem 14).

COROLLARY. If oax 78 a contraction of Ag such that
loawl@ Il < @l for every wEAy then

T oaw (o)
=0

-7
Sn(m) =n i
7

converges in norm as n>e for each p€Agx .
Here Mgl is defined as follows:
Fol = sup{lgfla)l : a€A , ||a||1 <113,

Equivalently, el = lal if there is a€A with o=y ,
otherwise Fol = = (r162)
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Now we leave mean ergodic theorems and turning to pointwise
convergence in the rest of the paper we assume that

¢ = {a" : nem} . By the results above we have
NGl w
S (a) = n Y a (a) > E(a)
n .
=0

for every a€A and we know about plenty of elements b»€A such
that Sn(b) + E(b) in norm (Theorem 2). This fact and the

measure theoretic ergodic theory make us guess that the

convergence may remain true with respect to some topology between
the w-convergence and the norm topology. In fact, it is a pleasure to
show that Sn(a) +~ E(a) strongly and Lance (C111) imitated the
almost everywhere convergence of functions and obtained the
following result (see also [21, [91, [141)

THEOREM 4. If a:A + A 78 a Schwarz map such that ¢ a = ¢
then for every a€A and €>0 ‘there 78 a projection pEA such
that (I-p) < ¢ and

”(Sn(a) - E(al))pl » 0 as n o> ™

Shortly, we can say that Sn(a) + Ela)l g-almost uniformly.

Lance's result is a perfect individual ergodic theorem in the von
Neumann algebra context. A curiosity of the ®-almost unifaorm
convergence is that its additivity is not clear. To avoid this
slightly awkward feature we introduce the quasi-uniform convergence.

Let (an)CA be a bounded sequence. a, > a quasi-uniformly if for
every projection 0 # p < A there is a non-zero projection

A3 q<p such that l(a -a)gl +~ 0 . Quasi-uniform convergence
is stronger than the almost uniform one and its additivity is
trivial due to the following simple lemma.

LEMMA. Assume that a, * a quast-untformly and let ¢ be a
normal faithful state. Then for every e > 0 and for every pro-
jection p €A there exists a projection q £p such that

b(p~q) < & and “(an—a)q“ > 0 as n o> @
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THEQREM 5 (£151}). Under the conditions of Theorem 4

S (a) +~ El(a)
n

quasi-uniformly as n > o for every a € A

Let B be a w-dense norm separable sub-C*-algebra of A and
assume that ¢ is tracial. Radin proved (C181) that there is a
seguence 31;‘2 of projections in A such that

as

||ESn(a) - E(a):lpmll > 0

n -+« for any m € W and « € B . He posed the question if

the assumption on ¢ can be relaxed. As an easy consequence of Theo-

rem 5, Radin's result is true for every ¢

Some other theorems can also be generalized by means of the quasi-
uniform convergence (see C151)

—_
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Note added in proof:

After the completion of this contribution B. Kimmerer called my
attention to his joint paper with U, Groh (Math.Scand., 50 (1982),
269-285) in which Theorem 3 1is proved.
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H. G. Dales

School of Mathematics
University of Leeds
Leeds, LS2 9JT
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Let A and B be Banach algebras, and let 6: A - B be a homomorphism. The
basic automatic continuity problem is to give algebraic conditions on A and/or
B which ensure that @ is automatically continuous. In this lecture, I wish
to describe some of the known results and some of the problems which remain open,
concentrating on the special case in which A 1is a C*-algebra.

Let me first suggest one reason why questions concerning the possible continuity
of homomorphisms are of significance in Banach algebra theory. It is not, of course,
the case that one would use results in this area to show that an explicitly
specified homomorphism is continuous. A Banach algebra has both an algebraic and a
topological structure, and these structures are joined together, apparently Toosely,
by the requirement that the algebraic operations be continuous. To resolve a
problem in automatic continuity theory one must Took more closely at these two
structures, and in particular one must study the relationships between them. It
seems that this study has led to several striking insights into the structure of
Banach algebras: both the positive results obtained and the counter-examples that
have been constructed have played a r8le in this, and I believe that when the open
problems are resolved, we will obtain similar illumination. I hope that the results
which are referred to below will help to substantiate these claims.

Automatic continuity theory is already a well-surveyed area. A number of results
are given in the standard texts: see [29] and [7], for example. The theory of
the automatic continuity of linear operators between Banach spaces was discussed in
1976 in Allan Sinclair's book ([321). An important development of this theory
is the work of Ernst Albrecht and Michael Neumann on the automatic continuity of
certain linear operators between spaces of functions and distributions: for a
survey of this work, see the lecture [27] given at an earlier conference in this
series. The survey [9] , which appeared in 1978, concentrates on the theory of
homomorphisms between Banach algebras and of derivations into Banach bimodules,
and the article [25] of Kjeld Laursen discusses the automatic continuity of
“intertwining operators", a class of linear operators which includes both homo-
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morphisms and derivations, concentrating on the automatic continuity of inter-
twining operators from Banach algebras of differentiable functions. Finally, let
me mention the volume [5] , the proceedings of a conference held in Long Beach
in 1981, where many relevant articles - both surveys and new results - can be
found. A number of open questions can be found at the end of this volume.

I wish to thank the organisers of this conference for their kind invitation to
attend, and for arranging that this paper be typed in Paderborn, and to thank
Ms. B. Duddeck for her excellent typing.

1. EARLY RESULTS

We first introduce some standard notation. Let A be a Banach algebra. A
character on A 1is a non-zero homomorphism A - €. Each character on A is
automatically continuous. We write o for the character space of A, and we
write rad A for the radical of A. A basic notion in automatic continuity theory
is that of the separating space: if &: A > B dis a homomorphism, then the

separating space of 6 is the set
S(8) = {b € B : there exists a sequence (an) c A with a, - 0 and ba, - bl.

Clearly, by the closed graph theorem, 6 1is continuous if and only if S(8) = {0}.
The space S(s) 1is a closed linear subspace of B, and it is a bi-ideal if &(A)
is dense in B. Basic properties of S(s) are given in [32, § 11.

Automatic continuity theory could not have had an earlier beginning in the
theory of Banach algebras because the first result appears in the seminal work of
Gelfand in 1941 ([16]) (although Gelfand does not use the notion of the
separating space). Let 8: A - B be a homomorphism, and let b € S(s), say
b = Tim s(an), where a, - 0. Take ¢ € og. Then @ © 6 € ¢p» and so elb) =
Tim w(e(an)) = 0, Thus, it is always true that

S(8) < nikero : g€ ogt- (1)

In general, this tells us little, but, if B 1is commutative, it shows that each
element of S(6) 1is a quasi-nilpotent in B: we shall note below that it is an
open problem whether or not this holds for a general (non-commutative) Banach
algebra B. If B 1is commutative and semi-simple, then (1) implies that

S(6) = {0}. Thus, we have the following result, essentially given in [16, Satz 17].
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1.1 Theorem. Let 6: A > B bDe a homomorphism. If B is commutative and semi-

simple, then © <8 automatically continuous.

The condition in Theorem 1.1 is imposed on the range algebra B. In this
article, our main interest is the case when the domain algebra A 1is supposed to
be a C*-algebra. We shall consider both commutative and non-commutative
C*-algebras, beginning with commutative algebras.

0f course, each unital, commutative C*-algebra is isometrically isomorphic to
a Banach algebra C(X), the set of all complex-valued, continuous functions on a
compact Hausdorff space X, where the norm is the uniform norm I.IX.

The first result about homomorphisms from C(X) was given by Kaplansky in 1949
([231; see [29, 3.7.71, [32, 10.11).

1.2 Theorem. ret 6: C(X) » B be a monomorphism. Then |le{f)il| > IflX (f e c(X)).

Thus, there is an incomplete algebra norm on C(X) if and only if there is a
discontinuous monomorphism from C(X) 1into a Banach algebra.

The first substantial study of homomorphisms from the algebras C(X) 1is due to
Bade and Curtis in 1960 ([6]). Before stating their main result, we give some
standard notation.

Let X be a compact space, and let x € X. Then

MX

Iy

(f € C(X) : f(x) = 0},

n

{(f € C(X) : f_1(0) is a neighbourhood of x}.

Thus, Mx is a maximal ideal of C(X), and Jx < jx = Mx' A radical homomorphism

is a non-zero homomorphism v from a maximal ideal M, of C(X) such that
v(Mxi is a radical Banach algebra. It is easy to see that, if v 1is a radical
homomorphism, then vidx = 0, and so v is discontinuous.

1.3 Theorem. Let & be a homomorphism from C(X) into a Banach algebra B. Then
etther © 1s continuous, or there is a non-empty, finite subset {X1,...,xn} of
X , a continuous homomorphism W: C(X) = B, and a linear map v: C(X) » B such

that 6 = 4 +v and v = VyF ety

n» where vilMx 1s a radiecal homomorphism.
i
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Thus, there is a discontinuous homomorphism from C(X) 1into a Banach algebra
if and only if there is a radical homomorphism from a maximal ideal of C(X). The
set {x1,...,x1} is the singularity set of the homomorphism @.

The above theorem is proved in [32, 10.31 and is discussed in [9, 9.1].

There is an extension of Theorem 1.3 that will be required later. We write
BY for the Stone-Cech compactification of a completely regular topological space
Y.

Let & be a homomorphism from C(X), as in Theorem 1.3. Suppose that o is
discontinuous, and Tet F be the singularity set of 6. For each f € C(X),
let f be the continuous extension of f|(X~F) to B(X~F). By applying
essentially the argument of Bade and Curtis to the algebra {? : feC(X)t on
B(X~F), Johnson ({22]) showed that there is a non-empty, finite subset E of
B(X~F)N(X~F) with properties analogous to those of the original singularity set
F. In particular, we have the following result. We write CO(X\F) for
{f € C(X) : f|[F = 0}, and, for p € B(XF), set

JIE; = {fe CO(X\F) : ?—1(0) is a neighbourhood of p in B(X~F)}.

1.4 Theorem. Let 8: C(X) » B be a discontinuous homomorphism, and let F Dbe the
singularity set of 8. Then there ©s a non-empty, finite subset {p.|,...,pm} of
BIXNFINXNF), a continuous homomorphism H:C(X) - B, and a linear map v: C(X) » B

such that © = U + v and such that v = vytee-+v,, where v_i|Co(X\F) is a non-
8

p'i.

zero homomorphism with ker vi D J

Thus, there is a discontinuous homomorphism from C(X)} if and only if there
is a finite subset F of X and a non-zero homomorphism from CO(X\F)/Jg for
some p € B{XNF)N(XSNF).

2. POSITIVE RESULTS FOR NON-COMMUTATIVE ALGEBRAS

Let (A, li.l1) be a Banach algebra. Then A has a unique complete norm if

each norm with respect to which A 1is a Banach algebra is equivalent to the given
norm |l.lf. Thus, if A has a unique complete norm, the algebraic structure of
A determines the topological structure of A. It is an immediate consequence of

Theorem 1.1 that each commutative, semi-simple Banach algebra does have a unique
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complete norm. The outstanding question that remained open when the treatise of
Rickart ([29]) was written in 1960 was whether or not each semi-simple Banach

algebra has a unique complete norm.

This problem was discussed by Rickart (see [29, II, § 5]) in terms of the
separating space, and a number of partial results were obtained.

The problem was finally resolved, positively, by B. E. Johnson in 1967 ([19]1),
and a number of proofs are now available (see [7, 25.91 , [32, 6.12], and, for an
extension of the result, {18]). Here, I wish to draw attention to a remarkable
new proof of the result due to Aupetit ([4]). Write v{a) for the spectral radius
of an element a of a Banach algebra A. Aupetit's proof uses the fact that
v o f 1is subharmonic on U whenever f : U - A 1is analytic. The proof does not
use any theory of representations, and so is an "internal” proof. This is the
exact form of the result:

2.1 Theorem. Let A and B be Banach algebras, and let 6: A > B be a homo-

morphism. Then
v(sa) =< v(b + ea) (a€eA, bes(e)). (2)

Suppose further that e is an epimorphism. Then, for each b € S{s), we can
take a € A with 6a = -b, and so v(b) = 0. Thus, S(s) 1is contained in the set
9{B) of guasi-nilpotent elements of B, and we know that S{(s) 1is a closed bi-
ideal in B. Hence, we have the following corollary.

2.2 Corollary. et 6: A > B be an epimorphism. Then

S{e) < rad B. (3)

If B is semi-simple, them © +is continuous, and in particular a semi-simple

Banach algebra has a unique complete norm.

I am supposed to be talking about C*-algebras. Let us now turn to that case.
There are basically two methods for proving that homomorphisms from C*-algebras
are automatically continuous.
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To describe the first method, due to Johnson ([21]), we introduce a second set
which plays an important role in automatic continuity theory. Let 6: A > B be a
homomorphism with separating space S(6). Then

I(e) = {a €A :e(a)S(e) =S(e)e(a) = {0}}.

The set I(s) 1is the continuity ideal of 6. Clearly, I(8) is a bi-ideal in A,
and it is rather straightforward to check ([32, 1.3]) that

I(e) = {a €A : the maps xw 6(ax), xe 6(xa), A - B, are both
continuoust.

For example, let 6: C(X) - B be a homomorphism with singularity set

{X15+..5%_}. Then, by 1.3, I(e) >J n...nJ_, and so 1I(8) = M_N...NM_ , a closed
1 n Xy X, Xy X,

ideal of finite codimension in C(X).

2.3 Theorem. Let 6: A » B be a homomorphism from a C*-algebra A into a Banach
algebra. Then:

(7) T(6) has finite codimension in A;

(i1) © <ig continuous if and only if 1(8) s closed.

Proof. (<) Let C be a commutative C*-subalgebra of A. Then CnT{8) has finite

codimension in C by the above remark, and this is sufficient to imply (%) (see
[32, 12.11).

(i<) If & 1is continuous, then I(s) = A. Now suppose that I(e) is closed,
and let a, >0 in I(e). Since each closed ideal in a C*-algebra has a bounded
approximate identity, there exists b, ¢, € I(8) with a, = bcn and Ch 0
(L7, 11.121), and so e(an) = e(bcn) - 0. Thus, & is continuous on I(s), and so,
by (<), 6 is continuous on A.

2.4 Corollary. Let A be a unital C*-algebra with no proper, closed bi-ideals

which have finite codimension. Then each homomorphism from A <s continuous.
Proof. Necessarily, I(6) = A, and so I(s) = A because A 1is unital.

Let H be a Hilbert space. The corollary shows that each homomorphism from the
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C*-algebra B{(H) 1is continuous. However, it does not apply to X(H), the algebra
of compact linear operators on H, because K(H) 1is not unital. There is a
device to circumvent the difficulty in this case: it is also taken from [21].

Let AcB(H), and let M(A) be the multiplier algebra of A (see [28,
§ 3.121). Set

Iy(e) = {m € M(A) : 6(am)S(e) = S(e)s(ma) = {0} (a € A)}.

Then, essentially as before, it can be shown that IM(e) has finite codimension
in M{A).

In the special case that A = K(H), we have M(A) = B(H), so that
IM(e) = B(H), and again e is continuous.

The best version of Theorem 1.3 for general C*-algebras is due to Laursen and
Sinclair ([3%11, [261).

2.5 Theorem. ret 6: A - B be a homomorphism from a C*-algebra A. Then there s
a finite-dimensional subspace F of A such that F @ 1(8) = A and F + 1(s)
is a dense subalgebra of A. Further, 6 = U + v, where u: A -> B <is a continuous
homomorphism which coincides with o6 on F + 1(e), and v: A~ B is a linear
map such that v|T(8) : T(8) - S(8) <s a homomorphism.

The second method is applicable to C*-algebras which have many projections. Let
me give the basic idea. We start with the main boundedness theorem (first given
in the commutative case in [6], and in the non-commutative case in [8]).

2.6 Theorem. Let 6: A » B be a homomorphism between Banach algebras. Suppose
that there exist sequences (an), (bn) in A such that () bmbn =0 {(m#n),
and (i) ab =a  (n €N). Then sup{lle(a JI1/11a 11 [1b 11} <e.

A projection in a C*-algebra A 1is an element p such that p = p? = p*. Two
projections p,q € A are orthogonal if pq = 0, and they are equivalent if there
exists u € A with uu* = p and u*u = q. In this case,

p = p? = uu*uu* = uqu*. (4)

Let o: A—> B be a homomorphism from a unital C*-algebra A. The special
hypothesis we make on A 1is the following:
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each projection in A Zg the sum of two

(*)

equivalent, orthogonal projections.

Suppose that (*) holds, and that 1 1is the identity of A. Then there exist two

sequences (pn) and (qn) of projections in A such that, for n € N:

(1) 1=y + G5 Py = Py + Qg
(1) ppa, = 0;

(ii1) P, 1s equivalent to q.
Clearly, q.q, = 0 (m =+ n).

Let I(e) be the continuity ideal of 6. We claim that q, € I(e) for some
k. For if q ¢ I(8) for each n, there exists X € A with lix 1l = 1 and

lle(ann)ll >n g 112, Apply 2.6 with a b = 9y, Then, by that theorem,

n = *n%n> Py
sup{lle(ann)ll/llannll a1} < e

But IIG(ann)ll/IIannlI l1a,il > n by construction, a contradiction.
Thus, the claim holds.

Suppose that q, € 1(8). Since P 1s equivalent to g, it follows from (4)
that p, € I(e). Thus, Py = P * 9 € I(8), and eventually we see that

1€ I(e). But this says that & is continuous.

Thus, if (*) holds, then each homomorphism from the C*-algebra A is auto-
matically continuous. Hypothesis (*) holds, for example, in each von Neumann
algebra which has no direct summand of Type I ([33, V.I.35]).

3. DISCONTINUQUS HOMOMORPHISMS FROM C(X)

Throughout this section, we take X to be a compact Hausdorff space, and we
return to the question of the existence of discontinuous homomorphisms from C(X).
We know that such a homomorphism exists if and only if there is a radical homo-
morphism from a maximal ideal of C(X).
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Such a homomorphism was constructed for each infinite set X in [10] and,
independently, in [12], and the two constructions are described in [9, § 9]. This
description will not be repeated here, but I should 1ike to mention a few points.

Let qR(X) denote the set of real-valued functions on X, and set f<g if
f(x) < g(x) (x € X). Then < is a partial order on qR(X), and we obtain an
induced partial order on the guotient algebra MX/JX for each x € X. In general,
this partial order may be very complicated. But consider the special case in
which X = @N, and take p € BN~ N. Then the induced order is a total order on
Mp/Jp. Also, Jp is a prime ideal in qR(ﬂN). Let Kp be the quotient field of
the integral domain Mp/Jp. Then Kp is also a totally ordered set, and K_ has

P
the following properties:

(i) K is a real-closed field (i.e., Kp(VCT) is algebraically
closed);

(i) Kp is an ny-set (i.e., for each pair (S,T}) of countable subsets
of Kp with S < T, there exists a € Kp with S < {a}l <T);

(ii1) Kp has cardinality 2 80.

The main part of [10] is the construction of an algebra monomorphism from the set
of finite elements of Kp into a radical Banach algebra. The proof that such a
monomorphism exists uses the order structure of K_, and it also requires the
assumption of the continuum hypothesis (CH): the proof involves transfinite
induction, and one must well-order a certain subset of Kp which has cardinality

2 Ho in such a way that each element has only countably many predecessors.

It can be seen that, in the above formulation, the problem is very algebraic.
Its resolution has a number of interesting algebraic applications which seem
distant from the original discussion of homomorphisms from C(X).

Here is an important ingredient of the proof. It is proved by Johnson in [22]
that any two real-closed, totally ordered n1-fie1ds of cardinality 81 are in
fact isomorphic as real algebras. Thus, in particular, if CH holds, then any
two fields Kp are isomorphic. However, if CH does not hold, then different
Kp's may have very different structures.

The first example of an embedding of an interesting algebra into a radical
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Banach algebra is due to G.R. Allan in 1972 ([2]). Let F be the algebra of all
formal power series in one variable, let R be a radical Banach algebra, and let
R# denote the Banach algebra formed by adjoining an identity to R. Then Allan
proved that there is an embedding of F in R# if and only if there is a non-
zero element a of R such that a € a?R, and he gave examples of algebras R
which satisfy this condition.

There is a sense in which Esterle's example of a discontinuous homomorphism
from C(X) 1involves the construction of an embedding from an algebra of formal
power series in infinitely many variables into a radical Banach algebra: see the
description in [9, § 9].

In the original papers, examples are given of radical Banach algebras R such
that there is a discontinuous homomorphism C(X) - R#. For example, it is shown
in [12] that this is true for each radical Banach algebra with a bounded
approximate identity. However, an example of a radical algebra without a bounded
approximate identity for which the result holds is given in [10]. Thus, the
problem arises of characterizing the radical Banach algebras R such that there
is a discontinuous homomorphism C(X) - Rf for each infinite X.

The solution of this problem is due to Esterle. There are two particular points
of interest. First, the apparently rough condition on R of Allan, mentioned
above, which was known to be necessary, is proved to be sufficient. Second, it was
discovered that the existence of certain semi-groups in R is relevant: This
observation led Esterle to a remarkable classification of radical Banach algebras
in terms of the semi-groups which they contain ([15]). Let A be a Banach algebra,
and let S be a semi-group in €. Then A contains a semi-group over S if

there exists a non-zero map v: S - A such that w(s1)w(sz) = w(s1sz)
(s1,s2 € S). The semi-group is continuous if ¢ is continuous.

3.1 Theorem. (CH). Zet R be a commutative radical Banach algebra. Then the

following conditions on R are equivalent:

() there 7s a non—-gzero element a € R with a € a?R;

#

(ii) there 7is an embedding F - R';

... . . + .
(227) there is a semi-group over R in R;
o

#

(i{v) there is a discontinuous homomorphism C{(X) - R

for each infinite X,
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(v)  for each commutative integral domain A without identity and of

cardinality 2 ”", there is an embedding of A in R.

Here, Q+ denotes the set of strictly positive rationals. The equivalence of
(Z) and ?ii), and the fact that (<v) implies (<) is due to Allan ([2]). The
equivalence of (7v) and <(v) s in [13], that (<) implies (<¢Z) and that
(<i7) implies (Zv) s in [14], and a direct proof that (<) implies (Z)
is [15, Theorem 3.3].

There is one further condition which is conceivably equivalent to the above.
It is:

. . . . +
(vi) there is a continuous semi-group over R <n R.
(o]

Certainly, (vi) implies (44i¢). It is unlikely that (<<<) implies (vz/), and
the radical Banach algebra 21(Q+, e'ta) is probably a counter-example, but
this has not been proved (see [15, Question 6]). If (v<) were equivalent to
(iiZ), the proof of Theorem 3.1 could be simplified.

The proof of Theorem 3.1 can surely never be short, but we now have a proof
that is considerably shorter, more comprehensive, and more incisive, than the
original proofs. This proof will be presented in [11]. Two features of the new
proof are the use of elementary valuation theory to classify and unify a number
of algebraic constructions, and the use of the Mittag-Leffler theorem to
establish the existence of some elements previously constructed by complicated
calculations using infinite products. Some parts of the new proof can be found
in [15] and [35]. We also determine exactly the points at which the continuum
hypothesis is required.

As a sample, let me sketch the proof that (£) implies (<ZZ) 1in Theorem 3.1.
The result is [14, Theorem 4.2], but the present much simpler proof is [15,
Theorem 5.1].

We recall the Mittag-Leffler theorem. Let (En) be a sequence of complete
metric spaces, and let fn: En+1 - En be a continuous map. Suppose that
fn(En+1) is dense in E ~ for each n. Then n{f1o...ofn(En+1): n € N} 1is dense

in E1.

3.2 Theorem. Let R be a commutative radical Banach algebra, and suppose that

R contains a non—gero element a with a € a2R. Them R contains a non-zero
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. +
semi-group over @ .
o

Proof. Let R1 = aR, and set |IIb]l| = inf{llci] : ac = b} for b€ R1. Then
(R1,|||.|||) is a radical Banach algebra. Let R, be the closure of a’Ry in
(R1,III.|||). Then R2 is a radical Banach algebra, and aZR2 = RZ' Thus, we can

suppose that aZR = R.

Set E = {x€R:xR=R} = {x €R: a% € xR}.

Since

E = nix € R: inf [la2 - xyll < 1/p},
p y €R

E isa Ga-set in R, and so E is itself a complete metric space. We check

that E 1is stable under products.

Let 6 = Inv R, the set of invertibles of R'. Then G = exp RY and & = R
because R 1is radical. Since an+1 €E (neN),R=a""R=a"6=E, and so
an+1G is dense in E.

Set fn(x) = xn+1 (x € E, n €N). Then for E-E is continuous. Take

u € an+1G. Then u = an+1exp v for some v € R#, and so

u=(aepv/tn + DN e (E). Thus,
Leffler theorem, there exists (xn) < E such that Xn = Xna
s-1)!

has dense range. By the Mittag-

" (nen).
1/pl

In particular, Xy = qu./p. (p,q € N). Set wy(r/s) = xsr( . It can be

checked that y(r/s) 1is well defined for each positive rational r/s, and that

r/s » ¥(r/s) dis the required semi-group.

4. THE ROLE OF THE CONTINUUM HYPOTHESIS

The proof of the existence of discontinuous homomorphisms required the
assumption of the continuum hypothesis. It is a remarkable fact that this
hypothesis cannot be dropped. (We work in ZFC.)

I believe that the history of this part of the story is as follows. A seminar
on the (then open) problem of the existence of discontinuous homomorphisms from
C(X) was given at Caltech in 1975. An undergraduate attending the seminar,
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Hugh Woodin, proved that, if there is a discontinuous homomorphism, then there

is a certain set-theoretic consequence. Then R. Solovay constructed a model of
ZFC (in which CH is false) in which this consequence did not hold, and thus
gave a model of ZFC in which all homomorphisms from each C(X) are continuous.
I have not seen any details of this construction, and, as far as I know, it has
not been published.

Subsequently, Woodin himself gave a different approach to the construction of
such a model. He uses a model in which Martin's axiom (MA) holds, modifying it
to ensure that there are no discontinuous homomorphisms from C(X). My source for
this work is Woodin's Berkeley thesis ([341); again, as far as I know, the results
have not been published elsewhere.

It seems to me that analysts and logicians may be rather timorous about the
supposed arcana of each other's craft. This mutual apprehension may be excessive,
and I wish to build a bridge between the two areas, or at least an approach road
to one end of the bridge.

Thus, for the remainder of this section, we work in ZFC, but we do not assume

CH without specific mention.

First, we determine the extent to which the problems for different X are
equivalent. We write £ for the algebra of all real-valued, bounded sequences,
and ¢, for the real-valued sequences convergent to 0, on N, so that £% is
isomorphic to qR(ﬂW).

4_1 Theorem.

() If there is a discontinuous homomorphism from L%, then there is a

discontinuous homomorphism from C(X) for each infinite X.

(i) If there is a discontinuous homomorphism from any C(X), then there is a
discontinuous homomorphism from Cqe
Proof. (<) This is easy because each infinite topological space contains a
countably infinite, discrete subset: see [10, 7.8].

(4¢) ([22]) First note that there is a separable C*-subalgebra of C(X)
which is the domain of a discontinuous homomorphism, and so we may suppose that
C(X) 1is separable, and hence that X is metrizable, with metric d, say.
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We know from § 1 that there is a finite set F < X, p € B(X~F)N(XSF), and a
non-zero homomorphism v from CO(X\F) with ker v o Jg. Set Y = X~F.

For n € N, set

_ . 1 1
G, = {xeX: Ty < d(x,F) < Zﬁ} s

and set G, = {x € X : d{x,F) > 1/3}. Let U, = U{G2n :n=0,1,...1,

U, = U{G2n+1 :n=0,1,...}, so that Uy and U, are open sets in Y with

U1 ul, =Y. Let Vj = BY<TV:UET for j = 1,2, where the bar denotes closure in
BY. Then V1 and V2 are open sets in BY with V1 U V2 = BY. We may suppose
that p € V,. Note that, if f € CO(Y) and f =0 on Uj, then f =0 on V,,
a neighbourhood of p, and so v(f) = 0.

Take f, € c(Y) with fp =1 on G, with f =0 on G, for
mé¢ {n-1, n, n+ 1}, and with fn(Y) < [0,1]. For each a = (an) € Cps set

Wa)(x) = =

anfzn(x) (x € Y).
n

1
Each x € Y has a neighbourhood on which at most two of the functions f2n

are non-zero, and so ¥(a) € C(Y). Since a >0, v(a) € CO(Y), and clearly

Y: aw P(a) is linear. The map ¢ s not necessarily a homomorphism. However,

on the set U, f2n2 = f,, and f, f, =0 (n #+m), and so

v(y(ab) - y(a)y(b)) =0 for a,be €y Thus, v e ¥: c >R is a homomorphism.

Clearly, (v o y)(a)= 0 if a is eventually zero. We must show that v o ¥ # 0.

Take g € CO(Y) with v(g) % 0, and let B = sup{lg(x)l: x € G,}. Then
(B,) € c,» and there exists a = (), (y,) € c, with o +0 and

Y, = B, (n €eN). Let f = g/a, on G, , and set f =0 on F. Then f is
continuous on U GZn U F. Extend f to belong to CO(Y). Then y(a)f =g on U1,

and so v(y(a)f) = v(g). Thus, (v o ¥)(a) + 0, as required.

It is not known (in ZFC) whether or not the existence of a discontinuous homo-
morphism from o implies the existence of such a map from £7, and this seems to
be an interesting question.

Let Y be a completely regular space. Then there is a bijection between the
points of Y and the z-ultrafilters on Y (see [17]). If Y 1is discrete, then each
z-ultrafilter on Y 1is an ultrafilter - and in particular this is true for Y =N,
Let p e gN, and let
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up ={UnN : U is a neighbourhood of p in @N}.

Then the map p up is a bijection from BN onto the set of ultrafilters on N;
the points of @AN~N correspond to the free ultrafilters.

From the above remarks, we see that there is a discontinuous homomorphism from
o (respective]y,4€“3 if and only if there is a free ultrafilter U on N and
a non-zero homomorphism v : co/u - R (respectively, 2%/U » R), for some radical
Banach algebra R.

1 now give the key result of Woodin. As a gesture towards logicians' mores, we
write w for the ordinal {0,1,2,...}, «” for the set of functions from « to

w, and we take an ultrafilter U on w, corresponding to a point, say p, of
Busw.,

First, we require some further notation. For f,g € w”, we define:

f<g if f(n) <gl(n) eventually;

-
m

g if f(n) = g(n) eventually;
f<,9 if {new: fln) <gln)} belongs to U.

f=,9 if {(n€w: f(n) =gln)} belongs to u.

The order < on w“ is the Fréchet order. We write u]tum for the family of
cosets of w® with respect to the equivalence relation = [f] for the coset of
an element f € «“, and < for the induced order on u]tuw. For g € W, let

u]tug = {a € u]tum Pasy [gl}.

Let A be an algebra, and let a,b € A. Then b<<a if a € bA. A map
mioult,g > «® is isotonic if w(a) < w(b) in «® whenever a <y b in ultg.

4.2 Theorem. (Woodin) Suppose that there is a discontinuous homomorphism from some
C(X). Then there is an unbounded, monotone increasing function ¢ in o, a free

ultrafilter U on w, and an isotonic injection . u]tug - W’

Proof. Let wv: co/u - R be a non-zero homomorphism, as above. We construct = as

a composition: o vt
U]tug - CO/U > R > ww,
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First we define g. Choose a = (an) € ¢, such that v([al) # 0 : here, [al

is the coset of a in co/u. We can suppose that 0 < a, < 1 (n € @). Then

1/g(n)?

choose an unbounded, monotone ¢ € «* with 1lim o = 0.

Take [f] € ult,g. We may suppose that f(n) <gl(n) (n € w). Set
o([1) = [(a, F(M/()%)),

If [f1] < [fo1 <, [9], Tet

B, - an(fz(n) - f,(n))/g(n)>

Then (Bn) € c,. and o([f1])[(ﬁn)] = 0([f2]), so that 0([f1]) < < c([fz]) in

c,/U. Thus, (v o o)(a) << (v o ¢)(b) in R whenever a < b

Secondly, we check that the range of v ° ¢ 1is contained in the non-nilpotents
of R. For suppose that [f] < [g] and that r € N. Set
1-(rf(n)/g(n)?)

=
BI'] n

Then eventually 1 - (rf(n)/g(n)2) > 1 - (r/g(n)) > 1/2, and so B, < an1/2

eventually. Thus, (ﬁn) € c,- Also, ﬁna: = o and so (v o )(IFf1") # 0, as
required.

",

where now [z] denotes the integral part of a real number z. If x =yz in R,

Finally, if x is a non-nilpotent element of R, set <(x)(n) = [[I1x"1I”

where X,y,Z are non-nilpotent, then

1

oy o <o M.

Since R is radical, [1z"11 >0 as n - o, and so (y) < (x) in .

The result follows.

Let (S, <) be a partially ordered set. A chain in S is a totally ordered
subset. Elements r,s € S are incompatible if there is no element t € S with
t<r and t<s. An antichain in S s a subset T of S such that, if
rys €T with r +# s, then r and s are incompatible. The set S has the
countable chain condition if each antichain is countable.
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A subset T of S is dense if, for each s € S, there exists t € T with
t <s. A subset T is a filter if (i) for each r,s € T, there exists teT
with t<r and t<s, and (ii) for each r € T and each s € S with s <t,
we have s € T.

We now come to Martin's Axiom (MA). This is the statement : if (S,<) is a non-
empty, partially ordered set satisfying the countable chain condition, and if
D is a collection of dense subsets of S such that D has cardinality at most
wys then there is a filter T in S such that TnD+@ for each D€ D,

For an account of MA, see Kunen's book (24, 1I, § 2]. Some applications of
MA to general topology, illuminating for the analyst, are given in [24, II, § 3].

The theorems proved by Woodin in [34] which are required for the result about
C(X) are the following.

4.3 Theorem. There is a model M of set theory with the following properties:
(£) MA holds; (ii) CH fails; (iii) the set (2%, <) does not embed in (v, <).

Here, (2“*,<) is the set of functions from wy, into the set {0,1} with the
lexicographic order; an embedding must preserve order. In the model, 2 5o ==R2,
and it is not clear to me just what values 2&’0 can have in similar models. The
proof of 4.3 is a variant of the proof that there are models in which MA holds:
for this, see [24, VIII, § 6].

4.4 Theorem. In ZFC, MA + = CH <mplies that, for each free ultrafilter U over
w and for each unbounded, monotone increasing function ¢ in w”, (2“1s <) does

embed in u1tug.

This is [34, 7.2]. Theorems 4.2, 4.3, and 4.4 together show that, in the model
M of 4.3, there are no discontinuous homomorphisms from any C(X) into any
Banach algebra. We hope to present further details of these results, in terms
comprehensible to analysts, in [11].

To date, no one has demonstrated that there are models in which there are
discontinuous homomorphisms from Coo but in which CH fails. Thus, the present
status of the statement "all homomorphisms from each C(X) are continuous" is
that it is independent of ZFC, and implies that 2"° >-81-



214 H.G. Dales
5. OPEN QUESTIONS

The results of the previous sections show that all homomorphisms from certain
Banach algebras are continuous, and that there are examples of discontinuous
homomorphisms from some C*-algebras. (We now assume that CH holds.) However, a
number of basic points remain open.

We consider first the following well-known question.

Question 1. Zet 0: A > B be a homomorphism between Bandch algebras, and suppose
that 8(A) = B. If B s semi-simple, is 6 automatically continuous?

If this were true, it would be a striking generalization of Gelfand's result, when
B 1is commutative, and Johnson's result, when 6(A) = B.

It is not difficult to see ([1, 1.11) that the question is equivalent to the
following. Let 6: A - B be a homomorphism with separating space S(e). Is
S(e) = Q(B), the set of guasi-nilpotents of B?

In general, we should 1ike any new information about o(b), the spectrum of b,
for b € S(s). It is easy to show that o(b) 1is always a connected subset of €
containing the origin ([32, 6.16]1), but this seems to be all that is known in
general. Of course, by (1), S(8) = 9(B) 1if B is commutative, and, by (2), we
always have

S(s) n o(A) = 9(B), (5)

but it does not seem to be easy to modify Aupetit's proof to obtain the stronger
result that S(e) < 9(B). Note that the spectral radius v is not necessarily a
continuous function on a Banach algebra (see [3, Chap. 1, § 51).

Some partial results on Question 1 are given in [1, § 3].

Let us now consider Question 1 in the case that both A and B are C*-algebras.
Then T(6) and S(8) are closed ideals in A and B, respectively, and so both
are themselves C*-algebras. If 6 1S not continuous, then, by Theorem 2.5, there
is a non-zero homomorphism v: T(8) - S(e). Clearly, S(v) = S(s8) and I(v) = I(e).
Also, v(T(v)) is dense in S(v), and so, by (5), S(v) contains a dense sub-
algebra of quasi-nilpotents. Thus, we have the following result, pointed out to me
by Kjeld Laursen.
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5.1. Theorem. Suppose that there is a discontinuous homomorphism ©:A - B, where
A and B are C*-algebras and ©(R) = B. Then there is a non-zero C*-algebra

A and a dense subalgebra B such that each element of B <is a quasi-nilpotent.

Note that B is not just a dense subset of A consisting of quasi-nilpotents,
but a subalgebra. No such C*-algebra A is known, and I hope someone can show me
that no such algebra can exist.

The second question is the following.

Question 2. For which C*-glgebras A +is it true that each homomorphism from A

into a Banach algebra is automatically continuous?

We know that the C*-algebras B(H) and K(H) belong to the class, but that
C(X) does not belong to the class for each infinite X.

Let A be a C*-algebra. A representation of dimension n of A is a

*-homomorphism = from A into Mn(m), the algebra of nxn matrices. The
representation is irreducible if {0} and Mn(I) are the only linear subspaces
of Mn(m) which are invariant for w(A). Two irreducible representations of
dimension n are equivalent if they have the same kernel.

The following result is [1, 2.5].

5.2 Theorem. Let A be a C*-algebra. Suppose that, for some n €N, A has
infinitely many non-equivalent irreducible representations of dimension N. Then

there is a discontinuous homomorphism from A into a Banach algebra.

We made the guess in [1] that, if A does not satisfy the condition in
Theorem 5.2, then all homomorphisms from A are continuous. Maybe this is too
simple a conjecture.

The only way I know to prove that homomorphisms from a C*-algebra A are
continuous is to combine the methods described in § 2, above. This is done in
{1, § 4]. We consider a class of C*-algebras which we call the AW*M-algebras, and
we prove that, if A 1is an AW*M-algebra, then there is a discontinuous homo-
morphism from A if and only if A has infinitely many non-equivalent irreducible
representations of dimension n for some n. The description of the class of
AW*M-algebras is rather technical. Let me just note the class contains:
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(i) each AW*, and hence each von Neumann, algebra; (ii) each closed ideal in an
AW*-algebra; (iii) each commutative C*-algebra.

However, many C*-algebras are not of this class. It seems Tikely that a new
idea will be necessary to resolve the gquestion for these algebras.

Here is one example of a class of C*-algebras for which the answer 1is not known.

Let A be a simple, infinite-dimensional C*-algebra without identity, and let
g:A > B be a homomorphism. Then T(8) = A, but we cannot conclude that 1I(8) is
closed. Let M{A) be the multiplier algebra of A. Then T;K§7' has finite
codimension in M(A). However, there are examples ([301) of simple C*-algebras A
such that A has finite codimension in M(A). I cannot see how to exclude the
possibility that A = T{A) = _ETKT, but A % I(A), in this example.
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The question of continuity of homomorphisms mapping C*-algebras
onto Banach algebras is discussed. The developments leading up
to Esterle's positive solution for commutative C*-algebras are
described. The general question is then considered in two stages:
one where restrictions are imposed on the domain algebra and one
where commutativity is retained in the range. As a natural
consequence of this latter case the existence question for
discontinuous homomorphisms with commutative range is discussed.

PROLOGUE

This is an extended version of a lecture entitled “Commutative homomorphisms of
C*-algebras” delivered at the Third Paderborn Conference on Functional Analysis.

At the conference this lecture was preceded by Garth Dales' widespanning survey
of automatic continuity of homomorphisms from C*-algebras and I benefited greatly
from this, being able to draw on concepts and results already mentioned by Dales.

It seems reasonable to make an analogous approach here. Therefore, I suggest that
if you, dear reader, have not already done so, please read [8]. At the very least,
take a look at [8] up to and including theorem 1.3.

Should this suggested study plan be met with suspicion, perhaps even a stubborn
decision not to follow my advice, no harm need result: what follows will be largely
selfcontained, albeit perhaps a bit laconic when it comes to motivational remarks.

1. THE C(X) PROBLEM AND ITS SOLUTION.

In contrast with the river Pader which wells from numerous springs, automatic
continuity is generally considered as stemming from one source, namely Kaplansky's
observation [17] that any algebra epimorphism of C(X) 1is norm-increasing (some
people would take issue with the single-source claim, with reference to early work
on the uniqueness of norm topology. However, the automatic continuity theory
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started as a study of commutative Banach algebras and the main motivation was
clearly Kaplansky's question).

Kaplansky's result was that if C(X) 1is the Banach algebra {with sup norm [-1y)
of continuous complex valued functions on the compact Hausdorff space X and if
6: C{X) - B 1is an algebra monomorphism (i.e. 6 1dis 1-1) dinto the Banach
algebra B then for any f € C(X):

e(f)n > 1f1y

Evidently this means (by the open mapping theorem) that if 6 is surjective then
Il and !-IX are comparable. This shows that C(X) has a unique complete norm
topology. It also made Kaplansky ask the very natural question: can C(X) be
equipped with another (i.e. inequivalent, hence necessarily incomplete) algebra
norm ?

So Kaplansky's answer was for the case of a homomorphism which is surjective and
1-1, and Kaplansky's question consisted of dropping the assumption of surjectivity.
Dropping also the 1-1 assumption clearly brought up nothing new: there exists a
discontinuous homomorphism on C(X) 1if and only if there is a discontinuous
monomorphism of C(X); if 6: C(X) ~ B is discontinuous, simply consider

6 @ identity: C(X) -~ B @ C(X).

The other possibility was to retain surjectivity and drop 1-1. In other words:
if 8: C(X) ~ B 1s our epimorphism is © necessarily continuous? As it turned
out, it took longer to answer this than to answer Kaplansky's question. But then
how much attention does an unposed question ordinarily receive? We shall return
to the surjective case in section 111 but first develop some of the general tools
that allowed the important reductions which eventually permitted the Dales-Esterle
solutions of Kaplansky's question: the reduction to the radical range and the
prime kernel case.

Both Dales [7] and Esterle [39] answered Kaplansky's question by showing that if
J s a prime ideal with closure M in C(X) then there is a monomorphism of
M/J into some radical commutative Banach algebra R. Their answers require the
assumption of the continuum hypothesis (cf. [8, section 4]).

At the time (around 1974) when Dales and Esterle started looking for a discontinuous
homomorphism from C(X) 1t was known that the above "M/J-into-R" setting was
exactly the place where discontinuous homomorphisms would have to be found, if
indeed they existed.

This significant reduction of the scope of the search was brought about largely
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by Bade and Curtis [3] (cf. [8, theorem 1.3]) and Sinclair [19]. Almost everything
in this reduction can be derived from one single principle, a stability result
about separating spaces. And since this also leads naturally to Esterle's solution
[11] of the surjectivity problem, I should 1ike to describe this in some detail.

IT. STABILITY OF SEPARATING SPACES.

Recall that if S: X > Y s a linear map from the Banach space X to the Banach
space Y then the separating space of S is

z(S) = {y € Y | for some sequence Xp > 0 din X, Sx, > y}
The closed graph theorem tells us that S s continuous exactly when z(S) = {0}.
If X = Xgs if {Xn}(:z1 is a sequence of Banach spaces and if

Tn : Xn > Xn—’l

is a sequence of continuous linear maps then

ST P I N S {

1 n-1"n n

has separating spaces which we may denote

g, 1= oSy o T)) n=1,2,...

n n

Clearly ¢ o 12 e 20,2 00 & The surprising thing is that such a sequence
always satisfies a descending chain condition:

The stability lemma. With the above assumptions there is an integer N such that
N = O for all n > N .

This principle was brought into automatic continuity by Johnson and Sinclair [15]

but the idea of the proof is much older [16]. This version is from [18]. The proof

is short and simple enough to include here.

Proof: We need first the general observation that if R: Y > Z 1ds a continuous
linear map to the Banach space Z then {RS) = Rz(S) . The proof of this is not
hard; it may be found in [21, Temma 1.3].

If no N can be found for which TN = &p for all n » N then, by grouping
together some of the Tn's, if necessary, we may suppose that the sequence of
separating spaces is strictly decreasing:
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C¢C1¢C2¢..

Let Qn Y > Y/cn be the natural quotient maps (each Zn is a closed linear
subspace of Y). By the first paragraph of this proof and the assumption of strict
decrease we see that QnST1"'Tm is discontinuous for m < n and continuous for
m>n.

We may as well suppose that llel]= 1 for each m; we can then select inductively
(y,) (for n?>2) such that

ly l<2™  and
n-1
lIQnST1...Tn_1yn||2 n + “QnST1“'Tn“ + p)iz“QnST1"'Tp—1yp“ .

For the element Xg ;'T vedd Yp we then have, for each n > 2,
n=2 1 n-1n

n-1
NSxg I 2 NQSxg = HQS £ TyuouTp gy + QuSTyeeuTy ¥y * QS T TyeenTp gyl
m=2 m>n
n-1
20 +11QSTy...Toll + pEZIIQnST1...Tp_1ypII
n-1
Z QL STyee T q¥plh = 00 STy T HHET a7 Ly 1> 0.
mep N1 m-1"m n>'1 " n n+1 m-1"m" <

. - O o
Corollary. (Semigroup stability), [21). Suppose {T }a€R+’ {R }u€R+ are
semigroups of continuous linear operators on the Banach spaces X and VY,
respectively, which intertwine with the linear map S: X > Y, (i.e. R% = sT%,
o€ R). With

g, = &%) (a€R)
we have

L, =g (0,8 € R,)

a

Proof: It is not difficult to see (cf. the beginning of the proof of the stability
lemma) that C, = R%%(S)1” (o € R,).

Suppose first that for certain o < 8 we have Then ¢ o

a+n(B-a) = "o

Ty = CB’
n =1 1s assumed. Since

for n=1,2,... follows by induction: The case

e+ 1) (B-0) gy -

Sar(n+1) (B-0)
(RE (B () )7

B 1 - RP(S)” -
= [R" 7 17 = [R%(S)] = g

the inductive claim follows.
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Consequently, if vy » o, then there is an integer n so that

v € [a+n(g-a), a+(n+1)(g-a)[, and hence 2y 2 Soa(net)(B-a) - 5y 2y -

On the other hand suppose 3a < B with Ty, + EB. Choose an infinite series
n
04 with positive terms and sum Ca. If s =.%

. the + for
nT iR NoBspF Espy
each n (because otherwise T = g by what we have already shown).
This infinite descent of a sequence of separating spaces contradicts the stability

lemma. The corollary follows.

Corollary. (prime ideal kermel). If 6: A~ B is an algebra homomorphism from
the commutative unital Banach algebra A with dense range in the Banach algebra
B then there is a closed ideal K c B so that the homomorphism ¢: A > B -~ B/K
has prime kernel.

Proof: Let ¢ be the separating space of 6 and let
I ={aehl ola)g = {03},

Suppose the following situation occurs: for every a € A either 68(a)g = {0}

or (8(a)z) = g. We then iet 3, be the unit of A and note that the ideal 1
is prime: with o(ab)z = {0} and 6(a)z # {0} we have {0} = [8(ab)z] =
[6(b)e(a)z]l™ = (e(b)g)” (since (8(a)z)” =¢). Thus bel, if abe I and

a ¢l

If this situation does not occur there must be an element a € A for which

{0} + (s(ay)c)  + c.
Now Tlet

I; = {ae A elaay)z = {01} .

If e(aa1)c = {0} or = (e(a1)c)' then I, is prime. This is shown as we just
did it. If this dichotomy does not arise there must be a, € A for which

{0} + [8(ayay)cl + [8(a,)c]”

We may repeat this argument, but not forever: if we could, we would produce a
sequence a4,3,,... € A for which

{0} # (e(an...a1)c) + (e(an_1...a1)c)

This would contradict the stability lemma.

Thus we must get an element, call it 3, € A (a0 is the product of the elements
arising from the repetition of the above argument), for which the set
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J={aehi elaag)c = {01}
is prime.

If we let K=1{beB | be(ao)g = {0}} then obviously K 1is a closed ideal and
if ¢: A+ B > B/K then ker¢ = {a € A | e(aao)g = {0}} =J is prime.

Note that phrased in this generality the above corollary contains no continuity
claims. In the C(X) case that we are primarily interested in, a few additional
observations will do.

The next result compresses the work of Bade and Curtis [3] and of Sinclair [19]
into one set of statements. Here X 1is locally compact Hausdorff.

Theorem. Let 0; CO(X)»-B be a discontinuous homomorphism with dense range in
the Banach algebra B. Then we may assume without loss of generality that B is
a radical Banach algebra with an adjoined unit and that & has a prime kernel.

Moreover, with these reductions
[e(f)B1” = [6(fFMBI™, n=1,2,...

for every f € CO(X).

Proof: With the notation of the previous proof it is clear that if J is not
closed then ¢ is not continuous.

If we suppose that J is closed then (since {0} ds not a prime ideal) we may
suppose that J is all of CO(X) or else that J 1is a maximal modular ideal.

In either case, if 8(J)z 1is dense in ¢ then e(J)e(aO)c = {0} (this is the
definition of J) dimplies that e(ao)g = {0}, contrary to the definition of ag-
So {8(J)z} s a closed ideal, properly contained in . Thus if

Q : 8+ B/(6(d)z)”

is the quotient map then Qe9 : CO(X) ~ B/(8(J)z)” dis a homomorphism with
z(Qed) = Qz # {0}, 1i.e. this map is discontinuous. But also

(Qe8)(J)z(Qes) = {0} ,
so Qed 1is continuous on J, hence continuous.
This contradiction shows that J cannot be closed.

We have obtained a discontinuous homomorphism of CO(X) with a prime kernel.
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Obviously, © must be discontinuous on J~ which s a maximal modular, hence
cofinite ideal. But then it follows that

ce6(d)

Moreover, if a € J° and {an} cJ with a, > a then e(a-an) + 8(a) and
a-a »0, i.e. 0(a) €. It follows that '

z = 6{J7)

However, it is easy to see that ¢ s a radical algebra: every element must have
zero spectral radius.

The last claim of this theorem comes from the semigroup stability (since we may

take B = c), once we have seen that for every f € Cy(X) (o(f)zl” = [e(lflz)gl-:
1

since f = a|f|® for suitable a € CO(X), we have that

[6(f)c1” 2 [8(FF)cl™ = (8(1F12)c)™ = [801F12)2)™ 2 [8(1f12a)z]™ = [6(f)g)”
This proves the Bade-Curtis-Sinclair result.

Algebras of the form J/J, J a non-closed prime of C(X), are particularly rich
in known structure (cf. section 3 of [8]1). As I mentioned, this was the setting
in which the first examples of discontinuous homomorphisms were found.

What's more, for the question of continuity of epimorphisms of CO(X) - where the
answer turned out to be that they are all continuous [11] - this reduction is
perhaps even more significant. To understand how Esterle’'s solution works we need
one additional observation about the primes of the quotient J /J: 1in this ring
the primes are totally ordered by the usual inclusion order. The real case is
classical [14] and the extension to the complex case is routine.

IIT. EPIMORPHISMS

In [11] was proved this result. The proof was cumbersome, but later Esterle [12]
has given a much shorter soft one. This we can give here.

Theorem. 1f B s a radical commutative Banach algebra in which there is a non-
nilpotent element b € (bB) , then the primes of B are not linearly ordered
(by inclusion).

Proof: Let 1 = (bB) . A lengthy, and for our purposes not particularly
enlightening inductive argument from [11, lemma 4.4] will produce a sequence of

invertible elements (sn) from B# (B with an adjoined unit) for which
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s,b > b and ||sn_1bpu > as n-~wo, foreach p=1,2,...
If we then define, for fixed integers n,p:
- #. p 1
fnp ~ {(c,d) € IxI | 3x € B": llcx-x|l + 1A1dPxIl < =
then o b is obviously open. It turns out to be also dense in IxI:

Let £ > 0 be given and let bx,by € I.

There is no harm in replacing y by y+e, and hence we may suppose y invertible

in B#. Now choose n so that 1/2n < ¢ and then Sy SO that
jIbxs_~bxs_s _1H = Ibxs_-bx|l < LI
m mm m 2n
and so that

p. -1
{1 {by) sy I >2n .

The first Tine is easily obtained. The second one follows from

1

p. -1 -p Pe -
b%s 11 <y Il 1i(by) Sy -

This shows that (bxsm,by) €9
Ib(y+e)-byll = ellbll we have shown that & o is dense in IxI.

and since Ibesm-be < e, while

The Baire category theorem then shows that Q = nﬂaﬁn,p is a dense Gé and if

Q' = {(d,c) 1 (c,d)€Q} then ' (being a homeomorphic image of ) must also
be a dense Gd' A1l in all, again by Baire, © n Q' 1is a dense G6 set in IxI.
A11 we need to know is that © n ' is non-empty. Thus if (c,d) € @ n Q' and if
p € N then we can find sequences (a.), (bn) in 8% for which

llca ~cll + lidb_-dil + 1A1dPa il + 1/1cPb Il > 0. This means that o ¢ c8* and

Pd of B# such that

P

cP ¢ dB# {easily checked}. Thus there are primes PC,

ceP~ Pqand dePy~P. . The algebra B s radical so P 4 are ideals

C!
in B. This proves the theorem.

This is all we need for Esterle's theorem on the automatic continuity of
epimorphisms from CO(X).

Theorem. [11, theorem 5.3]. Any epimorphism of CO(X) onto a Banach algebra 1is

necessarily continuous.

Proof: If 0: CO(X) ~ B dis a discontinuous epimorphism then we may assume that
B is radical, that ker® is a prime and that [6(f)B)” = [6(f)"BI” for each
fe CO(X) and n=1,2,... . If f ¢ ker6 then this means that o(f) is
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. 2 2
non-nilpotent. Also &{f)° € {8(f)
of B are not totally ordered. But in CO(X)/kere the primes are totally ordered.
This contradiction shows that & cannot be discontinuous.

B)™ and thus by Esterle's theorem the primes

We all know that CO(X) can be thought of as a commutative C*-algebra and thus
Esterle's beautiful solution of the epimorphism problem naturally brings up this
question: what can be said about epimorphisms from general C*-algebras? First
of all, Kaplansky's original result, that the sup-norm on CO(X) is minimal
among all algebra norms on CO(X), turns out to have an analogue in the general,
non-commutative case. This was discovered by Cleveland [5] who showed that if 6
is an isomorphism of a C*-algebra A then there is a constant M such that
lx1l < Milp(x)il for all x € A. Consequently, once again, if © is also an
epimorphism (i.e. onto a Banach algebra) then 6 1is necessarily continuous.

If we drop the 1-1 requirement we are left with an open problem. However, quite
a few special cases have been settled. They fall naturally into two batches:
those where additional assumptions are imposed upon the domain C*-algebra and
those where restrictions apply to the range.

The best, known results for domains from subclasses of C*-algebras have been

proved recently by Albrecht and Dales [1]. They study a class of C*-algebras,

whose defining properties are too technical to warrant mention here (suffice it

to say that this class contains all AW*-algebras and hence all von Neumann algebras;
it also contains all commutative C*-algebras), but which have a.sufficiently rich
structure so that a reduction of the entire continuity question to the commutative
case becomes possible. Thus, ultimately this approach relies on Esterle's result.

At any rate, the conclusion is the same: any epimorphism from such a C*-algebra

(an AW*M-algebra) onto a Banach algebra is automatically continuous [1, theorem
4.12].

If we drop all additional assumptions on the domain C*-algebra the simplest case
to deal with presumably is that of a commutative range. And here it turns out that
Esterle’'s original line of attack is still successful: An epimorphism of a
C*-algebra onto a commutative Banach algebra is necessarily continuous.

In outline, the steps in the proof are the following: Cusack [6] shows that if a
C*-algebra A 1is the domain of a discontinuous homomorphism then this homomorphism
may be assumed to have a prime kernel (in a non-commutative-algebra A a two-sided
ideal I s prime if aAbc I implies that a € I or b € I). Moreover,
surjectivity is not affected by this additional assumption.

If the closure B of the range of the discontinuous homomorphism is commutative
then by essentially the same method of proof a result 1ike the Bade-Curtis-Sinclair
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theorem may be proved: B may be taken to be radical and there is an non-
nilpotent element b for which b € (bB) . Consequently, by Esterle, the primes
of B are not totally ordered by inclusion.

But if the prime kernel of the discontinuous homomorphism is called P and if the
range B is commutative then A/P is a commutative algebra in which the primes
are ordered (the situation in A/P is sufficiently similar to the C(X) case to
permit analogous reasoning). Thus, if B and A/P are algebraically isomorphic
we have once again reached the desired contradiction; the considered epimorphism
must be continuous.

IV. HOMOMORPHISMS WITH COMMUTATIVE RANGE.

These last observations immediately bring a question to mind: if A 1s a
non-commutative C*-algebra then how easy are homomorphisms with commutative range
to come by - whether or not they are epimorphisms - - and whether or not continuous?

If a,b € A then f[a,b] = ab-ba is the commutator of a and b. If 6: A -+ B

is a homomorphism into the commutative Banach algebra B then clearly 6([a,b])=0,
whatever a and b. Thus, if we agree that I(A) is supposed to denote the
commitator ideal of A, i.e. the smallest two-sided ideal containing all
commutators, then I(A) c kerf. And conversely, if 6: A - B is a homomorphism
with I(A) < kers then the range of 6 1is commutative.

Consequently, to decide about the existence of (discontinuous) homomorphisms with
commutative range we must know about the size of I(A) in A.

Here is an answer to this existence question. The result is new, so we include a
proof.

Theorem. Let A be a separable C*-algebra with commutator ideal I(A). Then
there exists a discontinuous homomorphism of A into a commutative Banach algebra
if and only if I(A) 1is of infinite codimension in A. This result assumes the
continuum hypothesis.

Proof. 0One direction is easy and requires no separability and no assumption of the
continuum hypothesis: if 6: A -+ B 1is discontinuous then B must contain quasi-
nilpotent, non-nilpotent elements (by Sinclair's work described earlier), hence the
range of © must be infinite dimensional. But then ker8 is of infinite
codimension. Since I(A) < ker®, the same claim holds for I(A).

For the converse, consider first the possibility that I(A) be closed. Then
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A/I(A) s an infinite dimensional commutative C*-algebra so by Dales' and Esterle's
work [7,9]1 there is a commutative Banach algebra and a discontinuous homomorphism

6: A/d ~ B; kers 1is non-closed. The composite map of A into B must be
discontinuous, because the quotient map is open (if the composite is continuous

it has a closed kernel; hence keré must be closed).

We are left with the case of a non-closed commutator ideal I(A).

In the next few lemmas let A denote the smallest unital C*-algebra containing A.
Note that I(A) = I(R). We begin with

Lemma 1. If I(A) 1is not closed then there is a non-closed prime P < A
containing I(A).

Proof: By definition the prime radical PR(I(A)) of I(A)} 1ds the intersection of
all primes containing I(A). Since A/I(A) {is commutative it is not difficult to
see that

PROI(A)) = {x € A | ane N: x" € I(A)} .

If every prime containing I(A) 1is closed then PR(I(A)) 1is closed and so contains
the norm closure I(A)" of I(A). This means that for every x € I(A)~ ‘there is
an integer n so that x" € I(A). Now, by the Allan-Sinclair strengthening of
Cohen factorization [2], if a € I(A)” then there are elements .Yy, € I(A)",

such that a = xnyn , n=1,2,... . Hence a € I(A}) so that I(A) = I(A)". This
contradicts the assumption that I(A) be not closed.

Corollary. 1f 1I(A) is not closed then there is a prime of A containing I(A)
which is not dense in A.

Proof: Let P be a non-closed prime containing I(A). If P were dense P
would contain invertible elements, hence equal A.

Lemma 2. If P dis a non-closed prime of 3 containing I(A) then P is of
infinite codimension.

Proof: 1f codim P < e then there is an integer n so that if x € A we can
find scalars ay,...,0 for which (x-u1)...(x—an) € P. Since A/P s co@ﬂutative
one of the factors is in P (remember: P s prime). Thus for every x € A
there 1is o, € ¢ so that x-o € P. The map x - Oy is linear and consequently

P is of codimension < 1. This means that P 1is closed.
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Lemma 3. With P as above, the algebra K/P contains an ideal of codimension 1.

Proof: We have seen that the norm closure P~ is a proper ideal of K; hence
there is a primitive ideal M containing P~. The ideal M/P” is primitive in
A/p7 [22, 4.1.11 (i1)], hence of codimension 1 (because A/P” is commutative).
But then M/P is of codimension 1 1in K/P.

We now have everything we need in order to show that if A 1is separable and I(A)
is non-closed and if we assume the continuum hypothesis, then there is a
discontinuous homomorphism of A into a commutative Banach algebra.

We may assume that A has a unit, i.e. may consider Iy (if o: A >B s
discontinuous, then 6 1is also discontinuous on A). Let P be a non-closed,
hence infinite codimensional prime of X containing I(A). The algebra X/P is
unital and commutative and it is an integral domain. Since A 1is separable and
since we assume the continuum hypothesis the cardinality of K/P is ¥\1 .
Esterle [10] has shown that under these circumstances X/P has an algebra norm
if and only if EVP has a non-trivial character. Thus, by lemma 3, K/P has an
algebra norm. The canonical map N X/P cannot be continuous, since P 1is not
closed.

This completes the proof.

Remark. 1t follows from the above discussion that if the commutator ideal I(A)
is not closed then it is necessarily of infinite codimension in its closure.
Incidentally, no examples of non-closed commutator ideals have been found yet.

Example. Here is a C*-algebra A with a closed commutator ideal of infinite

codimension. Thus A 1is the domain of discontinuous homomorphisms with commutative
(normed) range.

On the separable infinite dimensional Hilbert space 12 let S be the shift

S: (x1,x2,...) - (0,x1,x2,...)

and let C*(S) be the C*-algebra generated by S. It is well known that S$*S~SS*
is the projection on the first coordinate and from this it follows that the

compact operators C(12) are contained in C*(S). Since S*S = SS* modulo C(12),
the element S+C(12) is normal in C*(S)/C(12) and hence C*(S)/ C(12) is singly
generated and, in fact, may be identified with the space of continuous functions

on the essential spectrum of S, which is the circle group T. Since C*(S)/C(12)
is commutative we conclude that I(C*(S)) < ¢(12) so that I(C*(S)) is indeed

of infinite codimension in C*(S}. It may be shown, actually, (cf. e.g. [13]) that
1(c*(s)) = c(12).
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NUCLEARITY AND FUNCTION ALGEBRAS
- A SURVEY -

BRUNO  KRAMM

UNIVERSITY OF BAYREUTH

§ 1) Basic notions

(1.1) Definition: A pair (A,X) is called a function algebra if

a) X is a hemi-compact topological space # @
b} A Zs a closed subalgebra of Yrrxi;
e) A contains the constants € and separates the points of X.

(A4,X) is called a nuclear (resp. Schwarts, Montel, reflexive) function algebra,

if it 78 a function algebra and <f A as a l.c.s. is nuclear (resp. Schwartz,

Montel, reflexive).

(1.2) Remarks:
"X hemi-compact" means that there exists an exhaustion of X by compact subsets

. < Kn < Kn+1 < ... ,n€ N, s.t. for any compact K = X there is n, € N with

K < K
nO

kX denotes the k-space associated to X, that is, a subset U < X is open w.r. to
kX iff U n K is open in K, for all compact K = X. Hence ¢(kX)(:= €-valued
continuous functions on kX) and A become Fréchet algebras with respect to the
topology of compact convergence on X.

This topology is given by the sequence of seminorms

£l K, TS (), fe k),
n

or in other words,

A= lim AK and, in particular,
<— n

PlkX) = lim Y (kX)y = Tim ‘@(Kn)

— n -

where A, stands for the separated comnletion of A with respect to [ -|
n

The well known Gelfand theory for uniform Banach algebras generalizes to the
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above introduced function algebras (see {15],{19]). In particular, via the Gelfand
representation

I A— P(koh), f — F, Ho) = @(f),

ve may identify A and the closed subalgebra T(A) < e(koA) 3 note that the
topologies of compact convergence on X resp. oA induce the homeomorphism

A — r(A). (oA := continuous spectrum of A endowed with the Gelfand topology).
By this identification we see that (A,X) may be interpreted as a function algebra
(r(A), oA) on its "natural" carrier space cA; both spaces are linked by the
continuous evaluation map

j:X— oA, x — @, >

with q&(f) := f(x), v feA.

We shall often suppress X and rather conceive the "function algebra A" as the

pair (T(A),oA). Note that (T(A),oA) is a natural system in the sense of Rickart
([23]). ’

Note that a nuclear function algebra (even a reflexive function algebra) on a non-
finite space X never happens to be a uniform Banach algebra (although it is the
projective limit of uniform Banach algebras).See [19],(21].

For a nuclear (resp. Schwartz) function algebra the above projective limit
representation can be chosen in such a way that the canonical restriction operators

are nuclear (resp. compact) operators (simply by "thinning out" a given exhaustion
. c Kn < Kn+1 < ... in an appropriate way). Note that for function algebras we

have:

nuclear = Schwartz = Montel = reflexive = Max Mod algebra (4.2) (Recall that a

function algebra (A,X) is Montel, if A enjoys Montel's theorem on X.)

§ 2) Examples of nuclear function algebras

(2.1) Let (X,{J) be a (reduced) holomorphically separable complex analytic space
(see [11]). Then the pair (0 (X),%) is a nuclear function algebra, with (7 (X) the
algebra of global holomorphic functions on (X,(Q), i.e. 19(X) = HO(X,(Q).

Axiom (b) follows from the Grauert-Remmert theorem (see [4 ], p. 88). Nuclearity
for (J(X) is proved by the permanence properties of nuclear 1.c.s. ([21]) and
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using the fact that analytic spaces can locally be modelled as analytic sets in
polydisks. One may drop the holomorphical separability condition. Still
((0(xy, X/(O(X)) remains a nuclear function algebra. Recall the equivalence relation

X~y iff f(x) = fly)vfe QX .
a(x)

The carrier space X/(?(X) can have rather peculiar properties. Function algebras

of the above type are called holomorphic algebras. A strictly larger class of
examples is obtained by taking closed subalgebras A = ()(X). In [19] we construct
such an algebra A which is not a holomorphic algebra (and which enjoys a lot of

further curious properties). This leads to

Problem I: Let be given a holomorphic algebra Bex) and a closed subalgebra
4 < O(x). When is A a holomorphic algebra?

An outstanding subclass of holomorphic algebras is the class of Stein algebras.

A function algebra A is called a Stein algebra if there exists a Stein analytic
space (X,{)) s.t. A is topologically isomorphic to (§(X). For example, all algebras
{7(G), G a domain in t", are Stein algebras, even if G is not a Stein domain (for,

G possesses a Stein envelope of holomorphy Gs.t. lQ(G) = (7(5)).

Recall the Igusa-Remmert-Forster theorem: {X,{9) is a Stein space iff
jix—al)(x)

is a homeomorphism. Hence a Stein algebra reconstructs its underlying Stein space!
In fact, the categories of Stein algebras and Stein analytic spaces are antiequi-
valent (Forster's theorem). For the theory of Stein algebras cf. [ 6 1,[15],[19].

We mention a description of Stein algebras which is particularly useful for function
algebraic reasonings: A function algebra is Stein if and only if it has holomorphic
structure in all points of its spectrum [15],[16].

There is a more general fact with a similar proof. Let A be a function algebra

which has holomorphic structure around some ¢ € oA. Then there is an A-convex
neighborhood U < oA of ¢ s.t. AU is a Stein algebra; in particular (AU,U) is a
nuclear function algebra. A more detailed discussion of this context is given in
[16].

(2.2) Let E be a (DFN)-vector space and U < E be an open subset. Denote by 0 (W
the algebra of all holomorphic functions on U, i.e. the class of all continuous
functions on U which are holomorphic when restricted to U n F, for all affine
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complex lines F c E.

Then ((U) is a nuclear (F)-space with respect to the topology of compact
convergence on U, by the well-known Boland-Waelbroeck theorem [ 3]1,[26].
Hence (0 (uy,0) is a nuclear function algebra, Note that the classes (2.1) and
(2.2) are disjoint whenever dim E = o,

(2.3) The following class stems from a very different area. Let M be a hemi-
compact ¥ “-manifold and P an (hypo-)elliptic system of first order PDEs on M
having complex ¥ ®-coefficients.

That is, asystem Pl""’Pm of first order partial differential operators on M
s.t. for any coordinate patch X1s+eesXy ON M we have:

Tk 5 k. o=
P. = Zl aj (X)—W, 1sjsm, ajeE(M);

imply £=0. It is called elliptic, if it is elliptic in all x € M.
The well known regularity theorem (see [ 1]) states that any weak solution
ue J'(M) of an elliptic system P,

i.e., P:(u) =0, Igj<m,

is automatically in ‘em(M). (More generally the regularity theorem is used to

characterize hypoelliptic systems).
For (hypo-)elliptic systems we denote by ¢ (P;M) the space of all solutions of P:

LPsM) = w e Q'(M) : P5(u) = 0, lsism) =

= {u € e7(M) : Pi(u) =0, 1sjsm} .

(2.3.1) Proposition: Let P = (PZ, . .,Pm) be a hypoelliptic system on M having
\ew—coef‘ficients. Then (f (P,M),M) is a nuclear function algebra. (Instead of
L. (P,M) we should write more precisely: I(P;M/ J.

2(P,M)

Proof: By first order of the Pj the solution space is an algebra of functions on
M.
Now consider the following commutative diagram:
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From the first 1ine and the continuity of P we conclude that & (P,M) is closed
with respect to the topology of compact convergence on M, from the second line
and the regularity theorem we conclude that & (P,M), at the same time, is
closed with respect to the Yzw-topo1ogy on M.

Hence, by the open mapping theorem for F-spaces, both topologies coincide on
L(P,M). Thus £ (P,M) is a function algebra on M/f(P,M) and, as a closed
subspace of ¢ “(M), also nuclear.

2.4) The algebras A of generalized analytic functions introduced by T. Tonev *)
Te

and generalizing the Arens-Singer concept [ 71, are Schwartz function algebras, pro-
vided v is sufficiently large. It Tooks very likely that they are even nuclear.

Note that j : C
compact.

— oA? is homeo (i.e. a homeomorphism), hence cA: Tlocally
G EG C

More generally, one might conjecture a positive answer to the following

DProblem II: Let A be a Schwartz funetion algebra with locally compact cA. Then

is A ruclear?

It is easy to give counterexamples when the local compactness assumption is dropped.
For example, take a non-nuclear () FS)-vector space E. Then [J(E), the algebra

of all holomorphic functions on E (see (2.2)), can be shown to be a Schwartz
function algebra on E without ()(E) being nuclear.

j: E— ol(E) is continuous bijective and it is easily seen that o )(E) cannot
be locally compact.

(2.5) Clearly, a function algebra (B,X), with X compact, never can be nuclear

(except when X is a finite set).

But there are two natural constructions that often lead from a Banach function

algebra to a nuclear function algebra.

Suppose X = oB.

i) If B has a Gleason part M< oB (cf. [25]) which is open and dense in oB
then (B”,ﬂ) happens "often" to be a nuclear function algebra.
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If oB is purely n-dimensional (with respect to Chevalley dimension, cf. [14]),
and if X := oB - Yn-IB is non-empty (yn_lB denotes the (n-l)St ShiTov

boundary of B, introduced by Basener and Sibony, cf. [14]), then (BX,X)
is a nuclear function algebra. As a matter of fact, X even can be given
the structure of a purely n-dimensional C-analytic space s.t. By becomes
a closed subalgebra of 7 {X); the proof is implicitly contained in [1417,

see also [19]. It rests upon Basener's and Sibony's theorem [ 2 ],[24].

(2.6) By using permanence properties [21] the above classes of examples often can
be enlarged considerably.

a)

Let (A,X) be a nuclear (resp. Schwartz) function algebra and Ao <Aa
closed subalgebra.

Then (Ao’X/A ) is a nuclear {resp. Schwartz) function algebra.
0

Let (Aj’xj) be nuclear {resp. Schwartz) function algebras, l<jsn.
Then

(Alx cee XA { J X.) and

disjoint J
A A
(Ale . eAn, Xlx X Xn)
are nuclear (resp. Schwartz) function algebras. (@ = complete slice

tensor product).
The Cartesian product of algebras extends easily to the case of a
countable number of factors.

The case of taking quotients must be handled carefully. A function algebra A
is called strongly uniform if for all uniform ideals (= kernel ideals)
ilc:A, the algebra A/EL endowed with the natural quotient topology is a
function algebra again. The Shilov boundary for Banach function algebras
often turns out as an obstacle to strong uniformity. For example, the disk
algebra " (A) is not strongly uniform (see [19] for a proof communicated

to me by Gamelin). But nuclear or Schwartz function algebras seem to be
*often" strongly uniform.

So, whenever you have a strongly uniform nuclear (resp. Schwartz) function algebra,
then you may take quotients with respect to uniform ideals and you obtain again
nuclear (Schwartz) function algebras. (Note that the quotient of a Montel space
need not be Montel).
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Problem III : Let A be a Schwartz function algebra with locally compact cA. Then,

is A strongly untform ?

The local compactness assumption cannot be dropped.

Example: Take a @ “-manifold M and put A := (J(( € (M))').

By (2.2) A is a nuclear function algebra on %fw(M)'. Observe that

it M— o¥P7(M) is homeo and o €7(M) is a hull for A in oA = €7(M)' [13].
Thus AL:= {f € A : flo@(my = 0) is a uniform ideal in A.

By Satz (2.3) in [13] (which is also valid for semi-simple nuclear F-algebras)
we have

AAG, ~ ¥Y7(M) (as top. algebras).

Hence A cannot be strongly uniform, for %?m(M) is not a function algebra {see {2.7)).

A word of warning:

(2.7) Note that (¢”(M),M), M a smooth manifold, never can be a nuclear function
algebra although ¥ “(M) is a (semi-simple) nuclear (F)-algebra of functions. For,
the closure of %Zw(M) with respect to the topology of compact convergence equals
Y (M) which isn't nuclear.

§ 3) Finitely generated nuclear function algebras

If, for a given function algebra A, no specific carrier space X is displayed,

we always will understand oA to be the carrier space for A.

Note that none of the theorems in the next §§ can be true in the case of uniform
Banach algebras (except if they are finite dimensional vector spaces).

Only a few statements will be proved in the sequel, but, in any case I'l]l give
references to the literature. (Let me remark here that the whole complex will

be worked out in great detail in the forthcoming book [19]).

(3.1) When you try to establish a structure theory for a certain class of objects
you usually ought to start with the "finitely generated" objects.

It turns out that the singly generated,even Montel rather than nuclear, function
algebras behave, so to say, sensationally well. But unfortunately, n-generated
nuclear function algebras (nz2) can exhibit pathologies. (Recall that a function
algebra A is said to be n~-generated if there are fl,...,fn € As.t.

A= 1""’fn

but there are no n-1 elements in A doing this. The trivial algebra C is 0-generated).
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(3.1.1) Theorem: Let A = T1F] be a singly generated Montel function algebra
having connected oA.

Then there is a simply connected domain G < € s.t. A= (0 (G) (is0 as top

tsomorphism is induced by f — z.

Note that the assumption "oA connected" easily can be checked by the algebra A
itself rather than by its spectrum. Namely, Shilov's idempotent theorem tells us
that oA is connected if and only if A has no non-trivial idempotents.

Actually, we inserted this assumption just in order to give a smoother formulation
of the theorem. There is the following general version.

(3.1.2) Theorem: Let A = C1f] be a singly generated Montel function algebra.
A
Then f(oA) = U U N consists of at least two points, with

- Uc € asimply connected open subset (possibly empty),

- N c€~T a discrete subset without clusterpoints in € (possibly empty),

s8.t. the algebra homomorphism

A — @(U)Xd'lv,

induced by f — 2, 1s an isomorphism of topological algebras.

Remark: Theorem (3.1.1) was proved in Goldmann [ 8 ]. During this conference

the author Tearnt that this theorem (under the additional hypothesis "oA locally
compact") was also known by D. Vogt (Wuppertal) some twelve years ago.

D. Vogt had even observed that the Montel assumption may be replaced by the
weaker assumption "A reflexive".

He treatedalso the case of a rationally singly generated A rather than singly
generated. Unfortunately, Vogt had not published his proof.

Since some further improvements had been obtained by Goldmann we decided to
comprise our ideas, theorems, and proofs in a joint paper [10] which also appears
in these Proc. So we need not reproduce a proof of (3.1.2) in this paper.

(3.2) As an application of thm. (3.1.1) we obtain a necessary criterion for the

Schwartz property and hence for the nuclearity property.

Corollary: Let (A,X) be a Schwartz function algebra, say, on a connected X
consisting of at least two points. Then, for each compact and connected K < X
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there exists a largercompact L © X s.t. we have

. A
f(K) < int (f(L)‘ﬁl) 5

for all nonconstant f € AIK .

(The symbol denotes the polynomially convex hull).

|22
Proof: Let f € A be a non-constant function. €[f], as a closed subalgebra of A,
is a‘EEEwartz function algebra. By thm. (3.1.1) it is topologically isomorphic to
N\
CQ(f(X)Ez); in particular, f(X)152 is a simply connected domain in C.

Let ... c Kn c Kn+1 c ... be an admissible exhaustion of X s.t. the restriction
maps

are compact operators.
For any given compact K < X there isn€ N s.t. K« Kn.

Put L := Kn+1'

Since n is compact, we have the same assertion for the restriction map

eclf L A§j K

From the second line arrow one concludes as in the proof of thm.(3.1.1) that

N\

N\
f(K)p <  int(f(L),,)

R

as desired.

One may wonder whether or not the criterion given in our Corollary might be
sufficient, too. But this is far from being so.

For instance, take example (8.6) in [15]. This is a function algebra (A,EZ)
which shares a lot of good properties with holomorphic algebras such as maximum
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modulus principle, antisymmetry, and Liouville principle.

But it is just a bit more than an exercise to show (cf. [19]):
1) A is not a Schwartz 1.c.s.;

2) (A,G) satisfies the assertion of the above corollary.

(3.3) We sketch the comstruction of a two-fold generated nuclear function algebra

(A,G), G < € a domain, s.t. oA Zsn't even locally -compact.

Hence A cannot be a Stein algebra though it is a closed subalgebra of a Riemann
algebra.

Example: Choose an infinite subset N = C without cluster point in €, 0 £ N, and
set G :=C - N.

Next choose f € (J(C) having N as its exact zero-set V(f). Now put

A := Q[ f,z-f] , the closure taken with respect to compact convergence on G.
(A,G) is the desired example.

The two functions f and z-f separate the points of G (easy calculation!).

Since A is a closed subalgebra of [(7(G) we have that the pair (A,G) is a nuclear
function algebra.

Now take an admissible exhaustion ... < Kn c Kn+1 c ... of G by compact subsets.
By a standard function algebra argument (cf. e.g. [15], (7.6)) we have that

(f, 2F) : oA — €°

maps oA continuously and bijectively onto the sety:= \LJ Y, with

neEN
Y = TF, 2-£)(K ) < ¢?
n n

?

Y contains the point (0,0) which does not have a compact nbd in Y. Note that

. c Yn c Yn+1 c ... iS no; an admissible exhaustion of Y with respect to the
Euclidean topology of Y = €°. For the details and further observations of this
construction we refer the reader to [19].

We just mention one more application of this example. It can be reformulated in
such a way to yield a negative answer to the following

Problem: Let G < C" be a domain of holomorphy and M < G be either a t-dimen-
sional or a 1-codimensional complex (hence Stein) submanifold. It is well-known
that 6‘51 is again a domain of holomorphy. But is pll?— c (/3\1? a submanifold (or, at
least, a complex subspace) again?
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A
In our example, M7P~ isn't even locally compact.
Our example leads to the outstanding

Problem IV: Let A be a finitely generated nuclear functton algebra with locally
compact oA. Then, is A a Stein algebra?

There are positive results in some particular cases, which are sketched in [9].

§ 4 Some properties of nuclear function algebras

(4.1) Let's begin with a simple observation:
Let A be a Schwartz function algebra. If oA is compact then it consists of only

a finite number of points and A is a finite dimensional vector space. (For A were
Schwartz and Banach at the same time!).

As a matter of fact, a bit more work yields the same assertion even for Montel
function algebras rather than for Schwartz ones. Namely, a Banach function algebra

never can be reflexive except in the trivial case of being a finite dimensional
vector space (see [19]).

A consequence of this fact is that any compact analytic set in a holomorphically
separable complex space (e.g. in a Stein space) consists of only a finite number
of points.

(4.2) The Shilov boundary of a Schwartz function algebra A is empty; A does not
even posses independent points in the sense of Rickart [23]. Heuristically speaking,
the Schwartz property pushes the Shilov boundary out to infinity (like in the

constructions (2.5)}. This fact implies the

Proposition: If oA is locally compact then A is a Max-Mod algebra on oA, i.e.

Al = Il 7l 5 For all fe A

and for all compact K € dA with K = K.
For a proof cf. [12],[20].

The concept of the Basener Sibony Shilov-boundaries of higher order can be made
meaningful in this setting and yield a fruitful interpretation concerning the
dimension of the spectrum ([191).

(4.3) We wish to use Proposition (4.2} in order to meditate a bit on the existence
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of nuclear function algebras on hemi-compact spaces of real dimension 1.

(4.3.1) Proposition: There is no nuclear function algebra A with oA homeomorphic

o R. In fact, the nuclearity assumption may even be weakened to "Montel".

Proof: By [20] we knowe that any Montel function algebra with locally compact
and connected spectrum is a maximum modulus principle algebra. We may assume
oA = R and exhaust R by

Kn := [-n,n] . Hence we have

A = A = A .
Kn n {£n}

But a function algebra on two singletons is necessarily isomorphic to ¢2. Thus

A=limA, = lin ¢ - ¢? .

— n —

Contradiction !

(4.3.2) Proposition: There exist one-dimensional R -analytic spaces X which

admit nuclear function algebras (4,X).

It can be shown that such examples never can be locally nuclear (see (4.8)).
For the proof take

X:=R u |J s ct,
n
n=1

with A, 1= {zeC: 1zl <n} .

Obviously X is a one-dimensional R -analytic space. Now put
A= (9(¢)|X

Clearly, the restriction

0@ — Oy

is a topalogical isomorphism, hence (A,X) a nuclear function algebra.
For sufficiently small open U = X you see immediately (e.g. by the Stone-
WeierstraB theorem) that
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Thus A is not locally nuclear. (The general case i$ more involved).

Problem V: Does there exist a nuclear function algebra (A,X) with X homeomorphic
to R 7?

(Note that by (4.2) the case X = oA = R is impossible !)

(4.4) For a Schwartz (even Montel) function algebra Gelfand topclogy and strong

topology on oA are compactologically equivalent [13], hence identical if
oA is a k-space w.r. to the Gelfand topology.

(In comparison, look at the Banach algebra case: oB is compact in the Gelfand

topology, but oB is never compact in the strong = metric topology (dim B = «);

e.g. peak points for B in oB become singletons in the strong topology.)

This fact admits some applications. Basically,

1) function algebra reasoning wusually is done w.r. to the Gelfand topology,
whereas

2) doing function theory in A' is meaningful only w.r. to the strong topology
{note that oA < A' can be interpreted as an analytic set, [19] }.

Hence by the above fact, these two different working perspectives live on the
uniquely topologizable carrier space oA.
A further little consequence from the above may be drawn for the function

algebra AE of Arens-Singer functions ( = AE with v=0, see (2.4)), whenever G
G

is the dual group of a dense, discrete subgroup of (R ,+). Instead of taking

AE you equally well may consider the original Arens-Singer algebra AG’ and
G

concentrate on a sufficiently small connected nbd U of % of oAG, the vertex of
the cone.

mG and U are connected w.r. to the Gelfand topology. But not so w.r. to the
strong topology since % is a one point Gleason part and hence a singleton

{see [ 7], chap VII).

Thus neither AmG nor (AG)U are Schwartz (not even Montel) function algebras!

(4.5) Proposition: Any Montel function algebra is antisymmetric.
Recall that A is said to be antisymmetric if f € A and f € 4 (f = complex

conjugate) tmplies f = const.

Proof: It's no loss of generality to assume that oA is connected.
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Now suppose there is a non-constant f € A s.t. T € A, too. Consider the
closed subalgebra C[f] of A which is also Montel. By thm. (3.1.1) there is a
simply connected domain G = € s.t.

TF] =~ ﬂ)(G) (top alg. iso).

The Stone-WeierstraB thm. now yields

Cf, Tl = Y¥(G) (topalg. iso).

But ¢ (G) is far from being Montel.
Thus we found the closed non-Montel subalgebra €[ f,f] of A, contradicting its
Montel property !

Hence such an f cannot exist.

(4.6) Like in complex analysis of several variables, there is a principle of

semicontinuity of fibre dimensions for mappings

A

(Fr sty oh — T, £, € A,

et

more precisely, for each ¢ € oA there is a nbd U = oA of ¢ s.t.

dim, L)) = dim,, 15w, veeu.

Here, A is supposed to be a strongly uniform (s.(2.6)) Schwartz function algebra
having locally compact oA. A proof is found in [12].

In complex analysis this theorem actually rests upon the Weierstral theorem.
Note that in our setting this local theory is not at all available. So we had

to develop completely new and independent proofs.

(4.7) Now we quote a nice characterization of nuclearity for function algebras

on "good" carrier spaces. This goes in terms of the existence of certain volume
integral formulae. The criterion is due to Pietsch [22]; as a matter of fact,
he proved it, more generally, for function spaces. (A function space is a thing

exactly as in (1.1) when you replace the word "algebra" by "space" (meaning
“vector space)).

Theorem: Let (A,X) be a function algebra. Assume that X has a countable
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basis for its topology. (*)
Then A is nuclear 1f and only if the following holds:

1) there exists a positive Radon measure w on X;

2) for each compact K < X there exists a larger compact L < X and a u—measurable

and w-bounded function k : K x [, — €, s.%.
3) flz) = IEf(y)k(x,y)du(y), YVxe€K VfFfeca.

We do not reproduce the proof here. Note that the integral representation 3)
immediately yields the Schwartz property of A, for the restriction map
ro: AL — AK given by the integral is compact. A bit more analysis shows that

r is even nuclear.
By the algebra property of A we have for all f,g € AL and all x € K :

S ()kOGy)duly) = [ Fy)k(xy)duly) -S| 9(y)k(x,y)du(y).

So, in actual situations, the guality of the kernel function k often can be
improved considerably.

(4.8)
Definition: A function algebra (A,X) is called locally nuclear (resp. locally

Schwartz) 1f there is a basis & for the topology of X (consisting of hemi-—
compact open subsets) s.t. the localizations AU are nuclear (vesp. Schwartsz),
for all U e f .

In many instances the hemi-compactness condition is automatically satisfied,
e.g. when A is separable and X is locally compact .

This notion intensifies the notion of nuclearity (resp. Schwartzity) :

(4.8.1) Lemma: If (A, X) is a locally nuclear (resp. locally Schwarts) function

algebra then it is nuclear (resp. Schwartz).

Proof: Consider the algebra

A, = m A
1 UE&U

This is a nuclear (resp. Schwartz) 1.c.s. with respect to the product topology.
Now observe that the mapping

A=Ay = yly e

(*)Note that this countability condition for the topology of X implies the local
compactness of X. Cf. Goldmann-Kramm-Vogt [10], Lemma (4.8).
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is an embedding of A as a closed subspace of Al‘ Hence A is a nuclear (resp.
Schwartz) 1.c.s.

An useful reformulation of our notion is given by

(4.8.2) Proposition: A function algebra (A,X) is locally nuclear (resp. locally

Schwartz) tff for each compact K < X and each (hemi-compact) nbd U of K in X

there is a larger compact I < U s.t. the restriction map

AL — AK Zs nuclear (resp. compact) .

restriction map Ap — Ay s nuclear (resp. compact) whenever K < °.

For a proof use the argument given in (4.8.1) and apply it to (AU,U) .
o]

(4.8.3) A11 the standard examples (2.1),(2.2),(2.3) are also locally nuclear.
It's very likely that the examples in (2.4) are locally Schwartz (may be even

locally nuclear), if v is large enough.
I'm aware of no case (A,cA) where this is not so. So let's formulate this as our
Problem VI: Let A be a nuclear (resp. Schwartz) function algebra. Then, ts A

necessartily locally nuclear (resp. locally Schwartz) on cA ?

It is easy to give negative examples (A,X) with X # oA; e.g. take example (4.3.2):
for sufficiently small open U < X you obtain AU = P (U) which clearly isn't
Schwartz. We collect some rather strong properties of locally nuclear function
algebras 1in the next two theorems.

(4.8.4) Theorem: Let (A,X) be a locally Schwartsz function algebra on a locally

compact X. Then:

1) For each x € X there exists a nbd U< X of x s.t. for all nbds W <« U of x
and atl f € A we have:
f'|WEO=> f'|UEO.
(Weak identity theorem).

2)  For X = oA we have: oA is locally comnected.
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Proof:
1) A is separable since it's Schwartz. From this and the local compactness
assumption on X one can conclude that X is first countable.
So, for our given x € X choose a countable nbd basis
. D Un =N

n+l =
of open subsets satisfying Un+1 c Un.

Hence the restrictions A — A are compact operators.
U
n n+1
This yields the strict 1im topology on
—_—
A, = Tim A
—
n n

which therefore is Hausdorff [5].
Now introduce the ideals o, = {f €A: f[U = 0} and
n

OL:={fe A: (f)x € Ax is the zero-germ} .
Trivially the O . are closed; Ot is closed, too, since

o) the ideal {(O)X) is closed (Hausdorff property of Ax);
g) the map A — Ax’ f — (f)
Obviously we have

.cqncm

> is continuous.

nel S o COt=UOLn.
n
Since all these ideals are F-spaces we may apply Baire's theorem.
Hence there is an index n, € N s.t.
oty =0 -
0

U:= Un is the nbd of x with the desired properties.
0

2)  Thm.6 in [17].

(4.8.5) By M (K), K < X compact, we denote the Banach space of complex Radon

measures on K.

Theorem (Existence of reproducing boundary value integrals):

Let A be a locally nuclear function algebra on the locally compact spectrum oA.

Let U c oA be an open relatively compact subset.

Then there exists an AU—morphic map

e U— MU, x — W, 8.t

flz) = [, fy)du (y), ¥ F €4 and Yax €U .
x i
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“AU-morphic“ means :

1) w is continuous;
2) for all y € (3U)' we have:

\pouEAU

This notion generalizes holomorphic measure-valued maps to our setting. The
integral formula of our theorem may be regarded as a general Cauchy-Weil integral
formula. For the proof we refer the reader to [17].

Regrettably, at this time the author has fallen sick very seriously.

So the paper could not be finished. The reader is referred to the forthcoming
book {19]

NOTE.

B. Kramm died on October 11, 1983. See the editorial comment in the preface.
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Introduction

In the present note we study singly generated and singly rationally generated
Fréchet function algebras {A,X) on a hemicompact k-space (resp. locally compact
o-compact space) X, which are reflexive as topological vector spaces. By use of

a decomposition with respect to their Gleason parts we can reduce the investiga-
tion to the case of a connected spectrum cA. We show that in this case A is either
trivial or isomorphic to the algebra @ (U) of holomorphic functions on a connected
open subset U ¢ € which in the singly generated case can be assumed to be either
CorD:={z el : [z]<1}

This gives on one hand a classification of these algebras, on the other hand
it can be considered as a characterization of algebras of type (7 (U). There are
various other characterizations of ¢J(U). Rudin [1] (resp. Meyers [1 ]) proved,
that for a function algebra (A,U), containing the polynomials and with spectrum
U, the following conditions are equivalent:
i) A=)
ii}) A is a maximum modulus algebra
iii) A is a Montel algebra.
Arens [1] showed that a function algebra which is rationally singly generated by
z and which has a continuous derivation D such that Dz = 1 and such that

105l = kte Tl

n n+l

where Fostys «- is a sequence of positive reals, must be topologically and alge-
braically isomorphic to & (U) with some open subset U ¢ . In Theorem (4.1.) we
also characterize algebras of type C9(U) as those singly rationally generated
function algebras which have locally compact (and connected) spectrum and satisfy
the maximum modulus principle.

In the rest of the paper we are concerned with properties of reflexive algebras
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{resp. maximum modulus algebras). It is well known that Gleason parts are important
to answer the question whether there exists analytic structure in the spectrum.

In section 2 we prove that reflexive function algebras have “big" Gleason parts,
i.e. if (A,0Ah) is reflexive then the Gleason parts are exactly the connected
components of oA.

In section 5 we examine the range of elements of a reflexive function algebra.

In particular we show that if (A,0cA) is a reflexive function algebra with connected
spectrum and f ¢ A is a non constant function, then f{cA) has positive plane
Lebesgue measure. In section 6 we prove a weak identity theorem for certain points
X € X, where (A,X) 1is a maximum modulus algebra.

1. Preliminaries

(1.1) For basic concepts and notations we refer to the survey article [3] of

B. Kramm in this same volume. A function algebra is a closed separating sub-
algebra of the Fréchet algebra C(X) of continuous functions on a hemicompact
k-space X (e.g. a locally compact o-compact space X). C(X) is always equipped

with the c.o.-topology. A fundamental system of seminorms is given by Han =

sup {|1f(x)] : x eKn},n=1,2,... where (Kn)n is an admissible exhaustion of X, i.e.
Kn c Kn+1’ Kn compact for every n and for every compact K ¢ X there is n with
Kc Kn. The sst oA of all continuous multiplicative functionals on A equipped
with the weak -topology is called the spectrum of A. If K is a compact set in
the plane we consider the following algebras:

P(K)
R(K) :

{f € C(K) : f can be approximated uniformly on K by polynomials},

{f € C(K) : f can be approximated uniformly on K by rational functions
with poles off K}.

We state some well known facts (see for instance Stout [1] or Gamelin [1] ). The
spectrum oR(K) of R(K) can be identified with K, oP(K) can be naturally identified
with the polynomially convex hull K. The topological boundary of K is the Shilov
boundary for R(K), and the Shilov boundary for P(K) is the topological boundary

of K. Moreover every point of yP(K) (Shilov boundary for P(K)) is a peak point

for P(K), i.e. for every x € yP(K) there exists f ¢ P(K) with f(x) = 1 and

[f(y)|< 1 for all y € K~{x}. In general the same is not true for R(K), but of
course we have yR(K) = XR(K] where xR(K) := {x ¢ K : x is peak point for R(K)}.

(1.2) Let (A,cA) be a singly rationally generated function algebra with generating

~

element f, K c K. .4 c ... bean admissible A-convex exhaustion of oA, then
f i K, > f(K ) =: K 1is a homeomorphism, Ay (the restriction algebra A,y com-
n n Kn [ Kn

pleted in the norm | '“Y ) is isomorphic to R(Kn) and A is topologically and
n
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algebraically isomorphic to lim R(Kn), the projective limit with respect to the
natural restriction mappings. If (A,cA) is singly generated we have in addition
that Kn is polynomially convex for all n € N and therefore R(Kn) = P(Kn).

(1.3) In this paper we consider reflexive function algebras, i.e. function alge-
bras for which A"=A or equivalently and more relevant for our work:every bounded
subset is weakly relatively compact. Note that every Montel function algebra is
reflexive. A function algebra (A,X) is said to be Montel if it is a Montel space
as a topological linear space (i.e. if every bounded subset of A is relatively

compact in A).

2. Gleason parts for reflexive function algebras

In [2] , Thm. 7.2 Kramm shows the following: Let A be a strongly nuclear function
algebra with locally compact spectrum oA, such that all open subsets of oA are
hemicompact. Then the Gleason parts for A are exactly the connected components

of oA (which are all open).

We shall prove the same result for reflexive function algebras (A,X).

(2.1) Definition: Let (A,X) be a function algebra and Kn < Kn+1 C ... an admissible

exhaustion of X. We say that X,y € X belong to the same Gleason part (x~y) if

there exists n € N such that x and ¥ belong to the same Gleason part of

AKn (x N y).

Recall that x «~ y if sup {[f(x)-f(y)| : f €A, HfHK < 1} < 2, which is eqguivalent
n

to sup {[f(x)] : lIfly =1, f(y) =0, f € A} <1 (see Stout [1] (16.1)).
n

Remark: "~" is an equivalence relation. The transitivity is easily seen, namely
from x 5 Y follows x ¥p y for all p ¢ N

(2.2) Theorem: Let (A,X) be a reflexive function algebra, then the Gleason parts

for A are open.

Procf: We argue indirectly. Suppose there exists a point x € X such that the
equivalence class [x] := {y € X : x~y} is not an open subset of X. Then in every
neighbourhood U of X there is a y, ¢ U with y, £ [x] which means yy % % for all
n ¢ N. Therefore for each U of the neighbourhood filter UL of x and each n we

. . U . u - U _ U 1
find a function fn € A with anHKn =1, fn(yU) =0 and fn(x) =1 7 Since A

is reflexive and the sequence (fg)n is bounded we get a function fUE A with
1 =1 forallne M, £y, = 0 and f(x) = 1.
n

Now for every finite subset M ¢ U we define the function gy = I fU. The Iy
UeM
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where the M's are directed by inclusion, are a bounded net in the reflexive space A
which therefore has a subnet converging to some g €A (Kelley [1] , p. 136).
Since g(yU) =0 for al1 U ¢ U and g(x) = 1 the function g is not continuous.

This is a contradiction.

(2.3) Corollary: If (A,0A) Zs a reflexive function algebra, then the Gleason parts

are exactly the comnected components of oh.

Proof: In {2.2) we showed that for every x € oA the set [x] is clopen. Assume [x]
is not connected, then there is a clopen nonempty proper subset M ¢ [x]. By
Shilov's idempotent theorem, which is also valid for function algebras (see
Kramm [1], (7.2)), %y 1ies in A, This is a contradiction.

3. The maximum modulus principle for reflexive function algebras
Let (A,X) be a function algebra.

(3.1) Definition: (A,X) satisfies the mawimum modulus principle, if for every

compact subset K ¢ X without isolated points the Shilov boundary of AK i
contained in the topological boundary of K.

(3.2) Definition: 4 compact subset S ¢ X is said to be a local peak set of A, if
there is a neighbourhood U of S and an element f € A such that f(x) = 1 for
x € Sand | f(x)| <1 for x € US.

Meyers [1} proved the following results (Proposition 1 and Corollary 1) for
Montel algebras. His proofs need only reflexivity, i.e. the fact that bounded
sets are relatively weakly compact.

(3.3) Let (AX) be a function algebra on a locally compact space X. If A is

reflexive, then every local peak set of A in oA is clopen in oA.

(3.4) et {A,X) be a function algebra on a locally compact and commected space.

If A is reflexive then A is a maximum modulus algebra on oA.

4. A characterisation theorem for singly rationally generated reflexive (resp.

maximum modulus) function algebras

(4.1) Theorem: Let (A,0R) be a singly rationally generated maximum modulus algebra

with connected and locally compact spectrum oh and generating element f.

Then either A = [T or f(oh) s an open subset of the complex plane and A is
topologically and algebraically isomorphic to & (f(ch)), the holomorphic
functions on f(ch).

Proof: If A ¥ L then oA contains at least two points. Let Fn c Fn+1 C ... be an
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admissible A-convex exhaustion of oh, then A is topologically and algebraically

isomorphic to lim R(Kn), with K := f(Kn).

Now let ¢ be an arbitrary point of cA. There exists o ¢ N such that Kn is a
o
compact neighbourhood of ¢. (A,0A) is a maximum modulus algebra, therefore

yhoy
<D¢ YKnO
From Gamelin [1] p. lo we learn that the topological boundary sK ~1is contained
0
in f(YAE }, f is injective, hence f{e»)} is an interior point of Kno and we have
n
) o
u K = U K

neN " pen M

Remark: If oA is not connected, A is topologically and algebraically isomorphic to
©°{G) x C{N), with an open subset G ¢ T {possibly empty) and an at most countable
subset N ¢ € {possibly empty), which has no cluster point and satisfies GN N = 0.

{4.2) Corollary: If (A,oR) - under the assumpiions of (4.1) — is singly generated,
then A is topologically and algebraically isomorphic to either U or & (D) or

&(e).

Proof: 1f A is singly generated and nontrivial, then every Kn {defined as in the
proof above} is polyncmially convex and f{ocA} is therefore a polynomially convex

open set. By application of the Riemann mapping theorem one completes the
proof.

{4.3) The following example shows that the assumption of local compactness
in (4.2) and (4.1) is necessary: For all n ¢ N we put K i= {z ¢ € : |z[£1 - 3

U{z ¢ R : 0= 2z=1}. Then all compacta Kn are polynomially convex. We consider
the algebra A := lim P(Kn).

We have AKn = P(Kn), for all n € N, thus oA = % cAKn = UKn =D U {1}, because

all Kn are A-convex, and Kn C Kn+1 c ... is an admissible exhaustion of oA
(see Kramm [1] , (6.8)).

The Gelfand topology on D U {1} is finer than the induced euclidean topology {for
every y € oA sets of the form

Nfl, U f ey = {x €D U {1} : |f1(y) - fi(x)\ <& ,1i=1, ... ,n},

fl, ey fn € A, £ > 0 are a basis of open neighbourhoods of y), hence every
compact subset K of oA is also a compact subset of the plane. Moreover on K both
topologies are equivalent, therefore oA is connected.

If f is an arbitrary element of A, then le is holomorphic on D and it follows

immediately that A is a maximum modulus algebra.
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The identity map f(z) = z generates A but f(D U {1}) is not open. It is easy to
show that the point 1 ¢ cA has no compact neighbourhood.

From (3.4) we learn that (4.1) and (4.2) are also valid for reflexive function
algebras. Moreover we show that for singly generated reflexive function algebras
the assumption of local compactness can be dropped.

(4.4) Lemma: If (A,oA) <s a singly generated veflerive function algebra, then oh is
locally compact .

Proof: We use the notations of the proofs above. Assume there is a ¢ ¢ oA without

compact neighbourhood. We may assume ¢ € Kl’ then we have x := f(op) ¢ aKn = XP(Kn)
for all n ¢ N.
. . ~ . N !
Now we choose corresponding peak functions fn € P(Kn) with ”fn”Kn\‘Un ST
for all n ¢ N, where Un > Un+1 >,.. is an open neighbourhocodbasis of x in €.
By approximating the peak functions, we get a Sequence (pn)n of polynomials with
.5
1) el =g
n
2) pplx) =1
1
3y el ==
n Kn\Un n

The sequence (pnc>f)n is bounded in A and converges pointwise to the characteris-
tic function X{w}' Because A is reflexive x{w} is in A and ¢ is therefore an iso-
lated point of oA, This contradicts our assumption on o.

We reformulate (4.2) for reflexive function algebras .

(4.5) Theorem: Let (A,oR) be a singly generated reflexive function algebra with
connected spectrum oh and Afl. Then A is topologically and algebraically iso-
morphic either to ¢ (D) or to O(L).

We do not know if an analogue to (4.4) holds in the singly rationally generated
case. In this case Knis not necessarily polynomially convex and aKn need not con-
sist only of peak points of R(K). Hence we need information on the behaviour of
the Shilov boundaries ¥y AEn .(Fn)n now denotes an admissible exhaustion of X.

(4.6) Lemma: Let A be reflexive, ML and oh comnected, let X satisfy the first
axiom of countability, then 1im inf vy AE =0 .
n n

Proof: We have to prove that n N’RE = P for all n,- Assume there is
n=ng n
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X € ngn Y AE . Let Um, m=1,2, ... be a base for the neighbourhood system of X.
~0 n
For every n = o there is g, € A with Hgnnn = HgnH?n =1 and

N - - n
(1) lg,(y) =27 fory e K~U,

We distinguish two cases: First we assume there is a subsequence (gn )k such that
]gnk (x)] =1 for all k. Then the sequence g := n"k / gnk (x), k =1,2, ... is

bounded in A and converges pointwise to the characteristic function X . Since

{x}
A is reflexive this implies X{x} € A, which contradicts our assumption.

In the other case we have ny such that Ign(x)l <1 for all n = ny. We may assume
Nz 3and 0 = gn(x) <4™" forn = ng- Starting with ny we determine inductively

a subsequence. Let Nps vee s M be chosen. We choose Mgl = My SO large that
k -ny
(2) Un n u {y:lgn (y)| = 2 1 =0 .
k+1 i=1 i
We put m
f = 3 g
m k=1 &
For any k there is x, ¢ K. N U~ such that |gn (x_ )| = 1. We obtain for
. k k k ko Mk
jsm
£, )1 o -z |
f (x =1- 3 g (x )] - = g (x.)
mny k=1 "k " k=j+1 "k "
j-1 -n m -n
=1- 3z 2 k. b 2 k s 3
k=1 k=j+1 4
The second inequality follows from (1) and (2), the third from n = 3.
Moreover we have for all m
m -n
If (x)] = = 4 ko1
m k=1 3
For y ¢ Kn and all m we have
J
)< 3 de, 1+ 5 lo, W) = b g
yils 249, (¥} + Z 9, W)l = z g +2 .,
m k=1 "k k=j+1 "k k=1 ™"

J

-n
because in the second sum there is at most one term greater than 2 k and

this one is less or equal to 1.
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Consequently the seguence (fm)m is bounded in A, hence it has a weak cluster point

f ¢ A. For f we have: |f(xn.)| > 3/4 for all j, |f(x)] = 1/3. Since (x con-
J

nj)j
verges to x this contradicts the continuity of f.

For X = oA the following theorem is an immediate consequence of (3.4) and (4.1),

(4.7) Theorem: Let (A,X) be a singly rationally generated reflexive function
algebra with comnected spectrum oA on a locally compact space X. Let f be a
generating element. Then either A = [ or f(o(A)) <e an open subset of the complex

plane and A is topologically and algebraically isomorphic to (F(f{oh)).

Proof: Since A is separating, f is injective, hence X satisfies the first axiom
of countability. Because of (4.6) we may assume the Kn chosen in such a way that
v AR Ny Ay @. This implies (cf. the proof of (4.1)) that akK_ 0 3K

n n n+

fyhy
Kn

n

C
n+l 1

n

~ o
n fYAE @, where Kn = f(K_). Hence Kn c Kn+1 .

n+l n

Clearly (4.7) implies that A has locally compact spectrum. To compare the
assumptions in (4.6) and (4.7) it is useful to have

(4.8) Lemma: If X <s hemicompact and satisfies the first axiom of countability

then 1t 18 locally compact.

Proof: Let Kn c Kn+1 C... be an admissible exhaustion of X. Assume there exists
a point x ¢ X without compact neighbourhood. Let Un > Un+1 > ... be a countable

basis for the neighbourhoods of x. Now choose for every n ¢ N a point X, € Un\ Kn’
then K := {x, :n¢ N1} U {x} is compact, but there is non ¢ N with K ¢ Kn .
This is a contradiction.

(4.9) In (4.2) we showed that every singly generated maximum modulus algebra
with locally compact spectrum is a Stein algebra and has for that reason ana-
lytic structure at any point of its spectrum. Now it is natural to ask whether
the same is true for finitely generated maximum modulus algebras. We shall give
a counterexample even in the doubly generated case.

Stolzenberg [1] constructed a compact subset X of the topological boundary
of the unit bicylinder B in Ez such that the polynomially convex hull X does
not carry analytic structure at any point of X and XX is not empty.

For every n ¢ N define Kn 1= irl{z € IZ

tz] = 1- %% and consider the algebra
A= lim P(Kn) where P(Kn) = {f ¢ C(Kn) : f can be approximated uniformiy

on Kn by polynomials}. Every Kn is polynomially convex and it is easy to check
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that oA = ?-aB and that the Gelfand topology and the induced euclidean topology
are equivalent on cA. Therefore oA is connected and locally compact.

Now let U be a relative compact open subset of oA, then U is also a relative
compact open subset of X and from Rossi's local maximum modulus principle follows
that all polynomials attain their maximum modulus on U~U (see Rossi [1] , (6.1)).
A is therefore a maximum modulus algebra.

(4.10) Goldmann [1] (5.5) has obtained an example of a doubly generated Montel
function algebra, which does not have analytic structure at every point of its
spectrum.

The crucial point in this example is that oA is not locally compact. By now we
do not know any example of a finitely generated Montel function algebra with
locally compact spectrum which is not a Stein algebra.

5. The range of the elements of a reflexive function algebra

In this section we consider - for reflexive function algebras - the range of non
constant functions. First we prove a density property. By X we denote the Lebesgue
measure in the plane. We put D(x,5) := {z ¢ L : |z-x| < &}.

(5.1) Theorem: rLet (A,oR) be a reflexive function algebra with commected spectrum
cA. If f € A is not constant, then

(%) 1im Mf(oA) N D(f(y),53)) _ 4
6-0 MD(f(y),5)

for all y € oA. In particular, f(cA) N D(f(y).8) has positive Lebesgue measure,
for all y € o and for all 5>0.

Proof: Let En S ?n+1 C... be an admissible A-convex exhaustion of oA. Then by the
operational calculus - which is also valid for function algebras (see Kramm [1]
(7.1)) —élyg R(f(En)) can be considered as 3’closed subalgebra of A, for every

f ¢ A. Let B denote the closure in éjm_ R(f(Kn)) of the set of all rational
functions with poles outside of f(o(A)). Then B is a reflexive function algebra.
By point evaluation (resp. ¢ — ¢(z) where z is the identity map in £) we can
identify oB with f(o(A)).

We denote by Ln the B-convex hull of f(En). Since the Gelfand topology on

oB = f{c(A)) is finer than the induced euclidean topology, every Ln is a compact
set in €. Let V be a bounded component of E*~Ln, then B- convexity implies that

V n (C~Ff(cA)) is not empty. Hence BLn = R(L

n) and consequently B = }im R(Ln).
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If there is a point y € oA such that (*) is not valid, then

AL, 0 D(F(¥).5))
Tim <1
60 A(D(f(y),8))

for all n ¢ N. From this follows that f(y) is a peak point for every algebra
R(Ln) (see Stout [1] (26.12)}. Like in the proof of (4.4) we are now able to

show that x{f(y)}EB. Because oA is connected, this implies that f is constant
which contradicts our assumption.

We call a set X < € polynomially convex if for every compact subset K ¢ X the poly-
nomially convex hull E is contained in X. The polynomially convex hulil i of an
arbitrary set X ¢ € is the intersection of all polynomially convex sets Y con-
taining X.

(5.2) Theorem: Let (A,X) be a reflexive function algebra on a connected space X.
Then for every non constant function f € A f?}3 is a (polynomially convex)
domain in L.

~

Proof: Let Kn i Kn+1 « "',9§>a" admissible exhaustion of cA. Then for every

feA lim P(f(Kn))=liﬂ.P(f( K )) is a singly generated reflexive function algebra.
)

L

Lemma (4.4) and Theorem (4.1

n
prove the assertion.

6. A weak identity theorem for maximum modulus algebras

(6.1) Definition: 4 function algebra (A,X) satisfies the weak identity theorem in

a point X € X, if there exists a neitghbourhood U of X, such that every function

f € A, which vanishes on some neighbourhood V of X, also vanishes on U.

In his survey article [3] Kramm proves a weak identity theorem for strongly nuclear
function algebras. We shall prove a similar result in the case of maximum modulus
algebras. In our version a neighbourhood U in which every function must vanish is
given explicitly.

We shall use the following result of Glicksberg (Glicksberg's lemma; see Gamelin

[1]p. 39): Let (A,K) be a (Banach) function algebra on a compact set K, and let

U be a non-empty open subset of K. Every function f ¢ A which vanishes on U also
. —— — .

vanishes on oA~ (K~U), where K~U denotes the A-convex hull of K~U in o¢A.

(6.2) Theorem: Let (A,X) be a maximum modulus algebra. If there exists a compact
netghbourhood K of x and a function f € A with {f_l(O)} N K = {x} then A satisfies

in X the weak identity theorem.
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Proof: By assumption we have 6 := gnglf(p)\ > 0. The subset { ¥ ¢ K : |f(¥)|=25/4}
is compact and contained in the interior of K. We define V := {y ¢ K : |f(y¥)]<6/4}.
We choose an arbitrary point Yo € v (wo F Xx) and set a := f(wo). Then O<|a|<6/4.

For the function g := f-a we have

1) g7 (-a) N K = (x}

2) (v e K:lg(y)l 2 |al} =: K' is a compact subset of the interior of K

3) gly,) = 0.

Since A is a maximum modulus algebra the Shilov boundary YAK. is contained in the
topological boundary and therefore g(yAK.) cg(akK'y c {z eC: |z| = |aj}.

Let W ¢ oA be an arbitrary neighbourhood of x, then g(yAK.\\W) is polynomially
convex, since - a ¢ g(yAK.‘~W). Thus we find a polynomial with

For pog ¢ A this means

‘pOQ (‘1’0) ‘ > |podl YAKI\W

Hence Wo is not in the AK.—convex hull of YAK.\\W. Because of Glicksberg's lemma
every function h ¢ A which vanishes on W must also vanish in Wo' Since Wo was an
arbitrary point of V we are done.

Remark: The proof shows, that for compact K, x € K and f € A with f(x) = 0 and
{(f77(0)} n 3K = P every function h € A, which vanishes on some neighbourhood W of
{f-1(0)} n K, also vanishes on V.
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INTRODUCTION

S. Dineen asks in [ 6] the following question: "If E is a
subspace of a locally convex space G, when can every holomorphic
function on E ©be extended to a holomorphic function on G ?2?".

There are essentially two distinct cases of this problem:

(1) E 4is a dense subspace of G; (2) E is a closed subspace
of G.

Case (1) is the holomorphic analogue of finding the comple-
tion of a locally convex space and was discussed by Dineen,
Hirschowitz, Noverraz, and others. Case (2) concerns an attempt to
find a holomorphic Hahn-Banach theorem. We shall deal with this
latter case. P, Boland proved in [h] that, if F 1is a closed sub-
space of a dual G of a nuclear Fréchet space, then every holomor-
phic function on F has an extension to a holomorphic function on
G. This was the first general positive answer to the question.
Afterwards Colombeau and Mujica gave in [5] another proof for this
result. Using ideas of Theorem 4.5 of [12T)and Theorem 4.1 of [ 5]
it is possible to find an example of a dual G of a Fréchet Schwartz
space which is not nuclear (but is Hilbertian) where Boland's asser-
tion is still true. This shows that nuclearity is not necessary
for extending all holomorphic functions in the case of (DF)-spaces.
For metrizable spaces Vogt and Meise give in [11] an example of a
nuclear Fréchet space G where the holomorphic Hahn-Banach theorem
is not wvalid.

The case of Banach spaces was studied first by Aron and
Berner [ 2] and Aron [1]. It is known that the holomorphic Hahn-
Banach theorem is not valid in the general case of a Banach space,
even in the case G = E’., For instance, if E = c, and G = E =4 ,

<
there exist holomorphic mappings f: ¢ -+ € which can not be extend-

ed to ¢, as a holomorphic mapping (see [7], 4.42). Aron and Berner
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proved in [2] that a holomorphic function f: Cy ™ C can be ex-
tended to a holomorphic function on ¢ if and only if f is
bounded on every bounded subset of Cq Therefore it is reasonable
to look for suitable "rich" classes of holomorphic mappings on E.
Aron and Berner considered in [2] the problem of extending an ana-
lytic mapping defined on an open subset U of a closed subspace E
of a Banach space G to an analytic mapping defined on an open
neighborhood of U din G. Their general approach is to extend to
the whole space G the n-homogeneous polynomials &nf(y) defined
on E, and then use local Taylor representations to extend the
analytic function f 1locally. It is necessary to show that the
local extensions are "coherent in the overlaps". This can be done if
there is a linear and continuous mapping extending polynomials on E
to polynomials on G, Clearly it is desirable to find types of ho-
lomorphy 91 and 82 such that there is a unique extension opera-
tor Hel(E) - Hez(G).

This note was motivated by these facts. We will consider some
special classes of n-~homogeneous polynomials on E and will extend the
elements of these classes to n-homogeneous polynomials on E’. More~
over, we will characterize the space of the extended polynomials on
E”, and will show that the extension mapping is linear, continuous
and, in some sense, unique.

The proofs of the results contained in §2 are due to K. Floret
and are much more simple than my original ones. They also improve
my original results in the sense that they work also in the case:

E metrizable and in the case: Eé distinguished and metrizable.

I gratefully acknowledge his communicating these results to me

and his allowing me to include them here. Special thanks are due
also to R. Aron for stimulating and helpful discussions concerning
this work.

Part of this paper was written when I visited the Universities
of Oldenburg and Paderborn (West Germany) on the basis of the
CNPq/GMD agreement. I thank these Institutions for the support I was

given.

NOTATION

Let E ©be a locally convex space., For all n € N, S(nE)
is the space of all continuous n-linear mappings from E® into K.

The space P(nE) of all continuous n-homogeneous polynomials on E
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is defined by
p(MB) := {K: X € Em A(xye009%x) € K | A€ S(nE)}.

We consider in S(nE) the topology g of the uniform con-
vergence on the bounded subsets of En; and in P(nE) the topo-
logy B of the uniform convergence on the bounded subsets of E.
The polarization formula establishes a topological isomorphism bet-
ween P(nE)B and the space £S(nE)B of the symmetric continuous
n-linear mappings from E™  into K.

It is well known that if E is a Banach space, P(nE) is
a Banach space normed by A sup{lﬁ(x)l : Hx” < 1}. P(nE)B is
also complete if E dis metrizable or if E is a bornological
(DF)—space (since in these cases n-linear mappings which are bound-

ed on bounded sets are continuous; see Lemma 6 for the (DF)-case).

For other notations and basic results we refer to the book

of Dineen [7].

§1: Let E be a locally convex space. The space of continuous
n-homogeneous polynomials of finite type, denoted by Pf(nE), is
the subspace of P (“E) spanned by {@n: x€Em (p(x))" | o € E'}.
Note that all the elements of EAHE) are weak continuous. The
closure of Pf(nE) in P(nE)s is denoted by Pc(nE). For details
we refer to Gupta [9].

We define now:

Pf*(nE”) 1= span {@n: X € B'" (m(x))n | v € E'}

and

PC*(nE”) t= Pf*(nE”) = closure of Pf*(nE”) in P(nE”)B;

clearly B8 points now at the uniform convergence on all bounded
subsets of E!) .
( B'B
Note also that all the elements of Pf*(nE”) are weak¥-con-

tinuous.

LEMMA 1. If E 1is a Banach space and n € N, then there exists
for every P € PC(nE) a unique extension P ¢ Pc*(nE"). The oper-
ator defined by TnP 1= 5 has the following properties:

]

(1) Il 1 for all n € Nj

(2) T, 4is an isomorphism from PC(nE) onto PC*(nE");
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(3) for every k, m€E N, ks m and P € PC(mE),

&k(Tmp)(y) = T,dP(y) for all y € E.

PROOF. For each ¢ € E’ define g(x) := x(¢p) for every x ¢ E”.
Clearly § € (BE’, o(E’" ,E’'))’. Every P = § @2 is o(E,E’)-con-
tinuous and since E is o¢{(E’ ,E’)-dense iizlE” it has at most one
o(E” ,E’ )-continuous extension P to E’, obviously P := ¢ 5?.

i=1
Moreover, since the unit ball of E is ¢(E” ,E’)-dense in the unit

ball of E’, the extension mapping P~ P is a linear surjective
isometry. Since PC(nE) and PC*(HE”) are Banach spaces, it can
be extended to an surjective isometry

Tt PLCE) = P _("E) » 2 ("E') = p _4("F").

Now for all ¢ € E'y, y € E and k € N, O < k € m:

r, (™ () = kI @GN N =

= oIk ()" 01 = 1, 80™ ().

Since the operators Tk’ Tm and P - akP(y) are all con-
tinuous and linear and since the span of polynomials of the form

@n is dense in PC(nE), the statement (3) is proved as well. ]

REMARK 2., If F is a Banach space and we define PC(nE,F) HES
HE Pf(nE) ® F, closure in P(nE;F)B H PC*(HE”,F) = Pf*(nE”) ® F,
closure in P(nE”,F) 5 Lemma 1 can be proved by taking PC(nE,F)

and PC*(nE”,F) instead of PC(nE) and PC*(HE”) respectively.

PROPOSITION 3. Let E be a strict inductive limit of Banach spaces

E, . Then for every P € PC(nE) there is a unique extension

P e PC*(nE”). The operator
N "
Tt # ("E) »p _x("E")
P - 5
is a surjective isomorphism.

PROOF, First observe that whenever F is a subspace of G the
definitions (approximating the polynomials by "elementary" poly-

nomials T @2) imply that the following diagram (all mappings
i=1
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being the respective restriction mappings)

e _x("") =+ o (")
(*) }
P w("F) o 2 ("F)

is well-defined and commutative.

Now take E = ind Ek (strict inductive 1limit of Banach

k-
spaces Ek); by [8] p. 86 the 1limit of the strict inductive se=

” . ”
quence (Ek) is EB.

For P € ¢ _("E) define P, := PIEk € »_("B,) (by (*)) and

take the unique extension ﬁk € PC*(HEQ) of Pk' Then, again by

(*) and the uniqueness of the extension

Pre1 B Pys
k

and the following definition of an extension P of P is possible:

P(x) := ﬁk(x) if x € Eﬁ.

Since every bounded set B C Eg is bounded in some Banach-

space Eﬁ, the Hahn-Banach theorem implies that on B the poly-

nomial B (which is actually ﬁk) can be uniformly approximated
P

by z w? with p; € E’. Since the extension operators on all
i=1

steps Ek are surjective linear isometries it follows that

T PC(nE) - PC*(nE”)
P ﬁ

is a surjective isomorphism. ]

§2: For a locally convex space E we define

Pwu(nE) i= {P ¢ p("E): P|B is 0(E,E’)-uniformly

continuous for every B ¢ E bounded]

Pw*u(nE//) i= {P € P(nE”)= P'Boois o(E” ,E’ )-uniformly

continuous for every B ¢ E bounded]}

We note that Pwu(nE) # P(nE), even in the case of Banach
spaces. To show this, take the fdlowing example from [3]7: if we
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define P(x) := I xi for all x = (xn) € Lz y it is clear that
n=1
P ¢ P(Z%z)\Pwu(ztz) since the canonical basis vectors (en) in Lo
tend to zero weakly but P(en) =1 for all n.
If E is a Banach space, Theorem 2.9 of [3] shows that
Pwu(nE) ={pep(E) : P|B is o(E,E’)=-continuous
for every B ¢ E bounded}.
We intend to construct extension mappings
. "
T e (("B) s L (PE).
To do this, we define
Sa(nE) = {A: E" 3 K | n-linear]}
Sa,wu(nE) = {A € Sa(nE) | for every B ¢ E bounded,
. . . n
A . is uniformly continuous on (B,o(E,E’)) }.

Then the following result holds:

PROPOSITION 4. Let E be a locally convex space. Then for every

A€ Sa wu(nE) there is a unique i€ £a(nE”) such that for every
?

oo n

B bounded in E the restriction of A to (B7",0(E" ,E")) is

uniformly continuous. Moreover

sup |a(x)]| = sup |A(x)|
n
x€B" x€ (B°°)
for all bounded subsets B < E and the mapping
”
"E) » £ _("E")

A — A

T : &£ (
n a,wu

is linear and injective. If A € Sa wu(nE) is symmetric A is
’
symmetric as well.

PROOF. Take A € Sa,wu(nE). Since uniformly continuous functions
on dense subsets of uniform spaces have a unique uniformly contin-
uous extension to the whole space and for a given absolutely convex
OO,O(E",E'))n there

is a unique uniformly continuous function KB on (BOO)n which

bounded set B € E the set B is dense in (B

extends A n* By the uniqueness of extensions
B
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i°¢ coin = AP
(3877)
whenever B < C and this shows that

K(x) = KB(X) if x € B°°

defines an n-linear map A on (E”)n = (U {BOO | B E bounded and
absolutely convex})n.

The other statements are obvious by the density and the

unigqueness of the extension. [ ]

Obviously, if E dis normed then A € £a wu(nE) is norm-
’

~
continuous if and only if A is norm-continuous and

lall = [&

Since there is a 1-1 correspondence ®  between symmetric
n-linear mappings and n-homogeneous polynomials, the definition
T A := (T A)
gives the

COROLLARY 5. If E 1is a normed space then there is an isomorphism
(onto)

T e ("B) o, ("B

n wu
such that
(1) TnP'E =P for all Pecf_ ("E);
(2) Il s 57 -

For the proof of (2) take a symmetric continuous
Ace £a’wu(nE); then

a

Ia]] . [ ]

1241 = [(m) | s Iral = fal < 2

This extension result can also be generalized to other cases.

We shall use the following

LEMMA 6. Let E;s+.+,E be bornological (DF)-spaces. Then every

n-linear mapping on El XoooX En which is bounded on bounded sets

is continuous.

PROOF. We prove this lemma by induction: For n = 1 it is obvious.
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So assume it is true for n-1, take A: El XeosX En -+ K as stated
and fix (x3,...,xn) € E3 X++.x E_. Then A(-,",x3,...,xn):ElXE2 -
-+ K 1is hypocontinuous since for Bl c El bounded, the set

{x2 € B, : |A(b,x2,x3,...,xn)| < 1 for all b € Bl} is absolutely
convex and absorbs bounded sets and is therefore a neighborhood in
E, (same reasoning for B, c EZ)' Since E,; and E, are {DF)-
spaces A(-,",xB,...,xn) is continuous and Al: (El ®ﬂ E_ ) xE
XeasX En + K is well defined. Note that El ®ﬂ B

gical (DF)-space (see [10] 15.5.4 (b)).

2) 3 %

2 is a bornolo-

To apply the induction-hypothesis we have to show that A

is bounded on bounded sets: For B cC El ®ﬂ B bounded there are

2
Bl C El and B2 C E2 such that B c FiBl®B2i (see e.g. the proof

of [10] 15.6.2). Whence if By € Egye.eyB, © B are bounded

Al(B,BB,...,Bn) c Al(r(BlgBZ),BB,...,Bn) c Al(r(Bl®B2),B sesssB )

3 n

(since Al(',x3,...,xn) is always continuous) and

2,B3,...,Bn) which is bounded. [ ]

Al(F(Bl®B2),B3,...,Bn) c TA(B,,B
PROPOSITION 7. Let E ©be a locally convex space such that
(a) Eé is distinguished metrizable, or

(b) E 1dis a strict inductive 1limit of Banach spaces, or

(¢) E is metrizable.

Then, for every n € N there is a unique isomorphism (onto)

T s Pwu(nE) - Pw*u(nE”)

n
such that
(1) %P . P for all P € Pwu(nE)
n
(2) sup |(TnP)(x)| < ;;r-sup |P(x)[ for all bounded and
x€B°° ' x€B

absolutely convex subsets B c E.

PROOF. As before we shall define T A := (T _A)" for every
A€ Swu(E)' So all we have to show is that A is continuous,

whenever A 1s continuous.
(a) If Eé is distinguished and metrizable, the second dual

E; is a bornological (DF)-space such that all bounded sets are

. . . . oo .
equicontinuous whence contained in some B with B < E Dbounded.
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This implies that for every continuous A ¢ £a wu(nE) its exten-
~ ’
sion A given by Proposition I is bounded on bounded sets and

therefore continuous by Lemma 6.

(p) If E is the strict inductive 1limit of Banach spaces E
then (by [8], p. 86) E% is also a strict inductive limit of
Banach spaces, in particular barrelled, whence E/ is distinguished

- and clearly metrizable. So (b) is a special case of (a).

(¢) If E is metrizable and A € £a wu(nE) is continuous,
’

then the extension A, given by Proposition 4, is bounded on sets
of the form B°° where B c E is bounded. Since zero-seguences

in the strong dual of a (DF)—space are equicontinuous, this implies
that A 1is bounded on zZzero-sequences in (Eg)n. Since this latter

space is metrizable, this easily implies that A is continuous in

zero and so continuous. [ ]
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Let U be an open subset of €, nelU, E and F Banach spaces and T be a
holomorphic operator function on U with values in L(E,F). Suppose
that the nullspace N(T(u)) is finite-dimensional, that T-1 exists
on U~{u} and that the singularity of 771 at u is a pole of positive
order. Under these assumptions the operators in the singular part of
-1
of eigenvectors and associated vectors of T and T', where T' is the
adjoint operator function of T. The eigenvectors and the associated
vectors belonging to these canonical systems fulfill certain bi-
orthogonal relationships.

at 1 are finite-dimensional and representablie by canonical systems

If U is a domain, T is a holomorphic Fredholm operator function and
T(Ao) is bijective for some AOGU, then o(T) is a discrete subset of

U and T°% is a meromorphic function with poles at all points of o(T).
Therefore, under these stronger conditions on U and T, the above
mentioned assumptions on T_1 are fulfilled a priori if, without any
loss of generality, we substitute U by {U~o(T))u{u}. T is Fredholm-
valued if E = F and T(x) = idp+K(X) where K(A) is a compact operator
in E for A€U. For operator functions of this type, acting in a Hilbert
space, the above stated representation theorem is due to KeldyS, cf.
{8y, [91.

In [3] Gohberg and Sigal established a factorization theorem for
meromorphic operator functions. As an application they proved Keldy$'s
representation theorem (apart from the biorthogonality relationships
for the eigenvectors and associated vectors) for holomorphic Fredholm
operator functions. Instead of eigenvectors and associated vectors,
Gohberg and Sigal used the notion of root functions, which consider-
ably simplified the formulas and made the theorem as well as its

proof more transparent.



276 R. Mennicken and M. Miiller

In [12] the authors gave a direct proof of Ke]dyé's representation
theorem, which they stated in the simpler notation of root functions
as well as in the original form with respect to eigenvectors and
associated vectors.

In the present paper the authors give a generalization of Ke]dyg's
theorem for holomorphic operator functions acting between Fréchet
spaces E and F. The proof of this generalization is closely related
to the authors' Banach space proof in [12] which, fortunately, did
not make use of Gohberg and Sigal's factorization theorem; a theorem
of this type is not (yet) available for operator functions acting in
Fréchet spaces.

Representation theorems concerning the local analiytic structure of
the resolvent T-1 are fundamental for expansions in series of eigen-
vectors and associated vectors; they have important applications to
boundary eigenvalue problems, as they yield representations of the
singular part of the Green functions in terms of eigenvectors and
associated vectors. The theorem proved in this paper allows appli-
cations to eigenvalue problems for differential equations in the
complex domain of which we briefly treat an example in the final
section.

1. Holomorphic operator functions in F-spaces.

Let E and F be Fréchet spaces and L(E,F) be the vector space of all
continuous tinear operators from E into F, If A€EL(E,F), N(A) denotes
its nullspace and R(A) its range. A is called a Fredholm operator if
both its nullity nul(A) := dim N{A) and its deficiency def(A} :=
codim R(A) are finite. ¢(E,F) denotes the set of all Fredholm opera-
tors from E into F. We set

(yev)(w) := <w,v>y (weF)

for yeE and veF', and state that the tensor product yev belongs to
L(F,E).

Let U be an open subset of € and X: U > E. X is called holomorphic
if it is differentiable in U, which is equivalent to the fact that for
each peU there are x1€E(1 €N}, such that

(1.1) x(1) = £ (a-m)'x,

1=0
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where the series converges in E for all X in some neighborhood of u.
X is holomorphic iff it is weakly holomerphic which means that the
function <X(.),x'>s : U > € is holomorphic for all x'€E'. (Cf. Kaballo
[7], chap. I and Uss [141, p. 149) We denote by H(U,E) the set of all
holomorphic functions from U into E.

If B is a bounded subset of E and g is a continuous seminorm on F
then

Pg,q(A) = sup a(Ax) (AEL(E,F))
? x€B

defines a seminorm on L{E,F). Lb(E,F} denotes the space L(E,F)

equipped with the Hausdorff locally convex topology generated by the

set of all seminorms P g

An operator function T: U - L(E,F) is called holomorphic if it is
differentiable as a function from U into Lb(E,F). This property is
equivalent to the fact that for each u€U there are T](u)EL(E,F)(1 eN)
such that

O N A

=0
where the series converges in Lb(E,F) for all A in some neighborhood
of w. T is holomorphic iff T is weakly holomorphic which means that
the function <T(.)x,y'> : U > € is holomorphic for all x€E and y'€F"'.
(Cf. Kaballo [ 7 1 and Uss [14 1.) If TeH(U,L(E,F)), i.e. T is holo-
morphic, then T is indefinitely differentiable with the 1-th deri-
vative T () = 117, (3).

Let TeEH(U,L(E,F)) and SEH(U,L{G,E)) where also G is some Fréchet
space., Jt is easy to prove that TSEH(U,L(G,F)) and

1
(1.3) (T9)1(0) = = TSy () (1€N).
It follows that TX is holomorphic if TEH(U,L(E,F)) and Xe€H(U,E). X is
called a root function of T at p if X(u) % 0 and (TX)(u) = 0. If X
is a root function of T at u, then v(X) denotes the order of the zero
of TX at py and is called the multiplicity of X (with respect to T
at u). A system {XI’XZ""’Xr} of root functions of T at u is cailed

a canonical system of root funections (CSRF) if

(1.4) X (W) Xp(u)s. o ouX (w)} is a basis of N(T(u))
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and for all je{l,2,...,r}

(1.5) v(Xj) is the maximum of all v(X) where X varies in the set
of root functions of T at u such that

X(u)EN(T(u)) ~ span {Xl(u),-..,Xj_l(u)}-

It is easy to show that there is a CSRF of T at u if i) the nullity
nul T(u) is finite and ii) the inverse operator function T'1 belongs
to H(U~{ul},L(F,E)) and has a pole of order s > lat u (which means
that (.—u)ST_ is holomorphic in U and different from zero at u).

An ordered set {xo,xl,...,xh} < E is called a chain of an eigenvector
and associated vectors (CEAV) of T at u if

is a root function of T at u with v(X) > h+l. We denote by U(xo) the
maximum of all v(X) where X is a root function of T at u with X(p)=Xo.
Conversely, if X is a root function of T at p, v(X) > h+l and X is
expanded in a series of the form (1.1) then the Taylor coefficients

Xgoe Xy form a CEAV.

A system {x%J): l1<j<r,0<1c< mj-l} is called a canonical system
of eigenvectors and associated vectors (CSEAV) of T at p if

(1.6) {xgj): 1 <j<r} is a basis of N(T(u)),
(1.7) {xgj),xgj),...,xéjzl} is a CEAV of T at u (§=1,2,....r),
(1.8) v(xéj)) = sup {G(xo}: xo€N(T(u))\span{xék):k<j}} {1<k<ry,
If we define
mJ-1 )
X, := 3 (.-u)'x(d) (i=1,2,...,r)

1
then a system {xgj): 1 <j<r,0<1c¢< my - 1} is a CSEAV of T at u

iff {Xj: 1 <j<r} is a CSRF of T at p with v(Xj) = m; (j=1,2,...,r).
p(T) := {x€U: T(x) bijective}l is called the resolvent set of
TEH(U,L(E,F)), of(T) := U~p(T) its spectrum and op(T):= {x€U:nul T(1)+0
its point spectrum. The inverse operator function T_l, the resolvent
of T, is defined pointwise by T 1 (A) := (T(A))"} (rep(T)).
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If £ and F are Banach spaces then p(T) is an open subset of U and

T YeH(o(T),L(F,E)). If, in addition, U is connected, i.e. a domain

in €, T(A)€o(E,F) for all X€U and p(T) # P then o(T) is a discrete
subset of U, o(T) = cp(T), and T—1 is meromorphic and has poles at
all points of o(T) (cf. Gramsch [5] or Bart [2]).

Similar statements do not hold when E and F are Frechet spaces.

Pietsch [13]1, p. 355, gave a simple example which shows that p(T) is
not necessarily open. Even if p(T) is an open set it can happen that
T—l
following

is not holomorphic on p(T), an assertion which is proved by the

(1.9) Example. E = {yec®@®): vieN y{i)(0) = 0} is a closed subspace
of the Fréchet space C”(R) and therefore also a Fréchet space. Let
T(A)y = y+xy' for yeE. Obviously TEH(C,L(E)) and p(T) = C. If » * O
and geE then

X
(V9 x) = [ T expir (n-x)}g(n)dn (X €R).

Let g(x) = exp(- ;%) if x €R~{0} and g(0) = 0. The function g belongs

X
to E and C:= inf{g'(x): x€[1,2]1) > 0. We set B = {g} and q(y) = |y(3)
for yeE. We infer that

1
) ) 3 Lin-3
e (T H0)-T70)) = |Je* Tg'(n)dn]
B,q 0

> Ce Aoy o if X < 0 and » » 0

which means that the operator function T'1 is not continuous and thus
not holomorphic at O.

The above cited example of Pietsch also shows that the Banach space
statements on the discreteness of o(T) and the meromorphy of T-1 do
not hold in Fréchet spaces. Concerning some positive results of this

kind we refer to Kaballo [71, ch. I, and Mennicken [11], sec. 3.3.

2. Main results.

Let El’Ez’Fl’FZ be Frechet spaces. Assume that (EIPEZ) and (F1,F2)
are dual pairs with regard to bilinear forms < , > on Ele2 or leF2
respectively. The bilinear forms are supposed to be separately
continuous so that each of the Fréchet spaces under study can be

identified with a subspace of the dual of the second space with which
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it forms the dual pair. In this sense, for example, E2 is a subspace

of Ei.

(2.1) Proposition. Let N be a finite-dimensional subspace of E1 and
{xl,xz,...,xk} be a basis of N. Suppose that AEL(Fl,El) and that
R(A)cN and R(A'IE )<:F2 where A'IE denotes the restriction of the

2 2

adjoint operator A' to E2.

Then there are VsV € F2 such that

Proof. Since (El’EZ) is a dual pair we can choose ijEZ such that

<X Xi> = &,
1 J 1]
VjEFZ' Because R(A) =« N we have

for i,j = 1,2,...,k. Define vj 1= A‘xj; by assumption

with ai(y)EC. We conclude that

<y,vj> = <y,A'><5.> = <Ay,><"j> = a.(y)

whence

Ay = <y,v1>xi =

. i (x-i@V-i)(Y)-

nM=x
nMx

i 1
(2.2) Proposition. Assume that X1€H(U,E1) and ZieH(U\{“}’FZ) for
i€e{1,2,...,r}. Suppose that Xl(p),...,Xr(u) are linearly independent

and that the Z, have (at most) a pole at u.

We assert that Z.eH(U,F,) for all i€{1,2,...,r} if

r
_g XiazieH(U,L(Fl,El)).

i=1
Proof. Choose the smallestnatural number s, such that all the functions
?i 1= (.-u)szi are holomorphic in U. Suppose that s > 1. Let yEFl. By
assumption the function

r
X(r) := .Zl <y,Z1,(>\)> X5 (A) (A€U)
i =

is holomorphic in U. Since

(r-u)® X(r) = ; <y,Z.(A\)> X.(})
i=
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and s > 1, we infer

r A
0 = = <y,Zi(u)> X;(u)

and further, by the linear independence of the Xi(“)’

for all i€{l,2,...,r}. As y is arbitrary in Fy, all Z,(u) vanish,
which contradicts the minimality of s.

From now on we assume that TEH(U,L(El,F1)), T*EH(U,L(FZ,EZ)) and that
these two operator functions are adjoint to each other in the fol-
lowing sense:

<T(A)x,y'> = <x,T*(A)y'>

for all erl,y'EF2 and xel.

(2.3) Lemma. Let qu(T). Suppose that T 1€H(U\{u} L( 1))

T* 1€H(U\{u} L( )). Assume that the szngularity of T 1 at W is
a pole. Let {X X } be a CSRF of T at u. We set my:= v(Xj)
(3j=1,...,r).

Then there are polynomials Vj: ¢ - F2 of degree less than mj and an
operator function DEH(U,L(Fl,El)), such that
-m.

(r) = ; (A-u) X (a)eV.(r) + D(Xr)
j=1 J J

(2.4) 771

Ffor all XreU~{ul}. The Vj are untquely determined by the system
{Xl""’xr}'

{Vl""’vr} 2g a CSRF of T* qt u,v(Vj) =my and the biorthogonal

relationships

(2.5) Tlei;T Nip>V3> ()= 85580 n
(L<h<m, 0 <1 <my -1, 1 <i,§ < r)

hold where

(2.6) () = e TN TXO () Qe

Proof. At first we prove the following assertion:
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(2.7) Let s be the pole order of T_1 at u. For «x = 0,1,...,s there

are polynomials V? € - F2 of degree less than mj such that the pole
order of

(2.8) b

J

"M

_y My K
1(. W) XJ.@VJ-

at u does not exceed s-«x.

For Kk = 0 (2.7) holds if we set Vg =0 (j=1,...,r). Assume that (2.7)
is fulfilled for some 0 < x < s, We set

. ° Ta.o -l ; N 5
(2.9) A(A) := - T {(x-u) Api= T (A)-'g (A-u) xj(x)svj(x)

=-5+K Jj=1

(where the expansion is valid in some neighborhood of p). The func-
tions (.-u)_mj TXj are holomorphic at u since m; = v(Xj). From (2.9)
we conclude that TA is holomorphic at u. Let x€R(A_S+K)\{0}. Choose
some ye€F, such that x = A_S+Ky and define X(A):= (A-u)S-KA(A)y (xev).
X is a root function of T at y with X(u) = x and v(X) > s - k. This

proves that R(A < L,_, where

one)

Loo = {X(u): X root function of T at u, v(x)>s-x} v {0}.

Since {Xl""xr} is a CSRF of T at p we conclude that
Loy * span{Xj(u): my > s-k1.

It is easy to show that T-l(x)'|E » 1.e. the restriction to E, of

the adjoint operator of T-l(x), i equal to T*-l(x) for all AeU~{y}.
Therefore, and because V?(A)€F2 for all je{1,2,...,r}, the mapping
x> A(A)']E defines a holomorphic operator function on Us{u} with

2

values in L(EZ’FZ)' From this we infer that R(A]'|E ) < F2 for all
2
1 > -s+k. Proposition (2.1}, applied with respect to N = LS_K and
A = A-S+K’ yields
r
(2.10) Algic = jE1Xj(u)®vj

ith v. . = i . -K. t
wit Vi € F2 and vJ 0 if mJ < s-k. We se

m.-s+K
v§+1(x) = V) + (-w) V. (§=l.....,r).
J J
The V§+1 € - F_ are polynomials of degree less than my. From (2.8)

and (2.10) we conclude that
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oo - _£ (A-u) ij(X) ) v?*l(x)
j=1
- 3 1, D eswk ]
_]=_5§K+1(A u) Ay jzl(x u) (X5 (=X () e vy s

which shows that (2.7) holds for x+1.

The existence of the representation (2.6) is clear with Vj 1= Vj. To
prove the uniqueness of the Vj we suppose that
-1 —mj ~ ~
T °(x) = = (x-u) X.(x) ® V. (X)+D (1)
j=1 J J
where the Vj: ¢ - F2 are polynomials of degree less than m; and D is
holomorphic in U. It follows that

r -mj ~ ~
: .- =V = D-
E X: ® (.-u) (V5-v5) D

which means that the function on the left side is ho]omorphic in U.
By proposition (2.2) we infer that all the (.-p)-mJ(Vj—Vj) are holo-
morphic at y. Sinﬁe Vj and Vj are polynomials of degree less than
my, we obtain VJ.—Vj = 0 for je{l,2,...,r}.

Next we prove the biorthogonality relationships (2.5): To this pur-
pose we multiply (2.4) by T(x) from the right, which yields
r -m,

(2.11) ide =z (A=u) Y XL (X)) e (THV.)(2)+(DT)(A),
1 j=1 J J
because T(>\)'|F2 = T*(x) (A€U). From (2.11) the equation
r -m.
X;(2) = T (A-u) J <X (M) 5 (T*V) (A)> X (A)+(DTX, ) (1)
j=1 J J 1

is immediate. TXi, and thus DTXi has a zero of order m at u, whence
the function

nM-s

1

is holomorphic in U. Once more we apply proposition (2.2), this time
with E2 = €, and conclude that the functions

-m, o
- <(.-u) TXi,Vj>)
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are holomorphic in u. Hence, if 1 < h < mss
mi-h

850w - <"

TXi,Vj>

has a zero of order not less than mj at y, which proves (2.5).

Finally we show that {Vl,...,Vr} is a CSRF of T* at y with v(Vj) = mj:
For h = m. the biorthogonal relationship (2.5) reduces to

(2'12) <n (H),V-(U)> =8 (isj=1,23---,r)a

i,mi J ij

whence the vectors vl(”)""’vr(“) are linearly independent and at
least different from zero. Since the operator function DT is holo-
morphic in U, we infer from (2.11) by another application of propo-

sition (2.2) that the functions

m.
(.-u) JT*Vj (3=1,24...,r)

are holomorphic in U, which implies that the Vj are root functions
of T* at u with v(vj) >my.
Let V be an arbitrary root function of T* at u. We multiply (2.4) by
T(x) from the left, form the adjoint of both sides of the resulting
equation and obtain

(2.13)  id, = s G- TV ) e (TK)()+(D T (M) s
1 i=1 J J
which Teads to
r -m.
<ysV(A)> = l(x-u) J<TXj(A),V(A)> <y,V5(A)> + <D(A)y, (T*V)(A)>
J:

for arbitrary yeFl. Since D(.)y is holomorphic at y and T*V vanishes
there, the equation

-m.
X5 ()2 (Cmw) TR ()><y sV (u)>

r
<y, V(u)» = =
=1 J

holds. Hence

r m.
(2.14) Vu) =z agln)s (o) 0 TR (u)> V),

which proves that {Vl(u),...,vr(u)} is a basis of N(T*(u)).

Let 1 < k < r and V(u)¢ span{vl(u),...,vk_l(u)}. From (2.14) we con-
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clude that there is some j > k such that

m.
<X () s (o) TRV ()> # 0,

which implies that v(V) < my <m < v(Vk). It follows that v(Vk) = m,
is the maximum of all v(V) where V varies in the set of all root
functions of T* at u, such that

V(u) & span{Vy(u),...,V _{(u)7.
We supplement lemma (2.3) by the following

(2.15) Remark. Let U,HEU and u # 3. Suppose that X is a root function
of T at u, and that V is a root function of T* at ﬂ. Set
nh(x) = (A-u)_h(TX)(A) for 2€U and 1 < h < v(X). Then
d! ~
(2.10) E—T <nh,V>(u) =0
A
for all 1 < h < v(X) and 0 < 1 < v(V) - 1.

-h

Proof. Since (.-u) is holomorphic at W, the function

<nh,V> = < .-u)-hX,T*V>

has a zero of order not less than v(V) there.

A similar argument yields the

(2.17) Remark. Let ZEH(U,El). In (2.5) we may substitute Nih by

)—h h

(mu) TT(X+(-u) )

and in (2.16) n, by

-h h

(o-w) TT(X+(.-u) 7).

The following result is an immediate consequence of lemma (2.3) and
the remarks (2.15) and (2.17).

1
1

(2.18) Theorem. Assume that o(T) is a discrete subset of U, that T
and T are holomorphic in U~o(T),and that the singularities of T
are poles. For each uec(T) let

{x%ja tl 2 <r(u), 0<1 <my

J(u)—l} be a CSEAY of T at u.
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Then there are systems

(2.19) iy cr), 01 <m) - eF,
such that
m.{(u) m.{u)-k
-1 Pl IRk (1) 4 ()
(2.20) SP(T “L,u)(x) ’jil kzl (A-u) 1EO SR ij(u)-1-k,u,

where SP(T-I,u) denotes the singular part of 171 42 1. (2.19) Zs a

CSEAV of T* at w and is uniquely determined by the CSEAV of T at u.

The biorvthogonal velationships
(2.21) ; 1 <n(n) (u,) v(j) > =6 §..8
n=0 nT 1:th1 27’ ]‘nsUZ UlsUZ 1] m"l(u].)_h’]

(UlsUZEO(T)sliiir(Ul)slihimi(ul)slijir(UZ)vOi]imj(Uz)‘l)

hold where

h

RIS

1 .
T1-h_ (1)

(A-u) X

0 v 1,111

We only have to prove (2.20). We omit the index u, use the notations
of section 1 and conclude from (2.4)

-1 r -m,
SP(T *,u) = SP('Zl(.—u) ij@vj,u)
J:
m.-1 m.-1
r My d 1 J k
=5z (w) S0z eIy e s iU
i=1 1=0 k=0
m.-1
r J -1 . .
= ¥ I b (.—u)kx](J)@ Vl(<31) 1
j=1 120 k=-m+1 m;
m. m.-k
r J _ J .
R R T B x%a) oV -
j=1 k=1 1=0 j

3. An application.

In this section we study an application to eigenvalue problems for
differential equations in the complex domain in which all the assump-
tions made in theorem (2.18), are fulfilled in a natural way. We would
like to point out that the eigenvalue problems considered here are
closely related to the theory of special functions, and that the
theorem (2.18) is the starting-point for a large number of biorthogo-
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nal expansions of holomorphic functions into series of special func-
tions, cf. Krimmer [10].

Let S be a simply connected domain in € which we assume to be Z2mw-
periodic, i.e. z€S iff z+27€S. Let vel and define

P, = [feH(S) : vzes f(z+2n) = "' VF(2)}.

Pv is a closed subspace of the Fréchet space H(S), and hence also a
Frechet space. For feP —and geP_  we set

(3.1) <f,g> := [ f(z)g(z)dz
Y

where vy is a rectifiable arc in S from a fixed z, to zo+2v. Obviously

the integral is independent of the choice of z, and the arc y.

(3.2) Proposition. (Pv, P—v)
which is continuous in both components.

is a dual pair with respect to < , >,

We only have to show that the bitinear form (3.1) is definite. For
this purpose we prove:

(3.3) The set 5 := {e'? : zeS} is a domain of connectivity 2.

Proof. S is the image of a connected set under a continuous mapping,
and hence $ is connected. The arc ? : [0,1] » 3 defined by ?(t)=eiY(t)
is a closed rectifiable curve, and the winding number of ¥ with re-
spect to 0 is 1. As 0¢§ we infer that S is not simply connected.

Suppose S is not a domain of connectivity 2. Then there are three
pairwise disjoint nonempty compact subsets Al,AZ,A3.of ¢, such that
OEAl,ooEA2 and T~8§ = AIUAZUA3. The sets B1 = {z€C(: e]ZEAluAZ} and

B3 = {z€(: e]Z€A3} are closed disjoint subsets of € with BluB3 = ~S.
As BluB3U{m} = {~S is connected, B3 cannot have a bounded component.
As A3 is bounded away from 0 and «~, there are two points Zl’ZZES such
that {z | < inf {|Im z| : z€B,} and |z, > sup {|Im z| : zeB,}. We
choose a Jordan arc Y1t [0,1] - G\B3 which meets the lines

Imz = Im z; (i=1,2) only in the endpoints z; and z,. Let kelN;

Yz(t) = Yl(l-t)+2kﬁ defines an arc Yo o [0,1] - ¢\B3. If k is large
enough, then Y1 and Yo together with the Tines 22,22+2kw and zl+2kn,z1

form a Jordan curve in E\B3 which has points of B3 in its interior,
a contradiction to the fact that B3 does not have bounded components.
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It is sufficient to prove the definiteness of (3.1) in the case v=0.
Let fEPo and suppose that <f,g> = 0 for all gEPo. It follows that

Flw)d(w)dw = 0

=<3

for all §eH(S), where ?(eiz) = f(z) for all zeS and ¥ has been de-
fined in the proof of (3.3). Since § is a domain of connectivity 2
we can assume without loss of generality that § is an annulus around
0 (cf. Ahlfors [11, p. 247). We conclude that

[ Flowdw = 0 (nez),
A

whence f = 0 as ?EH(g).

Let ne€N~{0} and pjeH(Sxt) for j=0,...,n-1. We assume that the
functions pj(.,X) are 2n-periodic for each x€C. For fEPv we set

oz f3) () (zes)

and state that TEH(¢,L(Pv,Pv)). It is well-known that ofT) = op(T)
and that either o(T) = € or o(T) is a discrete subset of €. For the
following we assume that o(T) * C.

Let Y(z,x) be a fundamental matrix of the differential equation
T{(x)f = 0 with Y(zo,x) = 1. We know that YEH(Sxt,Mn(¢)). It follows,
cf. Krimmer [10], that A€o(T) iff the matrix

Lo plmivy
MY(A) = e I Y(z +2m,2)

is not invertible, and that

-1 z+2m

(Mg)(z) := f 6p,(z,630)g(E)dg  (z€5)
z

(3.4) (1

for all Xep(T). In (3.4) Gln(Z,E;A) denotes the element with index
(1,n) of the "Green matrix"

;1mv<g,x>‘1,

and the integration is carried out along a rectifiable arc in S.
According to (3.4), T_1 belongs to H(p(T),L(Pv,Pv)) and has poles at
all points of ofT).

G(z,E3)) = Y(z+27,A)M

The operator T*(X) defined by
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(Tr(09)(z) = (D" () + = (DI L) (ger_Lzes)

is the "adjoint" operator of T(X) with respect to the dual pairs
(EI’EZ) = (FI’FZ) = (PV,P_V). It is easy to show that o(T*) = ofT).
Since T* has the same form as T, we have T*€H(C,L(P_V,P_v)) and
T*_leH(p(T),L(P_V,P_ }). Thus all assumptions of theorem (2.18) are

Y
fulfilled in this case.
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THE THEOREM OF BOCHNER-SCHWARTZ-GODEMENT FOR GENERALISED GELFAND PAIRS

Erik G.F. Thomas

University of Groningen

Introduction

Fourier analysis on the circle T is essentially concerned with the decompo-
sition
2 [} in6
(1) LM = ¥ [e7]
n
2, fs . ; ; - : :
of L' into minimal translation invariant subspaces. Similarly, Fourier analysis
on IR is concerned with the decomposition
2] 2miA.
[T le ]

(2) L (R) = ar

into minimal translation invariant subspaces, not of L2, which has no such
minimal invariant subspaces, but of an appropriate larger space, e.g. S'(R).
More generally, let X be a Cm—manifold on which a Lie group G acts trans-
itively from the left (then if p € X and GO ={g€G:gp=p} one may as usual
identify X with G/GO) . The group G also acts naturally, by 'translation' on the
space D(X) =C°C°(X) and on the space of distributions D'(X).
If the space X possesses a G - invariant positive Radon measure dx, the space

L2(X,dx) is a Hilbert space continuously embedded in D' (X)
2 t
L7(X) & D' (X)

and invariant under translation (i.e. the set L2 is invariant and the restric-
tions of the translation operators to L2 are unitary).

Consider more generally the set Hile(D‘ (X}) of all G_—invariant Hilbert sub-
spaces H ©» D'(X) .We shall be concerned with the decomposition of such a space

into minimal (i.e. irreducible) invariant subspaces of D'(X)

(3) H=IQH)\ dm (X)

analogous to (1) and (2).
To make this more precise we make use of the fact that the set Hile(D' (X)) is
in bijective correspondance with the set FG of distributions K €D' (X xX) which

are of positive type

<K, ¢$8¢ >>0 YV ¢ € D(X)
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and which are invariant under the diagonal action of G : (x,y) - {(gx,gy). In this
correspondance the distribtion K associated with the space H is the Schwartz
reproducing kernel of H. The minimal invariant spaces correspond to the extreme
generators of the convex cone FG.

The existence of decompositons such as (3) has been known for some time. In
general there are infinitely many ways to do such a decomposition (e.g. if X=G
acts on itself from the left and is noncommutative).

The success of classical Fourier analysis associated with the decomposition
(2), however, is mainly due to the fact that the functions ezﬂi}\x are eigen-
functions of the operators D'(IR) »D'(IR) which commute with translations. This
is closely related to the fact that in (2) the representing measure is uniquely
determined, i.e. only one decomposition is possible.

In the case of a general homogeneous space we shall also be concerned with the
situation in which the decomposition is unique, or equivalently, where the

decomposition

(4) K=[ Ky dm(})

of a G-invariant kernel of positive type into extreme kernels is unique. By
making use of the theory of integral representation one can show that this
uniqueness is equivalent to FG being a lattice cone.

In the classical examples of (4) associated with the names of Herglotz,
Bochner, Weil, Raikov, Schwartz, Godement and others, one has this type of unique-

ness. In these cases the stability subgroup G, is compact. If G0 is compact it

0
can be shown that FG is a lattice if and only if (G,GO) is a Gelfand pair, i.e.

the convolution algebra Ll(GO‘\G/GO} of L1 functions on G, bi-invariant under GO'
is commutative. The extreme kernels then correspond to the positive definite
spherical functions.

In this talk we shall also discuss recent progress in the case where the

stability subgroup G, is not compact, in which case we shall propose several

0
equivalent definitions of 'Gelfand pair' to replace the classical definition

which becomes incperative (Ll(G ‘\G/GO) being (0)). We shall alsc show that the

0
classical sufficient condition which implies that (G,GO) is a Gelfand pair,
namely the existence of an appropriate symmetry, can, in modified form, still

be used in the general case.

1. Hilbert subspaces of D' (X)

We recall the basic facts from L . Schwartz's theory of Hilbert subspaces of
the space D'(X), where X is a C. -manifold [8][9].

A Hilbert subspace of D'(X) is a linear subspace H of D'(X) equipped with an
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inner product which makes it into a Hilbert space, and such that the inclusion

H < D'(X)
]
is continuous.
The sum H, +H. of two Hilbert subspaces itself is a Hilbert subspace if it is

1 2

equipped with the norm for which the map s :H1 xH2 +H1 +H2 is a partial isometry,

i.e. the quotient map H1 XH2/ker(s) +H1 +H2 is an isometry. (Here H1 xH2 has the
usual Hilbert space norm). If s is one-to-one, hence an isometric isomorphism,the
sum is said to be direct, and we write H1 ®H2. This occurs if and only if
H1 na2=(0).

For any Hilbert subspace HcD'(X) and any number a >0, one defines the Hilbert
subspace oH to be (0) if a =0, and to be the linear space H with the inner pro-

duct

oH o (hllh2)H

(hllhz)
if a>0.

An order relation is defined on the set of Hilbert subspaces as follows:

Hl in 4 B1 C82

where Bi is the closed unit ball of Hi'

Finally, given any Hilbert space H and a continuous linear map u : H->D'(X) the
image space u(H) becomes a Hilbert subspace if it is equipped with the norm
which makes u a partial isometry, i.e. the quotient map an isometry. The image
u(H) is always considered to be a Hilbert space in this way.

1/

(Examples: H1 +H =S(H1 xH2), oH is the image of H under the map h-+a 2h). In

2
particular, if u :D'(X) »D'(X) is a continuous linear map and H is a Hilbert
subspace of D', u(H) is another Hilbert subspace. If the restriction u/H is one-
to-one it is an isometric isomorphism of H onto u(H).

We denote Hilb(D') the set of all Hilbert subspaces of D'(X).
The Schwartz reproducing kernel of a Hilbert subspace H %» D' is the distribu-

tion K€D'(X xX), defined, via the kernel theorem, by the equation

(5) K(® 8 §) = (3%0|3*)

i* being the adjoint map defined by the equation
(6) (h|3*¢) = <3h,p>
where for convenience we have put

(7 <f,p> =£(Q)
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when £ E€D'(X), WED(X). The distribution K is a kernel of positive type :
(8) K@ & ®) >0 Y €D(X) .

We denote T the set of all distributions K&€D' (X xX) which satisfy (8). It is a
closed convex cone of D'(X xX), which is proper i.e. I'N - = (0).
We are now in a position to state L . Schwartz's fundamental result concer-

ning Hilbert subspacesand their reproducing kernels :

Proposition 1 The correspondence H K which associates with each Hilbert sub-
space of D'(X) its reproducing kernel, is a bijection between Hilb(D') and TI.

Moreover :

1. If Ki is the reproducing kernel of Hi’ i=1,2, K1 +K2 is the reproducing

kernel of H1 +H2.

2. If K is the reproducing kernel of H, oK is the reproducing kernel of aH.

3. H, <H, if and only if K, <K, (i.e. K —K1€F)

1 2 1 2 2
4. If u:D*(X) »D'(X) is a continuous linear map and H has kernel K, the space

u(H) has the kernel u(K) defined by
(9) u(K) (@ & §) =K(u*p 8 u*y)
where u* : D(X) +D(X) is defined by

(10) <uf,p> = <f,u*p>
Corollary 2 u(H) =H®K(u* 8 u*y) =K(® & y) Yo,y €D

2. Integrals of Hilbert subspaces

Let us now define integrals of Hilbert subspaces, in part following [8]. Let
S be a topological Hausdorff space, and let m be a Radon measure on S,{(i.e. a
locally finite inner regular Borel measure).

A family (Hs)s €s of Hilbert subspaces of D' (X) is said to be m -measurable
if the corresponding map s +Ks is u -measurable, equivalently : s—*Ks (@8 P is
m - measurable for all @,y €D(X) (cf. [18 thm 1).

Given an m -measurable family of Hilbert subspaces (Hs) a field

£(.) =(£(s))

s €S’
€ 1T H_ is said to be measurable if the vector function
s€S c€g S

s +f(s) €ED'(X) is m -measurable, equivalently : weakly m - measurable.
It can be shown that the map s - ]| f(s) H s is measurable and that the space

2 2 R
L =L (m,{Hs },D') of equivalence classes of square integrable fields, equipped

with the norm

-

(11) lecoll =l g 2 an(s) /2

is a Hilbert space.
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In fact, (H) together with the family of m -measurable fields is a

s's€s’
measurable family of Hilbert spaces in the sense of von Neumann and Dixmier [2].
The family (Hs)S €g is said to be m - summable if it is measurable and if

f K (0 8 ®)dm(s) < +o
for all @ €D. There then exists a distribution KE€T such that

K@ & ¥) =] K_(0 & ¥)dn(s) Yo,y €D,
If H is the Hilbert space whose reproducing kernel is K, we write symbolically
(12) H=I Hsdm(s).
Similarly we define for every measurable subset ACS,

H, =jAHSdm(s) .

Finally, a function f :S8-+D'(X) is said to be m - summable if the integral

f f(s)dm(s) exists in D'(X), equivalently s+ <f(s),P> is m -summable for
every @ ED(X) (cf. [19).

Proposition 3 Let (HS) be an m - summable family of Hilbert subspaces of

s €S
D' (X), and let

H=/ H_dn(s)

Then we have :

1. Every square integrable field is an m - summable map f : S =+D'.

2. If o[£¢.)] =f f(s)dm(s), the map ¢ :L2 +D' is linear and continuous.
3. H=9? (L2) .

For the proof we refer to Schwartz [8].

The integral (12) is said to be direct, and written

(13) H=je’ H_dm(s)

if the map ¢ : L” +H is one-to-one, hence an isometric isomorphism. This happens
if and only if HAnHB=O for any two disjoint Borel sets, A and B (disjoint
compact sets is not enough).

We shall describe the situation more fully in this case :
Proposition 4 If H =j® Hsdm(s) we have the following :

1. Every element f €H has a unique decomposition f(*) €L2 such that, in D' (X),
(14) £=] f(s)am(s)

2 . . . .
and every f(+¢) €L” gives rise in this way to an element f €H.

2. One has the 'continuous Pythagoras theorem' :
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(15) £l % =5 Y el 2 ants) -

3. The space H_ is a closed subspace of H, its norm being inherited from H. The

A
orthogonal projection PA from H onto HA is given by :

(16) PAf=jA £(s)dm(s) .

For ANB=¢ HA and HB are orthogonal subspaces of H.
The proof of this is quite obvious if one realizes that HA is the image under

® of the space of fields in L2, vanishing off A.

Remark The von Neumann algebra 4 generated by the projections PA is precisely

equal to the set of diagonal operators T , for Q)Eﬁn(m)

(17) wa=j ©(t) £(t)dm(t).

Thus the decomposition (13) is called the diagonalisation of the von Neumann

algebra 4. In a certain precise sense it depends only on H and 4, and not on S

and m (cf. [14).

Proposition 5 If H =I® Hsdm(s), the map A-+PA is an m - continuous spectral
measure. Conversely, if H is a Hilbert subspace of D'(X), and P is an m - continu-
ous spectral measure there exists an essentially unique m - summable family of
Hilbert subspaces (HS)S €s such that, if HA'=P H, one has HA== IAHS dm(s).

A
Moreover the integral is direct :

1]
H=[ H_ dm(s).
This can be proved in many ways. The best is to regard it as a Radon Nikodym

theorem for the vector valued measure A +HA‘€Hilb(D') (or A—>KA €T). The last

statement of the proposition is obvious since HA ﬂHB = (0) for ANB=4¢.

Corollary 6 Every commutative von Neumann algebra, acting on a Hilbert subspace

of D'(X), may be diagonalised in Hilb(D').

Corollary 7 If TO is a closed convex cone in T, HilbO(D') the corresponding set

of Hilbert subspaces we have

HAEHilbO(D')VA o HSEHilbO(D') ma.a.s

3. G -invariant spaces

Let us now assume X==G/GO where G is a Lie group, GO a closed subgroup. Then

G acts on D(X) by u(g)@(x) =w(g_1x), and on D' (X) by
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<ulg)f,9> = <f,ulg o>

If we assume, as we shall, that X has a G - invariant Radon measure dx, the

spaces U and L2(X,dx)are considered as subspaces of D' (X) :

D = 120 S L (0 S DY)
oc

2 . R
and the action of G on D or L~ coincides with the restriction to those spaces of
the action on D'.
We denote Hile(D') the set of all Hilbert subspaces of D'(X) which are inva-

riant under G, i.e. for which
(18) u(g)H =H Vg €G.

For each H €Hile(D') the map g+u(g)/H is a continuous unitary representation
of G in the usual sense. We denote G\H= {u(g)/HIQEG}
We denote I‘G the closed convex subcone of ' composed of the kernels KE&€T for

which
(19) K{u(g)¥ & u(g)y) =K(® & ¢) Yg€G

i.e. which are invariant under the diagonal action (x,y) > (gx,gy) on X xX. Then
by Corollary 2, H is G -invariant if and only if its reproducing kernel belongs

to T .
e

Proposition 8 The space H is minimei invariant (i.e. it contains no closed
invariant subspaces) if and only if its kernel K lies on an extreme ray of the

cone FG’ i.e. :
0 <K' <K, X' ETG = K' =aqkK.

For the proof we refer to [9] p.71, or [13.

Now it is a fact that there are actually plenty of minimal invariant spaces

(T', is the closed convex hull of its extreme rays).

G
This can be expressed more precisely as follows : let ext(I‘G) be the union of
the extreme rays of FG' Let SO be a section of ext(TG) i.e. a set not containing
0, and having precisely one point on each extreme ray. A section is said to be
admissible if the function equal to 1 on SO and homogeneous of degree 1, is uni-
versally measurable. Such admissible sections always exist, in practice one can
often find Souslin sections, which are always admissible. An admissible parame-
trisation of ext(I‘G) is a continuous one-to-one map s +Ks Eext(TG) such that the
image is an admissible section and the inverse map is universally measurable
(e.g. S=5S_ with the identity).

0
Then we have
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Proposition 9 Let s-*KS be an admissible parametrisation ofext{TG),let Hsbe the
Hilbert subspace corresponding to Ks. Then, for every HEHile(D') there exists

a Radon measure m on S such that

(19) n=J® Hy dm(s).

This result, except for the fixed parametrisation independent of H, has been
obtained by L. Schwartz [10 and K. Maurin [7].
The proof of proposition 9 is obtained by diagonalising a maximal commutative

0=Tg -
Then by Mautmer's theorem the G - invariant component spaces are a.a irreducible.

C*¥ algebra commuting with the action of G in H, (corollary 6 and 7, with T

The fixed parametrisation can then be obtained by the techniques of [14.
We shall need proposition 9 only for the precise formulation of the results
in the next paragraph where we discuss the uniqueness of the representing

measure m in (19).

4., Main results

Theorem A The following are eguivalent :

1. If H1 and H2 are minimal G - invariant Hilbert subspaces of D'(X) which are
not proportional (i.e. which differ as linear subspaces) the irreducible repre-
sentations G\H1 and G‘H2 are inequivalent.

2. If H is any G - invariant Hilbert subspace of D'(X), the commutant (G|H)' is
abelian.

3. The convex cone FG of all G -invariant positive kernels on X xX is a lattice

cone.

4. For every KEZTG there exists a unique Radon measure m on S such that

K= K_ dm(s),
5. For every G - invariant Hilbert subspace H ©» D'(X) there exists a unique Ra-
don measure m on S such that

[}
H=/" H_ dm(s).
s
5'. In particular, there is a unique Radon measure ds on S such that
2 ]
Lo(x) =J H, ds -

Definition 1If the properties 1. to 5. are satisfied we say that (G,X) is multi-

plicity free.

Remark On an earlier occasion we have shown that conditions 1. to 5. are equi-

valent under the (superfluous) assumption that G be of type I.
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Before giving a proof of theorem A we state some related results.
In the next statement we let G' stand for the algebra of all continuous

linear operators v :D'(X) »D'(X) which commute with the action of G:
vu(g) =u(g)v Vg €G.

Theorem B Let (G,X) be multiplicity free. Then we have the following:
6. Every minimal G - invariant Hilbert subspace H s D'(X) is an eigenspace for

the operators v €G'
vi=Af Vi €H

where X = A(v,H}.
7. The algebra G' is commutative. In particular -
7*'. Any two invariant differential operators commute.

Proof of 6. and 7. Let vE€G' and let H be a minimal invariant space. If

v(H) = (0) 6. is obvious with A =0. If v(H) #0 we have u(g)v(Hd) =vu(g)H=v(H),

and so v(H) is invariant, v being intertwining between the action of G in H and
in v(H). H being irreducible the kernel of v/H is (0) and so v : H— v(H) is an
isomorphism. By condition 1. v(H) =gH for some «. But then by Schur's lemma v/H

must be a multiple of the identity. Let f ELZ. Then in D' we have
f =I f(s)ds

with f(s) EHS.

If v,w€G' we have in D'
v =I vif (s)las =I A{v,s)f(s)ds

where A(v,s) is the eigenvalue of v/H .
s

wvf = [ wi(v,s)f(s)as
=f x(v,s)wlf(s)las
=[ A(v,s)A(w,s)f(s)ds
= vwE.

2 R
Now L~ being a dense subspace of D', wv =vw.

Remark If the stability subgroup G. is compact, it can be shown that conversely

0
6. implies 1. to 5. and that 7.implies 1. to 5. If G is connected even 7! implies

1. to 5. This explains a statement in the introduction. (cf. [11]).

Theorem C ILet (G,X) be multiplicity free. Let HCD'(X) be any G -invariant

Hilbert subspace (e.g. LZ(X,dx) ).
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8. Let (T,DT) be any closed operator in H commuting with the action of G. Then
T is normal.

9. Let (T,DT) be any densely defined symmetric operator in H, commuting with the
action of G. Then T is essentially selfadjoint.

10. Let T, and T, be as in 8. then T, and T

1 9 1 9 strongly commute.

Example If X admits a G - invariant pseudo Riemannian structure, the Laplace

; . . : 2
Beltrami operator A, defined on D(X) is essentially selfadjoint in L° (X).

Proof of Theorem C 8.: The operators B = (I + T*T) 1 and C =T(I +T*T) 1 are boun-

ded operators commuting with G. Thus (G|H)' being an abelian * algebra, they are
normal, they commute, and have commuting spectral resolutions. From this it is
easy to deduce that T has a spectral resolution, i.e. T is normal.

9.: The closure of T is a normal symmetric operator, hence selfadjoint. Alter-—
natively: The Cayley transform U of the closure of T is a partial isometry such

that the operators UU* and U*U are the projections on the defect spaces

Ker (T*+ iI)JZ But since U belongs to (G|H)', UU* =U*U, hence Ker(T* +1i I) =
Ker (T* ~1i I) = (0) .
10.: The spectral resolutions of T1 and T2 belongs to (G|H)', hence they commute.

The following three thecrems allow one to show that (G,X) is multiplicity

free in certain cases :

Theorem D ILet G, and G, be two groups acting differentiably on X, such that G

1 2 1
is a subgroup of G2. Then if (G1,X) is multiplicity free, so is (G2,X).
Proof Let H be G, invariant. Then H is G, invariant and (GZIH)‘ C(G1|H)'. Thus

the smaller commutant is also abelian.

Examples

a) let X=TR G1 =R acting by translation. Then G1

invariant spaces are one-dimensional and s© they are, up to a factor, the one

being abelian the minimal

dimensional spaces spanned by the characters x<+eix'y. Since two different
characters give inequivalent representations (G1,x) is multiplicity free. The
invariant operators are the operators of convolution with a distribution of
compact support, in particular the differential operators with constant coeffi-
Xy

R i .
cients, and the e are of course common eigenvectors for those.
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n
b) Let G, be the Poincaré group i.e. the group of transformations of IR° of the

2
form x — Ax +b, with A a Lorentz transformation.

Then, by theorem D, (G2,X) is also multiplicity free. The minimal invariant
spaces yield inequivalent representations of the Poincaré group. They are eigen-
spaces of the Klein - Gordon operator, {the Laplace Beltrami operator for the
Einstein metric), a fact extensively remarked upon by L. Schwartz [9].

c) More generally, if G is a semi-direct product of an abelian group N and a
group of Haar measure preserving automorphisms of N, then (G,N) is multiplicity

free. For more details we refer to F. Klamer [5].

Theorem E Let J : D' (X) »D'(X) be an anti-automorphism. If JH=H (i.e. J/H anti
unitary) for all G- invariant H (or minimal G - invariant H) the pair (G,X) is

multiplicity free.

Proof If the minimal invariant spaces are invariant under J, so are the others,
for instance by proposition 9. Let H be G -invariant, and let 4 = (GIH) '. The
restriction _J_=J/H is an anti-unitary operator in H by hypothesis. If A is a

positive operator in A the kernel I(1 defined by
K, (@ & V) = (A% 3*y)

is the reproducing kernel of a G -invariant space H1 <> H. Since JH1=H it fol-

1
lows that J A 1—1 =A. Thus for any A €4 we have

A*=J A 1_1,

the operator J being antilinear. Thus if A,B €4, we have (AB)* =A*B*, the
'wrong' equation, i.e. A is commutative. (This of course has a close connection

with the argument of Lichnerowicz in [6]).

Examples
a) Let X =GO be a unimodular Lie group,G=Go xGO acting from the left and right
-1

(9,,9,)x=g, xg,
which defines a left action of G on X. G - invariant Hilbert subspaces H ©» D'(X)
are simply called bi- invariant. The reproducing kernels of bi-invariant spaces

are of the form
KO8 P) = <T,p * >

where T is a central positive definite distribution (§ if H=L2(X)). Then since
T=7 it is easily seen that H=H for every bi-invariant H<D?® (GO) . Thus by theo-
rem E (GOxGO, GO) is multiplicity free. In the case of type I groups the exis-—

C 2 . - .
tence and unigueness of the decomposition of L (GO) into minimal bi-invariant
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spaces (property 4. or 5.) gives a new proof of the existence and uniqueness of
Plancherel measure (cf. [51).

b) Let X=U(p,q; F)/U(1;F) xU(p-1,q;TF), F= IR, ¢ or H, be one of the hyper-
bolic spaces analysed by J. Faraut in [3]. Then with the methods introduced by
Faraut it is easy to show that every G - invariant distribution on X xX is symme-
tric. Since the reproducing kernels of G - invariant Hilbert subspaces also have
the Hermitian symmetry they are real. Consequently in this case H =H for every

G - invariant Hilbert subspace of D'(X), and so by theorem E, (G,X) is multiplicity
free.

Let us finally state the theorem which explains the terminology in the title.

0 being a compact subgroup. Then (G,X) is multiplicity

Theorem F Let X=G/_ , G
GO

free if and only if (G,GO) is a Gelfand pair, i.e. the convolution subalgebra

of Ll(G) composed of the functions which are left and right GO - periodic, is

abelian.

Consequently, if (G,G/G )} is multiplicity free we also refer to (G,G
0
generalised Gelfand pair.

O) as a

2
Proof of Theorem F: We may identify L (X,dx) with the space LZ(G)' G of right
70
2 :
GO -periodic L~ functions on G. The algebra L1 G of left and right GO
by convolution from the right, the function being

- periodic
function on G acts on L%G
uniquely determined by theé corresponding operator. These convolution operators
commute with left translations, and it can be shown that actually

they generate the von Neumann algebra (GIL2)‘. Similar descriptions hold for the
other commutants (G|H)' in theorem A. Since the proof of the fact that the
commutant is generated by these convolutions operators (with the help of the

Segal-Godement commutativity theorem) is too long we resort to the following :

. i1 2 . . ;
If (G,X) is multiplicity free (G]L )' is abelian, and so (G,GO) is a Gelfand

pair. On the other hand, if (G,GO) is a Gelfand pair, it is known that the ex-
treme kernels are the spherical functions of positive type (they form a Souslin
section of ext(PG)) and it is known that they yield inequivalent irreducible

representations. Thus condition 1. of theorem A is satisfied.

Remark If G is connected and GO is compact it can be shown that (G,GO} is a
Gelfand pair if and only if the algebra of G - invariant differential operators is
commutative [11. On the other hand A. Lichnerowicz [6] and S. Helgason have shown

that on a pseudo-Riemannian symmetric space the algebra of invariant differential
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operators is commutative. One may wonder therefore if such a pseudo-Riemannian
space is multiplicity free. The first proof that this is not the case, known to
the author, has been communicated to him by G. van Dijk, who has shown that

(Soo(l,n) ,Soo(l,n— 1)) is not a generalised Gelfand pair for n>1 (I[1}y .

5. Proof of Theorem A

1. = 2. (proof without measure theoretic details). Let Al be maximal commutative

algebra in the commutant (GIH) ‘ of the operators u(g)! , g€G. Let VE (GiH)‘ be

H
-1 1 2
any unitary operator, and let A2 =V A1 vV 7. Let P( ) and P( ) be the correspon-
ding spectral measures, defined on the Borel sets of the spectrum S of A1 and AZ'
Then P]fAZ) =V PI_(\l)V_l. Let m be a positive measure on S egquivalent to P(l) and to

P(z). Finally let

H=I® Hél)dm(s) =I® H;2)dm(s)

be the diagonalisations of A1 and A2 (corollary 6). Then by corollary 7 the
spaces Hél) are G- invariant almost everywhere, and by Mautner's thecrem they
are almost all irreducible {minimal invariant). Now the operatcr V decomposes

(cf. [2])

v =f VS dm(s)

gD 4@

is unitary.
s s

where V_ :
s

Also it can be shown that V_ intertwines the action of G on Hél) and on H;Z) .
(2) _ (1)

s OL(S)HS for a.a.s, and by Schur's lemma

VS=)\(5)IS, with |)\(s) |2 =a(s), for a.a.s. This implies V is a diagonal opera-

Thus condition 1. implies that H

tor, i.e. V€A1. Thus A1 = (G|H) ', which proves that the commutant is commutative.
2. = 3.This implication has been proved in [14.

3. = 4. This follows from the general theory of integral representation [12[14.
4. = 5, The existence of the direct integral decomposition follows from proposi-
tion 9. Thus the existence and uniqueness follows a fortiori from 4.

5. = 1. This argument has also been given before [5]. If H, and H, are minimal
invariant their intersection H =H, nHz, with the norm H hH }21= H hi| }21 + H hH }212 is
invariant and Hf_Hi. Therefore KSK]-_' so the Ki being extremal K must be zero.
Thus H1 ﬂH2 = (0) and the sum H, +H,_ is direct. If the representations of G in H

1 2
and H2 are equivalent one easily constructs two other minimal invariant spaces

1

Hi and Hé such that H1 +H2 =Hi +Hé. This contradicts the assumption of unique-

ness in 5.

6. Closing remark : much of the above is valid in the more general situation

where D'(X) is replacedby a locally convex space, E , together with a representation
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G->GL(E). For instance E might be a space of vector valued distributions (cf.
[9]) and it might happen that only a subgroup of G is generated by dif feomor-

phisms of X, as seems to happen in theoretical physics.
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MULTIPLICATION AND CONVOLUTION OPERATORS BETWEEN SPACES OF
DISTRIBUTIONS

Peter Dierolf

Fachbereich IV - Mathematik
der Universitat Trier

Multiplication (convolution) operators between spaces
of distributions are continuous linear maps which on
the subspace D act as multiplication (convolution).
In section one we fix our notation and recall some
basic facts from distribution theory. The historical
background of our topic and some connections with
different branches of analysis are indicated in sec-
tion two. In section three we develop to some extent
a theory of the spaces I(E F) and 0 (E,F) of
multiplication operators and convolutlon operators
from E to F, respectively. These general results
are used in section four to work out some examples,
whereas some further results are mentioned in section
five.

1. NOTATION AND DEFINITIONS

For spaces of functions and distributions, as well as for general
locally convex spaces we use the standard notation of HORVATH[31]
and SCHWARTZ[60]. The symbol & always stands for an arbitrary
open subset of R". For TeD(E2)’' and pe E() the product
TeeD(S2)’ is defined by

LT ¢ ,¥> :=<T,¢-¥> (ved(S2)).

For TeD(R™)* and pe D(R") the convolution T*?GZ)( Rr%)’

is defined by

L%,y > :=LT,pxy>  (§€D(R"),
where ?f(x):=?(—x) (xeR™), and ?*'y/ is the usual convolution.
We actually have T*?eé n) 7’6 D(RY), 7€eD{ B®)’), and the

map {T} D1 y— E( R"), @ > T#¥@ , is continuous for all
TeD( RY)’. Thus the transpose {r}*: 8( r" '———>;Z)( RY)  is de-
fined and continuous. We define T S: —{T}t (Te D( R™)’
se B(RY)’), i.e. <T~x-s P> =<s, T*f) —<T sx5p> , where the
reflectlon on P(R")’ 1is defined by <%, 7>> :=<T, ?)
(?ea)( rMY)).

The FOURIER transformation F: P(RP)—> L(R") 1is defined by

Fp) =] ?<x>e-2"f1X'ydx (yeR).
n



306 P. Dierolf

We use the same symbol to denote the FOURIER transformation on
P(R™)’, which is defined by

LF(),p> :=L1,F(p)> (1€ (R"), peFL(R")).
Moreover, the restrictions of F: P(R™)’ —> P( R™)’ to various
subspaces of $( an)’ will also be denoted by F. By Th we de-
note the translation operator on PD(R™), Th(?)(x):=?(x—h) (he R™,
peD(R")), and on D(R)’, LT (1), P> :=<T,7_ ()> (T€D(R")",
heR™).

The basic properties of the above operations as described in
SCHWARTZ[60, Ch. V, Ch. VI, Ch. VII] will be used without specific
references. We also use a notation introduced by L. SCHWARTZ (e.g.
[59, p. 2]): exp(29 i%-y) denotes the function x+—> exp(2% ix.y),
?(—5‘() denotes the function ?3 ... ete.

By L°(§2) we denote the space of all (equivalence classes of)
LEBESGUE measurable functions on 62 < R" provided with the (non
locally convex) complete metrizable topology of convergence in
measure on all subsets of finite measure (BOURBAKI[‘j, p. 194 ff]).
By GO(Q) we denote the space of continuous functions vanishing at
infinity. Let E ©be any subset of &’. We put

Eloc:={se:l)’; sper (ped)},
Ecomp:={TeE; supp(T) 1is compact],
Ereg:={T¥?; TEE, p& D}, and
B:={T; TeE]}.

Let E and F be locally convex spaces. By L(E,F) we denote
the space of all continuous linear maps A:E—F. If it is neces-
sary to mention the topology W of the locally convex space E, we
write (E,R) or Eg - By LS(E,F) and Lb(E,F) we denote the space
L(E,F) provided with the topology of pointwise convergence, and the
topology of uniform convergence on all bounded subsets of E, respec-
tively.

We now give the precise definition for multiplication operators

and convolution operators between spaces of distributions.

(1.1) Definition (SCHWARTZ[59, p. 69]). Let E and F be locally
convex spaces of distributions on €2 , and let E be normal (HORVATH
[31, p. 319, Def. 3]). A distribution S€ D (C2)’ is called a multi-
plication operator (or multiplier) from E dinto F 1f there exists
a continuous linear map [S]J:E——>=TF such that [S](?) = S-? holds
for all @€ D(C2)c E. By CDM(E,F) we denote the space of all multi-
plication operators from E 1into F.

The definition of a convolution operator is similar.
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(1.2) Definition (SCHWARTZ[58, exp. n° 111,[59, p. 72]). Let E and

F be locally convex spaces of distributions on R", and let E be

normal. A distribution S € 2D IRn)’ is called a convolution operator

(or convolutor) from E into F 1if there exists a continuous linear
map {S}:E——>F such that {S}(?) = S¥P holds for all ¢ € D Rr™)
< E. By @é(E,F) we denote the space of all convolution operators
from E into F.

If E =TF we write @M(E) and Wé(E) instead of @M(E,E) and
@é(E,EL respectively.

By definition, the spaces @M(E,F) and Wé(E,F) can be consid-
ered as subspaces of g’ and as subspaces of L(E,F). Since the con-
tinuous linear maps [S]:E—F and {S}:E—> F are uniquely de-
termined by the distribution S and vice versa, we usually do not
distinguish between the continuous linear maps and their generating
distributions.

Before we start the investigation of these spaces in section three,
we want to present a few motivations as well as some indications of
the historical development of the subject.

2. MOTIVATIONS AND SOME HISTORICAL REMARKS

The theory of multiplication and convolution operators has its ori-
gin in the following problem:

{(2.1) Let ¥ be a subspace of L1("ﬂ"), where M denotes the one
dimensional torus. What are the conditions a sequence (ck;ké Z) in
€ must satify such that for all fe€& ¥ the sequence

[e1(F(£)):=(c,- F(£)(k)ske 2Z)

is the FOURIER transform of some function ge 32

Under suitable restrictions, c¢ = (ck;kEZ) will be the FOURIER

transform of a measure A on M, and we will have
[eI(F(£))=Flg)=F(uxr)= [3'(/«,)]( F(£)) (re3),

i.e. @M(?’(‘ZC)) is the space of all those sequences c=(ck;kEZ),
and @é('}C) = ?—1(@M(3"(35))) is the corresponding space of convo-
lution operators.

In the above generality the problem was first treated by FEKETE[18]
in 1923. Let BV(T), AE(CT), and €(T) denote the space of func-
tions f:T" —= € which are of bounded variation, absolutely contin-

uous, and continuous, respectively. One of the main results of FEKETE
s O4(LN(T))= 0L C(T))= O4(BY(T))= 04 (AL(T))= 04 E(T)).

S5t11l earlier, results on individual multipliers were obtained by
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YOUNG[79, 80] in 1913, MAZURKIEWICZ[49], STEINHAUS[67, p. 217 £f] in
1915, and problem (2.1) was also investigated by STEINHAUS[68, p. 2107,
SZIDON[70], BOCHNER[4], KACZMARZ,MARCINKIEWICZ[36], and MARCINKIEWICZ
[44]. We refer to HEWITT, ROSS5[27, sections 35, 36 and p. 41217,
EDWARDS[16, Ch. 16), ZYGMUND[82, Ch. IV, § 11 and p. 378], LARSEN[/1],
and STEIN, WEISS[66, p. 257 ff] for further results and references.

We note the following aspect of the above problem (2.1): The
spaces F(LP) are still not too well understood. Thus every specilal
multiplier fé€ @M(?(Lp)) extends our knowledge on the richness of
F(LP).

Already the result of FEKETE shows some special features of the
spaces (DM(E,F) and (Dé(E,F).

- The spaces @M(E,F) and (pé(E,F) are not too sensitive with re-
spect to a change in the arguments E and F.

- Dual spaces often have the same spaces of multiplication (convo-
lution) operators.

- If the FOURIER transformation is defined on E and on F, it pro-
vides a linear isomorphism between 0é(E,F) and @M(?(E),?(F)).

S.’Z.ﬁ.) Summation problems. Suppose we are given the FOURIER transform
F(f) of a function fe€ P(RY)  with p€ell, ®). To recover f
from F(f) we could proceed as follows: Let meLcomp( R") be con-
tinuous at O0€R", and suppose m(0)=1. For >0 we put Mg(m)(x):=
m(f-x) and we define an operator T_f in (say) L2( rY) by
F(Te(£)):Mg(m)- F(£) (reL?nLP, 9> 0),
thus Ts,=?r‘_1° [Mf(m)]o?' ={_3‘_1° Mf(m)} . Using 3'_10 M_e =§—n‘ MJ,°3"_1
we obitain
{F o, } 1/3"{3*"“<m>}«MS,=<MJ,>‘“»{?‘1 m)} e Mg,

Observing that @ is an isometry in LP( ]R ) §> 0), we there-
fore obtain that Ty is the conjugation of {F~ (m )} by the LP-
isometry M f p Mg (f>0)- Thus, if T1 ={3¢' } has an ex-
tension Eo a continuous linear operator 'T'1:Lp( IRn)—th( BrY), we
obtain Tg(f)—f (@-—0) (cf. STEIN[65, p. 94 and p. 991).

Via the POISSON summation formula results of the above type imply

()
n/p,

results on the summability of multiple FOURIER series, such as
=2 3 FUE)(k)-exp(2W ik+8) —» £ (j —e @)
I Aklgs
in LP(TH) (p€ (1, @w)). Here m is the characteristic function of
the MNslg -unit ball in R® (cf. STEIN,WEISS[66, p. 260 £f], STEIN[65,
p. 99]). FEFFERMAN[17] proved that if m equals the characteristic
function of the B#+),-unit ball in R", the operator {3'_1(m)} is
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unbounded on LP(R™) for n>1 and p # 2, whereas it was known
for a long time that the corresponding operator for the H'Hm—unit
ball in R™ is bounded in LP(R") for all pe(1, ) (STEIN[65,
p. 99, 4.1] , SCHWARTZ[57]).

The spaces wé(Lr,Ls) were investigated in detail by HURMANDER
[30]. Nevertheless a complete description of these spaces seems still

to be unknown.

(2.3) Let P(3) be a homogeneous elliptic partial differential op-
erator of order k and let €N, satisfy |@l = k. The fact that
%%/P(2) 1is a multiplier on FLP) for all p€(1, ®) yields the
a priori estimate

ov k n
)] fllps ApIIP(’a)(f)IIp (feD " (R))

(ef. STEIN[65, p. 77]). The existence of bounded rational functions
which are multipliers on no F(LF) (pel1, ®)) was proved by
LITTMAN, McCARTHY, RIVIBERE[42]. & continuation of this path ultimate-
ly leads to the theory of pseudo differential operators (TAYLOR[71]).

We now mention shortly several other applications.

(2.4) The KUTHE function space A\ defined by a subspace E of
Lloc(gz) (DIEUDONNE[141) is just @M(E,L1(§2)). In particular, the
space Sar( R") of absolutely regular tempered distributions on R"
coincides with @M(ﬁp,L1) (ef. [9, 10D).

(2.5) The transformation of coordinates in (say) the SOBOLEV spaces
W™'P  leads inevitably to the multiplier problem for these spaces
(ADAMS[1, p. 63], PALAIS[52, p. 31], WLOKA[76, p. 80]). Similarly,
the study of so called superposition operators {(or NEMITSKY operators)
on SOBOLEV spaces leads to the investigation of multiplication oper-
ators on these spaces (MARCUS, MIZEL[45], PALAIS[52, p. 311).

(2.6) Let A Dbe a closed densely defined operator in L2(Imn) which
commutes with all translations. Then A is (normal and) unitarily
equivalent via FOURIER transform to a multiplication operator (cf.
the lecture of E. THOMAS in this volume; a proof was given indepen-
dently by J. VOIGT, unpublished). More general, by the spectral re-
presentation theorem, the normal operators on a HILBERT space are
exactly the operators which are unitarily equivalent to a multiplica-

. 2
tion operator on some L%,

(2.7) The definition of convolvability for two distributions S, T
in D(R™)’ given by CHEVALLEY[6, p. 112] in 1950 connects regular-

ization, multiplication, and convolution:
S, T € D(R™)’ are convolvable: &> (S*?)-(%*’Y)GL‘](]RYI) for all
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¢, peD(R").

(2.8) In problems of mathematical physics it is often important to
know on which spaces potentials or fundamental solutions of partial
differential operators act continuously via convolution (HORVATH[33,

34],0RTNER[50,51], MALGRANGEL43, p.288, Thm. 1], WLADIMIROV[75, §22]).

We finally mention that characterizations of distribution spaces
by their regularizations, e.g. Teg)ip( ]Rn)<—_=> T*?ELP( RY) for

all @e D(R™) (SCHWARTZ[60, p.201]1), and the fundamental approxi-
mation procedure by "cutting and regularization" (SCHWARTZ[59, p.7/
8]) also fall into the scope of our subject.

3. GENERAL RESULTS ON THE SPACES @ (E,F) and @é(E,F)

The following observations are obvious but nevertheless very use-
ful.

3.1) (a) If E,F,G, and H are spaces of distributions, E,G normal,
the continuous inclusions
Ge—>»E and F<—sH
imply
2 O(GF)
@M(E,F)Q C,@M(G’H)'
Oy (E,H)
and the corresponding inclusions for W(’:
(b) For every subspace He @M(E,F) we have the bilinear map
HX E—> F, (S,T)»[S]J(T). It often happens that this bilinear map
is separately continuous. From [?](T) =Te (TGE,?GQC H) we
then obtain E & @M(H,F).

Another fundamental tool is the following:

(3.2) Suppose we have a continuous injection H <> TF and we know
[SI(E) = H for all S€Uu(E,F) (or {S}(E) €« H for all Se@.(E,F)).
In many cases a closed graph theorem is available for the pair (E,H)
which then yields the continuity of [S]:E—=>H for all Se@M(E,F)
and thus @M(E,F) = QM(E,H) (or (Dé(E,F) =@é(E,H)). More general,
a space of distributions H 1is said to have property (C) if for eve-
ry barrelled space E and every continuous linear map A:E—>2D°
the inclusion A(E) & H implies the continuity of A:E—H (cf.
SHIRAISHI[62, p. 22]). In loc. cit. it is shown that many spaces of
distributions have property (C). In particular, H has property (C)
if & is strictly dense in (H’, & (H’,H)) (SHIRAISHI[63, p. 176]1).

(3.3) For S€O,(E,F) the map [SI%:(F’, T(F’,F)) —(E', T(E’,E))
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is continuous. If F is normal, then (F’,T(F’,F)) is normal too,

and we obtain

t - X - . -
K1Y@ ), ¥y = p<p.[s1(yp 2% = Lp. 8y L5 P ¥
<s P 'y/> for all ?,’y/GD(Q).
Thus [s]°(¢) = s peE’ for all PeD(CR). This implies
0,(E.F)= O,(Fg,Ey) and @ (E,F) = O,(F3,Ex) if E is a MACKEY
space, i.e. (E,R) = (E, T(E,E’)). Moreover we obtain

(pM(E’F) < (F)loc n (& )loc

if E and F are normal.

In the calculations, the above inclusion yields local regularity
results for the elements of @M(E,F), e.g.: @M(@’,SD’) =0M(:Z) , D)<
@), N (:Z))loc = B . By SCHWARTZ[60,p. 1190 we thus obtain
0,@2'.,2") =0,@D.,D) = E(RQ) =0 (E .E), and

E(R) < @ (E,D’) for all normal spaces E.

Another example is the following: 0 (Lcomp D) = (Z)’)loc (Llogc)loc =
# r — r 1 r —
1oc OM(Lcomp Q) = mM(L ) = mM(L ’Lloc) @M(Lloc ) =
1 _ fes]
=0 (Lloc 1oc) B Lloc'

We note the corresponding results for convolution operators.
(3.4) Let Seaé(E,F) and let F be a normal space.
t _ _ - Yy -
HLsi (@) y>, = K {sHy)> = SLPsxyy = L8, Pups =
=KS* @, ¥ forall @, ¥€D(R")

Thus [s}t(?) - S%xp e B’ for all @eD(R"). This implies
0i(E,F) < O4(Fp,Bp) and O4(E,F)Y = 04(Fp,Ep) if E is a MACKEY
space. Moreover we obtain

OL(E,F) , PN (E), i.e. s¥pe Fn(E)

for all Se@L(E,F), € D(R").

In the calculations the above inclusion yields growth conditions
for the elements of @é(E,F), e.g.: (Pé(é,m’)regc ,’D’n(&’)": &

=> 04(E D) = B(R")' = 04(E D) =0,(D,D) =0, .2) =
= B(R")’, and

B(RY) < (Dé(E,m’) for all normal spaces E.
By (3.1) we thus obtain E&(R")’ =0LD",D") < Oé(L
c0,(8.2)c 0,(&,D') < E(R") -0 (E,E).

The inclusions (3.4) can 2lso be used to prove a representation

D)=
loc’ )
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theorem for Gé(E,F) by the so called parametrix method.

(3.5) Example @é{ﬁo)_ Let 3;( ®R™) denote the BANACH space of all
continuous functions f such that (1+l§|2)mfe CO( RrY). By K we
denote the closed unit ball in R". Now let Te0(F’) = OL(F)
and let me]No be given. Then {T}:@K( Rn)—%y;( R®R") is contin-
uous for all mé]NO. Therefore, for every me]NO there exists p =
p(m)eINO such that {T} has a continuous extension {T}:ﬂg—>3’$.
According to SCHWARTZ[60, p. 47 and p. 191] there exist k=k(m,p),
§€DP(R"), ana §€D(B") such that & = ANf - §. We thus ob-
tain

T = T%§ = T*(Akf T*f

T E) - T
|ao|<2kc°" § *§

e.:¥Ymel HkEINO, (fw;ldzl~ in FOURM: 1= > 3 fx
° n o @ 2k

Using the inequality (1+|x-y|2)'ms 2m(1+|x|2)'m(1+|yl ) (x,y € RY,
melN ) it is easy to verify that the above necessary condition im-
plies @€ FL(R") (PeD(R")) and that {1}: D(R") —>F(R")
is continuous with respect to the topology induced by $L(R") on
D(R").

{3.6) If there exists a continuous inclusion F c—*EO( IRn), the re-

lation <T,¢> = <f*c}'>)(o> = (T#*@)(0) = £§,T%p D> (75-1)(13“),
T€D( R")’; of. SCHWARTZ[60, p. 167/168]) shows @4(E,F) & (B’ >

We give a simple application of this inclusion which is due to

MALGRANGE[43, p. 289/290]. It is easy to prove Qé(Liomp,Lioc) c
y (g, 2 m,2 ,
c@c(w comp’w loc) for all melN . By SOBOLEV’s theorem we have
m,2 n o] n 2
W 1 O(IR )er BO(R™) for 2m > n. We thus obtain 0 comp Lloc)
-m, 2 n
< W loc( R") for 2m > n.
(3.7) Remark. At the end of the lecture in Paderborn, E. THOMAS asked
for a description of @4(L2_  ,L® ). In loc. cit. MALGRANGE notes that

comp’ "loc

the above inclusion is striect. By (3.2) we obtain (V’(L e

comp’ loc
06(3(,-,40); the inclusion [DC(JC M) < QC(Lcomp ioc) was proved
by GAUDRY[23, p. 474, Thm.5], and independently by E. THOMAS (unpub-

lished).

The above results explain to some extent why the spaces 0M(E,F)
and ¢(E,F) are not too sensitive with respect to changes in the

"arguments" E and F.
Characterization theorems.

Right from the definition we obtain
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0, (E,F) = L(E,F)NO(D.D")

and

04(B,F) = L(E,F)NOL@D.D").
It is thus sufficient to have characterizations for (DM(ZJ,:Z)’) and
@C’)(Q) , Q') as subspaces of L(D,dD’).

(3.8) Theorem ([9,p. 48]). For a linear map A:D(C2)—> D(S2)’

the following are equivalent:

(a) Aelpl = [pJer for all e D)

(b) There exists a unique S€ D(E2)’ such that A(T) = S'? for
all pe€ DC2).

Proof. (a)=> (b): We first show that A is a local operator. Let
yE D(E2) and let U be an arbitrary open neighbourhood of supp('y/).
We choose ?E@(Q) such that supp(?) c U and ?(x) =1 for
all xe€ supp('y/). By (a) we have A("y/) = A(?"y) =?'A(’}U) which
implies supp(A(’y/)) c supp(?)c U. This shows supp(A(fy/)) < supp(p)
for all Y€ D(E2). Wow let ('yj;jeIN) be a partition of unity in
D(G2) sueh that (supp(’yj);jEJN) is locally finite. Since A is

a local operator, the sequence (Z A('Y/ ;kelN) is convergent in
J'

(D C2)’,3(D’,D)). We define Z]NA(/Y ). For every pe D)
j€

there is a finite subset J of IN such that Tfy/.] =0 for all
j¢J. We thus obtain

A“?):A(Z ;)= 7"(?‘5“ 7><J§e:mA< ))=s-p  (pe D).
Now let 1,S € :DQ ’ satlsfy Syt ’y/- Sy for all 'y/eD(Q

Then S = s
L JG]N ,y JG]N 2%
(b)== (a) 1is obvious.
The corresponding theorem for @é is well known (SCHWARTZ[60,
p. 197/198])

{(3.9) Theorem. For a continuous linear map A: D{ RY) —> D( RY)’
the following are equivalent:
(a) TyeA = AT, for all heR".

(b) 8% 4 = Ae% for all del.

(c) Asi{p} = {pler for all PeD(R"

(d) There exists a unique S € ]Rn)’ such that A(?) = S*so for
all pe D( Rr")

We note the following consequences.
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—

3.10) Corollary. (a) @M(E,F) and @é(E,F) are closed subspaces of
(E,F).

) Let H be a normal space of distributions and suppose D(C2)c<
@M(E)ﬂ @M(F). Then QM(E,F)°(9M(H,E)‘= @M(H,F). In particular,
(R)e (DM(E) implies that 0M(E) is a subalgebra of L(E).

) Let H be a normal space of distributions and suppose D ]Rn)C
0é(E) n aé(F). Then @é(E,F)° (Pé(H,E)C (Dé(H,F). In particular,
(R e Or(E) implies that @}(E) is a subalgebra of L(E).

Bno Nz

Proof. (a) Let A:E—> F be linear and continuous and let (S, ;t€T1)

be a net in  @,(E,F) such that 1im[S J(T) = A(T) (T€E) holds
Lel

with respect to the topology of F. For all @, %% e D(S2) we

then obtain <A(?"y/)—- f’A(’Y’)”7> =<]iiT£[SL](7’"y')-?'%iff[st](’}") ,‘7>

M

= 1lim , : : - 1lim , . . = D O .D,Z)’
Lin s, Py > - Linds,, pryy> = 0= (4] D(C2))€ 0, )

according to (3.8), and thus A€ QM(E,F).
The proof for Qé(E,F) is similar.

(b) Let &€ Oy(E,F) and BE€ @ (H,E). Then AeB:H—>F 1is linear
and continuous. The inclusion RD(SR)< QM(E) N CDM(F) implies the
continuity of the maps A°[€F] , [?]°A:E —> F (?e D (ES2)). Phus
A(LeI(R)) =LeI(A(R)) holds for all ReE, @PeD(S2). Now let
P,y eDISR). We obtain (AeB)eL@T () = A((BeLpd)(y)) =
AULPToB) (4)) = A(L@I(B(y))) = [pI(A(B(3))) = L[ele(aeh) (),
Therefore AoBl@(Q}e OM(Z) , D ’), and we obtain AeBE @M(H,F).

The proof of (ec¢) is similar.

(3.11Z Suppose ’a""eL(E) and Qa'eL(F) for all 0(,611\12. If
S€@,(E,F), the relation [9.8] = 93.°[3] - [s]a'aj (j=1,...,n) on
D(GP) shows that [3.8]:2)'252)—> F has a continuous extension
[9.8]:E—>F (j=1,...,n). We thus obtain Qu'(DM(E,F)F{’a“’S; se
e@M(E,F)}C@M(E,F) for all lX,GINrOl.

This elementary observation already enables us to compute O (%)

(3.12) Example OM(ff’). By (3.3) we know @M(.(f”) = @M(Y)C
< B(Rr"). A routine approximation argument shows [0[](7’) =Y P
(/rle @M(ff)_. pe $ ). Let € @M(y), denote wk:=(1+|§\c|2)k

(keZ, xeR"), and let B Dbe a bounded subset of [ Y L (R, w
k€N
(o]

Then there exists Y € PL(R™ such that lflé’y/ for all f€B
(cf. CHEVALLEY[6, p. 127, Lemma (3.6)]), which implies lol-flslol-'y«l

k)'
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for all fe&B. Since | ) Lm( ]Rn,uyk) is metrizable, we obtain the
ke

)
continuity of [')l]:l ) L ¢ IRn,wk)—>L°°( R"™). Thus there exists
kel

(o]
. £
meN_  and C>0 such that IloL f"m*c"“’mf"m holds for all

re () L% an,wk). Using a suitable approximate unit (6j;jEIN) in
ke N
o

n . . . . ® n
D( R") we obtain Gj w—(mﬂ)_) W_(n+1) (j=>®) in L(R ,wm).
This shows "l'w-(mﬂ)eLm( Rr"). By (3.11) we thus obtain:

’ — n .
VaeO, 9) =0,(F)V aenw) Inlw)eN: w_ o
It is nearly obvious that this necessary condition is also sufficient.

(3.13) Let ?eé(gg) satisfy [@JeL(E) or [?]GL(F).If

)-3“41 eL ©( ®Y).

s & @,(E,F), the relation [T'S] = [eXls] = [s]-[¢1 on D)
shows that [?S] :D(G2)—> F has a continuous extension

[CP-S]:E—>F. We thus obtain ?'@M(E,F)C @M(E,F).

For S€ $(RY)’ we have ?'(6“5) = (29r ifc)x-}'(S). Taking into
account the intimate relation between (9(’3 and @M via FOURIER
transform, we might expect a result similar to (3.11) for (Dé and

the multiplication by polynomials.

(3.14) Suppose [R®]J€L(E) and [%*]€L(F) for all wemg. If
S € OL(E,F) the relation {%.81 = [Qj]o{s} - {s},[;;j] (3=1, .. ,n)
on D(R") (cf. SCHWARTZL60, p. 169, (VI,4315)1) shows that
{%.5}:D(BR®)—>F has a continuocus extension {%.8]:E—>F
(j=1,...,n). We thus obtain X¥@}(E,F) < O/(E,F) (acemg).

(3.15) Let Q%eL(E) or 2d%eL(F) (€W?) be satisfied. If
S € O4(E,F) the relation {9% s} = 9% {s} = {s}3% on D(R")
shows that {8“’ S}: D(R™) —> F has a continuous extension

{9%s}:E—F. We thus obtain a“@é(E,F)c 0,(E,7) (aweml).

(3.16) Inclusions for the supports. In general we don’t know how

[S1 or {S} acts on elements T of E. If we suppose that to every
TEE and to every uniform neighbourhood U of supp{(T) there exists
a sequence (?j:jelN) in & such that supp(?j)CU (jelN) and
fj—->T (j»> o) in E (e.g. if E has the approximation property
with respect to cutting and regularization in the sense of SCHWARTZ
I59, p.’7/8]), it 1s easy to prove the inclusions one would expect,
namely

supp(E£S1(T)) e supp(S) N supp(T) (S € Oy(E,F), TeE)
and

supp({S}(T)) = supp(S) + supp(T) (S € OL(E,F), TEE).
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As we already noted above, in general the action of the operators
{s] and {S} on elements TeE\ND can only be described by an

loc’ then
the following observation often enables us to conclude that every

approximation procedure. If E and F are subspaces of L

[s] e @M(E,F) acts by pointwise a.e. multiplication on all elements
of E. (Observe that under the above hypothesis (DM(E,F)CL;]LOC by

(3.3).)

(3.17) For all 'YLELO(Q) the linear map [’)l] (Lo(R) — 1LO2(R),
["L](f 'VL f, has closed graph and is thus continuous.

In more general situations we shall need a concept to multiply
two individuwal distributions. There is a vast amount of articles on
this topic. We only mention KONIG[39], BREMERMANN,DURAND[3], FUCHS-
STEINER[22],KELLER[38],GONZALEZ DOMINGUEZ[24], AMBROSE[2],KAMINSKI[37]
and COLOMBEAU[7].

Here we use a concept which was introduced by ITANO[35, p. 1617.
A sequence (9k;k€]1\1) will be called a special 5—sequence if there
exists ?G DR, ?3 0, "f||1 =1, and a sequence (ﬂk'kelN) of
positive numbers tending to zero such that _?k(x) = k ? X/A
(xeR", kKEN).

(3.18) Definition (ITANO[35, p. 1611). Let 3, T€ D(S2)’. The multi-
plicative product S®T of 8 and T exists if for every special
§ -sequence (gk;kE]N) the sequence (S-(T*?k);kE]N) is G(D',D)-
convergent and the limit does not depend on the particular choice of

the special &-sequence. If these conditions are satisfied, we put
SOT:= 1lim S+(T*
k> ?k
For EcD(C2)’ we define
M. {1eD(Q)’; 50T exists for all SeE].

If €2 # R", the above definition needs some explanation. Let K
be a compact subset of G2 . Since supp(gk)—>{0] (k — ), there
exists k= kg (K)EN such that K - supp(g’k)c G2 holds for all
kzk . On Dy (SP. the linear form T¥@Q, 1is then defined by
<T*g>k,’l//> <T gk*’}V> ’y/EZJ €2), k>k_), and is actually
generated by the E(%)-function T*gk(x <T gk(x t)> (xEK k2 k ).
Thus, although T¥@, 1is not defined on all of 2 we can 1nvest1—
gate the convergence of the sequences <S-(T*gk),’y/>=<s,(T*9k)'y/>
(ye D, (G), k2k (K)) for all KEG2.

We refer to ITANO[35] for two other equivalent formulations
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of (3.18) as well as a throughout discussion of the product defined
therein.

In view of (3.2) we restrict our investigation to the pointwise ac-
tion of operators [S]G(PM(E,Z)’) on elements of E, i.e. we only
consider the special case F:=D(S2)’. For $2=TR" the next propo-
sition was proved by ITANO[35, p.1721.

(3.19) Proposition.For every normal barrelled space E of distribu-

tions on S2 we have
B'c 0,(E,0’) ana [sI(T) - soT (see", TeE).

Proof. Let S€& EM. It follows immediately from (3.18) that SGJ?> =

S'? holds for all ?GZ)(Q). Since (DE2)’,3(D*, D)) 1is the
projective limit of the spaces (@K(Q)”B(DI’{’@K)) (k€ S2)  (cf.
FLORET, WLOKA[20, p. 1451), it suffices to prove the continuity of
T+——>SOT as a map from E +to QK(Q)’ for ever KE€ S2. Let
(fk;kelN) be a fixed specialé—sequencs and let E{@Q be given.
Then there exists L€ G2 such that KeL. For x€L and k>k (L)
the map X|—>T*?k(x):=<T,gk(X—%)> is defined and infinitely
differentiable. Moreover, the map T F—)T*gk is continuous from
D) to é(i) Therefore the maps Tl—>S-(T*§k) (k2 ko(L))
are continuous from D(E2)’ into @K(Q)’, thus in particular from
E into ’Z)K(Q)’. Now the barrelledness of E implies that the

pointwise limit TrH—>SOT = lim S-(T*gk) is continuous as a map
from E into :DK(Q)'- K>

(3.20) Under suitable hypotheses on E also the converse inclusion
can be proved. For instance, 1if 2= R" and E has the approxi-
mation property with respect to cutting and regularization, we have
(DM(E,@’)C EM (SHIRAISHI, ITANOL64, p. 2321).

To describe the corresponding situation for convolution operators
we first recall the definition of convolution for distributions of
L. SCHWARTZ. Let B($2):-{pe E(Q); Wpec (R) (ae W)} ve
provided with its natural FRECHET space topology. The dual B( R")’
is the space of so called integrable distributions, and is denoted
:DI’ﬂ( R") in SCHWARTZ[60, p. 200]. It can be shown that the bidual

ﬁ( R™)" is in a natural way isomorphic to the space B( R"):=

{peB(R"); % eL®(RY) (e N')}. Therefore an integral can
- o integral

be defined for the elements T e&B(R")’ by

]gnT = Y (e B(E).
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We refer to SCHWARTZ[58, exposé n® 21] and DIEROLF, VOIGT[13] for
details. Observe that the above notions are a direct generalization
of the notion of an integrable measure (HORVATH[31, p. 3457). The

same 1s true for the following definition.

(3.21) Definition (SCHWARTZ[58, exposé n° 221,[59, p- 131]). Two dis-
tributions 8,T € D IRn)’° are convolvable if for every ?G:D( i)
we have @(%+3)(S®T) € B( R*™)’. If this condition is satisfied,
the convolution S%Te€D(R™’ is defined by

<SHT, P> := _f s(x)®T(y)-7:(x+y)dxdy = <@ (+7)-(s@T),1>
R"x R"
(7262)( ®RY)). For Ee D(R™)’ we define

EC:= {T € D(R™)’; SXT exists for all SeE].

We refer to HORVATH[32], SHIRAISHI[62], ROIDER[55] and DIEROLF,
VOIGTL12] for a detailed treatment of this notion. Here we only men-
tion that SHIRAISHI[GQ]proved - among other results - that Definition
(3.21) is equivalent to the definition of CHEVALLEY which was men-—
tioned in (2.7).

The relation between EC and Ué(E,Z)’) is described in the
following theorem which is more satisfactory than (3.19).

{3.22) Theorem. Let E ©be a normal barrelled space of distributions
on R". Then
(a) £°c O4(E,D’) end {sH(T) = s¥1 (seE’, Ten).

(b) The inclusion (E’)VC EC implies @é(E,@’) - g0 =
- {seD(R""; é*?e B (ped(R"M))].

Proof. {(a) is proved in YOSHINAGA, OGATA[78, p. 20, Thm. 3 (2)].
(b) By Thm. 2 of HIRATA[28, p. 92] we obtain EC ={sedD( R’
Sxper’ (PeD(R")}. For 5€OLED’) we have S5¥p € &’
(7’6 D R™MY) by (3.4). Thus é(E,z')C EC, and the converse in-—
clusion follows from (a).

We mention that for most of the usual spaces of distributions E
on R" the "C-dual" Ec was determined by YOSHINAGA, OGATA[78, p.
22, Thm. 5].

If two tempered distributions S,T € ¥( R™)’ are convolvable in
the sense of (3.21), there is no reason for the distribution S»7?
to be tempered. Therefore, if one wants to extend the classical
POURIER exchange formula TF(fxg) = F(£): Flg) (f,géL1) to tem-

pered distributions, one needs a notion of convolvability which is
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more restrictive than {(3.21). The following definition was first
given by HIRATA, OGATA[29, p. 1481 in a formulation similar to (2.7)
{ef. also [12])

(3.23) Definition (SHIRAISHI[62, p. 26/287]). Two tempered distribu-
tions S,T € $(R")’ are_ & ’-convolvable if for every ?e PR
we have ?(x+y 1(s®T) € 3( IR2n) . If this condition is satisfied,
the & ’-convolution S®T € P(R"™)’ is defined by

<S®T, P> :=<LP(3+))(s@T1),1> (@eP(RY)).

Now a generalization of the FOURIER exchange formula is given by
the following proposition.

(3.24) Proposition. Let S, T€ P(R"™)’ be F’-convolvable. Then the

product F(S)® F(T) exists in the sense of (3.18), and we have
F(s®T) = F(s)0 F(1).

The above proposition was first proved by HIRATA, 0GATA[Z9, p.‘151],
where even a more restrictive notion of the product was used (cf.
also SHIRAISHI, ITANO[64, p. 230, Rem. 2]).

In some cases, Proposition (3.24) can be used to connect the
spaces (@7 (E,F) and QM(?(E),?‘W)) as indicated in (2.1). It

would however be desirable to have simple notions of % ’-convelution

and ¥ ’-product adapted to each other in such a way that also the
converse of (3.24) holds, i.e. the existence of S®T in an & ’-
sense should imply the existence of ?(S);‘G F{T) in an ¥ ’-sense.
Several versions of such a theorem were recently given by KAMINSKI

[37, p. 901.

Topological problems.

Here we only indicate by some examples the type of problems we have
in mind. On the one hand the spaces OM(E,F) and @é(E,F) are sub-
spaces of L(E,F). Thus there are (at least) two natural topologies
on (DM(E,F) and Qé(E,F), namely ? n (9 (E F) and ;b n(ﬂM(E,F),
where ?s and ;b denote the topology of LS{E,F) and Lb(E,F),
respectively. On the other hand @M(E,F) and Oé(E,F) are spaces
of distributions and as such they usually have a natural locally
convex topology ¥ , which is suggested by their structure. Moreover,
this structure usually reflects in a strong sense the structure of
the spaces E and F. For instance, we may represent %( R") as
the intersection of a decreasing sequence (H_; p€lN) of BANACH

spaces, F(R") =  YH_ . We then have (DM<S° = (m H =
pelN P Mpew P

U)o, (H % ). Stnce @, (H ,H ) has a natural BANACH space
geN pelN pa
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topology, the topology ¥ suggested by the above representation is
the topology of a countable projective limit of LB-spaces.(This is
also true for the representation of (DM(‘Y) which follows from
(3.12).) It was shown by GROTHENDIECK[25, Part II, p. 130 f£f] that
?s n @M(ff’) = ?bﬂ @M(Ef) =: R, and that ((DM(Y),'R) is a com-
plete nuclear bornological space whose dual is a nuclear LF-space.
SHAW-YING TIEN[61]1 proved that ® coincides with the above defined
topology #. The corresponding result for @é(:‘(i) was proved by
ZIELEZNY[Sﬂ. According to GROTHENDIECK[25, Part II, p. 98],
space Lb(E,E) is a rather queer one. Nevertheless, on the sub-
space E - @M(E) the topologies Zb and 75 both induce the
natural FRECHET space topology of E(S2). .

On the other hand, it can be shown that 7bn @M(IB(Q)) Z
?s n@M(:B(Q)) if G2 is not quasibounded (cf.[13, p. 78/79])

4. CALCULATION OF SOME EXAMPLES

(4.1) Let § #$2=CQR”, p.qell, ®), and put + = 3‘1 ) ;3' Then
{o} q>p

0,(L?,1%) = . for , and [n](f)=h-r (felP,nel (LP,1%))
L (&) Qs€p

Moreover (DM(Lﬁomp L%oc) = OM(LP'L%OC) = QM(Lil)ocrLclloc) = Lioc(Q)

for q<€p.

Proof. By (3.3) we have (DM(LP,Lq)c L%OC(Q), whereas (3.17) implies
0,(1P,1%) = {ne1l (€2); n-rel¥(Q) (felP(€2))} and [nl(r)
h-f (feLp, he@M(Lp,Lq)). If there exists he@,(LP,19)~ {0},
obtain LP(X)e LX) for some K& €2 with meas{K)> 0, znd thus
g<p. For qg<p, the inclusion Lr(Q)C QM(LP,LQ) follows from

HOLDER’s inequality. If p = g, an appeal to LEBESGUE’s differentia-
tion theorem (STEIN[65, p. 5]1) shows [h(x)IP<|[hMP a.e. on G2,

i.e. mM(LP) = L%, Now let q<p, he(DM(LP,Lq) and put % =

»-OI—k

% = 2—) + 15 Then we have h-f-geL1 for all rfelLP, geLs. Since the
map LPx LS—+Lt, (f,g)+—>f-g, is surjective, we obtain h-keL1
for all keLt, which implies h € (Lt)' = LY. The proof of the other

equalities is similar.

(A 2) A suitable modification of the proof given in (3.12) shows

0,%.1" = H%Jmﬁ(mn,w_m) - {nel] s n-pel’ (pe¥)}
and
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0 (L M) = LIM (B w ) - {uehs wpe s (peF)]

mé N
(cf. also [9, p. 8]).
(4.3) Let 1=q<p<o and let O<M;€M,€... and O<N,SN,s...
be two sequences in £°(C2). Ve provide E:=_J Lp(Q,M?) and
jEN

Fi=lJ Lq(Q,N;) with their natural LB-space topologies. Then
ke N

-1 -1
Oy(E,7) = () U 0, (172,17 ), 1¥S2,1, )

j€N ke N
=M Urm@aen) (2=1-1),
jelN ke I J a P
In particular, for Sar( IRn) = (DM(y,Lj) we obtain 0M<Sar( ]Rn)) =
- UL®(r", w,).
k€ W

. 1 _
Proof. As in (4.1) we conclude @M(E,F)CLlOC(Q) and 0M(E,F) =
= {heLloc; h-f€F (fer)}. Let he Oy(E,F) be given. By Thm. A of

GROTHENDIECK[25, Part I, p. 16], for every jE€IN there exists k€N
such that h-f€LUQ,N7') for all feLlP(@,u7'), i.e.

h-(g-Mj)-N;{”eLq(Q) for all geLP(€Q). By (4.1) this implies

h-Mj-Nl_{16Lr(Q). The other inclusion is a direct consequence of the
definition of the topologies on E and F.

(4.4) Let 2 - DeR", r(x): dist(x,[62) if Q@Q# R, r(x):= 1
if @ = R, and put  ©(x):= min{r(x),1}, @ (x):=(p (x* (xe R,
keZ). Let B(Q) ={pe&(Q); 3% pec (€2) (weW)} be pro-
Videdo with its natural FRECHET space topology. Then we have
0,B(R) ={ye ER);Vaen” Inen: p 3% € 1V(G2)}

and

OuB.rh - LIt g ) - fner] i nper’ (peB@)).
(Observe that 0M(:‘°8( an),Lj( Rr"Y)) = LW( R™) whereas
0,B©),17()) 2 L'C) ror Q4 E.)

Proof. We only prove the first equality, since this proof can be mod-

Il

ified to yield the second statement. Moreover, since the results for
R= R" are nearly obvious, we only treat the case Q£ R". We
need some results from [13, Sect. 41. It follows from [13, Prop.

2 = . . A% n
(4.6)] that B(Q) ={pe E(Q); ¢_-9"peC () (aeN ,nel )}

. o n
holds, and that the semi-norms P — ||9_m'a 7)."03 (mE]No,oLe]No)
generate the natural FRECHET space topology on R(S2). Moreover, by
[13, (4.3)] there exists a sequence (/}lk;ke]N) in D(G2) such that
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(a) My 20 (keN).
(p) YKE G2 Fk(XK)eN V x€XK, k> k(K): m (x) = 1.

() Vael® Jcy>0V xeS2, kem: 19%m, (x)] < gyr (x)™™

hold. Using the above representation of é(Q) we obtain {} <
< OM(é(Q)). Now let nf/epM(:"B (62)) be given. Then Ve é(Q),
and [’y/](?) = ’y/? (?6 B(G2)). We first choose §1 € B( Rr"Y)

such that f1(x) =1 (r(x)21) and §1(x) =0 (r(x)<1/g) hold.
Then ?k::%k-(EJQJ (kel) 1is a bounded sequence in B(G2).
Thus there exists C1 >0 such that "y/(x)'?k(x)l < 01 (x€G2 ,kel)
holds. This implies I'y/(x)lé 01 for all xe€G2 satisfying r{x)>1,
Now we choose E2GB( R™) such that fz(x) =1 (r{x)€1),

2(x) =0 {r(x)>3/2) hold. Since Il - i, 1s a continuous norm on
B(E2) there exist meN and C,>0 osuch that ll’y/'fﬂms
£C2-max{“g>_m 30‘? "oo; el € m} ( pe B(¢2)) nolds. By
F:62 —> (0, ®) we denote the regularized boundary distance (STEIN
b5, p. 171, Thn. 21). We define @, :=( §,|S2) 4, ¥ (keN). Using
the estimate (c) for ('»Lk; k€IN) and the estimates for ¥ (STEIN,
loc. cit), we obtain sup{"g’_m'au'?k“m; 1%l € m, keW}< w, which
shows fy/-(leﬁ)-f'meLm(Q). (To carry out these estimates, it is
convenient to use the results of FRAENKEL[21] or [9, p. 126].)
Taking the two estimates together we obtain S’m"y’ELm(Q)- Now an
appeal to (3.11) finishes the proof.

We would like to point out that the original description of é(Q)
didn’'t give any hint for the weight functions ?m(mem) occuring
in the description of QM(é(Q)).

The above result can also be proved by a method similar to (3.12).
One then uses the fact that to every bounded subset of

HQINL(D(Q,f_m) there exists ’}Ve:é(Q)" (sic!) such that

It(x)] < 'y/(x) a.e. on €2 holds for all fe€B, and the inclusion
O (B(R)) = O (BS2)").

Now we shall calculate some spaces of convolution operators. The
following result is implicitly contained in SCHWARTZ[60, p. 192 fr].

(4.5) Oyl Ll )= @uLl M) = 04(K,LP ) = 04K, E®) -

a2t comp’ loc comp’ loc

=M( R").
Proof. Let M€ MR, Then {/u}: E(RM)’' — D(R™)’ 1is contin-
uous and {/{A_}(f) =/u.x-f in the sense of convolution of measures

holds for all fe& Llomp' Therefore {/J.} (Llomp)CL?Loc (cf. DIEUDONNE
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[15, p. 262]1) and /u’e@C(Lcomp 100) follows by a closed graph theo-

, 1 . .
rem. We thus proved J( R < 0 (Lcomp Lloc)' The continuous inclu-

. 1 .
sion Llocg M yields @C(Lcomp Lloc) mC(Lcomp yM) . Now let

T € (PC(Lcomp y,AM) be given. From Xec @C(M,é we infer that for

every /\'VG'JC the map £ > (T ) ¥y = (T¥ 1 )% £ is continuous

1 . o
from L., into €°. Therefore f +—>(T %) * F(0) = LT¥Y,£>

. . . 1 -
is a continuous linear form on Lcomp i.e. T*'ylé(Lcomp) = Lloc

for all ’WG'JC. This shows @ (L M) = 00(36 Llo ). Let

comp c

S € 00('](, Lloc)' A simple approximation argument shows S-x—fy«eé ©
for all 4 €K, which in turn implies 5 € O4(XK,E°),

OLK . 170 04K, E®). Finally we obtain @4(K,E%)c (XK)=
= Jﬂ, by (3.6).
(4.6) We provide the space C (R"):= E°(R™)NLP(R") with the

strict topology @ which is generated by the semi-norms f)—>||f-?:llOO

(pec (R")). We note that ¥ - 'z'(c M) (conwar[s, p. 478, Thm.

2.6]). The spaces v", ( ]R ) and (]Rn) are provided with the

MACKEY topologies 't(./ﬂ, ,CO) and 'L‘(LOO,L1),reSpectively.We have
’ 1 _ ’ _ ’ 1 _ ’ _ ’ @ _ 1 n

and

0L n bF) = 05L11%) = I°(RY) (pe(t, o)

Proof. By DIEUDONNE[15, p. 265] we obtain WM < @5(c.) and

M cwé(ﬁ). By (3.4) and (3.6) we thus obtain .,44,1 < @é(co)
O M) ana  @nc)e(02) = M. Therefore ' - 03(c) =
Gé(uﬂj). Now let T € @(’](L1). Then there exists C >0 such that
ﬂT*?Hvs C'"Tﬂv = C'ﬂ?ih (77&2)( R™)), where Il'llv denotes the

variation norm on J'. Let (gk;ke]N) be a special & -sequence as
described before (3.18). Then T*gk——>—T (ko) in D(R")’
_ ’ . 1, . 1

and @, =1 (k€N). Since {/u.evu, ; ll/uuvsc} is &M ,C)-
compact, we thus obtain TE€ uﬂj. Therefore @(’](L1) = @(’](Lw) =

1 n vl Py _ syixV 1Py _ 1P n
M ( R"). The proof of @C(Lcomp,L ) = coc(L , LYY = L¥(R")
(p€ (1, ®)) is similar. (We note in passing that the above method
can also be used to prove that even the B(.MJ,C )—continuous
"econvolution operators" on ./M,1 001n01de with V{U )

By (3.6) we obtain @é(Cb)C(C ./iﬂ Now let /u_e ../“/1. From
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DIEUDONNE (15, p. 265] we infer A fEC (fe Cb). Therefore it re-
mains to show the continuity of {/U.} :Cb-—>~Cb. Since Cb is a
MACKEY space, it is sufficient to prove the G(Cb,./ﬂ,1) - G(Cb,vﬂ,1)—
continuity of {A} . Let Ve .l{,1. By FUBINI’s theorem we have

<AL £, v> = <£, fL®y> . Now /i*ve M implies the

8(c, , M) -continuity of f —» Sux£,v> (ve M.

(4L.7) We provide the space B(R") = CB( ik . [13]) with the
MACKEY topology T(B,B’) (cf. L11]). Then

BrHC - 0uB.D7) - 04D.B) = 0yB) = 0B -
0,(B.E) - 0y(E,B") = 0,(B) - 0zD.1)) - B,
Proof. Since é is a normal barrelled space we obtain :éC

C(D (é D’) by (3.22a). From uﬁ, c@ (cC ) we obtain 'a/u,e
e(DC(.’.B) (ooeJNg,/u,e M), and thus ﬁ'c(DC(IB)c:B(’ by the
representation theorem for :B( R")’ (HORVATH[31, P 3471). Thus
(3.22b) implies :°BC = @é(:B D’ —{sel)(m s s*cpeﬁ

(?eb )} = 06(2),:3'). If SE@ (2D, :B ) we can use the para-
metrix method (cf. (3.5)) to prove Se B, Until now we have proved
BcB- 0,83.02°) -{...3- 0.(2,8")=B". 45 noted avove

& =0 (B). By (3.1) and (3.6) we obtain (Dc(ﬁ)c(p (B, E)<=
cB, wthh implies B’ = 0.(B) - @C( )= @ (B.E) =

= (DC(E ,B’), unhereas @é(i'B ) 0,(B)= B’ = _’h’ follows from
(3.4) and (3.6). Thus B’ e0y(By) = 0u(By) - 01(B)=B. By

4]
-]
the above mentioned representation theorem for B', (4.6), and the

Hl
Il

ﬂbs.,

parametrix method we obtain the following characterization
! (7761) ) <=> J neW, (fileisn) in L'

1 -4
such that T = 2 Q%f,, which finally yields @4(D.L') = B".
lvl < m

Te:ﬁ’<=> Tx?eL

5. FURTHER RESULTS.

In this section we mention some other results which could not be

presented in detail.

(5.1) Characterizations of the spaces @M(LE’L;) and wM(wm,p’wm,l)

(mz1l, pe(l, ®)) on Rr" by means of capacities have been proved by
MAZJA, gAPOéNIKOVA[A&](cf. also [46 , 47]). Earlier results are due
to STRICHARTZ[69]. Multiplication operators on spaces of BESOV-HARDY-
SOBOLEV type were investigated by TRIEBEL[72, 73].

(5.2) The spaces @M('IK{) and 06(361’) and their topologies were
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characterized by YOSHINAGA[77] and ZIELEZNY[81] (cf. also HASUMI[26])
whereas the spaces @é(SCﬁ) (p>1) were characterized by SAMPSON,
ZIELEZNY[56].

(5.3) In a recent paper POORNIMA[53] showed @.(W™P) = @é(Lp),

=t C
0L w™P) = WP (pe(r, @), Oy W) = {rer’; ¥rew

(1ol < m)}, and proved some results on @é(wm’1,L1) and Wé(wm’1).
Convolution operators on spaces of BESOV-HARDY-SOBOLEV type were in-
vestigated by TRIEBEL[741.

(5.4) In [9] and [10] we studied the space Sr = ¥'n Lloc of reg-
ular tempered distributions on R". The topology of this space is the

LF-space topology given by S = uJ (H HIJ ), where ¥’ =
r neN -m loc
o

= L_J H n is a representation of ¥’ as an inductive limit of
meN =
o

HILBERT spaces {cf. KUCERA[40]). The following result is proved in
[9, p. 551:
Oyfs) = Y ) (O 0i_0_) + 12 ) =

r -q’7-p comp
qub pemo

It

@ m @ N _
{nei s VrenJxeNW, nef", n,eL D+ b= n+nyl

(5.5) The following interesting approach was invented by FIGA-
TALAMANCAL19] and RIEFFEL[54]. Most spaces of distributions are mul-
tiplication modules and/or convolution modules over the algebra D.
But then the multiplication (convolution) operators are exactly the
continuous module homomorphisms, i.e. @M(E,F) = Homa(E,F) and
@é(E,F) = Homm(E,F), where the module operations are multiplication
and convolution, respectively. Every representation theorem for
Homgp(E,F), e.g. of the type HomA(E,F’) = UEQAF)’, which is valid
for BANACH-A-modules, gives a representation of @M(E,F) ( @é(E,F))
as the dual of some module tensor product. There is a good chance to
realize these duals again as spaces of distributions on (o) (IRn).
This program has been carried out by RIEFFEL[54] for BANACH—L1(G)—
modules over a locally compact group G. To our knowledge a corre-
sponding theory for spaces of distributions has not been worked out

up to now.

We close this paper with the following remark. Our impression is
that the simpler the structure of the spaces E and F, the harder
is the computation of the spaces @M(E,F) and @é(E,F). (The ex-
ample (4.1) is exceptional.) If for instance E and F are FP-

spaces or LF-spaces, the gap between necessary and sufficient condi-
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tions for Te@M(E,F) in terms of the step spaces can often be

"pushed to infinity".

REFERENCES

1

10

i

12

13

14

15

16

17

18

19

ADAMS, R. A.: Sobolev spaces
Academic Press, New York 1975

AMBROSE, W.: Products of distributions with values in
distributions
Journal f. d. reine u. angew. Math. 315 (1980), 73 - 91

BREMERMANN, H. J., DURAND, L.: On analytic continuation, multi-
plication, and Fourier transformations of Schwartz distri-
butions
J. Math. Phys. 2 (1961), 240 - 258

BOCHNER, S.: Uber Faktorenfolgen filir Fouriersche Reihen
Acta Sci. Math Szeged 4 (1929), 125 - 129

BOURBAKI, N.: Intégration, Ch. 1, 2, 3, et 4
Hermann, Paris 1965

CHEVALLEY, C.: Theory of distributions
Lectures at Columbia University 1950-1951

COLOMBEAU, J. F.: A multiplication of distributions
Preprint 1982

CONWAY, J. B.: The strict topology and compactness in the
space of measures II
Trans. Amer. Math. Soc. 126 (1967), 474 - 486

DIEROLF, P.: Zwel Raume reguldrer temperierter Distributionen
Habilitationsschrift, Universitdat Minchen 1978

DIEROLF, P.: Some locally convex spaces of regular distributions
To appear in Studia Math.

DIEROLF, P.,,DIEROLE, S.: Topological properties of the dual
pair <B(2)’,B(E2)">
To appear in Pacific J. Math.

DIEROLF, P., VOIGT, J.: Convolution and S’-convolution of

distributions .
Collectanea Math. 29 (1978), 185 - 196

DIEROLF, P., VOIGT, J.:Calculation of the bidual of some
function spaces. Integrable distributions
Math. Annalen 253 (1980), 63 - 87

DIEUDONNE, J.: Sur les espaces de Kothe
J. Analyse Math. 1 (1951), 81 - 115

DIEUDONNE, J.: Treatise on analysis, vol., II
Academic Press, New York 1970

EDWARDS, R. E.: Fourier series, vol II
Springer-Verlag, New York 1982

FEFFERMAN, C.: The multiplier problem for the ball
Annals of Math. 94 (1971), 330 - 336

FEKETE, M.: Uber Faktorenfolgen, welche die "Klasse" einer
Fourierschen Reihe unverandert lassen
Acta Sci., Math. Szeged 1 (1923), 148 - 166

FIGA-TALAMANCA, A.: Translation invariant operators in LP
Duke Math. J. 32 (1965), 495 - 501



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

Muitiplication and convolution operators 327

FLORET, K., WLCOKA, J.: Binfithrung in die Theorie der lokalkon-
vexen Rdume
Lecture Notes in Math. 56, Springer-Verlag Berlin 1968

FRAENKEL, L. E.,: Formulae for high derivatives of composite
functions
Math. Proc. Camb. Phil. Soc. 83 (1978), 159 - 165

FUCHSSTEINER, B.: Eine assoziative Algebra iiber einem Unterraum
der Distributionen
Math. Annalen 178 (1968), 302 - 314

GAUDRY, G. I.: Quasimeasures and operators commuting with
convolution
Pacific J. Math. 18 (1966), 461 — L76

GONZALEZ DOMINGUEZ, A.: On some heterodox distributional multi-
plicative products
Universidad de Buenos Aires 1978

GROTHENDIECK, A.: Produits tensoriels topologiques et espaces
nucléaires
Memoirs of the AMS 16, Amer.Math. Soc., Providence, Rhode
Island 1966

HASUMI, M.: Note on the n-dimensional tempered ultra-distribu-
tions
Tohoku Math. J. 13 (1961), 94 - 104

HEWITT, E., ROSS, K. A.: Abstract harmonic analysis, vol. II
Springer-Verlag, Berlin 1970

HIRATA, Y.: On convolutions in the theory of distributions
J. Sci. Hiroshima Univ., Ser. A 22 (1958), 89 - 98

HIRATA, Y., OGATA, H.: On the exchange formula for distributions
J. Sci. Hiroghima Univ. Ser. A 22 (1958), 147 - 152

HORMANDER, L.: Estimates for translation invariant operators
in LP spaces
Acta Math. 104 (1960), 93 - 140

HORVATH, J.: Topological vector spaces and distributions, vol. I
Addison-Wesley Publ. Comp., Reading, Massachusetts 1966

HORVATH, J.: Sur la convolution des distributions
Bull. Sc. math. 2© série 98 (1974), 183 - 192

HORVATH, J.: Composition of hypersingular integral operators
Applicable Analysis 7 (1978), 171 - 190

HORVATH, J.: Convolution de noyaux hypersinguliers
Séminaire Initiation a 1’Analyse G. Choquet, M. Rogalski,
J. Saint-Raymond, 19€ année 1979/80, exposé n°® 8

ITANO, M.: On the theory of the multiplicative products of
distributions

J. Sci. Hiroshima Univ. Ser. A-I 30 (1966), 151 - 181

KACZMARZ, S., MARCINKIEWICZ, J.: Sur les multiplicateurs des
séries orthogonales
Studia Math. 7 (1938), 73 - 81

KAMINSKI, A.: Convolution, product and Fourier transform of
distributions
Studia Math. 76 (1982), 83 - 96

KELLER, K.: Analytic regularizations, finite part prescriptions
and product of distributions
Math. Annalen 236 (1978), 49 - 84



328

39

40

41

42

43

b4

45

46

47

48

49

50

51
52
53

54

55

56

P. Dierolf

KONIG, H.: Multiplikationstheorie der verallgemeinerten Distri-
butionen
Bayer. Akad. Wiss., Math.-Nat. Klasse, Abhandlungen, N, F,
82 (1957), 1 - 80

KUEERA, J.: Extension of the L. Schwartz space @M of multi-
pliers of temperate distributions
J. Math, Anal. Appl. 56 (1976), 368 - 372

LARSEN, R.: An introduction to the theory of multipliers
Springer-Verlag, Berlin 1971

LITTMAN, W., McCARTHY, C., RIVIERE, N.: The non-existence of
LP estimates for certain translation invariant operators
Studia Math. 30 (1968), 219 - 229

MALGRANGE, B.: Existence et approximation des solutions des
équations aux dérivées partielles et des équations de
convolution
Annales Inst. Fourier 6 (1955/56), 271 - 355

MARCINKIEWICZ, J.: Sur les multiplicateurs des séries de
Fourier
Studia Math. 8 (1939), 78 - 91

MARCUS, M., MIZEL, V. J.: Complete characterization of functions
which act, via superposition, on Sobolev spaces
Trans. Amer. Math. Soc. 251 (1979), 187 - 218

MAZJA, V. G., SAPOSNIKOVA, T. O.: On multipliers in function

spaces with fractional derivatives
Soviet Math. Dokl. 20 (1979), 160 - 164

MAZJA, V. G., éAPOéNIKOVA, T. 0.: Traces and extensions of
multipliers in the space W
Russian Math. Surveys 34:2P (1979), 243 - 244

MAZJA, V. G.,éAPOéNIKOVA, T. O.: On multipliers in Sobolev

spaces
Vestnik Leningrad Univ. Math. 12 (1980), 125 - 134

]
MAZURKIEWICZ, S.: O sumowalnoSci szeregdw kszaltu IE:anun
C.R. Soc. Sci. Varsovie 8 (1915), 649 - 655 nra
ORTNER, N.: Convolution des distributions et des noyaux eucli-
diens

Séminaire Initiation 4 1’Analyse G. Choquet, M. Rogalski,
J. Saint Raymond 19€ année 1979/80, exposé n® 12

ORTNER, N.: Faltung hypersinguldrer Integraloperatoren
Math. Annalen 248 (1980), 19 - 46

PALAIS, R. S.: Foundations of global non-linear analysis
W. A. Benjamin Inc. New York 1968

POORNIMA, S.: Multipliers of Sobolev spaces
J. Funct. Anal. 45 (1982), 1 - 28

RIEFFEL, M. A.: Multipliers and tensor products of P spaces
of locally compact groups
Studia Math. 33 (1969), 71 - 82

ROIDER, B.: Sur la convolution des distributions
Bull. Sc. math. 2° série 100 (1976), 193 - 199

SAMPSON, G., ZIELEZNY, Z.: Hypoelliptic convolution equations
in K., p>1
Trans. Amer. Math. Soc. 223 (1976), 133 - 154



57

58

59
60

61

62

63

64

65

66

67

68
69

70

71

72

73

T4

75

76

Multiplication and convolution operators 329

SCHWARTZ, L.: Sur les multiplicateurs de FLP
Kungl. Fysiogr. S&allsk. Lund Forh. 22 (1953), 124 - 128

SCHWARTZ, L.: Produits tensoriels topologiques d’espaces
vectoriels topologiques. Espaces vectoriels topologiques
nucléaires. Applications
Séminaire Schwartz, Année 1953/54, Paris 1954

SCHWARTZ, L.: Théorie des distributions & valeurs vectorielles
Ann. Inst. Fourier 7 (1957), 1 - 141

SCHWARTZ, L.: Théorie des distributions
Hermann, Paris 1966

SHAW-YING TIEN: The topologies on the spaces of multipliers and
convolution operators on K{M,} spaces
Dissertation, New Mexico State University, Las Cruces,
New Mexico 1973

SHIRAISHI, R.: On the definition of convolutions for distri-
butions
J. Sci., Hiroshima Univ. Ser. A 23 (1959), 19 - 32

SHIRAISHI, R.: On 6-convolutions of vector valued distributions
J. Sei. Hiroshima Univ. Sér. A-I 27 (1963), 173 - 212

SHIRAISHI, R., ITANO, M.: On the multiplicative products of
distributions
J. Sci. Hiroshima Univ. Ser. A-I 28 (1964), 223 - 235

STEIN, E. M.: Singular integrals and differentiability properties
of functions
Princeton University Press, Princeton, WNew Jersey 1970

STEIN, E. M., WEISS, G.: Fourier analysis on euclidean spaces
Princeton University Press, Princeton, New Jersey 1971

STEINHAUS, H.: Niektbébre wlasnobci szeregdw trygonometry-cznych i
szeregbw Fouriera
Rozprawy Acad. Umiejgtnoéci Cracow (1915), 175 - 225

STEINHAUS, H.: Additive und stetige Funktionaloperationen
Math. Z. 5 (1919), 186 - 221

STRICHARTZ, R. S.: Multipliers on fractional Sobolev spaces
J. Math. Mech. 16 (1967), 1031 - 1060

SZIDON, S.: Reihentheoretische Sdtze und ihre Anwendungen in der
Theorie der Fourierschen Reihen
Math. Z. 10 (1921), 121 - 127

TAYLOR, M. E.: Pseudodifferential operators
Princeton University Press, Princeton, New Jersey 1981

TRIEBEL, H.: Multiplication properties of the spaces B®
FS’ . Quasi-Banach algebras of functions p,q
Annali di Mat. pura ed appl. 113 (1977), 19 - 31

TRIEBEL, H.: Multiplication properties of Besov spaces
Annali di Mat. pura ed appl. 114 (1977), 87 - 102

TRIEBEL, H.: Complex interpolation and Fourier multipliers for
the spaces BS and F8 of Besov-Hardy-Sobolev type: The
case 0<p € ;4 O<q pg’qoo.

Math. Z. 176 (1981), 495 - 510

WLADIMIROW, W. S.: Gleichungen der mathematischen Physik
VEB Deutscher Verlag der Wissenschaften, Berlin 1972

WLOKA, J.: Partielle Differentialgleichungen
B. G. Teubner Verlag, Stuttgart 1982

and



330 P. Dierolf

77 YOSHINAGA, K.: On spaces of distributions of exponential growth
Bull. Kyushu Inst. Tech. (M & N. S.) 6 (1960), 1 - 16

78 YOSHINAGA, K., OGATA, H.: On convolutions
J. Sci. Hiroshima Univ. Ser. A 22 (1958), 15 - 24

79 YOUNG, W. H.: On Fourier series and functions of bounded
variation
Proc. Roy. Soc. London, Ser. A 88 (1913), 562 - 568

80 YOUNG, W. H.: On the Fourier series of bounded functions
Proc. London Math. Soc. (2) 12 (1913), 41 - 70

81 ZIELEZNY, Z.: On the space of convolution operators in J({
Studia Math. 31 (1968), 111 - 124

82 ZYGMUND, A.: Trigonometric series, vols. I and II
Cambridge University Press, Cambridge 1977



Functional Analysis: Surveys and Recent Results 111
K.D. Bierstedt and B. Fuchssteiner {eds.)
© Elsevier Science Publishers B.V. {North-Holland), 1984 331

STRUCTURE OF CLOSED LINEAR TRANSLATION INVARIANT SUBSPACES
OF A(L) AND KERNELS OF ANALYTIC CONVOLUTION OPERATORS

Reinhold Meise
Mathematisches Institut der Universitat Diusseldorf

Let A(C) denote the vector space of all entire functions on [, endowed with the
compact-open topology. Every continuous linear functional p on A(L) induces a
continuous linear map Tu on A(L) by

Tu(f) P Ze< uw,f(z+w) >, feA(l).

These operators are called convolution operators and can also be regarded as
differential operators of infinite order with constant coefficients. From this
point of view, the structure of ker Tu has already been investigated by Ritt [18]
in 1917. A first answer to the more general question about the structure of the
closed linear translation invariant subspaces of A(L) was given by Schwartz [19].
Concerning the representation of the elements of ker Tu by exponential monomials,
Gelfond [9], Dickson [4] and Ehrenpreis [8] showed that, for every convolution
operator Tu on A(L), ker Tu has a finite dimensional decomposition for which the
finite dimensional blocks are spanned by exponential polynomials.

The aim of the present note is to report on some progress concerning the study of
such questions which has been made by the work of Berenstein and Taylor [1],[2],
Taylor [21], the author [15] and Meise and Schwerdtfeger [16]. Even though the
results are rather general, we restrict our attention here to the special situa-
tion introduced above since this allows a clear exposition of the ideas without
too many technicalities. For a more general survey on part of this work (up to
1980) we refer to the article of Berenstein and Taylor [3].

This report is divided in three sections. In the first one, we introduce the con-
volution operators on A(L) and show that the guestion on the structure of the clo-
sed linear translation invariant subspaces of A(L) is equivalent - up to duality -to
the structure of the quotients of the space Exp(L) of entire functions of exponen-
tial type by its closed ideals. In section 2 we explain how a result of Schwartz
[19] on closed ideals in Exp(L) and the minimum modulus theorem, together with

the approach of Berenstein and Taylor [1], lead to a fairly explicit model for
Exp(€}/1, where I is a closed non-zero ideal with infinite codimension. Then

we describe in section 3 how an observation of the author [15] can be used to
derive from this model the following result: Every infinite dimensional closed
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linear proper subspace W of A(L) which is translation invariant has a Schauder
basis consisting of exponential polynomials. With respect to this basis W is iso-
morphic to a nuclear power series space of infinite type. W is a complemented sub-
space of A(L). Since this applies,in particular, to the kernels of convolution ope-
rators, it shows that the finite dimensional decomposition of ker Tu mentioned
above actually comes from grouping a certain Schauder basis. The model of

Exp(C)/1 obtained so far is then applied to derive, for a certain class of convolu-
tion operators TLf a necessary condition that the exponential monomials form a
basis of ker Tu' Concluding we use this condition to get some examples.

1. INTRODUCTION AND FORMULATION OF THE PROBLEM

1.1 CONVOLUTION OPERATORS ON A(C)

By A(C) we denote the space of all entire functions on C,endowed with the usual
compact-open topology. The strong dual of A(C) will be denoted by A(E)S; its ele-
ments will be called analytic functionals.

If pis an analytic functional, then it is easy to check that p induces a con-
tinuous linear operator Tu on A{L) by the following definition

(1) T(F) 2w <u f(zw) >, zeL, FEA(D).

These operators are called convolution operators. They can also be characterized
as those continuous linear operators on A(C) which commute with all the transla-

tion operators T, fr f(-+a), a€l. If f€A(T) has the Taylor expansion

f(z) = ) fnzn and if we put u, =< u,zn >, nE No , then one can show that, for
n=o

all zetC,

©o

S 1 T (n#k)!
(2) T (f)l2] = Z m“nf kio(nfo o in )2

k

Hence every convolution operator can be regarded as a differential operator of
infinite order with constant coefficients.

1.2 THE CONVOLUTION ALGEBRA (A(I)B,*) AND THE FOURIER-BOREL ISOMORPHISM

If uwand v are analytic functionals, we define their convolution product
nxv€EAL) by

@

(1) <prv,f > = ) f ( FTTT]J Vi),
n=o " k+§ n k™3
where f(z) = ¥ fnzn and b, = < w2z >, vy T < v,z" > . It is easy to check

that (A([)S,*) is a commutative locally convex algebra with unit and that
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(2) < u*v,f >A((E) =<uev,fA >A(Ez)’
where 2 (z,w) b fz+w).

In order to remark that the algebra A(L)y is isomorphic to an algebraof functions,
we put

{f€A(L) | there exists A>0 with sup |f(z)|e'A|Z| < o}
zel

and endow Exp(L) with its natural inductive limit topology. It is easy to see
that Exp{(L) is a commutative locally convex algebra with unit and that the
“Fourier-Borel™ map F : A(E)l‘) - Exp(L), defined by

Exp(L)

(3) Flu)lz] := <uw,ez‘” >, z€L, neA(l)),
is a topological algebra isomorphism. Obviously we have for all z€l

(4) Fulzl = § w2
n=0

1.3 THE PROBLEM

Qur aim is to get a satisfactory description of the kernel of a given convolution
operator Tu' In the special case that Tu is a differential operator, everybody
knows how to do this. In the more general situation, the same method also provides
certain elements in ker Tu' We introduce the following notation:

If wueA(C)', u+0, is given, then we put V(u) := {a €l | F(n)lal = 0}.
For a€V(u), we denote by m the multiplicity of the zero a of F{u). Hence we have

; (m_)
F(u)(”(a) =0 for 0O<j<m and F(n) 2" (a) +0. For a€V(u) and O<j<m we

denote by Ej a the so-called exponential monomials

. JnaZ
Ej,a T zZpozve .
From 1.2(3),we get for all z€C and all kENo
(1) P 2] = < ke >
This implies for a€V{(u) and 0<j<m, that
Tu(Eg 0 (21 = < (220 5
i
= kE (i)zk Jed2 <uW,wkeaW >
=0
J s s
- ) e - 0
k=0

and hence Ej,aEker Tu' Note that

E := {Ej,alaEV(u), 0<j<m,}
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is a free set. The functions in span(E) are called exponential solutions (or ex-

ponential polynomials) of the convolution operator Tu'

We remark that,for every f €span(E) (resp. ker Tu) and every a €, the function

Ta(f) is again in span (E) (resp. ker Tu)’ i.e. span(E) and ker Tu are translation

invariant linear subspaces of A(L). Hence we have the following two natural

questions:

(a) Is it possible to obtain all elements of ker Tu from the exponential mono-
mials by a certain procedure?

Or more generally:

(b) How can one describe the structure of the closed linear translation invariant
subspaces of A(L)?

It is classical to attack these questions by applying duality theory to get a
different interpretation. As the first observation, we note that every convolu-
tion operator is the adjoint of a multiplication operator.

1.4 LEMMA. For w€A(L)' define Mu t A(L)] - A(W)B by Mu(v) = u*v . Then

tMu = T, if we identify (A(E)))' with A(L).

PROOF. For j€ No,let e(j) denote the analytic functional satisfying
<e(j),2" > = 65 n for all neN . Then it follows from 1.2(1) that for

f:z-s ] f2" we have

n=o
<M ()e(3) > = < FM (1)) > = < Fauxe(d) > =
.5 (n+j)!
z. fn JT (n Ji Hn-j nzo fn+j JTnt

By 1.1(2), this implies

t _ t k
Mu(f)[z] = kzo < Mu(f),e(k) >z
- S % (n+k)! B
kzo nzo L—TE%_fn+ku )z - Tu(f)[z],
and hence tM =T.
15 15

1.5 PROPOSITION. Let W be a closed linear subspace of A(L). Then W is translation

Tnvariant 1f and only if wt s an ideal in the convolution algebra (A(E)B,*)-

PROOF. Assume that W is translation invariant. Since, for every f € A(L),we have

Tim filiﬂ%llel = f' in the topology of A(L), we see that f€W implies that
h-0
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f(n) is in W for all n€ N. Hence we get for each uewi and each fe€W with

f(z) = § f,2 that for all ne N,

(1) 0= < u,f(n) > = <, z n+k) kZk 5 = z n+k n+kuk
By 1.2(1), it follows that,for each veA(L)",
<wev,f > = ) fn ¥ k‘l‘*T“kV
n=o0 k+j=n "°
(2) T ke, ok
= +3)! . =
k2o jco k+j kT 37T
o \) oo
_ k+J)'
- Z 2 k+Juk)
j=c ¥

Hence W' is a closed ideal in (A(I)B,*).

To prove the converse, let us assume that wi is an ideal in A(L). Then we get from
1.4 that,for all weWt, all fewW and all a€C,

0=<uxb ,f>=x< Méa(u),f > =< u,Téa(f) > =< u,ra(f) > .

Hence ra(f) is in W = W for all ae C, i.e. W is translation invariant.

1.6 REFORMULATION OF THE PROBLEM

Since A(C) is a nuclear Fréchet space, well-known duality results show that, for
each closed linear subspace W of A(L},

(1) W= W (A,

Applying the Fourier-Borel isomorphism,we get

(2) W= (Exp(L)/F(W) )

Hence it follows from 1.5 that - up to the computation of a dual space - question
1.3{(b) is equivalent to determining the quotient of the algebra Exp(L) by a closed

ideal. In case that W = ker Tu,it follows from 1.4 that F(wl) = F(Im(Mu)),which
is the closure of the principal ideal F(u)-Exp(C).

In the next section,we shall see that this reformulation has the advantage that
we can apply results from complex analysis te study the quotient spaces Exp(C}/I,
where I is a closed ideal in Exp(C).

2. THE MAIN TOOLS

In order to derive a fairly explicit description of Exp(C)/I for all closed ideals
I in Exp(C), we use some (rather special) properties of the ideals and the
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elements of Exp(L) which we will now recall.

2.1 LOCALIZATION OF IDEALS

For a€l, we denote by 6a the ring of germs of holomorphic functions at a. If I
is an ideal in Exp({), then Ia denotes the ideal generated by the canonical image
of I in 6a' The localization I]oc of the ideal I is defined as

Lioc = (f€Exp(T) [ (fl, €I, for all aell,

where [f]a denotes the germ of f at a. It is easy to check that I]oc is a closed

ideal in Exp(C) which contains I. m

Since every non-zero ideal in 6a is of the form [(z-a)]aaIa for a suitable

mae No , the non-zero localized ideals I = I]oc are completely determined by the

set V(I) := {a€eC| ma>»0} and the numbers m., a €V(I). As an example, let us look
at the ideal I(fl""’fn) generated by fl""’fn in Exp(C). For its localization

I]oc(fl""’fn)’ it is easy to see that

V(Iloc(fl""’fn)) ={a€tl Ifj(a) =0 for 1<j<n}

and that m, equals the minimum of the order of the zeros of the functions fj at a.

In the following theorem we state the special property of the ideals in Exp(C)
which we are going to use. The theorem is due to Schwartz [19] and Ehrenpreis
[7]; for a proof, we refer to [7], sect. 6, or to Kelleher and Taylor [11], where
rather general extensions of this result are presented.

2.2 THEOREM. a) Every closed ideal in EXp(l) Zs localized.
b) For every closed ideal 1 in Exp(U), there exist fl,fZEExp((E) such that
I-= I]oc(fl’fZ)'

Besides Theorem 2.2, we shall use the following property of the non-zero func-
tions in Exp(L), which can be derived from the minimum modulus theorem (see e.q.
Levin [13],1,§8).

2.3 PROPOSITION, For every feE€Exp(L), T+0, there exist €¢>0, C>0 and (rn)
2n+1

neN

with 2"< rp< such that, for all large NE N, we have

. -Cr
inf lf(rne1t)1 > e n
te[0,2n]
Using some functional analysis, it is easy to conclude, from this property, the
following classical result on analytic convolution operators, due to Ehrenpreis

[7] and Malgrange [14]; it already gives a partial answer to 1.3(a).

2.4 PROPOSITION. a) Every prineipal ideal in Exp(L) is closed.

b) Every non-zero convolution operator Tu 18 surjective, and the exponential
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solutions of TU- are dense in ker Tu.

Proof. a) We may assume I = f Exp(L), where f+0. Since ICI]oc and since I is

closed, it suffices to show I

i loc
Toc be given. The con-

1
siderations in 2.1 show that g = h-f for some h € A(L). Obviously, it suffices to
show h € Exp(L). At this point, we remark that, from 2.3 and g€ Exp(L), we obtain
positive numbers D and M such that

OCcI; to prove this, let g€l

-Dr

1-t)\ e " <M for all large ne N,

sup |h(rne
te[0,2n]

This and the estimate on ™ given in 2.3, together with an application of the
maximum principle to the annulus {z€TL | < [zl 5rn+1}, show that h € Exp(C).
b) Since the Fourier-Borel transform is a topological algebra isomorphism, we get
from 1.4 and part a) that tTu = M is injective and that 1mtTu = im M is closed.
Hence the surjectivity of Tu is a consequence of a classical result of Dieudonné
and Schwartz (see Horvath [10],p. 308).
By the Hahn-Banach theorem, the linear subspace E of the exponential solutions of
Tu is dense in ker T iff £ = (kern T )l. Since im tTu =1im M is closed, it
suffices to prove gt c:1m M ; so let \;eEl Then, for all a€V(u) = V(F(u)) and
0<j <m,

QJ

0 =<v,kE. _ >
Voti,a

. aZ o
<v,72%%% 5 = Y
=0

_ n+j n+j
L Vneg T 2 L!—W
- r ),
and this shows F(v)€ I]OC(F(u)Exp(E)) = F(u)Exp(C). Hence there exists A€A(L)'
With v = usd = M (A), i.e. veimH = et

Now we are ready to sketch how to obtain a fairly explicit model for Exp(C)/I,
following the approach of Berenstein and Taylor [1]; it suffices to consider the
closed non-zero ideals I of Exp(C) which are of infinite codimension.

2.5 THE STRUCTURE OF Exp(C)/I

Let I be a closed ideal in Exp(€) which is different from {0} and Exp(C). We de-
fine o : Exp(C) » a;y?I) C)/I by o(f) := ([f}a+1a)a€V(I)‘ It is easy to see that

ker p = I]oc and since I = I]oc by 2.2, this gives ker p = I. At this point the
structure of Exp(L)/I will be clear if im p, as a locally convex space, is
described in such a way that o : Exp(C) » im p is a topological homomorphism. We

will do this in several steps.
(1) The slowly decreasing property

By 2.2b), we have I =1 1 2) where we can assume f;+0. In view of 2.4b),

1oc(
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we shall assume from now on that V(I) is infinite. Because of 2.3, we can choose
e>0, C>0 and B>0 such that
(i) each component S of

S(fy,f,se,C) 1= {zel | Ifl(z)|2+ |f2(z)|2 < (& exp(- c1z|))2}

is bounded and satisfies diam S < B suplzl and,

Z€S
(i1) such that for each component S of S(f,.f,:e,C),
supizl < B(inflzl} + B.
Z€S Z€S

As we shall see later, this is the appropriate extension of the slowly decreasing
condition of Berenstein and Taylor [1], p. 130.

(2) Labeling the components of S(fl,fz;a,C)

By our assumption, V(I) is an infinite discrete subset of L contained in
S(fl,fz;a,C). Hence (i) of (1) implies that S(fl,fz;a,C) has infinitely many com-
ponents S with SnV(I)+@. We label these components by natural numbers in such a

way that the sequence o, defined by aj 1= sup |z|, is non-decreasing.
Z€S .
J

(3) The Banach spaces (Ej,ﬂ Hj)

Let Aw(Sj) denote the space of all bounded holomorphic functions on Sj, endowed

with the norm il i : f o sup If(z)l. Put E. := ~T ©/I_ and define
z€S . J a€s V(1)

P A (Sj)—+Ej by pj(g) = (lgly +Ia)a€SjnV(I)' It is easy to see that pj is sur-

jective. Hence we can endow Ej with the corresponding quotient norm, i.e. with the
norm

I B, : v infllgh | p.(9) = 0.
J A2(S J

(4) The spaces k(v,F)

Let F = (Fj,ﬂ Ilj)j€1N be a sequence of Banach spaces and let y denote an increa-
sing unbounded sequence of non-negative real numbers. Then we define

'AYj

kiv,F):= {xe™ T Fj | there exists A>0 such that sup [x < co}

d.e
=1 jen I
and endow k(y,F) with its natural inductive 1imit topology.

If dim Fj <o for all jJEN, then it is easy to check that k(y,F) is a (DFS)-
space, i.e. the strong dual of a Fréchet-Schwartz space.

(5) The semi-local interpolation theorem

Let g denote a holomorphic function on S(fl,fz;a,C) such that, for some B>0,
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sup{lg(z)le_BlZl lz¢€ S(fl,fz;s,C)} < o, Then there exists GE€Exp(l) with
(9], - [6] €I for all a€V(I).
For a proof of this result we refer to Berenstein and Taylor [1], p. 120.
(6) The map p : Exp{C) - k(a,E)

let E = (Ej,H Ilj)j N denote the sequence of finite dimensional Banach spaces
introduced in (3), and let « denote the sequence introduced in (2). If, for some
positive numbers A and D,f €Exp(L) satisfies the estimate [f(z)l < AeD‘Z| for all
zel, then, by the definition of «,

Do .
IFIS0 < Ae J for all j€ N, whence
I A%(s))
J
-Duj
sup lle; (FIS:)I; e < A,
jen 90 3T

At this point the map p defined at the beginning can be considered as a map of
Exp(T) into k{a,E) , given by p(f) = (Dj(f‘sj))jem . Moreover, the above esti-
mates show that p is continuous. Since Exp(Ll) and k{a,E) are (DFS)-spaces, the
open mapping theorem for (LF)-spaces applies, and p is an open map iff it is
surjective.

To prove the surjectivity of p, let x = (xj)jEN €k(a,E) be given. Then there

- Do .
exist A,D>0 with sup Ix;le 7 < A. By the definition of I I; and by (ii) of
JEN -
(1), this implies the existence of gje Nw(Sj) such that pj(gj) = X and
Dax
gl < 2Re J < 28eP8eP4 21 gor ant ZE€S..
J'a (S.) J

J
Hence the function gEZA(S(fl,fz;e,C)), defined by gISj = 9; for jEN and g|S = 0
for the components S of S(fl,fz;s,c) with SnV(I) = p, satisfies the hypotheses of
the semi-local interpolation theorem (5) and, by (5), there is G€Exp(C) with
p(G) = x.

Thus, we have already sketched the proof of the following result:

2.6 THEOREM. ret I be a non-zero closed ideal of Exp(l) with infinite codimen-—
sion. Then Exp(C)/1 <s tsomorphic to k(a,E) .

In order to derive more information from Theorem 2.6, Berenstein and Taylor [1]
used Newton interpolation tc introduce equivalent norms i} kHj on the spaces E_,
In this way, they obtained a representation of Exp(T)/I as a space of scalar se-
quences. But the norms Il IIG are computed by divided differences and, using this
representation,it is difficult to discover special structural properties. That
Exp(C)/I really has a very special structure follows from a remark of the author
[15] which will be described in the next section.



340 R. Meise

3. SOLUTION OF THE PROBLEM

If we want to derive the solution of the problem posed in 1.3 from the results
presented in section 2, we need some more preparations.

3.1 POWER SERIES SPACES OF INFINITE TYPE

Let ¥ be an increasing unbounded sequence of non-negative real numbers, and let
F = (Fj,ll 'j)jEN be a sequence of Banach spaces. For 1<p<e, we define the

spaces Ai(y,]F) by

oo o ry.s:
APGF) = €T F(m (x) = (5 (Ixidze PP <o for all r>03.
had j=1 J rsp j=1 J°J -

Obviously, Ai(y,]F) is a Fréchet space under the canonical norm system (nr p)r>o'

If (Fil 15) = (B,1+1) for all JEN, then we write AP(v) instead of AP(y,F) .
Afo(y) is called a power series space of infinite type. We remark that, by the
Grothendieck-Pietsch criterion (see Pietsch [17]1,6.1), Afo(y) is nuclear if and
only if sup log(j+1) <o | If Ap(y) is nuclear, then Ap(y} = Aq{y) for all

JEN Y] ® °° ”
P,gE[1,).
By the work of Dubinsky [5], Vogt [22],[23] and Vogt and Wagner [24]1,[25], the
(stable) nuclear power series spaces of infinite type are a class of Fréchet
spaces the structural properties of which are very well understood. We will make
use of this fact later on.

3.2 CONSTRUCTION OF A SCHAUDER BASIS

Let W+ A(L) denote a closed linear subspace of A(L) which is translation invari-
ant and infinite dimensional. By 1.5 and 1.2, I := F(wJ‘) is a closed ideal in
Exp(L) of infinite codimension. By 2.2, I = I]oc(fl’f2> for appropriate
fl,fZEExp((E),fl*O. Hence all the hypotheses of 2.5 are satisfied. Using the no-
tation introduced in 2.5, we define now, for all a€V(I) and 05k<ma, elements
ek,aew, tk,ae 1+ and yk,aEk(“’E) in the following way:

(1) e 4 ¢ z»—»i—!zkeaz, zel
(2) t, . ¢ frgfia), feExp(t)

(3) Y. a has germ 0 at every be V(I), b+a, and at a it is the germ [(z-a)k]a.
2

Clearly, tk a belongs to I+, Since F : A(C)' > Exp(C) is an isomorphism and

I= F(wl), we have tF(IJ‘) = Wt = W, Because of

t 1 1 n
< F(tk a),u>=<tk a,F(u) > =T z FT Mnakd = < & gou >
L] L] . n=o - L]
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for all neA(L)', we get
(4)

and hence e

t -
F(tk,a) B ek,a’

k’aEN. Obviously yk,aEEj if aEV(I)nSj and if we identify Ej with
its canonical image in k(a,E) .

Next, identifying Exp(L}/I with k(a,E) (by the map given by Theorem 2.6) as well
as (Exp(L)/1)" with I, it is immediate that

(5) Y 6Wik,a) = 01,k8a b

In [15], it is shown that one can find a Hilbert norm IIJ. on Ej’ jEN, such that,

with E := (E.,|

) , the locally convex space k(a,E) 1is identical with
Jj? 'j’JeN

2~ o —AGJ- 2 1/2
k“(a,E) = {x€~ T Ej | there exists A>0 : (2(\xjije ) ) < o}
i=1

under its natural inductive Timit topology. Putting
1
Fj 1= span{tk’a [O<k<m,, aEV(I)nSj}cI ,

it follows from {5), and from the remark that {yk a | 05k<ma, aEV(I)nSj} is a
basis of Ej’ that Fj can be interpreted as the dual of the Hilbert space (Ej,l Ij).
If we denote by IIJ. the dual norm of (Ej’“j)’ then (Fj,llj) is a Hilbert space,

too. Now let F := (Fj’l lj)jE]N ; we remark that, by Theorem 2.6, the map
b Ai(a,]F) - Exp(m)t'),
defined by
(I)((gj)jE]N) [f] := jzl < gj,f > , feExp(L),

gives an isomorphism between A (a,F) and It
As we have explained in [15], one can now get a basis in Ai(o(,]}-‘) in the following

n.
way: Choose an orthonormal basis (h, .) ﬂ in (F.,l1:) (n, := dim F, = dim E.)
k,j k=1 3! lg) Ay J J

for each j€ N and identify hk j with its canonical image in Ai(ox,]}-‘) . Then

n. >
((hk j)kil)jEIN is an absolute basis in Ai(o(,]F) . If we denote by B the sequence
which is obtained by repeating each number aj nj-times and if we write the ele-

n

ments of Ai(a) as ((gI< j)k::il)jE]N , then the map A : Ai(B) - Ai(ox,]}-‘) , defined by
> n.
AMCUE D20 sen) = L0 Lg h s
k,j’k=1/jEN 351 kS k,3k,J

is an isomorphism.

n.
Of course, we can assume that the orthonormal basis (h, j)kgl of (Fj’l Ij) is ob-
tained from the basis {tI< a | 05k<ma, a€evV(I) nSj} by Gram-Schmidt orthonorma-

Tization. Since tF gives an isomorphism from it to W and since (4) holds, we have
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sketched the complete proof of the following theorem answering question 1.3(b):

3.3 THEOREM. Let W be a proper closed linear subspace of A(L) which is transla-
tion invariant and infinite dimensional. Then W has a Schauder basis consisting
of exponential polynomials with respect to which W is isomorphic to a nuclear

power series space of infinite type.

In the special case W = ker Tu,usto, the considerations in 3.2 give the following
result which,up to a certain extent,answers question 1.3(a) and which improves
previous representation theorems of Dickson {4], Geifond [9] and Ehrenpreis [8]
{see also Berenstein and Taylor [1], Thm. 9).

3.4 THEQREM, Let Tu be a non-zero convolution operator on A(L) for which ker T
is tnfinite dimensional. Then there exist a partition (Vj)jﬂ\l of V(F(u)), linear
combinations fk ., l<ken, := § (m_-1), of the functions
sJ - - a
aey.
J

{Z1ea2 | 0<T <m. ,a€ Vj} for each JE€ N, and an exponent sequence o such that the
following holds:

n.
For er:)ery family € = ((gk,j)kil)ﬁ]\l of complex numbers which satisfies
o J ra
Y () g, sl)e J < o for all r>0, the series
jer kL ke

o M5
(%) YooY g sf

351 K41 k,Jj k,d

converges normally to an element of ker Tu, and every f € ker 'l'u has a unique re—
presentation of this type. In particular, ker Tu 18 isomorphic to a nuclear power

series space of infinite type.

To show that the structural properties derived so far have further implications,
we now indicate how they can be used, together with the splitting theorem of

Vogt [22] and an observation of [15], to give a new proof of the following result
which, by 1.5, is equivaient to Taylor [21], thm. 5.1.

3.5 THEOREM. Every closed linear translation invariant subspace W of A(L) is com-
plemented. In particular, every non-zero convolution operator on A(L) has a

complemented kermel.

Sketch of the proof. If W = ker Tu’ where u is a non-zero convolution operator,
then W is complemented whenever dim W<, But if dim W = o, then 2.4b) shows that
we have the following exact sequence of Fréchet spaces

. T
() 0 —> W 1> A(L) —E> A(L) —> 0.

By Theorem 3.4, W is a power series space of infinite type. Since A(I)c:Ai(n),



Closed linear translation invariant subspaces of A(C) 343

the sequence (*) splits by Vogt [22], thm. 7.1; hence W is complemented. If W is
an arbitrary translation invariant closed Tinear subspace, then we may assume
W+A(C) and dim W = . From 2.2b), it follows that there exist non-zero analytic
functionals p and v with W = (ker Tu)rl(ker Tv)’ and consequently

W= ker(Tvlker Tu)' By the previous argument, ker Tu is complemented. Hence W is
complemented if ker (Tvlker Tu) is complemented in ker Tu' But this follows from
the structure of ker Tu as described in 3.2 and an elementary lemma. For details,
we refer to [15]

Remark. a) Results on the structure of the closed linear translation invariant
subspaces {resp. the kernels of convolution operators) analogous to those given
in the theorems 3.3, 3.4 and 3.5 can also be obtained for Fréchet spaces A of
entire functions different from A(T). This has been demonstrated in [15] and,
more generally, in Meise and Schwerdtfeger [16].

b) A different proof of the fact that every non-zero convolution operator Tu on
A(C) has a complemented kernel was given by Schwerdtfeger [20]. He used results
of Gelfond [9] and Dickson [4] to show that ker Tu has property (9), which is
sufficient for the application of the splitting theorem of Vogt [22].

The answer to question 1.3(a) which we have given in Theorem 3.4 is not yet com-

plete, since it does not exclude that already the exponential monomials

{zkeaz| 05|<<|na, a€V(F(n))} form a Schauder basis of ker Tu for every convolu-

tion operator Tu on A(L). However, as classical results of Leont'ev [12] indicate
this is not true in general. To conclude, let us show now how the model of ker T
obtained so far can be used to derive a simple necessary condition which leads to
examples of convolution operators Tu for which the exponential monomials do not

form a Schauder basis of ker Tu'

3.6 DEDUCTION OF A NECESSARY CONDITION

Let Tu be a non-zero convolution operator on A(L) for which ker T. is infinite
dimensional and for which the exponential monomials {zkeaz | 0<k <m ,a€ V(F(u))?
form a Schauder basis of ker Tu' We put W = ker Tu’ I = F(u)Exp(C) and use the
notation introduced in 2.5 and 3.2. In 3.2, we have indicated that, by tF,ker Tu
is isomorphic to Ai(a,Fﬁ . Hence it follows from 3.2(4) that

{tk,a | 0<k <m ,a€ V(F(u))} ii a Schauder basis of Ai(a,F) . Again in 3.2 we have
remarked that k(a,E) = k"(a,E) and, by the same arguments, we get

2 _ L1 . . , .
A (a,F) = A (o,E'), where E' = ((Ej,ﬂ “j)b)jem . It is easy to check that, by

< (XJ JEN (yj)jem >:= ] < Xj¥5 > 5o the space k(o,E} = k(o,E") 1is the

JEN
dual space of qi(a,E') . Hence 3.2(5) implies that, with respect to this duality,
the system {yk a} is the system of coefficient functionals of thebasis {tk al:
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We claim:

(1) There exists D>0 such that sup sup sup It

iy, e 2% < w
JEN a€\1j o<k<m, ks a I k.a J ’

where VJ. 1= V(F(u))nsj.
In order to prove this claim, we first remark that, because of the nuclearity of
Ai((x,]l—') = Aclo(cx,]E') and the basis theorem of Dynin and Mityagin [6],{tk a} is an
absolute basis. Arguing by contradiction, we assume that (1) does not hold. Then,

for every n€ N there exist j(n),a(n)EVj(n) and Ofk(n)<ma(n) with

tny.ambin) Weny,a(n)tin) 2 Py )
Without loss of generality we can assume that (j(n))nE]N is strictly increasing.
Next, for each n€ N, we choose Xj(n)EE'(n) with ux.( )ll.( n) 1 and

“tk(n),a(n)”j(n) = tk(n),a(n)(xj(n))' Then we define yE?Ll’l;\iEJ by
. = . - . .= € i . 1
yJ(n) xJ(n)exp( nch(n)) for all n€ N and Y3 0 for a1l JE N~ U {j(n}. It is

neEN
easy to check that yEAclo(a,]E') . Since we have

te(nya(m Yien)Wi(ny,a(m)!5(n)

teinyua) O Mo,1Wk(ny,an))
= "tk(n),a(n)“j(n)"yk(n),a(n)"j(n)eXp('"o‘j(n)) > exp(naj(n))
for each n€ N, the system {tk a} cannot be an absolute basis.

Now let us assume that, in addition to the hypotheses made so far, we also have
the following:

m. -Ea.
(2) There exists E>0 such that sup (diam S.) Je  J < o, where m, :=max (ma-l).
FEN J J a€V;
We note that, for the functions Wt 2P (z-a)k (05k<ma,aEVj), we have

1=t o050 o)) <1ty b leste )5 < ity 13l all =5
J

) - k
< ”tk,a"j max(1l,(diam Sj) ).

Hence (2) implies the existence of E>0 with

Eo -
inf inf inf it ie 7 >0
JEN a€V; ock<m, J

together with (1), this gives:

-Fo.

J

{3) There exists F>0 such that sup sup sup Ny a“je < oo,

JeN aEVJ. o<k<m,
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Hence B := {y, . 105k<ma,a€V(F(u))} is a bounded subset of k{a,E) . Since
p : Exp(T) » k{a,E) is a surjective topological homomorphism by 2.5(6), there
exists a bounded set M in Exp(f) with p(M) = B and consequentily:

(4) There exists F>0 such that for each a € V(F(u)) and each Ofk<ma one can
find fk’aEExp(C) with D(fk,a) =Yy .a and
e-FlzI

< oo,

sup sup suplfk a(z)l
aeV(F(u)) 05k<ma et

Now we have proved the following proposition:

3.7 PROPOSITION. Let TU- denote q non—zero convolution operator on A(L} for which

ker Tu is infinite dimensional and which has the following property:
There exist positive numbers €, C and E such that, for every component S of

x { (zeU] IF(wlzll < ee®12ly i SAV(F(u)) + 0, we have
m
(diam S) Sexp(- Esup 1zl) <E, where m
Z€S -

Then, 1f the eaponential monomials {zkeaz

basis of ker Tu, assertion 3.6(4) holds.

g = max{ma-l laeSnNV(F(u))}.

| 05k<ma,a€V(F(u))} form a Schauder

Remark. a) From the estimates noted in 2.5(1), it follows easily that the hypo-
thesis (x) in 3.7 is satisfied whenever sup{m, la€eV(F(u))} < .

b) It is possible to show that 3.6(4) is equivalent to the fact that the multi-
plicity variety of the ideal F(u)Exp(L) is an interpolating variety in the nota-
tion of Berenstein and Taylor {1]. In view of this, it follows from Berenstein
and Taylor [1], thm. 4,and some additional considerations that,under the hypo-
theses of 3.7, the following assertions are equivalent:

(i}  The exponential monomials form a Schauder basis of ker Tu;
(ii) 3.6(4) holds;

a)

(a

a*

Flu)
m

(i11) there exists A>0 with inf eAal

aevV(F(u))

The necessary condition given in 3.7 Tooks rather complicated; however, it is
easy to derive the following simple explicit condition from it.

3.8 COROLLARY. rLet Tu denote a convolution operator on A(L) which satisfies the
hypotheses of Proposition 3.7. If the exponential monomials
(Ze32 | O<k<m ,a€V{F(u)}} form a Schauder basis of ker T

F>0 such that inf dist(a,V(F(u))~@a}je 2l 5 0.
a€V(F(u))

w then there exists

PROOF. From 3.7 we get a positive number F such that, for each a€V(F(u)), there

exists f, €Exp(L) with the properties sup sup lfa(z)le'FlzlgA<oo, fala) =1
aeV(F(u)) zeC
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and fa(b) =0 for all beV(F(u))~{a}. Now fix a€ V(F{1)) and choose b € V(F(wu))
with I1b-al = dist{a,V(F(u))~1{a}). Without loss of generality, we can assume
Ib-al < 1. Letting D denote the unit disk, we define g: D>T by g(w) :=fb(a+w).

Then we have g(0) = fb(a) =0 and gl < A sup eFIa+WI = AeFeF'aI. Now the
D) Iwl<l

(
Flal

©o

-

Schwarz Temma implies lg(w)l < IwlAe e , and hence

1= f(b) = gb-a) s Ib-alfe e 2,
whence the desired condition.

Finally we show how Corollary 3.8 can be used to construct examples of convolu-
tion operators Tu for which the exponential monomials do not form a Schauder

basis. This is done by jiggling the zeros of certain functions (see Berenstein
and Taylor [11,p. 120).

3.9 EXAMPLE. Let f€Exp{C) be a function for which V{f) is infinite and for which
_ z
m, =2 for all a€V(f), e.g. f(z) = (kzo T7E7T> . Label the elements of V(f) by

(ak)kEW in such a way that (lakl)kﬁm is non-decreasing. Next, choose a
sequence (ek)kE]N of complex numbers with the following properties:
1
(1) (Ek)kelN GA.»(lakl)’
(2) Iekl > 0 for all kEN,
(3) Z Iekl <1,
k=1

(4) V(f)n(ak+ek1ﬁ) = {3} )
w z-(a, te)
and put g : ze f(z) 7T

k=1
g defines an entire function and, in view of our choice, it is not difficult to
show that g€ Exp(€). Obviously, V(g) = V(f) U{ak-+ei] k€ N}, and every zero of g
is simple. Hence it follows from (1) and Corollary 3.8 that the exponential mono-
mials do not form a Schauder basis in ker Tu if we put u := F'l(g).

for ze L~V(f). Since m, = 2 for all keEN,
z-a a,

By Example 3.9, it is clear that, as a general answer to question 1.3(a),
Theorem 3.4 is optimal.
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The present article is mainly concerned with the derived functors Extl(E,-) of
the functors L(E,-), E fixed, acting from the category of Fréchet spaces to
the category of linear spaces (see Palamodov [17]), with conditions for
Extl(E,F) = 0 (see [31]) and their applications. Ext (E,F) = 0 means that all
exact sequences 0 - F - G > E > 0 split (cf. Thm. 1.8.).

In a first section we give a short introduction to the theory of the functors
Extl(E,-) (cf. [17] , [31]) with special emphasis on the concrete representations
for Ext (E,F) and the connecting maps in case E or F is nuclear. The necessary
resp. sufficient conditions for Extl(E,F) =0 (Thm. 1.9.) are presented without
proof (s. [31]). Instead we give in §2 a direct proof for Extl(s,s) = 0 which
leads via the permanence properties derived in § 1 directly to the splitting
theorem for exact sequences 0 - F - G - E - 0 where F is a quotient and E a
subspace of s (cf. [23], [34], [24]). The description of the classes

Extl(E,s) = 0 and Extl(s,F) = 0 given in Thm. 2.5. shows the strong connection
between the theory of Ext (-,-) and the structure theory of nuclear Fréchet
spaces as developed for the case of s in [23] and [34].

In § 3 we prove by use of the properties of Extl(m,-) and a lemma from [29]
(Lemma 2.1. in the present paper) that a hypoelliptic partial differential
operator on R" with constant coefficients has no right inverse in CT(%),
@ <R" open (see [32) with a different proof). This extends a result of
Grothendieck on elliptic operators.

In § 4 we show how the knowledge of conditions for Extl(E,F) = 0 can be used for
theAinvestigation of topoiogical properties (barrelledness etc.) of spaces

Eé e F= Ly(EsF)s E,F Fréchet spaces, one of them nuclear (cf. Grothendieck 8],
II, § 4). In particular we give in Thm. 4.9. a complete basis free description

of the classes {E;Lb(E,FO) barrelled} and {F : Lb(EO,F) barrelled} if E, or Fg

is a power series space satisfying a stability condition, so extending the

results of Grothendieck loc. cit.. We also give a solution for the problem of
classification of complex manifolds V according to topological properties (here
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barrelledness of Lb(E,F))as proposed in Grothendieck [87], II, p. 128, at least if
V is a Stein manifold. A more direct and systematic treatment is contained in [33].

In § 4 we make use of the results of [31], § 4 and § 5 on Extl(E,F) = 0 which are
based on (SI) and (SZ). The proofs are rather complicated 50 we do ngt present

them here. Instead we use in the final sectionconditions (S;) and (S,) to investi-
gate which spaces E or F can occur in a nontrivial way in the relation Ext (E,F)=0.
These are essentially the countably normed spaces E (more precise: the spaces E
satisfying a condition (DNw)) and the quasinormable spaces F. A special role play
the spaces F which are quojections or do not satisfy the condition (#) of Bellenot-
Dubinsky [37. Some results of § 5 are strongly related to the results of [14].

0. We will use standard notation of the theory of locally convex spaces as in
[12 , [20). For nuclear spaces we refer to [8 ], [19], for sequence spaces to
[5] and for concepts of homological algebra to [17] and [15].

Throughout the paper E,F,G,H always denote locally convex Fréchet spaces, over
K=Rort, | ||1 = | Il2 = ... a fundamental system of seminorms. L(E,F) is the
linear space of continuous linear maps from E to F. On the dual space E'sL(E,K)
of E we consider ths dual (R+_U{+w}-va1ued) norms

Iyl = sup {ly(x)] : x € E, lixli = 13.
We put

] ] *

E, i= {y € E': Hka < + =} .
A Fréchet space E is said to have property (DN) (resp. (R)) if there exists a
fundamental system of seminorms such that | ”k < || Hk—l I ”k+1 (resp. || H: <

* # —

I fleog I Wgq) for all ko (see [23], [34], [3q]).

A nuclear Fréchet space is isomorphic to a subspace of s iff it has property (DN)
(s. [23]), it is isomorphic to a quotient space of s iff it has property (%),
(s. [34]). s denotes the nuclear Fréchet space of all rapidiy decreasing sequences:

S = {x = (xl,xz, eel) ot quk =2 lxj[ jk <+« for all k} .
J

More generally let A = (aj,k)j,k be an infinite matrix such that 0 = LRI
sEp aj K> 0 for all j and k. Then we define

A(A) = {x = (xl’XZ’ ) Hxnk

i

? \xj\ < t= for all k}

sgp lle <t for all kl.

W

(A 1= X = (XyaXgs wen) X

Equipped with their respective seminorms (|| Ilk)k €N these are Fréchet spaces. They
are called Kothe sequence spaces. They are nuclear iff for every k there is p such
that (with % =0) :
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M
Z

aJ’k <+ w (Grothendieck-Pietsch criterion).
J Tisk¥p

In this case we have A(A) = 2" (A), and vice versa.

If a5 = pij with sequences 0 <« P < Pp < .. ATX and a = (aj)j fagEa, = v Moo,
then A(A) (resp. »"(A)) is called power series space and denoted by Ar(a)(resp.
A:(a)). It depends only on r and the sequence «. For fixed a all spaces Ar(a)
(resp. A:(a)) with r < + = are isomorphic. Therefore we can restrict our attention
to the cases r = 1, + =, Al(a) is called power series space of finite type, #_{a)
of infinite type. Power series spaces of finite type and of infinite type can
never be isomorphic.

By w := K N we denote the product of countably many copies of the scalar field,
by é?(V) the nuclear Fréchet space of holomorphic functions on a complex mani-
fold V.

1. In this first section we present some basic facts on the derived functors
Extk(E,-),k = 0,1,..., of the functor L(E,-). A1l these functors are considered
to act from the category of Fréchet spaces to the category of linear spaces

over K = R or [. E denotes a fixed Fréchet space.

We do not give a construction for these functors but take their existence as

granted by homological algebra (see Palamodov [1(]). Instead we take an

axiomatic approach, i.e. we state properties of these functors and this will be

the only information which we will use.

k
(

The functors Ext™(E,-) have the following properties:

(0) Ext®(E,") = L(E,") .

q
(I) To every short exact sequence 0 > F - G > H »> 0 there are assigned linear

maps
56 1 Ext®(ELH) > Ext**LE,F), Kk = 0,1, ...
such that
* #* 0 1 1
L q ) 1 L 1 9 1
0 » L(E,F) = L(E,G)— L(E,H) —— Ext"(E,F)——— Ext'(E,G)— Ext"(E,H)

1 2
O ExtE )L L.

is exact and depends functorially on the short exact sequence.

(I1) For every injective space I we have Extk(E,I) =0 for k = 1,2, ...
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We used (and will use) the following notations: ¢ oA = @*A, @kA is the map
assigned to A by the functors Extk(E,'), k =1,2, ... . Aspace I is called
injective if for each space E, each closed subspace E0 ¢ E, and each ¢ eL(Eo,I)
there exists an extension & ¢ L(E,I). Examples of injective spaces are the
spaces 17(M), M an index set, and their products.

If F is a Fréchet space then an exact sequence
3 Ll
0-~F > I0 — I — I~ ...

Ik injective for all k, is called an injective resolution.

We can use any injective resolution of F to calculate the space Extk(E,F), as
the following proposition shows. The proof is standard. In fact usually one uses
injective resolutions to prove the existence of functors Extk(E,') with the
properties described above.

14 14
1.1. Proposition: 7f 0 - F a»Io———+ L— I, > ... s an tnjective resolution,
then

Ext
for k = 1,2, ...

k ~ * A *
(E,F) = ker " / im k-1

Proof: We put Z, = F, Z, = ker ¢, =im ¢, _; for k = 1,2, ... and obtain for each
k = 0,1, ... a short exact sequence
Lk
0~y —L— 4, ~ 0

which leads by (I) and (III) to a long exact sequence
*
“k 1 1
0 > L(E,Z)) ~ L(E, I, )— L(E,Z 1) ~ Ext (E\Z,) » 0 » Ext(E,Z,q) ~

S EXtP(EZ) » 0 - ...
*
Since L(E,Zk+1) = ker ksl this gives us for all k = 0,1,2, ... , j = 1,2, ...

1 ~ * . *
Ext (E,Zk) = ker ksl / im Lh

extd(E.z,,) T Bxtd*l(E,z)
Combining these equations and using Z ) = F we obtain
k ~ 1 ~ o, %
Ext™{E,F) = Ext (E,Zk_l) = ker Ly / im k-1

for k = 1,2, ... .

It can easily be seen that every Banach space F has an injective resolution of
Banach spaces. We need only to know that every Banach space X can be naturally
imbedded into 1m(B°) where B® is the unit ball in X'. We apply this to F and put
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Io = 1w(B°), then to IO/F and obtain Il, etc.

1.2. Corollary: If E <s nuclear and F = 1] Fj t8 a product of Banach spaces Fj’
then ExtX(E,F) = 0 for k = 1,2, ...
Proof.: We apply the above described procedure separately to the Fj and obtain an

injective resolution of the form

J J
T L2

o d

0-nF,-n01y — 1 IlJ —_—— .

J J J

where the Iﬂ are Banach spaces.

From the properties of a nuclear space (s. Grothendieck [8] ,11,§ 3, n°1) and Prop.
1.1. we conclude the assertion.

The preceding remark is very useful as one sees from the following lemma which is
contained in [17] Thm. 5.2 (or Cor. 5.1.) and a proof of which can be found in
[3]] (Lemma 1.1.). We need the following notation:

A projective spectrum Pk Fi e»Fk (1 = k) of Banach spaces is called a

fundamental system of Banach spaces for the Fréchet space F if

(i) F = 1im proj Fk

(ii) for every k there is an 1 = k such that ) F is dense in Pk FT’ where
o F a»Fk denotes the canonical map.

1.3. Lemma: If IR F] - Fk 18 a fundamental system of Banach spaces for F

then the sequence (Yeanonical resolution')

L q
0~F 0 F—~TF >0
k k
s exact, where t : X a—(pkx)k and q : (xk)k > (pk+1 K Xl " Xk)k .

This yields as an immediate consequence (see [3I], Thm. 1.2.; cf. [16], 7.1.,
[17] , p. 51)

1.4. Theorem: If E or F ie muclear then ExtS(E,F) = 0 for k

vV
no

Proof: If F is nuclear, then F has a fundamental system of Banach spaces iso-
morphic to 1”. Hence the Fk in Lemma 1.3. can be chosen injective, which means
that the short exact sequence in Lemma 1.3. is an injective resolution of length 1.
The assertion follows from Prop. 1.1.

If E is nuclear then we choose any fundamental system of Banach spaces and
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apply (I) to the canonical resolution (see 1.3.). We obtain

> 0-0-ExtEF)>0-0 ...

for k = 2,3, ... . The zeros come from Cor. 1.2.
From Thm. 1.4. we obtain a permanence property:

1.5. Corollary: IfE or F is nuclear, Extl(E,F) =0 and F0 a quotient of F,
o T
then also Ext (E,Fo) = 0.

Proof: Let g : F ~» Fo be the quotient map, G := ker q. Then (I) applied to the
short exact sequence

0—>G—>F—>F0—>O

gives
1 1 2
. » Ext (E,F) > Ext (E,Fo) - Ext(E,G) » ...
The first term is zero by assumption, the third by 1.4., hence also the middle
term.
Y

Our next task is to get more information on Ext™(E,F) in case one of the spaces

is nuclear.

1.6. Theorem: ILet &F = {Fk, 0 k} be a fundamental system of Banach spaces for

F, let E or F be nuclear. Then

Ext!(E,F) T 1 L(EF,) / B(E,F)
k
where
B(E,F) = {(A), € L(E,F,) & 3(B), €T L(E,F,) such that
k k
A = Piet ik Bar - By for all K,

Proof: If E is nuclear we apply (I) to the canonical resolution (see 1.3.). We

obtain
* &0

q
C o T L(EF) —= 1T L(E,Fy) — ExtH(E,F) » 0 » ...
k k

where the zero comes from Cor. 1.2. .

If F is nuclear and S F] > Fk is any fundamental system of Banach spaces then
we can find a fundamental system p? K F? - Fﬁ of injective Banach spaces and
maps ¢ : FE - Fk such that
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P1.k £
_

Paidl
F \ 9 Py
[0]
"1 e

P1.k

is commutative.

Hence we obtain a commutative diagram

9
0 -F > TOF — 0F

-0
K K k K
fia e Mo
o 9° )
0 —>F—>UFk——>ﬂFk -0
k k

where ¢ is induced by the o) - We apply (I) to this diagram and obtain
* )
q 8 1
. > T L(E,F ) —— T L(E,F ) — Ext
k k
¢ Tw* Tid
o )
¢}
C o T L(EFD) S 1 L(E,FD) —— Ext!
k k

(E,F) » ...

(E,F) -0

The zero comes from (II). Obviously the assertion follows from this diagram.

From Thm. 1.6. again we obtain a permanence property:

1.7. Corollary: If E or F s nuclear, Extl(E,F) =0 and Eo a closed subspace of E,
R s
then Ext'(E ,F) = 0.

Proof: We choose a fundamental system of Banach spaces for F which for nuclear

F we assume to consist of injective Banach spaces. Hence in both cases the
restriction maps Rk : L(E,Fk) - L(EO,Fk) are surjective for all k (for E nuclear
see [8],11,83). The Rk induce the map R in the following diagram. R is surjective.

~

R
0 = Ext}(E,F) BL(EF) / B(ESS) — 1 L(EG.Fy) / B(E,. ) T Ext!(E,F)
k

This shows the assertion.
In the following part of this section we want to explain, what in terms of the

concrete representation of 1.6. (and 1.4.) Extl(E,F) resp. the long exact
sequence (I) "means". Let us remark that the isomorphism which we used in 1.6. is
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in a canonical way determined by the fundamental system of Banach spaces. It is
induced by the 5° assigned to the canonical resolution (see 1.3.). In the following
discussion we will always talk about this isomorphism.

q
Let 0 -~ F —£-G — H > 0 be an exact sequence. We assume that either E or F,G
and H are nuclear. Let &, é; , & be fundamental systems of Banach spaces such that
for every k we have an exact sequence of Banach spaces
Lk qk

O»Fk—>Gk-—->Hk»0

and such that for all 1 > k the diagram

q

0> F—%6 —-H -0
b
0+ Fy—= 6, —= Hy =+ 0

&Lk¢qk¢

O»Fk—%Gk—>Hk—+0

is commutative. We can obtain such fundamental systems e.g. by taking for the
Banach spaces generated by a fundamental system of seminorms on G and for F and

& the Banach spaces generated by the induced resp. coinduced fundamental systems
of seminorms on F resp. H.

We have the following situation
1 1

v 1 q 1
Ext (E,G) ——— Ext (E,H)

0

8, Ext1(E,F)
- R R 1
\ 1 Q

D™ L(E,Fk)/B(E,ZTW———ﬁ E L(E,Gk)/B(E,g)———» E L(E,Hk)/B(E,G?) -0
" k

L(E,H)

where D,I,Q denote the maps induced by means of the isomorphisms from 60, Ll, q1 .
We want to describe these maps.

We apply therefore (I) columnwise to the following diagram:

8 0 0
’ ¥
Fo—+ - & —3 . y
l I&Lk 1 Eqk Jr
neF —_— I G _— mH
kK k K k K
| Tk I Rk V
HFk _ II Gk _ HHk
k k k
¥ y |
0 0 0
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where the columns are canonical resolutions. We obtain by use of (I) and (the proof

of) 1.6. the following commutative diagram with exact columns. The rows are easily
seen to be exact.

0 0 0
l * v 7 ¥
L(E,F) —+ L(E,G) —— s L(E,H)
! Moy l g la
k k
mL(E,F,) X 1 L(E,G,) =T L(E,H,)
k k k
k k k
l HLk lb Hq: vc
TL(E,F,) X—— 1 L(E,6) *—— 1 L(E,H)
k k k K k K
léo léo 0
1 L 1 1 1
Ext*(E,F) “——— Ext*(E,6) —I—— Ext*(E,H)
y }
0 0 0

We see immediately that the maps I and Q are the natural maps between the

respective spaces, i.e. the maps induced by II e and I q, on the quotients.
k k

Moreover we can by a standard procedure of homological algebra (s. [15]) define
amap d : L(E,H) > Ext}(E,F) as follows:

*
For o € L{E,H) we have, because of the nuclearity assumptions,ap € im (Il qk). We
* * *
choose ¥ ¢ 11 L(E,Gk) such that (11 qk) v = ap. Since (I qk) by =c@ qk) Vo=
c ap = 0 we can find X €1 L(E,Fk) such that (@ L:) X = bv. We put d ¢ := 8°X.

It is not difficult to prove that d is well defined, linear and makes the
following sequence exact

* d o1 Joo
co L(E,6) Lo L(ELH) L Ext(E,F) L Ext (E,H) > ...

Hence 8° = A o d where A is an automorphism of ker Ll and 8° is the one acting
1

from L(E,H) - Ext™(E,F).

We now putlﬁw := [x] where [ ] denotes the equivalence class in E L(E,F)/B(E,F).
It follows easily (60 acting from E L(E,Fk) - Extl(E,F) induces an isomorphism)
that also D is well defined and linear. Straightforward calculation shows that

D =B oD where B is some automorphism of ker I, or equivalently: that im D = im E,
ker D = ker D.

We have to explain D. It describes the following (Mittag-Leffler-) approach to the
solution of the lifting problem
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0—>F—>Gq~>H—>0

hix Tw

E

First we solve all the "Tocal" 1ifting problems

which we can do by our nuclearity assumptions. The q, are the maps induced by q,
i.e. the components of aqg. The @) give the components of ap. Then we apply b, i.e.
form the maps pk+1,k0\yk+1 = Ve If we think of + as an imbedding, these can be
considered as maps in L(E,Fk), i.e. they define the components X of an element

X € E L(E,Fk).

Our original lifting problem is easily seen to be solvable if and only if we can
find (Bk)k € E L(E,Fk) such that Dk+1,k°\Pk+1 - Yy s Pk+1,k © Bk+1 - Bk:’hence
Pkal,k (V41 = Bryp) = ¥y - By for all k. This means nothing else than De=[x] =0
and that is equivalent to Dp = 0.

Hence the axiomatic approach describes (under our nuclearity assumptions) via the
concrete representation nothing else than the possibility of the "natural" way of
solution of the 1ifting problem. ker Ll describes the obstruction against this in
the concrete situation. Extl(E,F) describes the “structural® or "maximal" ob-
struction in any situation. If it is zero the procedure always works.

We admit without further proof the following theorem (s. [31], Thm 1.8.):

1.8. Theorem: The following are equivalent:

(1) Extl(E,F) = 0

(2) Every exact sequence 0 - F - G- E - 0 splits.

(3) For every eract sequence 0 - F + G 3 H- 0 and ¢ € L(E,H) there exists
Vv € L(E,G) with ¢ = q O V.

(4) For every exract sequence 0 - H S65E>0 and ¢ € L(H,F) there exists
Vv € L{G,F) with ¢ = ¥ O ¢.

The rest of this paper will be mainly devoted to a discussion of conditions for
Extl(E,F) = 0 and their applications. We use the following conditions on two
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#
Fréchet spaces E and F (s. [31] and for (S;) Apiola 2]y g =Wl =...
denotes a fundamental system of seminorms on E or F resp., HyH: = sup {|y(x)}:
Hka < 1} the dual norm of || Hk fory ¢ E' or F'.

|
(51) 3ng Yu 3k vK,m 3n,S vx ¢ E, y ¢ FM

* # #
I 191 = S €Il Al + Iy 9, )

1
(52) Wi Eno,k yK,m 3n,S vx ¢ E, y GFM

¥* # #
Xl Iyl =S Clxly divlly + HXHnO Iyll, )

In [31], Thm. 3.7. in connection with 3.9. it is shown:

1.9. Theorem: If E is countably normable or F reflexive and ome of them nuclear,
then

1
(

(5)) = ExtMEF) =0 - (5) .

#
In [13] it is shown that (52) is necessary and sufficient for Extl(E,F) =0 in the
case of Kothe spaces. A necessary and sufficient condition for Extl(E,F) =0 in
the general case is contained in [33].

Further results on splitting relations, generalizations and investigations of
conditions for an exact sequence to split if Extl(E,F) # 0 are contained in [17,

(10] . [18], [25], [26].

2. In this section all spaces are assumed to be nuclear. Instead of presenting
details of the rather complicated proof of Thm. 1.9. we discuss with full proofs
an example which immediately leads to the most important cases of Extl(E,F) =0
with respect to applications. It shows in a very nice way the interplay between
the structure theory of (s) as developed in [23], [34] (cf. also [5], [24], [35])
and the present theory. The following lemma 2.1. is in an equivalent form (s. Thm.
1.8.) contained in [23], 1.5.. We give a direct proof using the matrices of the

respective maps.
2.1. Lemma: Extl(s,s) =0
Proof: We apply 1.3. or 1.5. to the fundamental system
Fk = {x = (xl,xz, ) Hka = sup ixj1 ij <+ =}
J
of injective Banach spaces. Let Ak € L(s,Fk), k =1,2, ... be given. Each Ak

is represented by a matrix (a(k)

vailv,je N With
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sup ]a(kz | AL L
v,J vl

for some n = n(k), d = d(k).

We have to determine matrices (bskg) satisfying analogous estimates such that
A BN B T L T

V] v, Vsl

We put D(1) = d(1), D(k+1) = max (d(k+1), 2 D(k) + k + 3) and N(1) = n(1),
N(k+1) = max (n(k+l), 2 N(k)) for all k.

We will determine inductively matrices (uskg) for k = 2,3, ... and (vékg) for
k =1,2, ... with

(1) 1u§k§ | 2(k=2)3 ok

(2) wik) | gkd < D(k)#N(K)y

vsJ
o Wl

for all k,v,j.

We start with v(l? =0 for all v,j. Let v(k2 be determined. We define

AN Vsl

I= {(v,j) : D{k) + N(k)v + k + 2 < j}
I = 4

vod) @ D(k) + N(k)v + k + 2 = j}
u(k+%) _ aSE% + vsf% for (v,j) ¢ 168
vsd 0 otherwise

aékg + vgfg for (v,j) ¢ I1

(k+1)

v Vsl

0 otherwise

Hence (3) is fulfilled by definition.
For (v,j) ¢ I0 we obtain

(k1) | p(k-1)]

|uV’\]

{A

(al¥) 1+ by okt

= (K (K)v=3 | (k)N (K)v=]

21+D(k)+N(k)v-j

1A

< 2-k-1
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and for (v,j) ¢ I1

Iv(k+1) ] 2(k+1)j

K (al¥) 1 ulk) gy 2ket)d

V,J

21+D(k)+N(k)v+j

_ H2D(K)+2N(K)v+k+3

2D(k+1)+N(k+1)v

which proves (1) and (2).

Now we define
b(K) .o (k)

Vsj -

o (1) _  (k+l) _ (k) _ = (1)
vad Tkl L5 TV L T8 Tafkee WS

The second equality comes from (3).

The series converges because of (1). We obtain the following estimate:

k
b1 2

ki - HD(k+1)+N(k+1)v , od(K)+n(K)v -

1A

2 + 1;k+2 2
c 2N(k+1)v

1A

for appropriate C = C(k) and all k,v,j.

k .
Hence (bs,g)v,j ¢N defines a map By € L(s,Fk).

We further have because of (3)

b (k1) (k) L (ke1) (k) (ke1) (k)

Vsj Vvl V:j V:x}. V,J Vsj
which means that Pks1.k © Bk+1 - Bk = Ak .
From 1.5. and 1.7. we get immediately

2.2. Theorem: If E ¢s a subspace of s and F a quotient space of $ then
Ext™(E,F) = 0.

For the following result we use the method of [23], Satz 1.7., it is indicated in
the remark at the end of proof of Satz 1.7. .

2.3. Lemma: If Extl(E,s) = 0 then E 7s isomorphic to a subspace of s.

Proof: There exists an exact sequence ([23] , 1.6.)

0-+s—>5s ﬂ s]N -0
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According to T. and Y. Komura's theorem ([11]) we can assume E imbedded in §N. We

set £ = q—1 E and obtain an exact sequence

0>s>E~>E>0
which splits by assumption (and Thm. 1.8.). Hence we have an imbedding E - E - S,
The Extl(s,‘) case is a Tittle bit more difficult. The proof uses the method first
used in [34] in the slightly changed form of [24].

2.4. Lemma: If Extl(s,F) = 0 then F is Zsomorphic to a quotient space of S.

Proof: We consider F as imbedded in s)N , call Q the quotient space and obtain 5
as E in the previous proof. We get the following diagram

o
¥
m
v

O —» n —» I —> U0 —20
¥

O—>un D> O} O >0
4
o

~

where H = {(X,y) € SIN x Q qlx = qz_y} s Pl(x,}’) = X Pz(xi.Y) =Y.

Since 5 c s we get from Extl(s,E) = 0 and 1.7. that Extl(B,E) = 0. Therefore the

second row splits which gives H = E e'a.

The first column of the diagram above gives the first row of the diagram below.
Our standard exact sequence gives the right column. The rest is constructed along
the same Tine as above .

o
¥
7]
¢
O —» W —» ) —» T —» O
¢
O ~» W = —» W > O
¢
o
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Because of 2.1. the second row splits. Hence H ® E @ Q is a quotient of
6% s ®s < s and therefore also E.

Now we have all ingredients for the following theorem which describes the exact
solution classes of Extl(E,s) =0, Extl(s,E) = 0. Remember that all spaces in this
section are assumed to be nuclear.

2.5. Theorem: (a) EXtI(E,S) = 0 2f and only <f E <s <somorphic to a subspace of s.
(b) Ext™(s,E) = 0 ¢f and only Zf E is isomorphic to a quotient space of S.

The classes of subspaces and quotient spaces of s have been described in [23], [34]
by topological Tlinear invariants (DN) and (®). It is interesting with respect to
this to compare Thm. 2.5. with [31], § 4 where we describe e.g. the classes

{E : Extl(E,s)=0} and {F : Extl(s,F) =0} by topological invariants.

3. In this section we use the theory of § 1 to show that hypoelliptic partial
differential operators with constant coefficients have no right inverses in C”(%),
where ¢ is an open set in R". This extends a result of Grothendieck on elliptic

operators (s. [2], [22]). It is shown by a different proof and in greater
generality in [37].

Let P(D) be a hypoelliptic linear partial differential operator with constant
coefficients, g ¢ R" open and P(D)-convex. We put

HR) = (f € C7(2) : P(D)f = 0}.
From the exact sequence

P(D)
0 Me) S () (—> () ~ 0

we obtain by (I) for any nuclear Fréchet space E an exact sequence
* w P o 5 1 S
0 - L(E, M) L L(E,C (52)}_(__2 L(E.C (R)) — Extl(E,N(sz))L—» Extl(E,C (2))~>...

From [29] » 2.1. we take the following lemma. It is shown there under the assumption
of ellipticity but the proof needs only hypoellipticity. For the sake of complete-
ness we give a proof.

3.1. Lemma: (! = 0.

Proof: We choose a sequence R €€ Ry cc... @ of open sets such that @ = U Ry
and denote by H, the closure of J(Q)Wk in C(§k) considered as a space of

functions on Q) - We obtain in a natural way a commutative diagram with exact lines:
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0 - Cg) -~ nCg) 4 1 Cg) - 0
k

b

0»#(52)»nHk ﬂnHk - 0
k k
v and j are the identical imbeddings, q is defined by q((fk)k) = (fk+1l9k - fk)k'

The lower line is a canonical resolution (see 1.3.). To show exactness in the
upper line we have to prove surjectivity of q. We even give a right inverse.

Therefore we choose ¢ EJD(Qk), ¢ = Long 4 (90 := @ ) and put

k
R ((fk)k) = ( % o f - fk)k

vy
v=l

This defines a continuous, linear map R : 1T Cm(Rk) ~ 1] Cm(ﬁk). Since
k

on @, we have q o R = id.

Application of (I) gives the following commutative diagram with exact lines
* )

o T L(ELCT(9,)) 51 L(ELCT(2,)) = Extl(E,C7(2)) + ...
k k ¥ 0 he !
L T L(E,H) L extME, W) - 0
k

*

q in the upper line is surjective since q has a right inverse there. Hence =0
in the upper line and therefore Ll o &% = 0 where &° (Tower line) is surjective.
This proves the result.

If P(D) has a right inverse, then clearly P(D)* is surjective for every F. Hence
Extl(F,u/(Q)) = 0 for every F, in particular for F = w := e

3.2. Lemma: If H <s a Fréchet space such that Extl(m,H) = 0 then H/ker || | is a

Banach space for every continuous seminovm | || on H.

Proof: Since the assumption implies Extl(w,H/L) = 0 for any closed subspace L ¢ H
it suffices to show: If H is a Fréchet space with continuous norm such that
Eth(w,H) = 0 then H is a Banach space.

We may assume that || Hl =< | H2 < ... is a fundamental system of continuous norms
on H. We call H, the completion of the normed space (H,l Hk) and P H - H1
(for k = 1) the canonical extension of the identity. Then we have the canonical

resolution
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O»H—LnHk—q—-mHk»O ,
k k

where a((x )] = (o411 *ke1 ™ Xk

If H is not a Banach space then for each k > 1 we can find a € Hk such that
o1 A £ H. Otherwise we would have P 1 Hk = H for some k which, by the closed
graph theorem, would imply that H is isomorphic to the Banach space Hk/ker o1 -

For £ = (51, Eos ...) € o we put A(g) = (gl a1, &5 Ap5 ..o ) € E H, - Then by
assumption for A ¢ L{w, II Hk) there exists B ¢ L(w, II Hk) such that A = qo B. We

_ k _ k .
put B ej = (bl,j’ bz,j’ ... ) where ej = (ék’j)kand obtain:

(1) sl .k b =b for k > Jj and k < J

(2) a

k+1,3 k,J

37 %9+,3 ParLg T 0
(3) For each k we have j, such that b, ;= 0 for j =z Jj,-

(1) implies that there is bj ¢ H such that bk . = b, for all k = j. If we choose

iz jl, we have because of (2), the second pa;t of (1) and (3)

a. =b, - p,

J.1 73 J Jsl by

3,5 7 P

j-bl’j=bje}-|

which contradicts the choice of aj.

We return to our hypoelliptic operator P(D). If it has a right inverse in C {g)
we know that Extl(an M(%)) = 0. We chocse a compact K ¢ g with non empty intericr
and apply Lemma 2 to the seminorm |[f]l = sup |f(t)|. Then M(R)/ker || ||= M/(Q)‘K
is a nuclear Banach space, hence finite Esmensiona1. This is possible only for

n = 1. Therefore we proved the main result of this section:

3.3. Theorem: If n = 2 and P(D) is hypoelliptic then P(D) has no right inverse
in C7(R).

For the elliptic case this result was first proved by Grothendieck (s. [21],
Appendix C or [22], p. 40 f). Theorem 3 implies that also parabolic operators
(the heat equation e.g.) have no right inverses. For hyperbolic operators it is
known that they have right inverses at least in Cw(H{n).

4. In Grothendieck [87], Il § 4 and also in [27] relations between Kdthe matrices
resp. Fréchet spaces are investigated which lead in concrete examples to results
very similar to the relation Extl(E,F) = 0.
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We explain,up to some extent, the connection. In particular we show how the re-
sults on Ext!(E,F) = O can be used to solve a problem of Grothendieck in [8], II,
§ 4, p. 118 (s. Thm. 4.6. below) and to complete his investigation of the relation
Eg é% F in the case that one of the spaces is a power series space satisfying a
certain stability condition. In fact we get a rather complete answer. A more
systematic approach can be found in [33]. The crucial lemma 4.4. is a special-
ized version of a result proved there. For spaces with basis see [13].

We assume E = A"(A), F = A(B), E a Schwartz space and put P = EB é% F. P can be
considered as a space of double indexed sequences or of matrices. The dual P' can
be identified with the space of all matrices belonging to bounded linear maps
from F to E. By P*we denote the Kdthe dual of P, i.e. the space of all matrices

v = (Vi,j)i,je N such that

% U5, Vil <t
for all u = (ui,j)i,je N € P. E, means the set of nonnegative real sequences in
E = 2 (A).

4.1. Theorem (Grothendieck): The following are equivalent:

(a) P is bornological
(b) P is barrelled

! #*

(¢) P =P
(d) g Hmo ¥m, M€E, 3 R>0 vi,j:

a. a.
i,m 1 i,m
5 < R max Syl BT_Jl
Jmy i F3.m Jsng

3#
It is easy to see that we can write down (52) in the following way:

(52) yng dmy ¥m 3n, R > 0 vi,j]

a. a.- a.-

i,m o i,n i,mg

Fo_ = Rmax b_'_b_—>

Jsmg Jom o T3ung

Both conditions on the matrices are obviously related. We have even (see [13]):

#
4.2. Proposition: Conditions 4.1.(d) and (52) are equivalent.

At least for one part of 4.2. we shall now give a proof not involving any special
assumptions on E or F, in particular they are not assumed to be Kdthe spaces.

We recall that for any complete locally convex space X the following implications
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hold:
X bornological = X barrelled = Xé sequentially complete.
'® F

We shall show that sequential completeness of Pé, P = Lb(E,F) or P =E 3
#*

implies (52).

For the proof which has some similarity with the proof of Theorem 7 in [ 4] we
use the following notation: A projection P in F is called p -admissible if the
range of P is finite dimensional and

]
with y. ¢ F
Yy ety

#*
4.3, Lemma: (SZ) is equivalent to the following condition: For every . there
exist no,k such that for all K.m there exist n,S and a p-admissible projection P
with

Ity Tyl = Ui, Iyl + I, 1yl )
[¢]

for all x € E and y € (ker P) etc. denote the dual norms in (ker P)'

1

e | |u

Proof: We put Q = id - P and assume p < k < K. With C such that HQxHj < CHxHj
+* +* +*

for J = p.k,XK we have |y\j <|yo QHj =C \y|j for these j.

We obtain

Ixlly Iy © Qg = €S (Il ly @l + Ixl, Ty o QI)
[¢]

for all x ¢ E, y € (ker P)L, hence for all y ¢ FL. Since P has finite dimensional
range an analogous inequality with Q replaced by P is trivial.
#* #*
We add these inequalities and observe that |ly o QHj +llyo PHj is equivalent to
#*
Hynj for j = u,k,K. This proves the assertion.

4.4. Proposition: If PB 18 sequentially complete for P=Lb(E,F) or P=EB éﬂ Fs
#
then E and F satisfy condition (52).

#*
Proof: Under the assumption that (52) does not hold we construct double indexed
sequences X, in E and Yk on in F' such that the series
kén <yk,n’(pxk,n>

converges uniformly on every equicontinuous set of maps ¢ €¢L(E,F) and such that
the map A ¢ L(F,E) defined by

A= Zp X Yy ()



368 D. Vogt

is not bounded.

Since the equicontinuous subsets of L(F,E) are the bounded sets in Lb(E,F), since
furthermore the canonical map Eg é% F— Lb(E,F) is continuous and under the
canonical identifications (EB é% F)' corresponds to the bounded maps in L(F,E)
(if their image is contained in E c E") this proves the assertion.

We apply lemma 4.3. Then by assumption we have . (we can assume u = 1) such that
for every k (with Ny = k-1) there exist K (we can assume K = k+1) and m (we can
assume m = k) such that for all n and C and for all l-admissible projections P we
have x ¢ E, y € (ker P)i with

¥#*
X1l \ylk > C (I, \y\k,,l Xl g 1yl
(%)
¥#*
lixlh, =n, |yl =2

We choose a bijection v > (k(v), n{v)) from N onto N x N and set up an induction
onv. For v = 1 and k = k(1), n = n(l) we put C = 8, P = 0 and choose X n* Yeon
according to (*). We choose 3 € F with Hak n“k =1, Yk n(ak n) =1,

Let xk,n’ Yi n ak,n be chosen for k = k{(p), n =n(p) and v = 1, ... ,v such

that () is satisfied and y, (ay ) =8, 1 8, m -

v - 0y . . .
We put P(x) = uél xk(u)»n(u) Vi), n(w) (x). P is a l-admissible projection. We
put k = Kk(v+l), n = n(v+l), Q = id - P and choose C, such that HQxH = Co HxH
for j = 1,k,k+l. Now we set C = Cqy 2k+n+1 and find X,n €E, yk € (ker Py

N

according to (%), i.e. such that with Yk on n© Q

k+n+1

~ * ® *
ka,n”k ka,n'k > 2 (ka,an “yk,n”k+1 + ”xk,n“k-l ”yk,nﬂl )'

~ *
”xk,n“k = n, lyk,n'k

We choose 3 .n € ker P = im Q such that Hak,n”k =1 and Yin (ak,n) = Yi,n (ak,n)
= 1.

) . 1
We obtain double indexed sequences xk,n €k, yk,n € F, ak,n € F such that:

1 #* #* _k_n
(1) max (“xk,n”n Hyk’nHk+1, ka,n“k-l Hyk,nﬂl ) <n2

(2) ka,n”k =n, ”ak,nHk =1

(3) Yi,n (ay,p) = .1 ®n,m .
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Every equicontinuous subset of L{(E,F) is contained in one of the form B =
{¢ ¢ L(E,F) :walik = C(k) Han(k) for all k} with increasing sequences n(k) in N
and C(k) = 0.

Given B we put 1 = n(1l), m = n(1+1) and obtain for ¢ ¢ B

o0 *
KIn ine @Xndl = S iy § I ey Iy nlly +

1 o *
+00+1) 2y 2 Ik ally Iy pllen
T m-1 *
FCO) 2y iy I glly vy ol =
<C(1) 3. 202" yciel) 3, 3 one2k g
- k€1+1 n kgl n€m *

Since the estimate is termwise, the series on the left hand converges uniformly
on B.

For A ¢ L(F,E) as defined above we have A 0 T Xk hence |[|A a, n”k = n while
Hak n”k = 1 for all k and n. Therefore for every k the set {A x : Hka < 11 is

not bounded, i.e. A is not bounded.

1
{

*
E,F) = 0 in [31] are based on (S

Since all the necessary conditions for Ext 2)

they all are necessary conditions for the bornologicity or barreliedness of

Lb(E,F). Instead of a converse of Prop. 4.4. wecompiement it by a sufficient
condition.

4.5. Proposition: If E and F are nuclear, E has property (DN) and F has property
(R), then Lb(E,F) = Etl) éﬁ F Zs bormological.

Proof: From Grothendieck's result (8],11,§4,n%3, Cor. 2 (cf. 4.1. and 4.2.)
we know that Lb(s,s) is bornological.

From [24], Prop. 3.3. and 4.5., by adding complements we obtain exact
sequences
0+ESs>G-0

0>Hos 3Fo0

where G and H are complemented subspaces of s.

Since Extl(E,H) = 0 and Extl(G,s) = 0 we obtain that the map
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Lb(s,s) — Lb(E,F)
iR R

#*
, - e q .~
Sp® 5 —— Eb e, F

#*
is surjective. By [8 1,1, § 1, n° 2, Prop. 3 ¢ ® q is a topological homomorphism.
Hence E, éﬁ F = L,(E,F) is bornological.

Let V be a complex analytic manifold. In [8 ], 1I, § 4, p. 128 Grothendieck states
that Lb(af(V),éE(V)) is bornological if V = €, whereas for V = D (unit disc) it
is not. He asks for a classification of complex manifolds with respect to linear
topological properties of & (V). Now for the present case we can give a complete
answer.

4.6. Theorem: The following are equivalent:

(1) Lb(Q?(V), #.(V)) is bornological

(2) Lb(éf(V), % (V) ©s barrelled

(3) & (V) has property (DN)

(4) every plurisubharmonic function on V, which is bounded from above is constant

(strong Iiouville property).

Proof: We have (1) = ;2) = PB sequentially complete for P = Lb(af(V),ée(V)). By
4 .4, this implies (32) for E = F =2(V). Since [31}, Thm. 7.2. is completely based
on (S;) we know from that theorem that (V) has (DN).

(3)=(1) follows from 4.5. since #& (V) is nuclear and has property () (cf. [31]
§ 7,B).
The equivalence of (3) and (4) is shown in [37].

Before we treat the case of power series spaces we need some information about
the connection between the results of [27] and the present paper. By LB(F,E) we
denote the space of all bounded linear maps from F to E, i.e. those maps which
send some neighbourhood of zero into a bounded set. We obtain from [27], 1.3.
and 1.4.

4.7. Theorem: If E = Xx®(A) or F = X\(B) then the following are equivalent:

(1) L(F,E) = LB(F,E)

(2) for every sequence K(N) there exists K such that for each n we have No
and C with

* *
(Ixfl llyll, = C max %11y iyl
n 7K N=1,...,N NN
0
for all x ¢ E, y ¢ F'.
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One part of [27], 7.3. says that at least for reflexive E the equality L(F,E) =
LB(F,E) implies that Ey @ F, hence also Ej ® F is barrelled.

We recall that a Fréchet space F has property () if the following holds (s.[36] ,

[26] ):
2

_ ' # # #
(@) vk 3K YL 3C >0 vy € F' o flyle = Cllylt ilylly.

One connection between [27] and the present paper is given by the following lemma
which explains in a very satisfactory way the coincidence of the conditions in
[31) ., 4.2. and [27], 4.3. as well as in [31, 4.3. (r=1) and [27], 2.1. at least
for nuclear Al(a).

4.8. Lemma: If E = 2"(A) or F = \(B) and F has property (Q) then (SI) implies
L(F,E) = LB(F,E).

#
Proof: *(Sl) yields n,- For a given sequence K(N) we put p = K(no) and obtain

from (S;) a number k such that for all K and m we have n and S with

o= (. ey Bking
m - n H #* n *
Yl oyl

for all x ¢ E, y ¢ F'.

For k we choose K > k according to (@) and obtain for L = K(n), n = n{K,m) as in
(S]). a C > 0 such that

M i 191y

le iyl

for all y ¢ F'.

We obtain for x ¢ E, y € F':

Il Hy“: = (C + 8) max (lix], Hyﬂz(n) Ixil, HYH;(n ) )
] o o

which proves the assertion.

* *
Remark: A similar proof shows that (Sl) and (Sz) are equivalent if E has pro-

perty (DN).

In the following theorem we assume for (3), a.and B. that sup an+1/ Oy <+
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and for (3), v. that 1;']m Gl / a, = 1 (stability asswmptions).

A Fréchet space F has property () if the following holds (s. [27]: [31])

1+g 3
= # #* #*
() Yk, e >0 3IKVYL 3C>0 vyefF': llyHK =C HyI]L IIka .

Obviously property (®) implies (%).

The theorem extends {in the nuclear case) Prop. 15 in [8], II, §4,n°3 which gives
the case a. for E a Kothe space.

4.9. Theorem: If E and F are nuclear and one of them a power series space satis—

fying our stabillity assumptions, then the following are equivalent:

(1) Lb(E,F) 18 bornologtecal

(2) Lb(E,F) 18 barrelled

(3) a.if F = 4a.(a) : E has property (DN)
B.2f E = a_(a) : F has property (2)
v.if E = Al(a) : F has property (5)

Proof: As in 4.6. we have (1) = (2) = (SZ). Since the necessity parts of thms.

1., 4.2., 4.3. in [31] are based on (S;), these theorems yield (2) = (i). In
the cases a.and B. (3) = (1) follows from 4.5., in the case v, condition (Sl) is
satisfied as we know from [3], 4.2. the sufficiency part of which is based on (S{}.
4.8. yields L(F,E) = LB(F,E), which implies barrelledness of EB éﬁ F= Lb(E,F)
(s. [27], 7.3.). Finally Theorem 14.3. b in [87, II, § 4 n® 2 tells that in this
case (2) = (1).

5. We want to determine those Fréchet spaces E and F which can occur in a non-

trivial way in the relation Extl(E,F) = 0. We shall use the theory of [31]. Hence
#* #*

the main tool is an investigation of the relations (Sl) and (SZ)'

For a given fundamental system of seminorms in F we denote by Fk the canonical
Banach spaces The dual of Fk can be identified with the space Fk, its norm

with || Hk We use the following condition introduced by Bellenot and Dubinsky
[3] to characterize the Fréchet spaces which have nuclear Kdthe quotients with
continuous norm

#* #*
(*) 3 ¥k 3Kz osup vl sy € FLu il =11 = e

Typical exampies for spaces not satisfying (#) are products of Banach spaces or,
more general,quojections (s. [3]). The only Freéchet Montel space which does not
satisfy (#) is w.
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*
5.1. Proposition: If F does not satisfy (%) then (Sl) 18 satisfied for every

Fréchet space E.
The proof is obvious.

With respect to the following analysis (Lemma 5.3. and Thm. 5.5.) the proposition
means that*for F not satisfying (#) we cannot get any information on E from*(Sl)
or from (52). However it is only known under additional assumptions that (S]) im-
plies Extl(E,F) = 0 (see e.g. Thm. 1.9. or [3]], § 3).

If we restrict our attention mainly to the cases where either E or F is contained

in the class of nuclear spaces then the case where F is nuclear causes no diffi-
#

culty since in this case (Sl) implies Extl(E,F) =0.

In the other case we can give a precise characterization of the spaces F for which
Extl(E,F) = 0 for every E. Following Bellenot and Dubinsky [3] we call quojections
the Fréchet spaces F where F/ker || || is a Banach space for any continuous semi-
norm || ||. These are the spaces occuring in Lemma 3.2.. From Lemma 3.2. and an

argument in [3I], we obtain:

5.2. Theorem: The following are equivalent for a Fréchet space F:

(1) F is a quojection
(2) Ext}(w,F) = 0
(3) Extl(E,F) = 0 for every muclear Fréchet space E.

From [3 7] we know the following. If F is a quojection then it does not satisfy
(#). The converse is true for reflexive F. It is unknown if it is true always,
i.e. if F is a quojection iff it does not satisfy (#). Hence we do not know if
(for E restricted to the class of nuclear spaces) 5.1. and 5.5. cover everything.
But 5.1. says that 5.5. (1) is optimal as long as we use conditions (S;) and (S;)
for our analysis.

While in the preceding we discussed cases where we cannot get any information on
E from (S;) resp. (S;) or from Extl(E,F) = 0, our main objective is now to in-
vestigate the case of spaces with (#). We need the following generalization of (DN)
{cf. [2], [34]). Let ¢ always denote a strictly increasing continuous function
(0,40) = (D,+), Tim g(r) = + e.

-

(DN@) ang ¥m 3n, C wweE, r>0:

Xl = Co(r) Ixl, + 5 Ixl,.
0
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*
5.3. Lemma: If F satisfies (%) and E and F satisfy (52) then E has property
(DN¢) for some o .

*
Proof: We choose p according to (#) and obtain from (Sl) o and k. (#) again
yields K and putting this into (S;) we finally obtain: For every m there exists
n and S such that for all x ¢ Eandy ¥ 0 ¢ FL we have:

I, Iyl
I, =S —% Ixl, +S—% Ixl, -
HYIk 0 Hka

We choose a sequence y, ¢ Fé such that

# #
“yV”k ”yv+1”k
Wl gl @7

and a function ¢ such that for all $ > O we have C » 0 with

. 1,4l Lyl
3 *
Iyl

1A

1y, 41k
for all v ¢ N. For

M Iy qlh
A i < Sr= -——ifl—é
Iy, I Iy, 0%

we obtain

1
Xl = Cotr) Ixl 2 el
By increasing C if necessary we have this inequality for all r > 0 which proves

(ON,) -

5.4. Lemma: If E has property (DN¢) for some ¢ then there extsts a nuclear
*
Kothe space \(B) with continuous norm such that (S} 7s satisfied.

Proof: We choose a strictly increasing function v : (0,+=) - (044=)y W(ry =r,
1} = 1, Tim r} = + « such that
W1y = 1, 1 y(r)

im0 Lo
ro= o (r)

-1
for all v ¢ N. Moreover we choose a sequence Bj > 1 such that 3 Bj <t o
J

Vre errrrer
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We put
bj,l =1 for all j
b. , = w—lo ...O\y_l (8.) for all j
j.2 —_— J
(3-1)times

and define bj K for k > 2 inductively by

by «
b. = b, , | 22
Jok+l — 3Lk By k-1

We obtain for j = k

b,
J.k+l _ -1 -1
Ej_j(_ = Yo ...oV (bj,Z) = Vv o ...0¥ (Bj)
(k-1)times (j-k)times
Z B

Hence A(B) is nuclear. It has continuous norm.
#*
To establish (Sl) we choose o such that for all m we have n,C with

(1) Iy = Co(r) xl, + lixl,
0

for all r > 0 and x € E. For given p we put k = p + 1 and obtain for all K > k

TR JORS B ST B
k _ [). - \P 5.
Js VI Jsv J st

—1<b. )
Jsk
w ;'

Jau

and large j

i

A

b.
In (1) we put r = EQ:E and obtain for large j
J.k
b, b.
k .k
Ixlly, = €2 x|+ g2 Il
" i o Pik N
hence
P L P [
b. =

J.k JaK Jau
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for all j with appropriate S = 0, which proves the assertion (cf. 4.2.).

Lemma 5.3. and 5.4. together give the following theorems. Proposition 5.1.
tells us that the restriction on F is natural.

5.5. Theorem: The following are equivalent:

(1) there exists F satisfying (#*) such that Extl(E,F) =0

(2) there exists anuclear Fnot isomorphic to w such that Eth(EsF) =0
(3) E has property {DN@) for some ¢.

Remark: A trivial consequence is that (1) or (2) implies that E admits a
continuous norm.

To give a more careful analysis of the meaning of (3) in 5.5. we use the
following condition (s. [2§]):

(##) There exists Po such that for every p > Py We have a q = p with the follo -
wing property: every sequence in E which is Cauchy w.r.t. || ”q and converges to
0 w.r.t. || ||, even converges to O w.r.t. | [ .

Po P

This condition is equivalent to E being countably normable (s. [ 71), i.e. to
the existence of a fundamental system of norms on E whichmakes it into a countably
normed space in the sense of Gelfand - Silov.

5.6. Lemma: The following are equivalent :
(1) E has property (DN@) for some ¢
(2) the analogue to (##)with "Cauchy" replaced by "bounded" holds.

Proof: It is easy to prove that (1) implies (2). We assume (2) and show that the
property there implies:

Xl < (r) Ixi, +3

“psp, o Il

for all x ¢ E, r > 0 and an appropriate function ¢(r) = .0 q(r).
sHos

For this it suffices to show that for every r > 0 there exists M such that for
all x ¢ F

1

X[ = Mx + =

I Hp [ Hp =

. 11l

We assume that this were not true. Then there exists a r > 0 such that for every
M we have Xy € E with
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1
Il = Ml Tl

In particular ||xy,/| > 0. Hence we can assume [[xy,l = 1. But then [|xyl, - 0 and
Mip Mip M'P,
”Xm“q < r for all M which contradicts (2).

We choose ¢ such that

@ r
Tim “p.p0a 0

o o(r)

for all p,py.q which occur. It follows that E has property (DNw)'

If E is a Schwartz space then for every p we have P such that every sequence
which is bounded w.r.t. p has a subsequence which is Cauchy w.r.t. p. This proves
the second part of the following lemma, the first one is obvious from 5.6.

5.7. Lemma: (1) If E has property (DNq)) for some ¢ then it is countably normable.
(2) If E 28 a countably normable Schwartz space then it has property (DN®) for

some ¢ .
Hence theorem 5.5. gives for the case of Schwartz spaces:

5.8. Theorem: For a Schwartz space E the following are equivalent:
(1) there exists a Schwartz space (nuclear space) F not i{somorphic to w such
that ExtY(E,F) = 0

(2) E 7s countably normable.

In Dubinsky [57, [6] and in [7], [28] there are given examples of nuclear
(F)-spaces with continuous norm but not countably normable which therefore do
not have the bounded approximation property. From the preceding we conclude that
there are also examples of nuclear spaces E with continuous norm for which there
is no F satisfying (%) such that Extl(E,F) = 0. For F satisfying (%) and nuclear
E 5.1. implies Ext!(E,F) = 0.

To determine conditions on F for the existence of E such that Extl(E,F) =0 we
recall the following concept which was introduced by Grothendieck [9] : A locally
convex space F is called quasi-normable if for every equicontinuous set A < F'
there is a neighbourhood of zero V in F such that on A the topology of FB coin-
cides with the topology of uniform convergence on V.

Equivalently (s. [9], p. lo7): F is quasi-normable if and only if for every
neighbourhood of zero U there exists V such that for each a > 0 there exists a
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bounded set B ¢ F such that
VcB +aqlU.

In [14] it is shown that a Fréchet space F is quasinormable if and only if
there exists ¢ such that F has the property

(SZ(D) Yudk VKICVYr>0,yc¢kF

Iyl = Co(r) vl + & Vi, -

*
5.9. Llemma: If E and F satisfy (52) and E 18 a proper (non normable) Fréchet
space, then F has property (Qw) for some ¢ .

Proof: If F does not satisfy condition («) then it obviously has property (9@}
for every ¢ and hence it is quasi-normable.

If it satisfies condition {#) then we know from the remark after 5.5. that E
admits a continuous norm. We can assume that all || ”k on E are norms. In an
analogous way as in the proof of 5.3. we show that F has property (QQ) for
some ¢ .

*
Given p we find o and k according to (52). We choose m > o such that there
exists a sequence x, € E such that

(L P

<
BT~ Tl oo

co

This is possible since F is not normable. For given K and m we obtain n and S
such that for all y ¢ F' and v :

il =S ﬂ—”—ux\’“" Iyl + S WHXV“” iyl
i, = + .
k Xv m Y K Xv m Y K

We continue as in the proof of 5.3.

The existence of a nuclear A(A) even with some additional properties, for given
F with property (9¢),such that Extl(x(A),F) = 0 is implicitly shown in [14].
But since we do not need here the additional properties we give a direct proof.

5.1lo. Lemma: If F has property (Q¢) for some ¢ then there exists a nuclear

Ksthe space E = NA) such that (ST) s satisfied.

Proof: MWe can assume o(r) = r, ¢(1) = 1. We choose ay = 1 such that z «
J

J

< + e
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and put

el
1

i1 1 for all j

aj,2 aj for all j

i

For k » 2 we define aj K inductively by
a. =a. . elas ).
Jak+l AL J.k

An induction argument shows that cp(aj k) z ay for k = 2 hence
35kl _
%3 5k

¢(aj,k) z aj

which implies that X{A} is nuclear.
The proof continues as the proof of 5.4.

The equivalence of (2) and (3) in the following theorem is contained in [14],
theorem 6. It should be noticed that here we do not need the more sophisticated
construction of A(A) given in [14]. The eguivalence of (1) and (2) is contained
in Lemmas 5.9. and 5.lo.

5.11. Theorem: For a Fréchet space F the following are equivalent:
(1) there exists a proper Fréchet space E such that Extl(E,F) =0
(2) F has property (RW) for some ¢

(3) ¥ is quasi-normable .
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