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PREFACE 

The F i r s t  and Second Conferences on Func t iona l  Ana lys i s  a t  t h e  U n i v e r s i t y  of 

Paderborn had been h e l d  i n  November 1976 and February 1979; t h e i r  Proceedings 

were pub l i shed  ( i n  1977 and 1980) as volumes 27 (Notas de Matematica 63) and 38 

(Notas de Matematica 68) o f  t h e  Nor th -Ho l land Mathematics S tud ies  s e r i e s ,  

r e s p e c t i v e l y .  

The T h i r d  Paderborn Conference on Func t iona l  Ana lys i s  took  p lace  f rom May 24 t o  

May 29, 1983 ( i .  e., i t  was one day l o n g e r  than  t h e  p rev ious  mee t ings ) .  Organ izers  

and e d i t o r s  o f  t h i s  volume, which con ta ins  t h e  Proceedings o f  t h e  conference, 

were aga in  K.-0. B i e r s t e d t  and B. Fuchss te ine r  . - Many o f  t h e  i n v i t e d  l e c t u r e r s  o f  

t h e  f i r s t  two meet ings a l s o  a t tended t h e  1983 conference; 

l e c t u r e s ,  and o t h e r s  served as chairmen o f  t h e  sessions. 

A t  t h e  1983 Paderborn Conference, t h e r e  were 17 i n v i t e d  l e c t u r e s  ( o f  50 o r  75 

minutes each) on t o p i c s  o f  c u r r e n t  a c t i v e  research  i n  f u n c t i o n a l  a n a l y s i s ,  ope ra to r  

t heo ry ,  and r e l a t e d  areas. Again,  

meet ings,  most o f  t h e  speakers o f  t h e  i n v i t e d  l e c t u r e s  f i r s t  p resented  a survey of 

t h e  theo ry ,  some m o t i v a t i o n  and background i n f o r m a t i o n  i n  t h e  f i r s t  p a r t  o f  t h e i r  

t a l k  b e f o r e  proceed ing  t o  r e c e n t  c o n t r i b u t i o n s  and new r e s u l t s .  

S ince  t h i s  conference was one day l o n g e r  than those o f  1977 and 1980, i t  was a l s o  

p o s s i b l e  t o  i n c l u d e  8 s h o r t  l e c t u r e s  ( o f  25 minu tes  each), and f o u r  a r t i c l e s  i n  

t h i s  book were c o n t r i b u t e d  f rom t h i s  p a r t  o f  t h e  p a r t i c i p a n t s .  - The j o i n t  paper 

o f  H. Goldmann, 6.  K r a m  and 0. Vogt i s  based on d i scuss ions  d u r i n g  t h e  meet ing,  

and f o r  i t s  o r i g i n s  see t h e  remark a t  t h e  end o f  (3.1) i n  Kramm's a r t i c l e .  F u r t h e r -  

more, one a r t i c l e  was submi t ted  by L. A .  Moraes, a p a r t i c i p a n t  o f  t h e  conference. 

As a g lance a t  t h e  t a b l e  o f  con ten ts  shows, t h e  22 a r t i c l e s  i n  t h i s  volume deal  

w i t h  many d i f f e r e n t  aspec ts  of f u n c t i o n a l  a n a l y s i s  and i t s  a p p l i c a t i o n s ,  rang ing  

f rom Banach space t h e o r y  and t h e  t h e o r y  o f  (nuc lea r )  FrGchet spaces t o  e.g. 

p o s i t i v e  ope ra to rs ,  au tomat ic  c o n t i n u i t y ,  C *  - and von Neumann a lgebras ,  f u n c t i o n  

a lgebras ,  d i s t r i b u t i o n  t h e o r y  and c o n v o l u t i o n  opera to rs .  

some o f  them gave s h o r t  

i n  accordance w i t h  t h e  aim o f  t h i s  s e r i e s  o f  



vi Preface 

A t  t h e  t ime  when t h e  manuscr ip ts  f o r  t h i s  Proceedings volume kep t  a r r i v i n g  a t  

Paderborn, we rece ived  t h e  sad news o f  6. Kramm's t r a g i c  death  on October 11,  1983. 

A l l  t h e  p a r t i c i p a n t s  o f  t h e  conference w i l l  remember Bruno Kramm as an a c t i v e  and 

very  ene rge t i c  mathematic ian,  f u l l  o f  i n t e r e s t i n g  ideas .  We a l l  deeply r e g r e t  t h i s  

g r e a t  l o s s .  

The o r i g i n a l  p lans  f o r  Kramm's survey a r t i c l e  i n  these Proceedings i nc luded  8 

chapters  o f  which, due t o  h i s  severe i l l n e s s  t h i s  summer and f a l l ,  o n l y  4 c o u l d  

a c t u a l l y  be f i n i s h e d .  I n  the  p r e p a r a t i o n  o f  h i s  c o n t r i b u t i o n  (and o f  t h e  manus- 

c r i p t  i n  t h i s  volume), Kramm was he lped by h i s  s tudent ,  H. Goldmann. I n  f a c t ,  as 

t ime  went on and Kramm's h e a l t h  s i t u a t i o n  became c r i t i c a l ,  Goldmann was, more and 

more, on h i s  own, t u r n i n g  t h e  no tes  i n t o  t h e  f i n a l  v e r s i o n  o f  t h e  paper. 

O f  course, t h e  p resen t  a r t i c l e  " N u c l e a r i t y  and f u n c t i o n  a lgebras  - a survey  - I '  

by Bruno Kramm i s  n o t  r e a l l y  what Kramm had i n  mind when he s t a r t e d  w r i t i n g  i t  and 

what t h e  e d i t o r s  had hoped t o  rece ive .  E.g., i t  does n o t  c o n t a i n  an i n t r o d u c t i o n  

and breaks o f f  a t  t h e  end o f  chap te r  4. However, i n  i t s  o r g a n i z a t i o n  and i n  t h e  

i n c l u s i o n  o f  problems and i n t e r e s t i n g  remarks, i t  c l e a r l y  r e f l e c t s  Kramm's s p i r i t  

and some o f  h i s  research  on t h e  b o r d e r l i n e s  between f u n c t i o n a l  a n a l y s i s ,  seve ra l  

complex v a r i a b l e s  and f u n c t i o n  a lgebras .  So we decided t o  i n c l u d e  t h e  manuscr ip t  

i n  these Proceedings. 

I t  remains t o  thank once more a l l  those who p a r t i c i p a t e d  i n  t h e  meet ing  f o r  t h e i r  

i n t e r e s t  and the  s t i m u l a t i n g  d i scuss ions ,  above a l l  t h e  speakers and t h e  chairmen 

o f  t h e  sessions. We thank a l l  t h e  c o n t r i b u t o r s  f o r  t h e  p repara t i on  o f  t h e i r  manus- 

c r i p t s  i n  t ime  f o r  t h e  p u b l i c a t i o n  ( t h e  dead l i ne  was, more o r  l e s s ,  September 30, 

1983, b u t  t h e  l a s t  paper a c t u a l l y  a r r i v e d  a t  Paderborn i n  l a t e  November). We thank 

t h e  a n a l y s i s  group o f  Paderborn f o r  t h e i r  h e l p  i n  o r g a n i z i n g  t h e  meet ing  and i n  

p roo f read ing  t h e  manuscr ipts;  we ment ion  J .  Cioranescu, 6. E rns t .  R. H o l l s t e i n  

and, above a l l ,  Wolfgang Lusky i n  t h i s  connect ion .  Ms. 6. Duddeck d i d  an e x c e l l e n t  

j o b  w i t h  t h e  t y p i n g  o f  two manuscr ip ts  (and t h e  f i r s t  pages o f  t h e  book) as w e l l  

as w i t h  t h e  c o r r e c t i o n  o f  many m i s p r i n t s .  

F i n a l l y ,  we would l i k e  t o  thank " S t i f t u n g  Volkswagenwerk" f o r  p r o v i d i n g  t h e  funds 

f o r  t h e  conference, Universitat-Gesamthochschule Paderborn f o r  a l l  t h e  suppor t ,  t h e  

e d i t o r  o f  Notas de MatemStica, Leopoldo Nachbin, and t h e  p u b l i s h e r  f o r  i n c l u d i n g  

t h i s  volume i n  t h e i r  s e r i e s .  

K. D. B i e r s t e d t  

6. Fuchss te ine r  

E d i t o r s '  address: 

K.-D. B i e r s t e d t ,  B. Fuchss te iner ,  FB 17, Mathematik, Universitat-Gesamthochschule- 
Paderborn, Pos t fach  16 21,  0-4790 Paderborn, Germany 



vi i 

SCHEDULE OF LECTURES 

Wednesday, May 25,  1983: 

Morning Session 

9.00 Opening Session 

Chairman: J .  Schmets (Lie 'ge) 

C*-a1 gebras 

9.30 - 10.45 H. G. Dales (Leeds),  Automat ic c o n t i n u i t y  o f  homomorphisms f rom 

Chairman: S. 0. C h a t t e r j i  (Lausanne) 

Godement f o r  genera l i zed  Ge l fand p a i r s  

11.15 - 12.30 E .  G. F. Thomas (Groningen),  The theorem o f  Bochner-Schwartz- 

A f te rnoon  Session 

Chairman: G. Ma1 tese  (Munster)  

N i kodym theorem 

2.30 - 3.20 H. H. Schaefer (Tubingen),  P o s i t i v e  b i l i n e a r  forms and t h e  Radon- 

3.30 - 4.20 R. Nagel (Tubingen),  What can p o s i t i v i t y  do f o r  s t a b i l i t y ?  

Chairman: E .  A l b r e c h t  (Saarbrucken) 

4.40 - 5.55 K. B. Laursen (Copenhagen), Commutative homomorphisms f rom 

C*-a1 gebras 

Thursday, May 26, 1983: 

Morning Session 

Chairman: T. T e r z i o g l u  (Ankara /Wupper ta l )  

between FrEchet spaces 

9.00 - 10.15 0. Vogt (Wuppertal) ,  Recent r e s u l t s  on cont inuous  l i n e a r  maps 
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10.25 

12.05 

Chairman: W. Kaba l l o  (Dortmund) 

11.15 R. Meise (Dusse ldo r f ) ,  Power s e r i e s  spaces o f  i n f i n i t e  t y p e  i n  

d i s c r e t e  weighted i n t e r p o l a t i o n  t h e o r y  and as ke rne ls  o f  

c o n v o l u t i o n  opera to rs  

12.30 V .  A u r i c h  (Munchen), Bounded holomorphic embeddings o f  t h e  u n i t  

d i s k  i n t o  Banach spaces 

Af te rnoon Session 

Chairman: H. G. T i l l m a n n  (Munster)  

Lm and s i m i l a r  spaces 

2.30 - 3.45 H. P. L o t z  (Urbana /Tubingen),  Un i fo rm convergence o f  ope ra to rs  i n  

3.55 - 4.20 R. M. Aron (Dub l i n ) ,  I n f i n i t e  dimensional  p o l y d i s c  a lgebras  

Chairman: M. Neumann (Essen) 

and some o f  t h e i r  a p p l i c a t i o n s  

t i e s  i n  tenso r  p roduc ts  

4.40 - 5.30 L. Weis ( K a i s e r s l a u t e r n ) ,  Decompositions o f  p o s i t i v e  ope ra to rs  

5.40 - 6.05 P. PPrez Car reras  (Va lenc ia ) ,  P r e s e r v a t i o n  o f  bar re ledness  proper -  

Fr iday ,  May 27, 1983: 

Morning Session 

Chairman: H. Konig ( K i e l )  

9.00 - 10.15 P. Wojtaszczyk (Warszawa), The Banach space H, 

Chairman: 6. Gramsch (Mainz) 

10.45 - 12.00 A. PeTczyiiski (Warszawa), C r i t i c a l  exponents 

12.10 - 12.35 C. Schu t t  ( K i e l ) ,  On t h e  p o s i t i v e .  p r o j e c t i o n  cons tan t  

A f te rnoon  Session 

Chairman: H. J .  Petzsche (Dusse ldo r f )  

2.30 - 3.45 B. Kramm (Bayreuth) ,  N u c l e a r i t y  and f u n c t i o n  a lgebras  

C h a i  rman : M. Wol f f (Tubi  ngen ) 

l i n e a r  ope ra to rs  

4.05 - 4.55 K. Donner (Munchen), Ex tens ion  o f  ope ra to rs  and approx imat ion  by 
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1 

5.05 - 5.30 H. v .  Weizsacker ( K a i s e r s l a u t e r n ) ,  Orthogonal  ke rne ls  

Saturday, May 28, 1983: 

Morning Session 

Chairman: G. H e g e r f e l d t  (Go t t i ngen)  

a1 gebras 

9.00 - 9.50 G. W i t t s t o c k  (Saarbrucken),  M a t r i x  convex a n a l y s i s  on opera to r  

10.00 - 10.25 D. Petz (Budapest) ,  Ergod ic  theorems i n  von Neumann a lgebras  

Chairman: K. F l o r e t  ( K i e l )  

d i s t r i b u t i o n s  

10.55 - 12.10 P .  D i e r o l f  ( T r i e r ) ,  M u l t i p l i c a t i o n  opera to rs  between spaces o f  

12.20 - 12.45 R .  Mennicken (Regensburg), An e lementary  p r o o f  o f  a theorem o f  

Kel dyS 

A f te rnoon  Session 

Chairman: A .  Cost6 (Dakar/Caen) 

2.45 - 3.35 H. Jarchow ( Z u r i c h ) ,  H i l b e r t i s a b l e  t o p o l o g i e s  on Banach spaces 

Chairman: W. Lusky (Paderborn) 

o f  f u n c t i o n s  on Banach spaces 

4.00 - 4.50 C .  S t e g a l l  ( L i n z ) ,  A c l a s s  o f  t o p o l o g i c a l  spaces and d i f f e r e n t i a t i o n  

5.00 - 5.25 W. Ruess (Essen), Geometry o f  ope ra to r  spaces. 
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THE BANACH SPACE H., 

P .  Wojtaszczyk 

I n s t i t u t e  of Mathematics 
P o l i s h  Academy of  S c i e n c e s  
00 - 9 5 0  Warszawa, Poland 

W e  p r e s e n t  t h e  l i n e a r  - t o p o l o g i c a l  p r o p e r t i e s  

of t h e  c l a s s i c a l  Hardy space  H 
1 '  

INTRODUCTION 

The aim of  t h i s  pape r  i s  t o  g i v e  a n  e x p o s i t i o n  o f  l i n e a r  - t o p o l o g i c a l  

and isometric p r o p e r t i e s  o f  t h e  c l a s s i c a l  Hardy s p a c e  

importance o f  t h e  space  H 1 ( D )  and i t s  v e r s i o n s  l i k e  R e H l  ( T )  i n  

a n a l y s i s  s t e m s  from t h e  f a c t  t h a t  many i n t e g r a l  o p e r a t o r s  which a r e  

unbounded on L1 a r e  bounded on H I .  W e  w i l l  n o t  e l a b o r a t e  on t h i s  

p o i n t  h e r e .  While w r i t i n g  t h i s  pape r  w e  had two g o a l s  i n  mind. F i r s t ,  

w e  wanted t o  show to  a f u n c t i o n a l  a n a l y s t  an i n t e r e s t i n g  and n a t u r a l  

example o f  Banach s p a c e .  I n  o u r  o p i n i o n  t h e  Banach space  p r o p e r t i e s  

o f  H (D) a r e  n o t  w e l l  unde r s tood .  There a r e  many i n t e r e s t i n g  and 

d i f f i c u l t  problems.  Secondly t o  a c l a s s i c a l  a n a l y s t  t h e  f u n c t i o n a l  

a n a l y t i c  p o i n t  of view may be t h e  s o u r c e  o f  new problems.  

H 1 ( D ) .  The 

1 

Our p r e s e n t a t i o n  of t h e  s u b j e c t  i s  l i m i t e d  t o  

H ( D )  i s  embedded i n t o  t h e  s c a l e  of H s p a c e s ,  0 < p  i m  i s  r e c e i v i n g  

ve ry  l i t t l e  a t t e n t i o n .  L e t  us  remark h e r e  t h a t  t h e  s c a l e  of H spa- 

ces, 0 < p z m  seems t o  be  n i c e r  t han  t h e  much more i n v e s t i g a t e d  scale 

H 1 ( D ) .  The f a c t  t h a t  

- 1 P 

P 

of  L s p a c e s ,  0 < p  < m .  I n  p a r t i c u l a r  t h e  pas sage  from p '1 t o  
P 
i s  much more n a t u r a l  f o r  H t h a n  f o r  L s p a c e s .  The 

g e n e r a l i s a t i o n  from Banach s p a c e  c a s e  t o  p-Banach s p a c e s ,  p < 1  i s  

much easier t o  unde r s t and  i f  one t h i n k s  i n  t e r m s  o f  H - spaces .  

Also t h e  d u a l  and p r e d u a l  of  

a t t e n t i o n .  T h i s  i s  n o t  i n t ended  t o  mean t h a t  t h e  space  BMO d e s e r v e s  

s m a l l e r  a t t e n t i o n  t h a n  H , ( D )  does .  

P P 
P < I  

P 
H , ( D )  r e c e i v e s  r e l a t i v e l y  l i t t l e  
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Now some e x p l a n a t i o n  abou t  t h e  s t y l e  o f  e x p o s i t i o n .  W e  u s u a l l y  do 

n o t  g i v e  p r o o f s  of  p r e s e n t e d  r e s u l t s ,  however w e  d i d  o u r  b e s t  t o  

g i v e  d e t a i l e d  r e f e r e n c e s  t o  t h e  l i t e r a t u r e  where t h e  proof can  be 

found. When t h e  proof  i s  g i v e n ,  it i s  u s u a l l y  a s k e t c h .  A s  a r u l e  

t h i s  happens when t h i s  p a r t i c u l a r  proof o r  r e s u l t  i s  n o t  e x p l i c i t l y  

s t a t e d  i n  t h e  l i t e r a t u r e ,  b u t  i s  an e a s y  consequence of known 

r e s u l t s  o r  methods. 

The p a p e r - i s  d i v i d e d  i n t o  seven s e c t i o n s  of v e r y  unequal  l e n g t h .  

The f i r s t  two g i v e  t h e  n e c e s s a r y  a n a l y t i c  background, t h e  n e x t  

f o u r  a r e  devoted t o  t h e  s u b j e c t  p r o p e r  o f  o u r  e x p o s i t i o n  w h i l e  

t h e  l a s t  one f o r m u l a t e s  some a d d i t i o n a l  d i r e c t i o n s  f o r  p o s s i b l e  

f u t u r e  r e s e a r c h .  

N o w  w e  i n d i c a t e  t h e  c o n t e n t  of  p a r t i c u l a r  s e c t i o n s .  S e c t i o n  1 

d e s c r i b e s  t h e  s p a c e  

t h e  u n i t  d i s c  w h i l e  S e c t i o n  2 p r e s e n t s  t h e  real  v a r i a b l e  approach 

t o  t h e  s a m e  space .  S e c t i o n  3 g i v e s  some r e s u l t s  on g e n e r a l  subspaces  

o f  H 1 ( D ) .  S h o r t  S e c t i o n  4 i s  devoted t o  i s o m e t r i c  problems.  

S e c t i o n  5 c o n t a i n s  t h e  d e s c r i p t i o n  of  b a s e s  and u n c o n d i t i o n a l  b a s e s  

i n  H I  and c l o s e l y  r e l a t e d  r e s u l t s  abou t  isomorphisms between H 1 ( D )  

and v a r i o u s  o t h e r  s p a c e s .  F i n a l l y  S e c t i o n  6 d i s c u s s e s  complemented 

subspaces  of  H ,  (D). 

H 1 ( D )  as a space  of  a n a l y t i c  f u n c t i o n s  on 

SECTION 1 ;  

Complex f u n c t i o n  approach t o  H , ( D ) .  

I t  i s  w e l l  known t h a t  t h e  f u n c t i o n  f ( 2 )  a n a l y t i c  i n  D = { z  E E  : 

I z I  < I }  can have an e x t r e m a l l y  i r r e g u l a r  behav iour  a s  I z I  approa- 

ches  1 .  So it i s  a n a t u r a l  i d e a  t o  c o n s i d e r  f u n c t i o n s  w i t h  somehow 

r e s t r i c t e d  behaviour  c l o s e  t o  t h e  boundary. Hardy s p a c e s  is  one 

such p o s s i b i l i t y ,  which t u r n e d  o u t  t o  be ex t r eme ly  s u c c e s s f u l .  For 

0 < p  < m  w e  d e f i n e  H ( D )  as t h e  space  o f  a l l  a n a l y t i c  f u n c t i o n s  

f ( z ) ,  / z l  < I  such  t h a t  
P - 

So w e  r e s t r i c t  t h e  mean growth of  a f u n c t i o n .  The f i r s t  impor t an t  

p r o p e r t y  of  a f u n c t i o n  from H ( D )  i s  t h a t  it l e a v e s  a good t r a c e  

on T. T h i s  is summarised i n  t h e  f o l l o w i n g  
P 
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THEOREM 1.1.  
m 

n i e )  
L e t  f ( z )  = C anz  E H p ( D )  

n =O 

f o r  a l l  r < I .  Then t h e r e  e x i s t s  a f u n c t i o n  f (e  ) E L p ( T )  such t h a t  

a )  l i m  f =f almost everywhere 

and l e t  f r ( e i e )  be d e f i n e d  a s  f ( r e  

i 0  

r+l 

and in L P ( T )  

a, 

c )  i f  p ~ 1  t h e n  f(eiO) has t h e  F o u r i e r  series C aneine. 
n =O 

These a r e  by no means t r i v i a l  f a c t s .  

From now on w e  w i l l  v e ry  o f t e n  i d e n t i f y  H ( D )  w i t h  a subspace o f  

L p ( T ) .  Hidden i n  t h o s e  s t a t e m e n t s  i s  a n  impor t an t  

L e t  us  d i s c u s s  it i n  more d e t a i l .  Consider  p = I .  Then 

a bounded f a m i l y  i n  

t h o s e  f u n c t i o n s  w e  e a s i l y  see t h a t  (f ) converges  i n  t h e  fweak 

topo logy  t o  a measure whose F o u r i e r  series is C ane . That  
n=O 

t h i s  measure i s  a c t u a l l y  a n  L , ( T )  f u n c t i o n  is  a c o n t e n t  of  t h e  

P 
F.M.Riesz Theorem. 

( f r ) r < l  
L 1 ( T ) .  I f  w e  l ook  a t  t h e  F o u r i e r  ser ies  o f  

i s  

r m i n 0  

THEOREM 1.2.(F.M.Riesz)  

L e t  p be a measure on T such t h a t  

2 T  
Je-inedu(0) = O  f o r  n = 1 , 2 , 3 ,  ... 
0 

Then p i s  a b s o l u t e l y  con t inuous  w i t h  r e s p e c t  t o  t h e  Lebesgue 

measure.  

A f u n c t i o n a l  a n a l y t i c  c o r o l l a r y  of t h i s  theorem i s  t h a t  H 1 ( D )  is 

a *weak c l o s e d  subspace of  M ( T ) ,  so it i s  a d u a l  space .  A c t u a l l y  

w e  can  s a y  a l i t t l e  m o r e .  L e t  A. d e n o t e  t h e  c l o s u r e  i n  C ( T )  o f  

t h e  se t  {einOln=, and l e t  H Z  deno te  t h e  a ( L w , L 1 )  c l o s u r e  o f  

t h e  same se t .  Those s p a c e s  can be i d e n t i f i e d  w i t h  t h e  s p a c e s  of  a l l  

a n a l y t i c  f u n c t i o n s  which a r e  uniformly con t inuous  i n  D o r  bounded 

i n  D,  r e s p e c t i v e l y .  

W 
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COROLLARY 1 . 3 .  

H ~ ( D )  is isometric to the dual of C(T)/Ao and H1(D)* is 

isometric to L_ ( T )  /H:. 

Now we will explain the canonical factorization. We first introduce 

three classes of functions. 

m 

(1) Blaschke products. Let (an)n=, be a sequence of numbers from D 
m 

such that C (l-lanl) <a. 
n= 1 

Then 

janl an-z 

n=l n I-: z 
B(z) = II a 

n 

is an analytic function (called Blaschke product) such that 

(a) the zeros of B(z) are exactly counting multiplicity, 

(b) IB(z)/ < I  for z ED and IB(eie)l = I  a.e. 

m 

( 2 )  Singular inner functions are the functions of the form 

for some positive singular measure on T. Basic properties 

of singular inner functions are 

for Z E D  

for z ED 

= I  a.e. 

CAUTION : 

S ( z ) - ’  

( 3 )  Outer functions. For $(t) defined on T such that $(t) 20, 
log $ EL1, I) ELP 

is not bounded, it does not even belong to any Hp(D). 

we define an outer function of the class H to be 
P 
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i e  
where y i s  a r e a l  number. I t  i s  easy  t o  see t h a t  ( F ( e  ) I  = $ ( e ) .  
Obviously F ( z )  has  no ze ros  i n  D .  

Now w e  are r eady  t o  s ta te  

THEOREM 1 . 4 .  (Canonical  f a c t o r i z a t i o n  t h e o r e m ) .  

Every f u n c t i o n  f E H  ( D )  admits  a unique f a c t o r i z a t i o n  i n  t h e  form 

f ( z )  = B ( z ) . S ( z ) . F ( z )  where B i s  a Blaschke p r o d u c t ,  S i s  a 

s i n g u l a r  i n n e r  f u n c t i o n  and F i s  an o u t e r  f u n c t i o n  of class 

C o n v e r s e l y e v e r y s u c h  p r o d u c t  be longs  t o  H p ( D ) .  

The f o l l o w i n g  easy  c o r o l l a r y  from t h e  Canonical  F a c t o r i z a t i o n  

Theorem i s  v e r y  u s e f u l .  

P 

%' 

COROLLARY 1 . 5 .  

a )  Every f E H D ( D )  can be w r i t t e n  a s  f = h  + h 2  where h l , h 2  have 1 
no z e r o s  i n  D and l l h l [ l r  

b )  L e t  - ' =- +- t h e n  e v e r y  

g E H q ( D ) ,  h E H r ( D )  and I ]  f 
p a r t i c u l a r  f o r  p = I  w e  can  

1 
P cs r '  

f E H  ( D )  c a n  be w r i t t e n  
P 

have r =q = 2 .  

a s  f = g - h ,  

Br ( D 1  ' - i n  

The p r o o f s  a r e  so e a s y  t h a t  w e  can  g i v e  them h e r e .  L e t  f =B*S .F .  

For  a )  p u t  h = ( B - l ) . S . F  and h 2  =S .F .  For b) p u t  g =B*S*F  and 
1 

h =FP/'. 

The s p e c i a l  case of  b )  t h a t  e v e r y  H 1 ( D )  f u n c t i o n  i s  a p r o d u c t  o f  

two H 2 ( D )  

o f  H 1 ( D ) .  I do n o t  want t o  go i n t o  d e t a i l s ,  h e r e .  L e t  m e  s a y  o n l y  

t h a t  it i s  p o s s i b l e  t o  r e p r e s e n t  t h e  p r e d u a l  o f  

C ( T ) / A o ,  a s  a space  of so c a l l e d  compact Hankel o p e r a t o r s  on a 

H i l b e r t  space .  The proof  of t h i s  a s s e r t i o n  c a n  be found i n  [K -P I  o r  

[ S a r ]  and a d e t a i l e d  e x p o s i t i o n  o f  t h e  t h e o r y  o f  t h o s e  o p e r a t o r s  is  

g i v e n  i n  [H - P I  and [Pow]. 

f u n c t i o n s  opens up a new d e s c r i p t i o n  of d u a l  and p r e d u a l  

H 1 ( D ) ,  the  space  

NOTE. 

A l l  facts p r e s e n t e d  i n  t h i s  S e c t i o n  are c l a s s i c a l  and can be found i n  
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any of t h e  books [Dur] ,  [Ho],  [Koo] , [Ka t ] , [Zyg] .  

SECTION 2 :  

Real va r i ab le  approach t o  

The theory  sketched i n  t h e  prev ious  s e c t i o n  depended very much on 

t o o l s  ( l i k e  Blaschke products )  which a r e  p e c u l i a r  t o  one-dimensional 

s i t u a t i o n ,  and are impossible  t o  g e n e r a l i s e  t o  s e v e r a l  v a r i a b l e  

s i t u a t i o n .  Thus a t tempts  t o  g e n e r a l i s e  t h e  theory  requi red  new t o o l s .  

I t  i s  a remarkable f a c t  t h a t  those  new t o o l s  invented f o r  gene ra l i s a -  

t i o n  had a l s o  a tremendous impact on t h e  c l a s s i c a l  theory .  I n  t h i s  

s e c t i o n  w e  i n t end  t o  desc r ibe  t h i s  real  v a r i a b l e  approach t o  

L e t  us t ake  f ( z )  E H , ( D ) .  W e  know t h a t  f ( e  ) E L T ( T ) ,  and 

H1 (D) . 

H 1 ( D ) .  

= J T l f ( e i e )  ld0. I t  i s  a l s o  w e l l  known t h a t  R e f ( z )  de t e r -  

i f 3  

f l I H 1  ( D )  

mines I m f ( z )  up t o  a cons t an t .  Moreover it fo l lows  from Theorem 1 . 1  

t h a t  both Ref(ei*) and Imf(eie)  e x i s t  on T .  S ince  I /  f l I H ,  ( D )  <a, 

i f  and only  i f  both Ref(eie) and Imf(eie) belong t o  L 1 ( T )  ' w e  may 

say  t h a t  w e  are i n t e r e s t e d  i n  harmonic func t ions  h ( z ) ,  z E D  such 

t h a t  both h and its harmonic conjugate  have boundary va lues  i n  

L , ( T ) .  I t  is  known ( c f . [ K a t ~ , ~ K o o ] , [ Z y g ~ )  t h a t  f o r  € E L 1 ( T )  t h e r e  

ex is t s  a harmonic ex tens ion  v i a  t h e  Poisson formula t o  a harmonic 
r-L 

and i t s  harmonic conjugate  f(z) has boundary va lues  

the  p r i n c i p a l  va lue  of t h e  fol lowing improper i n t e g r a l  

func t ion  f ( 2 )  

on T given b 

F(eit) = / f ( t - . c  
T 

This j u s t i f i e s  t h e  fol lowing d e f i n i t i o n :  

R e H l  ( T )  i s  t h e  space 

wi th  t h e  norm 

I l f l I R e H 1 ( T )  f l l L l  

- 
of a l l  func t ions  f E L 1 ( T )  such t h a t  f E L 1 ( T )  

d 

T )  + l I f 1 I L 1 ( T )  

This space ReH (T) b a s i c a l l y  c o n s i s t s  of  real  valued func t ions  bu t  

t h e r e  i s  no d i f f i c u l t y  i n  cons ider ing  complex func t ions  as w e l l .  

S ince it is known t h a t  f o r  f E L  ( t ) ,  1 < p  < -  f a l s o  i s  i n  L p ( T )  

w e  i n f e r  t h a t  

1 

N 

P 
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U L (T)C ReHl !T)C L1 (T) . 
p>l p 

Up till now it may be seen merely as atranslation but the point is 

that in this way we put our space 

tive. The fundamental development in this context is the Fefferman 

duality theorem. We start by introducing the space BMO of functions 

of bounded mean oscillation. Let f (T). For every interval IC T 

we put fI =h if. We say that f EBMO(T) if 

H,(D) into entirely new perspec- 

The quantity above is not a norm (it is zero for the constant 

function) so we define the norm by the formula 

It follows from the John-Nierenberg inequality (cf.[J-N],[Ner]) 

that the above norm is equivalent (for all p, 1 < p  < - )  to 

1 
1 J J f /    SUP(^ J J f  - €  

T IC T I 

In particular BMO(T 

The fundamental Fefferman duality theorem asserts 

THEOREM 2.1. 

The dual of ReH1 (T) is BMO(T); more precisely, for every bounded 

linear functional x*�[ReH, (T) ] *  there exists a unique function 

cp EBMO(T) such that for f tL2(T) we have 

x*(f) =lf(t)q(t)dt 
T 

and conversely there exists a constant C such that for every 

cp �BMO(T) and f EL2(T) we have 
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REMARK. 

The r eason  f o r  invoking 

f ( t ) .  V ( t )  f o r  f t R e H 1  ( T )  and cp E B M O ( T )  need n o t  be Lebesgue 

i n t e g r a b l e .  

f E L 2 ( T )  i n  t h i s  s t a t e m e n t  i s  t h a t  

The above Theorem 2 . 1 .  i m p l i e s  t h e  f o l l o w i n g  d e s c r i p t i o n  o f  H 1  (D)*. 

THEOREM 2 . 2 .  

H 1  ( D ) *  

Now l e t  us e x p l a i n  a n o t h e r  e q u i v a l e n t  form o f  t h e  D u a l i t y  Theorem. 

W e  w i l l  c a l l  t h e  f u n c t i o n  a ( t )  d e f i n e d  on T an atom i f  

can  be i d e n t i f i e d  w i t h  t h e  space  BMOA = H 1  (D) n B M O ( T ) .  

e i t h e r  a ( t )  E l  or 

f o r  s o m e  i n t e r v a l  I c  T we have 

supp a ( t ) C  I and l a ( t )  12-q ' and i a ( t ) d t  = O .  
T 

THEOREM 2 . 3 .  

A f u n c t i o n  f ( t )  belongs t o  R e H l  ( T )  i f  and o n l y  i f  f =E?,  . a  where 

a l l  t h e  a ' s  are a t o m s  and C \ X j \ < m .  Moreover i n f  Z 1 A . I  o v e r  

a l l  a tomic r e p r e s e n t a t i o n s  o f  f i s  a norm e q u i v a l e n t  t o  

I I I I R e H l  ( T )  ' 

~j 

j 7 

PROOF. 

An easy  c a l c u l a t i o n  shows t h a t  

a t o m s  have uniformly bounded norm i n  ReH.,(T). To show t h e  o t h e r  

i n c l u s i o n  it is  enough t o  show t h a t  t h e  set  o f  a l l  atoms norms 

BMO(T).This fo l lows immedia t e ly  from t h e  o b s e r v a t i o n  t h a t  mean z e r o  

f u n c t i o n s  i n  L_ of  norm < 1  norm mean z e r o  f u n c t i o n s  i n  L 1 .  

I L, ( T )  - < C  
f o r  a l l  a toms,  so a l l  

- 

Two comments abou t  Theorem 2 . 3  are i n  o r d e r .  

a )  This  i s  p o t e n t i a l l y  a v e r y  u s e f u l  theorem. I t  g i v e s  a k i n d  of 

"extreme p o i n t "  d e s c r i p t i o n  of 

e s t a b l i s h  t h e  c o n t i n u i t y  o f  an o p e r a t o r  d e f i n e d  on R e H 1 ( T )  it i s  

enough t o  check t h a t  it i s  uniformly bounded on a l l  atoms. S i n c e  

atoms are r a t h e r  s imple  f u n c t i o n s  t h i s  t a s k  shou ld  be  much e a s i e r  

t h a n  t h e  i n i t i a l  problem. 

R e H 1 ( T ) .  Obviously i n  o r d e r  t o  
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b )  The n o t i o n  of  an atom i s  ve ry  easy  t o  g e n e r a l i s e .  I n  p a r t i c u l a r  

w e  can  c o n s i d e r  atoms on t h e  i n t e r v a l  and w e  can  d e f i n e  t h e  space  

H a ( O , I I )  a s  t h e  space  of  a l l  f u n c t i o n s  f d e f i n e d  on [ O , I I ]  such  

t h a t  f =CA.a where C I A j [  < m  and a a r e  atoms d e f i n e d  on 

[O,il] .  The norm i n  H;(O,Il) i s  by d e f i n i t i o n  

a tomic  r e p r e s e n t a t i o n s  of f .  

1 

i j  j 
i n f  C I A .  I o v e r  a l l  

I 

Now w e  e s t a b l i s h  a n  e a s y  p r o p o s i t i o n  which w i l l  be used i n  S e c t i o n  5.  

For a f u n c t i o n  f d e f i n e d  on  [ O , I I ]  w e  p u t  

PROPOSITION 2 . 4 .  

For f EH; (O, f l )  w e  d e f i n e  Tf =€Ref -EImf + i ( E R e f  + & I m f ) .  The 

o p e r a t o r  T e s t a b l i s h e s  an isomorphism between H ; ( O , I I )  and H1 ( D ) .  

PROOF. 

I t  i s  e a s y  t o  check t h a t  T i s  a complex l i n e a r  map and t h a t  Tf 

i s  an a n a l y t i c  f u n c t i o n .  For  a an atom on [O ,n ]  Ea i s  a sum of 

two atoms on t h e  c i r c l e .  Moreover 'L" i s  con t inuous  on ReH1 ( T ) ,  

so €Ref - E I m f  i s  i n  R e H 1 ( T )  t h u s  T i s  con t inuous .  T o  check t h a t  

T i s  c o n t i n u o u s  i t  is enough t o  c o n s i d e r  f u n c t i o n s  o f  t h e  form 

h = a  +i"a where a i s  a r e a l  atom on t h e  c i r c l e .  W e  have h =Tf 

where €Ref -EImf = a .  The norm o f  f i s  easy  t o  e s t i m a t e  i f  one 

remembers t h a t  &Ref is even and EImf i s  odd.  

-1 

NOTES. There are many p r o o f s  of Theorem 2 . 1 .  i n  t h e  l i t e r a t u r e .  The 

theorem w a s  announced by C.Fefferman i n  [ F e ]  and t h e  proof  i n  t h e  

c o n t e x t  o f  

be found i n  [Koo] and [ S a r ] .  The John-Nierenberg i n e q u a l i t y  mentioned 

b e f o r e  Theorem 2.1.  was proved i n  [ J - N ] .  The s i m p l e r  p r o o f s  can be 

found i n  [Ner ]  o r  [ K o o ] .  The f a c t  t h a t  Theorem 2.1.  i s  e q u i v a l e n t  t o  

Theorem 2.3 w a s  observed by C.Fefferman ( u n p u b l i s h e d ) .  D i r e c t  ( i . e .  

w i t h o u t  u s e  o f  t h e  d u a l i t y  theorem) p r o o f s  o f  Theorem 2 . 3 .  can  be  

found i n  [Co] and [ W i ] .  A v e r y  g e n e r a l  e x t e n s i o n  of t h e  H - t h e o r y  

u s i n g  atoms is p r e s e n t e d  i n  [C-W]. 

Rn appeared i n  [F-S] .  The p r o o f s  f o r  t h e  u n i t  d i s c  can  

P 
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i 
SECTION 3; 

S t e i n ' s  theorem and i t s  consequences.  

W e  s t a r t  w i t h  t h e  f o r m u l a t i o n  o f  t h e  E.M. S t e i n  m u l t i p l i e r  theorem. 

THEOREM 3 . 1 .  

W 

L e t  (u ( n )  )n=O be a sequence of complex numbers s u c h  t h a t  

W 

n a zn - c a n u ( n ) z  is  a c o n t i n u o u s  map from 
n=O n n=O 

H1 (D) i n t o  i t s e l f  and i t s  norm depends o n l y  on C .  

Now w e  d e f i n e  m u l t i p l i e r s  A n , "  = 1 , 2 , 3 ,  ... as  f o l l o w s  

2 2 n  < k  < 22n+1 

<2Tn-i  or - ,22n+2 
- 

o t h e r w i s e .  

W e  a l s o  p u t  

1 k = 0 , 1 , 2  

0 k L 4  . 

W 

I t  i s  e a s y  t o  check t h a t  C An(k)  = 1  f o r  a l l  k and  t h a t  f o r  

eve ry  E = + 1  t h e  sequence  ( C E ~ A ~ ( ~ ) ) ~ = ~  s a t i s f i e s  the 

assumptions o f  Theorem 3.1.  w i t h  t h e  s a m e  C.  So w e  have 

m 
n=O m 

n=O n 

COROLLARY 3.2. 

For  f € H I  ( D )  w e  have C A n ( f )  = f  and t h e  series i s  u n c o n d i t i o n a l -  

l y  conve rgen t .  

m 

n=O 

By a s t a n d a r d  a p p l i c a t i o n  o f  t h e  Kh in tch ine  i n e q u a l i t y  w e  o b t a i n  
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COROLLARY 3.3. 

For f EH1(D) we have 

Let us recall the following 

DEFINITION 3 . 4 .  

A Banach space X has an unconditional finite dimensional expansion 

of identity if there exists a sequence 0: finite dimensional operators 

(Tn) n=O 

unconditionally convergent. 

m 
such that for every x EX, x = c Tn(x) and the series is 

n =O 

Obviously an unconditional basis is a special example of a finite 

dimensional expansion of identity (for the definition see Section 5). 

Now we have the following 

THEOREM 3.5. 

Let X be a subspace of L1 (T) with an uncond 

dimensional expansion of identity. Then X is 

subspace of H1(D). 

PROOF. 

tional fin 

isomorphic 

m 

We have Tn : X  - X I  finite dimensional and x = C T (x) n n=O 

te 

to a 

and the 

series is unconditionally convergent. This implies that ( (  \xi( 1 = 

J (  C ITn(x) 12)’ is an equivalent norm on X. By a standard 
T n=O kn 
perturbation argument we can assume that ImTnCspan{eiJt}. . 

1 m 

1 =pn 

We choose integers pn and wnI vAs being all different in such a 

way that 

[pn +pn,pn + k , ] c  [22vn, 22"n+1 I .  
m ipnt 

Now it is obvious that the map x - C e Tn(x) is an 
n=O 
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isomorphic  embedding from X i n t o  H 1 ( D ) .  

I n  p a r t i c u l a r  

s i n c e  L1 

ve subspace of L1 i s  isomorphic  t o  a subspace o f  some Lp l  p 7 1  

w e  g e t  t h a t  e v e r y  r e f l e x i v e  subspace of  L1 i s  a subspace of 

H 1 ( D ) .  Th i s  l a s t  f a c t  was proved i n  a much s i m p l e r  way i n  [K-PI. 

A s  a n e x t  a p p l i c a t i o n  of  S t e i n ' s  theorem w e  w i l l  p rove  t h e  fo l lowing  

r e s u l t  due t o  S.Kwapien and A.Pelczynski  [K-PI. 

H (D) c o n t a i n s  subspaces  isomorphic  t o  L p ( T ) ,  1 < p  52, 
does.  S i n c e  by a theorem of  Rosenthal  [Ros ]  e v e r y  r e f l e x i -  

1 

THEOREM 3 . 6 .  
1 

2 2  L e t  (f,) be a sequence i n  H, (D) such t h a t  1 1  Canfnll H,  (Dr ( C l a n /  ) - 
Then t h e r e  e x i s t s  a subsequence (f ) such  t h a t  span ( f  ) i s  

complemented i n  H 1 ( D ) .  
nk "k 

PROOF. 

B y  a s t a n d a r d  g l i d i n g  hump argument w e  c a n  assume t h a t  t h e r e  e x i s t  a 

subsequence ( f  
m 

) and a sequence o f  m u l t i p l i e r s  ( r k ( j ) ) j = l  such t h a t  
nk 

a )  ( f  = f  
"k "k 

c )  f o r  a l l  c h o i c e s  of E~ = * I  t h e  sum C E k r k ( j )  s a t i s f i e s  t h e  

assumptions o f  Theorem 3 . 7  w i t h  the c o n s t a n t  independent  of ( E ~ ) .  

L e t  gk € H I  ( D ) *  be such  t h a t  

k 

ne a p r o j e c t i o n  o n t o  span  ( f n  ) by t h e  formula 
k 
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er that P is a cont 

1 1 

nuous projection onto span f ) .  
nk 

REMARK. 

kn Let us observe that if f = z  where kn+l/kn LX > I  for all n, 

then the above argument works without passing to a subsequence, so 

we obtain the following classical inequality of Paley [Pa]. 

COROLLARY 3.7. 

n 

m - 
n Let kn+,/kn ,A > 1  and let f = Z anz be in H I  ( D ) .  We have 

n =O 

1 

I akn 
n 

REMARK 

Some of the results of this section follow also from the existence 

of an unconditional basis in H, ( D )  (cf. Section 5 ) .  

NOTES. Theorem 3 . 1  and Corollaries 3.2  and 3 . 3 .  were proved in [Stel. 

A nice proof using atoms can be found in [C-W], Theorem 1 . 2 0 .  

Theorem 3.5.  is a routine observation which, to the best of our know- 

ledge, does not appear in the literature. Theorem 3.6. was proved in 

[K-P1,Theorem 3 . 1 .  The proof given there is different and rather 

more complicated. We may remark that Theorem 3 . 5  shows that Theorem 

3.6  holds also for H I  (Tn) ; the H I  space on the polydisc. 

SECTION 4; 

Isometric questions. 

We already know several isomorphic representations of H 1 ( D )  and we 

will see many other later. In this situation the importance of 

isometric theory is rather diminished. On the other hand there are 

several interesting results and open problems pertaining to the 

isometric theory of H 1 ( D )  (in this particular norm),so we decided 

to present them in our exposition. The existing isometric results 
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c o n c e n t r a t e  on t w o  q u e s t i o n s :  

a )  d e s c r i p t i o n  of isometries 

b)  extreme p o i n t  s t r u c t u r e .  

The i s o m e t r i e s  have been d e s c r i b e d  f o r  H -spaces  on more g e n e r a l  

domains i n  En t han  t h e  u n i t  d i s c  ( c f .  [ Ru 1 ] and t h e  b i b l i o g r a p h y  

g iven  t h e r e ) .  The theorem f o r  H , ( D )  r e a d s  a s  f o l l o w s :  

THEOREM 4 . 1 .  

P 

Every i somet ry  I of H 1 ( D )  i n t o  H , ( D )  i s  g iven  by 

where @ is  a non-constant  i n n e r  f u n c t i o n  i n  D ,  q E H , ( D )  and 

I b ( t ) d t  = J ( b o @ )  ( t )  1 g ( t )  I d t  f o r  a l l  bounded, Bore1 f u n c t i o n s  b ( t )  
T T 

d e f i n e d  on T .  Conversely e v e r y  map d e s c r i b e d  above i s  an i somet ry  

from H . , ( D )  i n t o  i t s e l f .  

T h i s  theorem was proved by F . F o r e l l i  [ F o ] .  Fo r  e a r l i e r  r e s u l t s  t h e  

r e a d e r  may c o n s u l t  [ F o ] , [ R u 3 ] , [ H o ] .  I t  i s  known t h a t  a subspace  o f  

L p ,  p 21 i s o m e t r i c  t o  L i s  norm one complemented. A s  f a r  as w e  

know t h e  complementation o f  subspaces of H I  (D) i s o m e t r i c  t o  H , ( D )  

wa.s n o t  i n v e s t i g a t e d  i n  g e n e r a l .  Some p a r t i a l  r e s u l t s  are con ta ined  

i n  [ B a ]  . The o t h e r  open problem connec ted  w i t h  i s o m e t r i e s  i s  t h e  

fo l lowing :  does H ( D )  c o n t a i n  a subspace isometric t o  H p ( D ) ,  

1 < p < 2 ?  I t  i s  known ( c f .  Theorem 3 .5 .  and f o l l o w i n g  remarks)  t h a t  

H (D), 1 < p  '2 is  isomorphic  t o  a subspace of H I  ( D ) .  

The e x i s t i n g  i n f o r m a t i o n  abou t  extreme p o i n t  s t r u c t u r e  of 

i s  p r e s e n t e d  i n  [ H o ] ,  Chapter 9 .  L e t  u s  q u o t e  t h e  d e s c r i p t i o n  of  

extreme p o i n t s .  

P 

1 

P 

H 1 ( D )  

THEOREM 4 . 2 .  

L e t  f be a f u n c t i o n  i n  H 1 ( D ) .  Then f is a n  extreme p o i n t  of 

t h e  u n i t  ba l l  of H , ( D )  i f  and o n l y  i f  f is an o u t e r  f u n c t i o n  

o f  norm 1 .  

W e  do n o t  know about  any f u r t h e r  r e s u l t s .  I n  p a r t i c u l a r  s t r o n g l y  

exposed p o i n t s  o r  d e n t i n g  p o i n t s  of t h e  u n i t  b a l l  i n  H , ( D )  a r e  
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n o t  d e s c r i b e d .  For d e f i n i t i o n s  of t h o s e  n o t i o n s  and t h e i r  importance 

t h e  r e a d e r  may c o n s u l t  [ D - U ] .  The problem o f  d e s c r i p t i o n  of s t r o n g l y  

exposed p o i n t s  is  d i s c u s s e d  i n  [ G a J ] ,  IV.5. I t  f o l l o w s  from t h e  

g e n e r a l  t h e o r y  ( c f . [ D - U ] )  t h a t  H , ( D )  h a s  many p o i n t s  o f  bo th  k i n d s .  

The l a s t  i s o m e t r i c  r e s u l t  w e  want t o  mention i s  t h e  f o l l o w i n g  theo -  

r e m  of  Newman's [ N e w ] .  

THEOREM 4 . 3 .  

m 

L e t  ( f n ) n = ,  and f be i n  H 1 ( D ) .  Assume t h a t  f n  t e n d s  t o  f 

weakly and 1 1  f n / l  - 1 1  f I I . Then f n  t e n d s  t o  f i n  norm. 

Newman named t h i s  p r o p e r t y  "pseudo-uniform convex i ty" .  I n  t h e  Banach 

space  t h e o r y  t h i s  is  expres sed  a s  " t h e  Kadec-Klee norm". Kadec and 

K l e e  have shown t h a t  eve ry  Banach space  can  be  renormed t o  have t h e  

p r o p e r t y  d e s c r i b e d  i n  Theorem 4 . 3 .  For  a d i s c u s s i o n  o f  t h i s  n o t i o n  

i n  t h e  framework of  g e n e r a l  Eanach s p a c e s  see [ D i ] .  

SECTION 5 ;  

Eases and v a r i o u s  isomorphic  r e p r e s e n t a t i o n s .  

m 
Fo r  a n  a r b i t r a r y  Banach space  X t h e  system of v e c t o r s  ( ~ ~ ) ~ = ~ c  X 

i s  c a l l e d  a Schauder  b a s i s  i f  f o r  e v e r y  element  x � X  t h e r e  Z x i s t s  

a unique sequence o f  s c a l a r s  ( a  ) such  t h a t  t h e  series C anxn n n=O 

converges t o  x i n  t h e  norm of  X .  

m 

n=O 

It i s  w e l l  known t h a t  i n  t h i s  case each  c o e f f i c i e n t  

g i v e n  by a l i n e a r  f u n c t i o n a l  

a n  i s  a c t u a l l y  

x* €X* , so t h e  series h a s  t h e  form n 
m 

C x:(x) x-. It i s  a l s o  known t h a t  i f  w e  a r e  q i v e n  a b i o r t h o q o n a l  
I' I1 n=O 

system (X~,X:);=~C X xX* , i .e .  a system such  t h a t  x* ( x  ) = 1  and 
n n  

x;(xm) = O  f o r  n # m ,  t h e n  such  a system is a basis f o r  X i f  and 

o n l y  i f  t h e  c l o s e d  l i n e a r  span  o f  {xnln=O e q u a l s  X and t h e  f a m i l y  

of p a r t i a l  sum o p e r a t o r s  P ( x )  = C x ( x ) x n  i s  uniformly bounded. 

I f  t h e  basis (x,) h a s  t h e  a d d i t i o n a l  p r o p e r t y  t h a t  f o r  eve ry  x E X  

m 

N *  

N n=O n 

m 

t h e  series 

b a s i s  u n c o n d i t i o n a l .  The b a s i s  is  c a l l e d  monotone i f  

C x:(x) xn converges u n c o n d i t i o n a l l y ,  w e  c a l l  such a 
n=O 

IIPNII = I  f o r  
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N =011 ,2 ,  ... and u n c o n d i t i o n a l l y  monotone i f  f o r  eve ry  

x = C x * ( x ) x  and f o r  e v e r y  sequence of numbers E~ w i t h  1 ~ ~ 1  = I  

w e  have 1 1  C cnx:(x) xnll  511x11 - 

m 

n n  
m 

n=O 

n=O 

The problem o f  t h e  e x i s t e n c e  of  a Schauder b a s i s  i n  

f o r  q u i t e  a long  t i m e .  I t  w a s  s o l v e d  by P . B i l l a r d  i n  [ B i ]  who 

c o n s t r u c t e d  a b a s i s  f o r  H 1 ( D ) .  H i s  proof  was r e a l  v a r i a b l e  i n  

s p i r i t  and used t h e  Haar f u n c t i o n s .  The g e n e r a l  scheme i s  as f o l l o w s .  

L e t  ( f n I n z o  be a n  o r thonorma l  system on [o,III w i t h  f o ( t )  = - . 
L e t  us  d e f i n e  ( a s  i n  P r o p o s i t i o n  2 . 4 . )  

H 1 ( D )  was around 

1 m 

fi 

f n  ( t )  t E [ O ,  n 1 

f n ( - t )  t r [ - n l o l .  

n, 

i s  an o r t h o g o n a l  system on T.  I n  o r d e r  t o  o b t a i n  

& f n ( t )  = 

C l e a r l y  ( & f n ) n = O  

a (complex) o r t h o g o n a l  system of a n a l y t i c  f u n c t i o n s  on T w e  d e f i n e  

T h e  theorem of  B i l l a r d  [ B i l  s a y s  t h a t  i f  w e  s t a r t  w i t h  t h e  Haar 

system on  [ O , I I I  a s  (fn);=o 

H 1 ( D ) .  L e t  

f o l lows  I 

t h e n  F n ( z )  i s  a Schauder b a s i s  i n  

us  r e c a l l  t h a t  t h e  Haar system on [O,n] is  d e f i n e d  a s  

1 h ( t )  =- I 

di? 0 

if 

t h e n  

n =2k + j ,  0 - < j  < 2 k ,  k = 0 , 1 , 2  ,... 

I 0  o t h e r w i s e .  

I t  can be seen  from P r o p o s i t i o n  2.4. t h a t  t h e  theorem o f  B i l l a r d  can 
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be formulated as fo l lows .  

THEOREM 5.1.  ( B i l l a r d )  . 

The Haar system (hn);=o is a b a s i s  i n  H:(O, l l ) .  

PROOF. 

Obviously t h e  l i n e a r  span of  t h e  Haar system equals  

p a r t i a l  sum opera to r  PN i s  given as  an  averaging o p e r a t o r  

H Y ( O , I I ) .  The 

N 1  P f = C  
N j=o lIJi XIj 

1 where I!s a r e  d i s j o i n t  i n t e r v a l s  covering [ O , l l I  and - < 11. < L .  

L e t  us t a k e  an atom 1 1  PNa/  I mz 1 a /  1 
and diam(supp PNa)  (111 + 4 / N  w e  see t h a t  f o r  111 Lm t h e  func t ion  

PNa i s  a cons t an t  mu l t ip l e  of an atom. I n  t h e  case 111 <% w e  

have 1 I flI . I # O  f o r  a t  most two j 's. This means t h a t  

4 1 1 

3 2 N -  3 -N 

a ( t ) ,  supp a c  I. Since  /PNa =0, 

1 

1 

7 

diam (supp P N a )  Obviously fPNa = O .  Moreover I II7J IJ,al 5TT-J- 
7 

so 

cons t an t  mu l t ip l e  of an atom. 

1 1  PNal I co ( 2 N .  This  shows t h a t  a l s o  i n  this  case  
PNa is a 

I t  i s  r e l a t i v e l y  easy t o  check ( c f .  t h e  l a s t  Propos i t ion  of [ K - P I )  

t h a t  t h e  Haar system i s  n o t  an uncondi t iona l  b a s i s  i n  

ques t ion  of t h e  ex i s t ence  of an uncondi t iona l  b a s i s  i n  

r a i s e d  by s e v e r a l  mathematicians (c f . [EI , [K-P] , [Pe] ) .  Before w e  

p re sen t  t h e  s o l u t i o n  t o  t h i s  problem w e  need t o  d e f i n e  a new 

H -space,  namely H. , (d) ,  t h e  H1-space connected wi th  t h e  canonica l  

dyadic  mar t inga le .  The genera l  theory  of t h i s  space can be found 

i n  [ G a r ] .  From our  p o i n t  of view t h e  most convenient  d e f i n i t i o n  i s  

t h e  fol lowing.  For a func t ion  f on [ O , I I ]  w e  d e f i n e  i t s  norm i n  

H l ( d )  as  

H ; ( O , I I ) .  The 

H 1 ( D )  w a s  

1 

The space of a l l  f such t h a t  

H l ( d ) .  I t  is known t h a t  L [ O , I I ] c H 1  (d)CL1[O,I I ]  f o r  a l l  p > I .  

Moreover it is obvious t h a t  t he  Haar system is an uncondi t iona l  

I I f l  I H1 ( d l  i s  f i n i t e  i s  denoted by 

P 
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b a s i s  i n  

basis i n  

[ Mau 1. 

H , ( d ) .  The q u e s t i o n  about  t h e  e x i s t e n c e  of a n u n c o n d i t i o n a l  

H l ( D )  was answeredby t h e  fo l lowing  theorem of  Maurey's 

THEOREM 5.2.  

The spaces  H 1 ( D )  and H ( d )  are isomorphic .  

Maurey's proof of  Theorem 5 .2 .  has one drawback, i t  i s  n o t  cons t ruc-  

t i v e .  This  w a s  remedied by Car leson  [Ca] and t h e  a u t h o r  [WO~]. I n  o r -  

d e r  t o  d e s c r i b e  t h e r e s u l t  from [ W O ~ ]  w e  need one more d e f i n i t i o n .  

W e  d e f i n e  p o i n t s  tn as f o l l o w s  

1 

to = O f  i f  n = 2 k  + j ,  k = 0 , 1 , 2 , . . . ,  O s j  < 2 k ;  t =( j+1)2-kI I .  
n 

The F r a n k l i n  system f n ( t )  is d e f i n e d  by t h e  fo l lowing  c o n d i t i o n s :  

1 f ( t )  =- , 
O I / i i  

f ( t )  is  a p iecewise  l i n e a r  f u n c t i o n  on [ O , l I ]  w i t h  nodes a t  p o i n t s  

tof t  l , . . . , t  which i s  o r t h o g o n a l  t o  a l l  f j ' s ,  j < n  and I I f n / 1 2 = 1 .  

W e  have t h e  f o l l o w i n g  theorem proved i n  [WO~]. 

n 

n 

THEOREM 5.3.  

The o p e r a t o r  T d e f i n e d  by T ( f  ) =hn e x t e n d s  t o  an  isomorphism n 
from H:(O,II) o n t o  H l ( d ) .  I f  F n ( z )  i s  d e f i n e d  as i n  ( 1 )  t h e n  t h e  

map F n ( z )  - hn induces  t h e  isomorphism between H 1 ( D )  and H l ( d ) .  

I n  p a r t i c u l a r  t h e  F r a n k l i n  system i s  an  u n c o n d i t i o n a l  b a s i s  i n  

Ha ( 0 ,  JI) and t h e  corresponding system 

b a s i s  i n  H 1 ( D ) .  

I t  i s  clear t h a t  o n l y  t h e  f i r s t  a s s e r t i o n  needs a p r o o f .  This  can be 

found i n  [ W O ~ ]  and [ C i e ]  or  i n  a g r e a t e r  g e n e r a l i t y  i n  [ W O ~ ]  o r  

Fn ( z )  is an u n c o n d i t i o n a l  1 

[s-SI. 

The r e a d e r  may be i n t e r e s t e d  t o  n o t e  t h a t  t h e  e x i s t e n c e  o f  anuncondi -  

t i o n a l  b a s i s  f o r  H (D) is  a phenomenon from t h e  isomorphic  t h e o r y .  

The corresponding i s o m e t r i c  f a c t  i s  f a l s e  as i s  g iven  i n  t h e  

fo l lowing  

1 
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H1(D) is not isometric to a subspace of a Banach space with an 

unconditionally monotone basis. 

The outline of the proof can be found in [ W O ~ ] .  

The following isometric problem concerning H q  (D) is open. 

PROBLEM. 

a) Does H (D) have a monotone Schauder basis? 

b) Describe the norm one, finite dimensional projections in H1(D). 

1 

It is quite likely that the answer to a) is negative. I do not 

know about any norm one, finite dimensional projection in H1(D) 

whose rank has dimension greater than 1. It was shown in [ W O ~ ]  

that any norm one finite dimensional projection in L1/H1 is 

actually one dimensional. 

As the reader may have noticed we have dealt with three different 

HI spaces, and all of them turned out to be isomorphic. It is 

only a tip of an iceberg. There is a vast proliferation of 

HI-spaces important in analysis, cf. [C-W] or [Fo-S] .  To decide 

exactly which are isomorphic to H ( D )  and which are not may be 

of interest. Maurey in [Maul considers a wide class of martingale 

H -spaces associated with different sequences of a-fields and 

shows them to be isomorphic to 

Fefferman-Stein spaces HI (Rn) (for definitions see [ F - S ] )  are 

isomorphic to 

theory the picture becomes more complicated. 

1 

1 
HI (d), He also shows that the 

H,(d). If we adhere to the spirit of complex function 

It is possible to consider 

relatively wild sets in (I: (cf. [Dur],Chapter 10) but instead we 

prefer to discuss the situation in several complex variables. There 

are at least two extremely nice subsets of En, the ball Bn and 

the polydisc Dn. Both admit natural HI spaces, which can be 
defined as a closure of analytic polynomials in a certain norm. To 

get HI (D") we take the norm 

HI-spaces of functions analytic on 
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where v i s  a normalised i n v a r i a n t  measure on a t o r u s  Tn .  The 

space H1 (B,) i s  o b t a i n e d  i f  w e  t a k e  a s  a norm 

where o i s  a no rma l i sed ,  r o t a t i o n - i n v a r i a n t  measure on t h e  u n i t  

sphe re  S .  

About t h o s e  s p a c e s  w e  have t h e  f o l l o w i n g  

THEOREM 5 . 5 .  

( a )  H1 ( B n )  is  isomorphic  t o  H1 ( D ) ,  n =1,2,3, .  .. [ W O ~ ] .  
( b )  I f  H 1 ( D n )  i s  isomorphic  t o  H1 ( D m )  t hen  n = m  [ B o u l ] , [ B o u Z ] .  

Both t h o s e  f a c t s  a r e  q u i t e  complicated t o  prove.  L e t  m e  remark o n l y  

t h a t  i n  both c a s e s  t h e  isomorphism between H , ( D )  and H l ( d )  i s  a 

v i t a l  p a r t  of  t h e  p r o o f .  

W e  feel t h a t  a l o t  remains t o  be done i n  connec t ion  w i t h  t h i s  Theorem. 

I n  p a r t i c u l a r  w e  do n o t  know what i s  t h e  Banach-Mazur d i s t a n c e  

between 

f o r  o t h e r  n i c e  domains i n  

t o  ex tend  ( a )  t o  a l l  s t r i c t l y  pseudoconvex domains. The methods o f  

[ W O ~ ]  g i v e  many domains which are n o t  s t r i c t l y  pseudoconvex f o r  which 

( a )  h o l d s .  The o t h e r  class o f  domains which admit  n i c e  H -spaces  a r e  

bounded homogeneous domains . Those are f u l l y  c l a s s i f i e d  and r a t h e r  

w e l l  understood,  c f .  [Hua] ,[H-MI . I t  i s  a ve ry  i n t e r e s t i n g  problem t o  

i n v e s t i g a t e  and c l a s s i f y  

t i n g  p a r t i a l  r e s u l t s  i n  t h i s  d i r e c t i o n  have been o b t a i n e d  by T .  

Wolniewicz [wall. 

H1(B,) and H , ( D ) .  A l s o  w e  do n o t  know what i s  t h e  s i t u a t i o n  

En. W e  feel t h a t  it shou ld  be p o s s i b l e  

1 

H1-spaces on t h o s e  domains.  Some i n t e r e s -  

L e t  m e  d i s c u s s  b r i e f l y  t h e  method of  proof o f  Theorem 5 .5 .  ( b )  

( c f .  [Bou 1 1 )  s i n c e  i t  g i v e s  a ve ry  i n t e r e s t i n g  i n f o r m a t i o n  abou t  

H1(D). W e  w i l l  f o rmula t e  it i n  t e r m s  of  t h e  Haar system i n  H . , (d ) .  

L e t  H (d )  d e n o t e  t h e  span of t h e  f i r s t  N H a a r  f u n c t i o n s .  W e  s ay  

( f o l l o w i n g  J .Bourga in  [ B o u l ] )  t h a t  a map 

o r d e r  i n v e r s i n g  i f  c(h,)  = C akhk and t h e  A n ' s  a r e  f i n i t e ,  p a i r w i s e  

d i s j o i n t  sets w i t h  min Ak >max As whenever k < s .  I t  is a n  easy  

e x e r c i s e  (cf-Theorem 3 . 5 . )  t h a t  t h e r e  e x i s t  o r d e r  i n v e r s i n g  isomor- 

p h i c  embeddings of  H l ( d )  i n t o  H l ( d )  w i t h  uniform c o n s t a n t s .  The 

N 
1 N 5 : H1 ( d )  - H 1  ( d )  i s  

kEAn 

N 
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main r e s u l t  o f  [ B o u l ]  a s s e r t s  however t h a t  e v e r y  p r o j e c t i o n  o n t o  t h e  

r ange  o f  such o r d e r  i n v e r s i n g  isomorphismshas b i g  norm. More p r e c i s e -  

l y :  f o r  eve ry  C > 1  t h e r e  e x i s t s  a f u n c t i o n  c p ( N )  - m such t h a t  

f o r  e v e r y  o r d e r  i n v e r s i n g  isomorphism 6 : H y ( d )  - H l ( d )  

N I I f l l  ' I I c f l /  l C l l f l [ t  

H I  ( d )  o n t o  < ( H I  ( a ) )  i s  g r e a t e r  t han  c p ( N ) .  

N’m 

w i t h  

f t H l ( d ) ,  t h e  n o r m o f  eve ry  p r o j e c t i o n  from 
N 

w e  wish t o  conclude t h i s  s e c t i o n  w i t h  t h e  d e s c r i p t i o n  of  a r e c e n t  

b e a u t i f u l  and deep r e s u l t  of  P . Jones  [ J o n ] .  L e t  u s  s t a r t  w i t h  t h e  

d e f i n i t i o n  of  t h e  uniform approximation p r o p e r t y .  

A Banach space  X i s  s a i d  t o  have t h e  uniform approximation p r o p e r t y  

( c f . [ P - R ] )  i f  t h e r e  e x i s t  a c o n s t a n t  C and a f u n c t i o n  c p ( N )  such 

t h a t  f o r  e v e r y  f i n i t e  system of  v e c t o r s  X I ,  ... , xN  i n  X t h e r e  

e x i s t s  a f i n i t e  d imens iona l  o p e r a t o r  T :X - X such t h a t  

Th i s  is a p r o p e r t y  s t r o n g e r  t h a n  t h e  bounded approximation p r o p e r t y  

s i n c e  t h e  bound on t h e  dimension of t h e  r ange  of an o p e r a t o r  T i s  

imposed. 

P . Jones  proved i n  [ J o n ]  t h a t  BMO has  t h e  uniform approximation 

p r o p e r t y .  I t  was p r e v i o u s l y  unknown ( c f . [ P e l ] )  whether  BMO has  t h e  

approx ima t ion  p r o p e r t y .  S i n c e  uniform approximation p r o p e r t y  i s  a 

s e l f - d u a l  p r o p e r t y  ( i . e .  X has  i t  i f  and o n l y  i f  X* h a s  it), c f .  

[ H e i ] ,  w e  see t h a t  H (D) has  t h e  uniform approximation p r o p e r t y .  
1 

SECTION 6 ;  

Complemented s u b s p a c e s .  

I n  t h i s  s e c t i o n  w e  a r e  i n t e r e s t e d  i n  complemented subspaces o f  

L e t  us  remind t h a t  a subspace X C H 1 ( D )  i s  complemented i f  t h e r e  

e x i s t s  a p r o j e c t i o n  ( a n  idempotent  map) w i t h  a range e q u a l  t o  X. 

G e n e r a l l y ,  b e i n g  a complemented subspace o f  a g iven  space i s  a much 

s t r o n g e r  r e s t r i c t i o n  t h e n  merely b e i n g  a subspace .  T o  i l l u s t r a t e  

H 1 ( D ) .  
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t h i s  l e t  m e  remark t h a t  f o r  every p ,  1 ( p 5 2  1 is isomorphic t o  

a subspace of H 1 ( D )  ( c f .  Remarks a f t e r  Theorem 3 . 5 . )  bu t  on ly  1, 

and l2 a r e  isomorphic t o  complemented subspaces of  H 1 ( D ) .  This 

i s  immediate from Corol la ry  2 . 1 .  of [K-PI which says  t h a t  t h e  only 

r e f l e x i v e  complemented subspace of H 1 ( D )  i s  12. 

P 

W e  s t a r t  however wi th  a more harmonic-analytic problem: what a r e  the  

p ro jec t ions  i n  H ( D )  which commute wi th  r o t a t i o n s ?  I t  i s  easy t o  

see t h a t  such a p r o j e c t i o n  is  determined by a subse t  A of n a t u r a l  
1 

n 
numbers, and i s  given by t h e  formula c" anzn - C anz  . To charac- 

n=O nEA 

ter ise  the  idempotent sets,  i .e .  sets A f o r  which it i s  a cont inu-  

ous map on H ( D )  i s  an i n t e r e s t i n g  unsolved problem. The fol lowing 

remarks a r e  obvious: 
1 

( 1 )  each f i n i t e  se t  i s  idempotent 

( 2 )  i f  A and B are idempotent then A UB, A n B  and N \  B are 

idempotent 

( 3 )  i f  A is  idempotent then f o r  every k E N  t h e  t r a n s l a t e  

(A-k) nN i s  idempotent.  

(4) a p e r i o d i c  sequence is idempotent.  

L e t  us remark t h a t  t h e  above f a c t s  (except  ( 3 ) )  a r e  v a l i d  a l s o  

f o r  

Helson [ H e l l  as pe r iod ic  sequences mod a f i n i t e  se t .  

L 1 ( T ) .  I n  t h i s  case t h e  idempotent sets have been descr ibed  by 

For 

l a r y  3 . 7 . )  t h e r e  is an i n v a r i a n t  p r o j e c t i o n  onto  a H i l b e r t  space.  

The theorem of  Rudin [Ru4] desc r ibes  t h e  i n v a r i a n t  p r o j e c t i o n s  onto  

H i l b e r t  spaces  i n  H ( D )  a s  given by a f i n i t e  sum of lacunary sets. 

The above mentioned theorem of Kwapien and pelczynski  ([K-P],Corol- 

l a r y  2.1.) say t h a t  every complemented r e f l e x i v e  subspace of H 1 ( D )  

i s  isomorphic t o  a H i l b e r t  space.  

H 1 ( D )  t he  s i t u a t i o n  is d i f f e r e n t .  By t h e  Paley theorem (Corol- 

1 

The above mentioned f a c t s  l e a d  t o  t h e  fol lowing con jec tu re .  

I f  A is  an idempotent s e t  then t h e r e  e x i s t  a p e r i o d i c  set  B and 

lacunary sets ( i . e .  sets s a t i s f y i n g  t h e  assumptions of Corol la ry  3 . 7 . )  

and ( D . ) S  such t h a t  
3 1=1 ( C j )  j=1 
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k S 

A = B  U( U C . )  ( U D . ) .  
j=1  1 j = 1  7 

L e t  us remark t h a t  i n v a r i a n t  p r o j e c t i o n s  f o r  H p ( D ) ,  p < 1 have been 

d e s c r i b e d  i n  [K-TI a s  co r re spond ing  t o  a p e r i o d i c  s e t  mod a f i n i t e  

s e t .  Fo r  t h e  i n v a r i a n t ,  norm one p r o j e c t i o n s  on H 1 ( D )  t h e  s i t u a t i o n  

i s  c l e a r .  W e  have 

PROPOSITION 6.1. 

There is a c o n s t a n t  c > I  such t h a t  i f  P is an i n v a r i a n t  p r o j e c -  

t i o n  on H I  ( D )  w i t h  [ l P l i  < c  t h e n  P i s  g i v e n  by a se t  A of t h e  

form A = { a  + b k ,  k = 0 , 1 , 2 ,  - .  . I  f o r  some a < b .  

PROOF. 

I f  t h e  s e t  A is  n o t  of t h i s  form t h e n  t h e r e  e x i s t  i n t e g e r s  p,q, 

p z q  such  t h a t  p € A  and e x a c t l y  one o f  p+q  and p - q  i s  i n  A .  

So w e  i n f e r  t h a t  t h e r e  e x i s t s  an i n v a r i a n t  p r o j e c t i o n  of  norm ( c  

from span  { z P - q , z P , z P + q ~  o n t o  span  { z P - q , z P ~  o r  o n t o  span  

s p a n { z , l , z }  o n t o  span  {!,I}. I t  is  a n  e l emen ta ry  c a l c u l a t i o n  t o  show 

t h a t  t h e  norm o f  t h i s  p r o j e c t i o n  i s  s t r i c t l y  g r e a t e r  t han  1 .  

Both t h o s e  cases reduce t o  t h e  n a t u r a l  p r o j e c t i o n  from 

Now w e  t u r n  t o  o t h e r  c l a s s  o f  d i s t i n g u i s h e d  subspaces  o f  

namely t o  subspaces  i n v a r i a n t  f o r  m u l t i p l i c a t i o n  by z. The celebra- 

t e d  B e u r l i n g  theorem, s p e c i f i e d  t o  H ( D )  ( c f . [ D u r ] , S e c t . 7 . 3 .  o r  

[Koo], 1 V . E . )  r e a d s  a s  f o l l o w s :  L e t  X C H  ( D )  be such  t h a t  z - X C X .  

Then t h e r e  e x i s t s  a n  i n n e r  f u n c t i o n  I ( i . e .  a p r o d u c t  of  a Blaschke 

p r o d u c t  and a s i n g u l a r  i n n e r  f u n c t i o n )  such t h a t  X = I * H ,  ( D ) .  

H I  ( D ) ,  

1 

1 

The f o l l o w i n g  theorem h o l d s  

THEOREM 6 . 2 .  

The m u l t i p l i c a t i o n  i n v a r i a n t  subspace 

H 1 ( D )  i f  and o n l y  i f  I i s  a Blaschke p r o d u c t  whose z e r o s  form a 

Car l e son  sequence.  

X = I - H , ( D )  is complemented i n  

L e t  m e  r e c a l l  t h a t  a sequence ( z  )c D is a C a r l e s o n  sequence i f  t h e  n 
measure g i v i n g  each of  t h e  2:s t h e  m a s s  ( 1  - l zn  I ) i s  a Car l e son  

measure.  

2 



24 P. Wojtaszczyk 

The proof of  t h i s  Theorem i s  a lmos t  t h e  same b u t  s i m p l e r  t h a n  t h e  

one g iven  f o r  t h e  analogous r e s u l t  i n  t h e  d i s c  a l g e b r a  c a s e  i n  

[ c-P-s I . 
Now w e  t u r n  t o  t h e  ( p o s s i b l y  open ended) problem o f  c l a s s i f y i n g  

i n f i n i t e  dimensional  complemented subspaces o f  H 1 ( D ) .  To do i t  

f o r  a g iven  Banach space  i s  one o f  t h e  f a v o r i t e  o c c u p a t i o n s  i n  t h e  

geometry of  Banach s p a c e s .  The case Lp' p '1 h a s  g e n e r a t e d  a v a s t  

l i t e r a t u r e ,  t h e  r e s u l t s  o f  [B-R-S]  i n d i c a t e  t h a t  such  a c l a s s i f i c a -  

t i o n  i n  t h i s  c a s e  h a s  t o  be very complicated or  i s  imposs ib l e  a t  

a l l .  I n  c o n t r a s t ,  t h e  c a s e  L1 seems to  be much s i m p l e r ;  o n l y  two 

isomorphic  t y p e s  o f  complemented subspaces of  L1 a r e  known, 

namely 1, and L 1 .  I t  i s  a w e l l  known open problem i f  t h a t  i s  a l l .  

Our aim now is t o  w r i t e  down a l l  isomorphic  t y p e s  of complemented 

subspaces of  

d i f f e r e n t  . 
H 1 ( D )  w e  know o f  and t o  i n d i c a t e  t h a t  t h e y  a r e  indeed  

W e  have t h r e e  b u i l d i n g  b l o c k s ;  

( a )  by Pa ley ' s  theorem(Corol1ary 3 . 7 . )  l2 i s  isomorphic  t o  a 

( b )  l1 is  isomorphic  t o  a complemented subspace of H 1 ( D )  ( t h i s  

( c )  H , ( D )  h a s  an u n c o n d i t i o n a l  b a s i s ;  f i x  a F r a n k l i n  b a s i s  and l e t  

complemented subspace o f  H 1 ( D )  

i s  ve ry  e a s y )  

HY denote  t h e  span of t h e  f i r s t  n e l emen t s  of  t h i s  b a s i s .  

W e  w i l l  p u t  t h o s e  b l o c k s  t o g e t h e r  w i t h  t h e  a i d  o f  t h e  f o l l o w i n g  

THEOREM 6.3. H 1 ( D )  i s  isomorphic  t o  i t s  I.,-sum ( C H , ( D ) ) l .  

The proof can be found i n  

p rov ides  t h e  a l t e r n a t i v e  p r o o f ,  s i n c e  f o r  H ( d )  t h e  theorem i s  

easy .  

[ W O ~ ] .  A l s o  t h e  isomorphism H1 (D)-'H, ( d )  

1 

THEOREM 6 . 4 .  The fo l lowing  s p a c e s  a r e  complemented i n  H 1 ( D ) :  
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The arrow X - Y means t h a t  X embeds i n t o  Y as  a complemen- 

t e d  subspace .  All t h o s e  t e n  s p a c e s  a r e  p a i r w i s e  non-isomorphic.  

PROOF. 

Eve ry th ing  e x c e p t  t h e  l a s t  s t a t e m e n t  f o l l o w s  from p r e v i o u s  comments. 

The proof  of  t h e  l a s t  c l a im uses  a l o t  o f  Banach s p a c e  t h e o r y  b u t  

o t h e r w i s e  i s  q u i t e  b o r i n g .  N e v e r t h e l e s s  l e t  us  g i v e  some h i n t s .  

W e  s t a r t  from t h e  t o p .  

l2 i s  t h e  o n l y  r e f l e x i v e  space  on t h e  l i s t  

l1 i s  t h e  o n l y  one which does n o t  c o n t a i n  

1;�s uniformly complemented 

l1 +12 

[E-W],which i s  c l e a r l y  d i f f e r e n t  from a l l  o t h e r  s p a c e s  

h a s  a unique up t o  pe rmuta t ion  u n c o n d i t i o n a l  b a s i s  

cm 

( c 1:)1 a l s o  has  

b a s i s  (cf.  [B-C-L-T 

n=l 

m 

( C H:)l does n o t  
n= l  

a unique up t o  pe rmuta t ion  u n c o n d i t i o n a l  

) s o  i s  n o t  i somorph ic  t o  ( C H I ) ,  
eJ 

n 

n=l  

c o n t a i n  
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m 
n 

( C 12)1 + 1 2  does n o t  c o n t a i n  (C12) 
n=l 

m - 
n complemented copy o f  ( C H , ) l  (Assume 

n=l m 

and does n o t  c o n t a i n  a 

it does ,  t h e n  by [Wol] 

( C l;)l would c o n t a i n  ( C H Y ) l  complemented, so bo th  would 
n=l n= 1 

be isomorphic  and it i s  n o t  s o . )  

s i n c e  e v e r y  o p e r a t o r  from l 2  i n t o  ( C HY) is  compact, by 

[E-W] w e  o b t a i n  t h a t  e v e r y  u n c o n d i t i o n a l  b a s i s  i n  

s p l i t s  i n t o  a p a r t  spanning 

m 

n= 1 m 

( C HY) + l2 
n=l 

m 

l2 and a p a r t  spann ing  ( Z H n )  1 1 '  

does  n o t  have t h i s  

n= 1 
m 

b u t  t h e  n a t u r a l  b a s i s  i n  

p r o p e r t y  

( C 1 2 ) 1  

see [B-C-L-TI 

( C H:)l + ( C 1 2 ) 1  
n= 1 

h a s  a unique up t o  pe rmuta t ion  u n c o n d i t i o n a l  b a s i s ,  

m 

P '  
( C H Y )  + (El2) does n o t  c o n t a i n  a subspace isomorphic  t o  1 

1 < p  ( 2 ,  b u t  H, ( 0 )  h a s  such subspaces .  

n= 1 

RGMARK . 

The isomorphic  t y p e  of t h e  space  ( C H?) does n o t  depend on  a 
n= 1 

c h o i c e  o f  b a s i s .  

This  i s  a s t a n d a r d  decomposi t ion argument.  

The ve ry  n a t u r a l  q u e s t i o n  r a i s e d  by t h e  above d i s c u s s i o n  i s  t o  

c o n s t r u c t  more complemented subspaces of 

t i t u d e  of a p p a r e n t l y  d i f f e r e n t  isomorphic  r e p r e s e n t a t i o n s  f o r  

(see S e c t i o n  5 )  w e b e l i e v e t h a t  such  a c o n s t r u c t i o n  i s  p o s s i b l e .  

H I  ( D )  . I n  view o f  t h e  mul- 

H 1 ( D )  

I t i s  s t i l l  an open problem r a i s e d  i n  [ C a s l  i f  H 1 ( D )  is  pr imary.  L e t  

us  r e c a l l  t h a t  a Banach space  X i s  pr imary i f  f o r  e v e r y  decomposi- 

t i o n  X = X  + X 2  w e  have a t  l e a s t  one of X1 or X2 isomorphic  t o  

X .  I t  i s  o u r  b e l i e f  t h a t  t h e  answer t o  t h i s  problem i s  p o s i t i v e .  

T h e  f o l l o w i n g  r e s u l t  s e e m s  t o  j u s t i f y  t h i s  b e l i e f .  

1 
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THEOREM 6 . 5 .  

L e t  X be a subspace of H I ( D ) .  Assume t h a t  X i s  isomorphic  t o  

H 1 ( D ) .  Than X c o n t a i n s  a s m a l l e r  subspace Y complemented i n  

H ( D )  and isomorphic  t o  H I  (D) . 

The proof  o f  t h i s  theorem i s  a v e r b a t i m  r e p e t i t i o n  of t h e  proof of t h e  

ana logous  s t a t e m e n t  f o r  L 1 < p  ( 2  g iven  i n  [J-M-S-T],pp.265-70. 

Now w e  w i l l  d i s c u s s  b r i e f l y  t h e  space  of po lynomia l s .  To be p r e c i s e ,  

l e t  Pn d e n o t e  t h e  s p a n i l  , z , .  . . , z n }  i n  HI (D). I t  i s  w e l l  known 

t h a t  i n  i t s  n a t u r a l  p o s i t i o n  a s  a subspace of H 1 ( D )  t h e  space  Pn 

i s  bad ly  complemented, more p r e c i s e l y  t h e  norm of t h e  b e s t  p r o j e c -  

t i o n  is  of  o r d e r  l o g ( n + l ) .  Th i s  r e s u l t  however depends on  t h e  

p a r t i c u l a r  p o s i t i o n  of  Pn i n  H 1 ( D ) .  I t  i s  a n a t u r a l  q u e s t i o n  

( c f .  [Wo4 1 ) i f  t h e  P ' s  are isomorphic  t o  un i fo rmly  complemented 

subspaces  of  

J .Bourga in  and  A.Pelczynski .  T h e i r  argument r u n s  a s  f o l l o w s :  A s  i s  

w e l l  known H 1 ( D )  is isomorphic  t o  H1(D)+ H 1 ( D ) .  Now w e  d e f i n e  

1 

P' 

n 
H 1 ( D ) .  A p o s i t i v e  answer t o  t h i s  was g i v e n  by 

and qn:H1 ( D )  + H I  (D) - Pn by 

n 
akzk + c n-k bkzn-k' m k n  n-k 

q n ( C a k z ,  C b z ) = C  - 
k=O k=O k=O k=O 

m 
k 

S i n c e  I I in\ I 5 2  and 1 I qnl I 5 1 and q n o  in = i d  t h e  c l a i m  f o l l o w s .  

A c t u a l l y  S.V.Bo&ariov [Bo] has 

i s  un i fo rmly  isomorphic  t o  

t e d .  

shown more. H e  has  proved t h a t  Pn 

Hn" . T h i s  i s  incomparably more complica- 

SECTION 7 ;  

Concluding Remarks. 

I n  t h e  p r e v i o u s  s e c t i o n s  t h e  p a t i e n t  r e a d e r  h a s  found many open 

problems connected t o  t h e  r e s u l t s  w e  have been d i s c u s s i n g .  I n  t h i s  

s e c t i o n  w e  want t o  p r e s e n t  some d i r e c t i o n s  f o r  p o s s i b l e  f u r t h e r  
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r e s e a r c h .  

1) M u l t i p l i e r s .  I t  is a w e l l  known open problem t o  g i v e  good 

n=O c r i t e r i a  f o r  a sequence ( p ( n ) )  

i n t o  H 1 ( D ) .  The Theorem 3.1. i s  a f i n e  example. Our knowledge 

however i s  s t i l l  q u i t e  s m a l l  a s  is  wi tnessed  by t h e  problem o f  

d e s c r i p t i o n  of 0 , l  va lued  m u l t i p l i e r s  ( i . e .  i n v a r i a n t  p r o j e c t i o n s ) .  

There is a v a s t  l i t e r a t u r e  on m u l t i p l i e r s  bo th  from H ( D )  i n t o  

i t s e l f  and from 

to  d i s c u s s  it h e r e .  L e t  u s  mention o n l y  t h a t  m u l t i p l i e r s  from 

H 1 ( D )  i n t o  H 2 ( D )  and from H 1 ( D )  i n t o  l 1  a r e  f u l l y  d e s c r i b e d  

(cf.[Dur],Th.6.4 and [ S l - S t ] , r e s p ) .  However, as f a r  a s  w e  know,a l l  t h e  

e x i s t i n g  theorems d e a l  w i t h b o u n d e d n e s s o r  compactness of m u l t i p l i e r s .  

I t  i s  o u r  b e l i e f  t h a t  i t  is worthwhile  t o  i n v e s t i g a t e  what mul t ip -  

l iers  belong t o  o t h e r  n a t u r a l  and impor t an t  o p e r a t o r  i d e a l s .  The 

t h e o r y  o f  o p e r a t o r  i d e a l s  ( c f . [ P i e ] )  i s  a ve ry  impor t an t  t o o l  i n  

v a r i o u s  p a r t s  of a n a l y s i s ,  i t s  a p p l i c a t i o n s  t o  t h e  d i s c  a l g e b r a  

a r e  d i s c u s s e d  i n  [ P e l ] .  I n  t h i s  s i t u a t i o n  w e  b e l i e v e  t h a t  some 

theorems of  t h i s  t y p e  may t u r n  o u t  t o  b e  ve ry  u s e f u l .  

2 )  F i n i t e  dimensional  s t r u c t u r e .  The problem b a s i c a l l y  i s  t o  deve lop  

t h e  l o c a l  t h e o r y  o f  

pa rame te r s  a s s o c i a t e d  w i t h  i t s  main f i n i t e  d imens iona l  b u i l d i n g  b l o c k s ,  

i . e .  t h e  spaces  

o f  Banach space  ( i n  t h e  c o n t e x t  o f  c l a s s i c a l  s p a c e s )  can be found 

i n  [ P e l l ] .  The o n l y  pape r  which c o n t a i n s  some r e s u l t s  of t h i s  

n a t u r e  connected w i t h  H 1 ( D )  i s  [ G - R ] .  

3 )  Convergent Taylor  series. I t  is  w e l l  known t h a t  t h e  Tay lo r  series 

m 
t o  be  a m u l t i p l i e r  from H I  ( D )  

1 
H 1 ( D )  i n t o  o t h e r  n a t u r a l  s p a c e s .  W e  do n o t  want 

H 1 ( D ) .  I n  p a r t i c u l a r  t o  i n v e s t i g a t e  v a r i o u s  

H?. The p r e s e n t a t i o n  o f  some p a r t s  of l o c a l  t h e o r y  

n 
C a n z  of  an H 1 ( D )  f u n c t i o n  f need n o t  converge t o  f i n  

n=O 

norm. W e  feel  t h a t  t h e  space  of conve rgen t  Tay lo r  series, i . e .  t h e  

space  c o n s i s t i n g  of a l l  
m 

f = C an?€ H 1 ( D )  such  t h a t  
n=O 

N n=o 

may be a n  i n t e r e s t i n g  o b j e c t  t o  s t u d y .  I do n o t  know o f  a s i n g l e  

work d e a l i n g  w i t h  t h i s  space .  The analogous s p a c e  f o r  p = m ,  i . e .  

t h e  space  of  un i fo rmly  conve rgen t  Tay lo r  series r e c e i v e d  much 

a t t e n t i o n  i n  r e c e n t  y e a r s .  The b a s i c  r e f e r e n c e  f o r  t h i s  i s  

[ V i n ] .  W e  f e e l  however t h a t  t h e r e  i s  a ve ry  s m a l l  c o n n e c t i o n  between 

p = 1  and p = m  i n  t h i s  case. 
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T h i s  i s  an expanded v e r s i o n  o f  a l e c t u r e  g i ven  a t  t h e  T h i r d  Paderborn Conference 

i n  Func t i ona l  Ana lys i s ,  May 1983. 

One o f  t h e  f i r s t  unp leasant  examples t h a t  one sees i n  mathematics i s  a f u n c t i o n  of 

two v a r i a b l e s  f ( x , y )  t h a t  i s  n i c e l y  d i f f e r e n t i a b l e  i n  each coo rd ina te  b u t  i s  n o t  

" d i f f e r e n t i a b l e " .  I n  h i g h e r  dimensions o r  even i n  i n f i n i t e  dimensions t h i n g s  be- 

come even worse. L e t  us r e l a t e  t h i s  t o  an o l d  and s t i l l  unso lved problem o f  Banach: 

Given an i n f i n i t e  dimensional  Banach space X ,  i s  X i somorph ic ( l i nea r1y  homeo- 

morph ic )  t o  a c losed  hyperplane? I n  o t h e r  words, i s  X i somorph ic  t o  X X R, 

where R i s  t h e  r e a l  numbers? The d i f f i c u l t y  o f  t h i s  problem i s  t h a t  o f  f i n d i n g  

a s u i t a b l e  i n v a r i a n t  f o r  X .  One u s e f u l  i n v a r i a n t  i s  t h e  f o l l o w i n g :  Suppose X 

has the  p r o p e r t y  t h a t  each cont inuous  convex f u n c t i o n  on X 

d i f f e r e n t i a b l e  on a dense s e t .  The spec ia l  case o f  Banach's problem i s  a l s o  un- 

so l ved :  I f  X has t h i s  d i f f e r e n t i a t i o n  p roper t y ,  does X x R ? 

i s  (Gateaux) 

We beg in  w i t h  t h e  d e f i n i t i o n s  o f  Gateaux and F r k h e t  d i f f e r e n t i a b i l i t y .  L e t  

Y be Banach spaces and U an open subset  o f  X .  A con t inuous  f u n c t i o n  f : U - Y 

i s  Gateaux d i f f e r e n t i a b l e  a t  a p o i n t  x o  i n  U i f  t h e r e  e x i s t s  an opera to r  (a  

cont inuous  l i n e a r  f u n c t i o n )  T : X - Y such t h a t  f o r  a l l  x i n  X, IlxH = 1, 

X and 

f ( x o + t x )  - f ( x o )  
1 i m  = T ( x ) .  
t -0 t 

Such a f u n c t i o n  i s  F r6che t  d i f f e r e n t i a b l e  a t  an xo i n  U i f  

IIf ( X ) - f  ( x0) - T (  x - x ~ )  II 
1 i m  = 0. 
x-xo IIX - xo II 

We s h a l l  d e f i n e  a Banach space X 

valued, cont inuous  and convex f u n c t i o n  de f i ned  on an open subset  o f  X i s  (Gateaux) 

t o  be a (weak) Asplund space i f  eve ry  r e a l -  
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F r k h e t  d i f f e r e n t i a b l e  on a dense 

r e s u l t  t h a t  f i n i t e  dimensional  spaces a r e  Asplund. Indeed, s i n c e  t h e r e  a re  ana ly -  

t i c a l  c h a r a c t e r i z a t i o n s  o f  Asplund spaces i t  i s  easy t o  see t h a t  t he  c l a s s  o f  

Asplund spaces is  c losed  under t h e  opera t i ons  o f  f i n i t e  p roduc ts ,  c losed  l i n e a r  

subspaces and q u o t i e n t  spaces (cont inuous  l i n e a r  images). Very much l e s s  i s  known 

about the  c lass  o f  weak Asplund spaces, p a r t i c u l a r l y  t h e  permanence p r o p e r t i e s  o f  

t h i s  c l a s s .  I t  i s  a r e s u l t  o f  Mazur t h a t  any separab le  Banach space i s  weak Asplund, 

and Asplund proved t h a t  any c losed  l i n e a r  subspace o f  a weakly compact ly generated 

Banach space i s  weak Asplund. Our o b j e c t i v e  i s  t o  c o n s t r u c t  a c l a s s  o f  Banach 

spaces t h a t  (1) con ta ins  t h e  Asplund spaces, ( 2 )  con ta ins  t h e  weakly compact ly 

generated spaces, ( 3 )  has reasonable permanence p r o p e r t i e s  and ( 4 )  t he  c l a s s  i s  

con ta ined i n  t h e  weak Asplund spaces. Our bas ic  techniques a re  t o p o l o g i c a l  i n  na- 

t u r e .  Our main m o t i v a t i o n  i s  t h e  f o l l o w i n g  o l d  and n o n - t r i v i a l  theorem. The F rkche t  

d i f f e r e n t i a b i l i t y  p a r t  i s  due t o  Smulian ( b e f o r e  1944) and the  Gateaux p a r t  i s  due 

t o  many au thors ,  c u l m i n a t i n g  w i th  Mazur i n  t h e  1930’s .  

G 6  subset o f  t h a t  open s e t .  I t  i s  a well-known 

DIFFERENTIATION THEOREM 

L e t  cp be a cont inuous  and convex f u n c t i o n  d e f i n e d  on t h e  Banach space X.  Then 

t h e  f o l l o w i n g  a re  e q u i v a l e n t  (we may assume t h a t  ~ ( 0 )  = -1 and cp(xo) # 0 ) :  

1) The f u n c t i o n  cp i s  Gateaux ( F r k h e t )  d i f f e r e n t i a b l e  a t  xo; 

2)  I f  G = { ( x , t )  E X x IR : t 2 cp(x)} i s  t he  supergraph o f  cp. t hen  
0 (xo,cp(xo)) exposes ( s t r o n g l y )  G , t h e  p o l a r  of G; 

3)  The Minkowski f u n c t i o n a l  of G 

( X O ’ d X O )  1 ; 

4)  Fo r  each x E X, choose $ (x )  = 

f o r  a l l  y E X (wh ich  e x i s t s  by 

+ i s  norm t o  weak* (norm 

PROPERTIES OF PERFECT MAPS 

A l l  o f  our  t o p o l o g i c a l  spaces w i l  

s Gateaux ( F r k h e t )  d i f f e r e n t i a b l e  a t  

x* such t h a t  <$(x),y-x> 2 cp(y) - cp(x) 

t h e  Hahn-Banach theorem); then t h e  f u n c t i o n  

t o  norm) cont inuous  a t  xo .  

be Hausdor f f  and comple te ly  r e g u l a r .  A t o p o l o g i -  

c a l  space i s  B a i r e  i f  no non-empty open subset  i s  o f  t h e  f i r s t  B a i r e  ca tegory .  

We r e c a l l  t h e  d e f i n i t i o n  and elementary p r o p e r t i e s  o f  p e r f e c t  maps. A con t inuous  

f u n c t i o n  f : A - B i s  p e r f e c t  i f  i t  i s  onto,  c losed  and has compact f i b e r s ,  t h a t  

i s  f- (b )  i s  compact f o r  each b E B. A p e r f e c t  map f : A - B i s  minimal i f  the  

image o f  any proper  c losed  subset  o f  A i s  a p roper  subset  o f  B. 

1 
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A l l  o f  t h e  f o l l o w i n g  e lementary  f a c t s  about  p e r f e c t  maps can be  found i n  [ B ]  (see 

a l s o  [ E l ) .  

L e t  f : A - B be p e r f e c t ,  t hen  

t h e r e  e x i s t s  a c losed  subset  Amin o f  A such t h a t  

flAmin : A m i  n 

f o r  any subset  Boof B,  f : f- ’ (B0) - B o  i s  p e r f e c t ;  

f-’(C) i s  compact fo r  each compact subset  C o f  B; 

- B i s  p e r f e c t  and min ima l ;  

i f  g : C - 0 i s  a homeomorphism onto,  then 

f x g : A x C - B x D i s  p e r f e c t ;  

t h e  compos i t ion  o f  a f i n i t e  number o f  p e r f e c t  maps i s  p e r f e c t ;  

t h e  p roduc t  o f  a f i n i t e  number o f  p e r f e c t  maps i s  p e r f e c t ;  

i f  C i s  compact then C x A - A d e f i n e d  by p r o j e c t i o n  i s  p e r f e c t ;  

i f  f : A - B i s  an on to  f u n c t i o n  then t h e  f o l l o w i n g  a r e  e q u i v a l e n t :  

( a )  f i s  p e r f e c t ,  

( b )  G = {(a,b) : f ( a )  = b} i s  a c losed  subset  o f  O ( A )  x B, 
( c )  f o r  any homeomorphic embedding i : A - K, K compact, 

t h e  s e t  { ( i a , f ( a ) )  : a E A} i s  c losed  i n  K x B; 

i f  f : A + B and g : B - C a r e  cont inuous  and on to  and g o f  i s  

p e r f e c t  then g and f a r e  p e r f e c t ;  

i f  f : A - B i s  p e r f e c t  and minimal and B i s  Ba i re ,  then A i s  

Ba i re ;  

suppose f : A - B i s  p e r f e c t ,  then f i s  minimal i f  and o n l y  if f o r  

every  p a i r  ao,bo s o  t h a t  f ( a o )  = bo and eve ry  p a i r  o f  open s e t s  

U , V  so  t h a t  a. E V ,  bo E U ,  i t  f o l l o w s  t h a t  { b  E U : f - l ( b )  gV} 

i s  open and non-empty. 

suppose f : A - B i s  min ima l  p e r f e c t ,  t hen  f o r  bo E 8, t h e  

f o l l o w i n g  a r e  e q u i v a l e n t :  

( a )  t h e r e  e x i s t s  a f u n c t i o n  g : B - A such t h a t  f g (b )  = b 

and g i s  cont inuous  a t  bo; 

be cont inuous  a t  bo; 

( b )  f o r  any mapping g : B - A such t h a t  f g ( b )  = b, g must 

( c )  f - l ( b 0 )  has o n l y  one p o i n t ;  
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( p x i i i )  i f  f : A - B i s  minimal p e r f e c t  then f o r  any open subset U of B, 
1 1 f l f -  ( u )  : f -  (u )  - u i s  minimal p e r f e c t .  

Al though we s h a l l  have l i t t l e  t o  say about se t -va lued mappings, we s h a l l  g i v e  a 

few f a c t s  about them f o r  readers  who p r e f e r  t h i s  way o f  l o o k i n g  a t  t h i n g s .  We can- 

n o t  emphasize s t r o n g l y  enough t h a t  i t  i s  a r o u t i n e ,  indeed bo r ing ,  exe rc i se  t o  r e -  

f o rmu la te  our  r e s u l t s  i n  terms o f  se t - va lued  mappings. L e t  S and T be t o p o l o g i -  

c a l  spaces and P ( S )  be t h e  power-set o f  S .  A f u n c t i o n  F : T - P(S)  i s  upper 

semi-cont inuous (usc)  i f  f o r  any open subset  U o f  S, { t  : F ( t ) s U )  i s  an open 

subset o f  T. Suppose F : T - P(S)  i s  usc and each F ( t )  i s  a compact and non- 

empty subset o f  S. For  such a mapping F, d e f i n e  

G = { ( s , t )  : s E F ( t ) ,  t E T I .  

Then 

p r o j T  : G - T 

i s  p e r f e c t .  Conversely, i f  f : S - T i s  a p e r f e c t  map then 

F : T - P ( S )  

d e f i n e d  by F ( t )  = f - l ( t )  

known d u a l i t y .  Wi th  t h i s  d u a l i t y  i n  mind, we have two cho ices :  we can g i v e  a ve ry  

s imp le  d e f i n i t i o n  o f  a c l a s s  o f  t o p o l o g i c a l  spaces whjch i s  awkward t o  app ly ,  o r ,  

an awkward d e f i n i t i o n  t h a t  i s  easy t o  app ly .  We s h a l l  beg in  w i t h  t h e  s imp le  

d e f i n i t i o n :  

i s  usc w i t h  compact non-empty va lues .  T h i s  i s  a w e l l  

DEFINITION: - C '  

p roper t y :  K EC’ i f  and o n l y  i f  f o r  every  B a i r e  space T and f o r  every  compact 

(non-empty) va lued usc f u n c t i o n  

w i l l  denote the  c lass  o f  t o p o l o g i c a l  spaces w i t h  t h e  f o l l o w i n g  

F : T - P(K) 

t h e r e  e x i s t s  a dense G ,  subset G o f  T and a f u n c t i o n  f : T - K such t h a t  

f ( t )  E F ( t )  f o r  a l l  t E T 

and f i s  cont inuous a t  each p o i n t  o f  G.  

Un fo r tuna te l y ,  t h i s  d e f i n i t i o n  i s  n o t  v e r y  u s e f u l  f o r  t h e  a p p l i c a t i o n s  we have i n  

mind, so we s h a l l  d e f i n e  another  c l a s s  C and show t h a t  5 = C’, 

I n  fac t ,  we o n l y  g i v e  t h e  d e f i n i t i o n  o f  C’ above t o  appease t h e  t o p o l o g i s t s  who 
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o b j e c t e d  t o  the  d e f  

DEFINITION (see [ S 4  

n i t i o n  o f  (= on a e s t h e t i c  grounds. 

) :  A t o p o l o g i c a l  space K i s  i n  - C i f  and o n l y  i f  f o r  a l l  

t o p o l o g i c a l  spaces C,S,T,B so t h a t  B i s  Ba i re ,  C C _ K  x S, a l l  f : C - T 

p e r f e c t  and a l l  g : B - T cont inuous t h e r e  e x i s t  a dense G6 subset  G o f  B 

and a f u n c t i o n  h : B - K such t h a t  f o r  each b E B t h e r e  e x i s t s  an s E S such 

t h a t  ( h ( b ) , s )  E f - ' ( g ( b ) )  and h i s  con t inuous  a t  each p o i n t  o f  G.  

The f i r s t  t h i n g  t o  check i s  t h a t  (1C-C' and t h i s  i s  easy: suppose F 

i s  usc and compact valued. De f ine  

C = { ( k ,b )  : k E F ( b ) } .  

As b e f o r e  

p r o j B  : C - B 

i s  p e r f e c t .  O f  course, g i s  t h e  i d e n t i t y  on B, and we have the  des 

h : B - K and dense G,  subset  G o f  B.  

The converse r e q u i r e s  a b i t  more work: Suppose K i s  i n  C’ and C,S 

: B * P(K) 

red  f u n c t i o n  

T,B,f and 

g 
F : B - P(K) d e f i n e d  by F (b )  = { k  : 3s E S s o  t h a t  (k ,s )  E f - l ( g ( b ) ) }  i s  usc. 

T h i s  i s  a r o u t i n e  computat ion i f  one uses ( p v i i i ) .  

a re  as i n  t h e  d e f i n i t i o n  o f  (1. We need t o  check t h a t  t h e  se t - va lued  f u n c t i o n  

I t  shou ld  n o t  be necessary t o  j u s t i f y  t h e  presence o f  t h e  space 

t i o n  o f  5, 
F i r s t ,  and l e a s t  impor tan t ,  i t  makes t h e  v e r i f i c a t i o n  o f  ( C i i i )  below u t t e r l y  

t r i v i a l .  Most i m p o r t a n t l y ,  S does n o t  have t o  be the re ,  b u t  i t  may! The space S 

corresponds t o  t h e  "dummy" v a r i a b l e .  See our  penu l t ima te  theorem. The d e f i n i t i o n  

- C i s  g l i b  and h ides  t h e  impor tan t  p r o p e r t i e s  o f  t h e  c l a s s  of t o p o l o g i c a l  spaces 

under c o n s i d e r a t i o n .  We now l i s t  t h e  permanence p r o p e r t i e s  o f  t h e  c l a s s  C: 

S i n  the  d e f i n i -  

b u t  i t  i s  because of  some i l l - c o n s i d e r e d  commentaries we have rece ived.  

- 

( C i  ) I f  K1 i s  i n  C and f : K1 - K2 i s  p e r f e c t  then K2 i s  i n  C; 

( C i  i ) if K1 i s  i n  C and f : K p  - K1 i s  cont inuous and 1:1, then  K2 

i s  i n  C ( i n  p a r t i c u l a r ,  i f  K i n  t h e  topo logy  T i s  i n  C and y1 

i s  a f i n e r  topo logy  then ( K , T ~ )  i s  i n  5; 

( C i i i )  - C i s  c losed  under coun tab le  p roduc ts ;  

n '  ( C i v )  
m 

if K = u K and each Kn i s  a c losed  subset  o f  K ,  and Kn i s  i n  

- C, then K i s  i n  C; 
n = l  
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(CV 1 if I i s  a s e t  and {KiliEI i s  a subclass o f  - C and each Ki i s  

l o c a l l y  compact then t h e  one-po in t  c o m p a c t i f i c a t i o n  o f  t h e  d i s j o i n t  

un ion  i s  i n  C. 

The v e r i f i c a t i o n  o f  ( i )  i s  e lementary.  To see ( i i )  l e t  G GK2 x B, where B i s  

Ba i re ,  p ro jB (G)  = B, and G i s  c losed  i n  p(K2) x B. Assume p r o j B  i s  minimal 

on G. 

i s  t he  obvious ex tens ion .  Thus, f x i d B  i s  a homeomorphism on G. L e t  

G1 = (7  x i d B ) ( G )  

So t h e r e  e x i s t s  a dense G6 s e t  D C B such t h a t  f o r  b E D t h e r e  e x i s t s  a 

un ique k 2  E K2 such t h a t  (k2,b) E G1. S ince  7 x i d B  was 1: l  on G t h e r e  

i s  a un ique k l  E K1 such t h a t  (kl,b) E G. App ly  ( p x i i )  t o  o b t a i n  t h e  des i red  

r e s u l t s .  

Then, d e f i n e  'f x i d B  : p(K2) x B - p(K1) x B where 7 : p(K2) - p(K1) 

p r o j B  : G1 - B 

- 
and we have t h a t  i s  minimal p e r f e c t  ( t r y  ( P i x ) )  

The equ iva lence o f  C and - C '  y i e l d s  ( C i i i ) .  - 

To see p roper t y  ( C i v ) ,  l e t  K = u Kn where each Kn i s  a c losed  subset  o f  K, 

C C, K x B and f : C - B perfee?! where f i s  p r o j e c t i o n .  Assume a l s o  t h a t  

f : C - B i s  min ima l .  S ince  D, = C n (Kn x S )  i s  c losed  i n  C ,  f (Dn )  i s  a 

c losed  subset o f  B.  S ince  B i s  a B a i r e  space we have t h a t  

m 

m 

u i n t  f (Dn)  
n = l  

i s  a dense subset o f  B. S ince  f : C + B i s  min ima l ,  f l f - l ( V )  : f - ' (V )  - V i s  

a l s o  min ima l  f o r  an open subset V o f  T .  Hence, by  m i n i m a l i t y  f - ' ( i n t  f ( D n ) )  

i s  a subset  of D,, and by the  remarks above, t h e r e  e x i s t s  gn : i n t  f (Dn)  + Dn 

cont inuous, un ique ly  d e f i n e d  on a dense G 6  subset Gn o f  i n t  f (Dn)  and 

f(g,,(b),b) = b. We may assume Gn = n W , Wn,m i s  an open dense subset  o f  

i n t  f ( D n ) .  We know t h a t  gn = gm on Gn n Gm and t h e  g n ' s  pa tch  toge the r  t o  

form a f u n c t i o n  cont inuous  except  perhaps on 

ca tegory  . 

m 

m=l nym 

u u f (Dn)  \ Wn,,, which i s  f i r s t  
n m  

To check ( v ) ,  l e t  b Ki u {-} = K be t h e  one-po in t  c o m p a c t i f i c a t i o n  o f  t h e  d i s -  

j o i n t  un ion  K i .  Suppose C GK and f : C + B i s  minimal p e r f e c t .  
i 

i 

On t h e  c losed  s e t  Bm = 

g : Bm - K by g ( b  

I t  remains t o  d e f i n e  g 

b : f - l ( b )  a -} d e f i n e  

= m. 

on the  complement o f  Bm. L e t  
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B .  = 

Each Bi 

U Bi 
i 

i s  dense 

gi : Bi -, 

a r b i  t r a r i  

-1 {b  : f ( b )  GKi}. 

i s  open and because f i s  min ima l  

u B: 

n B. For  each Bi t h a t  i s  non-empty we may f i n d  a f u n c t i o n  

Ki w i t h  the  des r e d  p r o p e r t i e s .  A f u n c t i o n  g : B - K d e f i n e d  

y ( s u b j e c t  t o  f g ( b ) )  = b )  on t h e  compl iment o f  uBi u B: and equal  

t o  gi on Bi w i l l  have the  d e s i r e d  p r o p e r t i e s  on a l l  o f  B! 

We have a r e f o r m u l a t i o n  o f  a r e s u l t  o f  Mazur: 

THEOREM: L e t  K be a m e t r i c  space. Then K i s  i n  C. 

PROOF: Suppose C CK and f : C - B i s  min ima l  p e r f e c t  and B i s  a B a i r e  space. 

From the  m i n i m a l i t y  we know t h a t  

1 
n n 

U = {b  E B : d iameter  f - ' ( b )  s -1 

m 

con ta ins  an open dense subset  o f  B .  Tha t  i s ,  each b E n Un has a one p o i n t  

f i b e r .  App ly  ( p x i i ) .  n = l  

A lso ,  i t  f o l l o w s  f rom known r e s u l t s  t h a t  E b e r l e i n  compacts a r e  i n  C (see  [ S Z - 4 1 )  

and se ts  w i t h  t h e  Radon-Nikodym p r o p e r t y  i n  a p p r o p r i a t e  weak topo log ies  a r e  i n  C 
( t h i s  i s  one o f  t he  main r e s u l t s  o f  [ S Z ]  re fo rmu la ted  i n  t h e  language o f  p e r f e c t  

maps, see [S41) .  

THEOREM: L e t  K be a subset  o f  t he  Banach space X and Y a l i n e a r  subspace of 

X *  such t h a t  eve ry  Y bounded subset  o f  K i s  Y den tab le .  Then, (K ,T)  i s  i n  

- C f o r  any topo logy  T f i n e r  than t h e  weak topo logy  on K determined by Y .  

We s h a l l  d e f i n e  5 t o  be t h e  c l a s s  o f  a l l  Banach spaces such t h a t  X i s  i n  5 i f  

and o n l y  if (X*,u(X*,X)) i s  i n  - C .  I f  X i s  a separab le  Banach space, 

(B(X*],o*) i s  a compact m e t r i c  space. App ly ing  ( C i v )  we know t h a t  X i s  i n  5. 

We t u r n  now t o  t h e  permanence p r o p e r t i e s  o f  5: 
( S i  1 i f  X i s  i n  5 and T : X - Y i s  an opera to r  w i t h  dense range then 

Y i s  i n  2; 

( S i  i ) i f  X i s  i n  5 and T : Y - X i s  an o p e r a t o r  so t h a t  T** i s  1:1, 
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then  Y i s  i n  5 ( i n  p a r t i c u l a r ,  i f  Y i s  a c losed  l i n e a r  subspace 

o f  X, then Y i s  i n  2); 

S i s  c losed  under " coun tab le  p roduc ts" ,  f o r  example i f  X,, i s  i n  S, 
then  Y = ( E Xn)l i s  i n  2, and, us ing  ( S i ) ,  - a dense Image Of y 
i s  i n  2; 1 

i f  I i s  a s e t  and Xi i s  i n  

i n  5 and f o r  1 < p < m, (,E Xi)l i s  i n  2. 

m ( S i i i )  - 

( S i  v 1 f o r  each i E I then  (iEIXi)co i s  

1EI P 

A few words about  t h e  permanence p r o p e r t i e s  o f  2: f i r s t ,  ( i )  i s  c l e a r  because T* 

maps (B(Y*),w*) homeomorphical ly i n t o  t h e  b a l l  B(X*, IITII) w i t h  t h e  weak* topo- 

l ogy .  I f  (B(Y*),w*) i s  i n  5, so  i s  (Y:w*) ( ( c i v ) ) .  P roper t y  ( s i i i )  f o l l o w s  

f rom ( S i )  - and ( C i i i ) .  That  5 i s  c losed  under a r b i t r a r y  C o  sums f o l l o w s  f rom (Cv). 

Once ( C i i )  has been es tab l i shed ,  i t  i s  easy t o  see t h a t  (EXi)lp, 1 < p < m, i s  

i n  S because t h e  i d e n t i t y  f u n c t i o n  
i 

s a t i s f i e s  ( C i i ) .  What remains i s  ( C i i ) .  Suppose T : Y - X has t h e  p r o p e r t y  t h a t  

T** i s  1: l  and X i s  i n  2. Suppose C i s  a subset o f  Y*, B i s  B a i r e  space 

and 

cp : C + B i s  minimal p e r f e c t .  

1 
n 

De f ine  fn : X* x By*(O,-) - Y* by fn(x*,y*)  = T*x* + y*. 

we know t h a t  T* has norm dense range and fn 

Since T** i s  1:l 

i s  on to .  

# b . 

L e t  

C, = {b : cp- 1 ( b )  n fn[BX*(O,m) x By*(O,,jl 1 

m 

Each C, i s  c losed  and u C, = B .  
m= 1 

0 
Def ine  U1 = C1, = c;+l \ .u ci. 

1 sm 
m -1 -1 

Thus, u Urn i s  an open dense subset  o f  B. S ince  cplcp (U,) : cp (U,) .+ U, i s  

minimal and f o r  
m= 1 

b E U, 

-1 1 
cp ( b )  n fn[BX*(O,m) x By*(O,,)l # b 

we have t h a t  

cp -1 ( b )  Sfn[Bx*(O,m) x By*(o,,)l. 1 

De f ine  A, = {(x*,y*) : l l x t t i  s in, Ily11 s l / n  

p roduc t  o f  t h e  w*-topol og ies .  

so t h a t  cp(T*x* + y*)  E U,} i n  t h e  
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The maD 

def ined by $,,(x*,y*) = (p(T*x* t y* )  i s  p e r f e c t .  Use t h e  p r o p e r t i e s  o f  C (here ,  

y* 
i s  cont inuous  a t  each p o i n t  o f  a dense G ,  subset  o f  Urn and f o r  each b i n  Urn 

t h e r e  e x i s t s  a y* i n  Y*, ily*i~ S l / n ,  (g,(b),y*) i n  A,,, and 

i s  t h e  dummy v a r i a b l e )  t o  o b t a i n  a f u n c t i o n  g, : Um - BX*(O,m) so t h a t  g, 

4Jm(gm(b),Y") = cp(T*!qb) f Y*) = b .  

De f ine  

dense G 6  subset  o f  B.  

a w* c l u s t e r  p o i n t  o f  T*hn(bo), which must be i n  w-'(b0). L e t  W be a convex 

symmetric weak* neighbourhood o f  t h e  o r i g i n  i n  

hn : B - X* so  t h a t  hnlUm = 9,. For  each n, hn . i s  con t inuous  on a 

L e t  bo be a p o i n t  o f  c o n t i n u i t y  o f  a l l  h,. L e t  y: be 

Y * .  

1 1 
P 

Choose p l a r g e  enough so t h a t  + 2By*(0,-) .  There e x i s t s  a q t p such t h a t  

T*h (b  ) E y: t 4. Since T*h 

bo E U, such t h a t  

i s  con t inuous  a t  bo t h e r e  e x i s t s  U open, 
9 0  9 

(T*hq 

There fore ,  

(p-'(b 

The m i n i m a l i t y  says t h a t  , p - l (b )  i s  t h e  one p o i n t  s e t  {y:} and we have v e r i f i e d  

t h a t  Y*  i n  t h e  weak* topo logy  i s  i n  5. 

The f o l l o w i n g  i s  a r e f o r m u l a t i o n  o f  some o f  t h e  r e s u l t s  o f  [S1-41: 

THEOREM: ( a )  i f  X i s  i n  5 then  X i s  a weak Asplund space; 

( b )  if X i s  an Asplund space then X i s  i n  2. 

From ( b ) ,  ( S i )  

compact ly genera ted  spaces a re  i n  5 
spaces a r e  i n  - S, 

i f  X i s  wcg and T : Y - X has p r o p e r t y  t h a t  T I *  i s  1:1, then Y i s  i n  - S; 

i n  p a r t i c u l a r ,  Y i s  weak Asplund i f  T i s  isomorphism ( a  r e s u l t  o f  Asplund) 

(compare a1 so [ CK]) . 

and the  f a c t o r i z a t i o n  theorem [DFJP] i t  f o l l o w s  t h a t  a l l  weakly 

( i ndeed  t h e  much b i g g e r  c l a s s  o f  a l l  GSG 

see [ S Z ] ) .  As a ve ry  s p e c i a l  case, f rom ( s i i )  i t  f o l l o w s  t h a t  
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An example o f  t h e  s o r t  o f  r e s u l t  t h a t  can be ob ta ined  by us ing  ou r  techniques 

cornbinated w i t h  t h e  D i f f e r e n t i a t i o n  theorem i s :  

THEOREM: L e t  X be a Banach space i n  2. 

( i )  L e t  U be an open subset o f  t h e  Banach space Z and l e t  p : U - X be 

cont inuous  and Gateaux d i f f e r e n t i a b l e  on a dense G, subset  o f  U; l e t  

cp : X - R be cont inuous  and convex. Then cpoo i s  Gateaux d i f f e r e n t i a b l e  on  
a dense G, subset  o f  U. 

( i i )  L e t  S be a t o p o l o g i c a l  space such t h a t  X x S i s  a B a i r e  spacej  

cp : X x S - R l o c a l l y  bounded and f o r  each s E S, cp(.,s) i s  cont inuous 

and convex. Then t h e r e  e x i s t s  a dense G, subset G o f  X x S such t h a t  

a t  each p o i n t  o f  G t h e  X - p a r t i a l  Gateaux d e r i v a t i v e  o f  9 e x i s t s .  

Fo r  a p roo f ,  see [S4 ] .  

We s h a l l  bore t h e  reader  by one f o r a y  i n t o  " o p t i m i z a t i o n  theo ry " .  Suppose K i s  

i n  5; f o r  f i n  C(BK), d e f i n e  

Kf = { k  E pK, where f ( k )  = p ( f ) j ,  p ( f )  = sup { f  : K} and 

A = { f  t C(BK) : Kf 5 K} .  

Suppose U i s  an open subset  o f  a Banach space Y and g i s  a cont inuous  f u n c t i o n  

f rom U t o  Y w i t h  the  p r o p e r t i e s  t h a t  t he re  e x i s t s  a dense G, subset  G o f  

U so t h a t  g i s  Gateaux d i f f e r e n t i a b l e  a t  each p o i n t  o f  G and g (u )  i s  i n  A 

f o r  u i n  G. Then the  compos i t ion  pog i s  Gateaux d i f f e r e n t i a b l e  on a dense 

G, subset  o f  U ( t h i s  i s  n o t  a " c h a i n  r u l e " ) .  The p r o o f  f o l l o w s  immedia te ly  f rom 

t h e  d e f i n i t i o n  o f  C and the  theorem above. I n  p a r t i c u l a r ,  i f  K i s  a l s o  compact, 

U = C j K )  and g i s  t h e  i d e n t i t y  f u n c t i o n  then, by a p p l y i n g  t h e  d i f f e r e n t i a b i l i t y  

theorem, we have t h a t  

{ f  E C(K) : p i s  Gateaux d i f f e r e n t i a b l e  a t  f }  = 

{ f  E C(K) : f a t t a i n s  i t s  sup a t  a s i n g l e p o i n t  o f  K )  

and t h i s  s e t  i s  a dense G, subset o f  C(K).  T h i s  proves a l s o  t h a t  i f  K i s  

compact and i n  C then 

{k E K : k has a countab le  bas i s  o f  neighbourhoods} 

i s  a dense subset o f  K and t h a t  K i s  s e q u e n t i a l l y  compact, t h a t  i s ,  every  

sequence i n  K has a converg ing  subsequence. 
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L e t  S be an uncountab le  s e t .  One e a s i l y  computes t h a t  t he  norm on ll(S) i s  n o t  

Gateaux d i f f e r e n t i a b l e  a t  any p o i n t .  Hence, t h e  u n i t  b a l l  o f  

weak* topo logy  (wh ich  i s  homeomorphic t o  t h e  S - f o l d  p roduc t  o f  

- C .  
spaces as w e l l .  

( l l (S ) ) *  i n  t h e  

[ O , l ] )  i s  n o t  i n  

The t o p o l o g i c a l  p r o p e r t i e s  above can a l s o  be used t o  show t h i s  and f o r  o t h e r  

Rather s u r p r i s i n g  i s  t h e  f o l l o w i n g :  

THEOREM: If X i s  i n  2 then  (X*,o(X*,X**)) i s  i n  C.  I n  p a r t i c u l a r ,  1- i n  

i t s  weak topo logy  i s  i n  C. 
An i n t e r e s t i n g  r e f o r m u l a t i o n  o f  an o l d  problem (see “1) i s  t h e  f o l l o w i n g :  

PROBLEM: I s  any Banach space i n  i t s  weak topo logy  i n  5 ? 

I f ,  i n  t h e  d e f i n i t i o n  o f  C one r e s t r i c t s  t h e  space B t o  be complete m e t r i c  

(wh ich  i s  enough f o r  d i f f e r e n t i a b i l i t y  r e s u l t s )  o r  Cech-complete ( o r ,  even s t r o n g l y  

coun tab ly  complete) one ob ta ins  new c lasses  such t h a t  a l l  Banach spaces i n  t h e i r  

weak topo log ies  a r e  i n  these c lasses .  One need o n l y  t r a n s l a t e  t h e  p r o o f s  o f  [ N ]  i n t o  

ou r  te rm ino logy .  I t  i n v o l v e s  o n l y  the  s t r a i g h t f o r w a r d  copying o f  t he  i n t e r e s t i n g  

r e s u l t s  o f  “ 1 .  Indeed, t h i s  has been done seve ra l  t imes over  i n  the  l i t e r a t u r e .  

Our r e s u l t s  have obvious r e f o r m u l a t i o n s  i n  t h e  language o f  m u l t i v a l u e d  maps, mono- 

tone  opera to rs ,  convex a n a l y s i s ,  o p t i m i z a t i o n ,  e t c . ;  t h i s  would be s u i t a b l e  work 

f o r  a m a s t e r ’ s  t h e s i s .  We would be su rp r i sed ,  however, i f  these r e f o r m u l a t i o n s  gave 

any new i n s i g h t  i n t o  t h e  obv ious  n o n - t r i v i a l  problems t h a t  have a r i s e n .  

V 
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B A N A C H  S P A C E S  OF OPERATORS A N D  LOCAL 

UNCONDITIONAL STRUCTURE 

C a r s t e n  S c h i i t t  

C h r i s t i a n - A l b r e c h t s - U n i v e r s i t a t  
M a t h e m a t i  s c h e s  I n s t i  t u t  

K i e l ,  W e s t - G e r m a n y  

We s t u d y  h e r e  t h e  l o c a l  u n c o n d i t i o n a l  s t r u c t u r e  
o f  c e r t a i n  o p e r a t o r  i d e a l s .  I n v a r i a n t s  l i k e  t h e  
G o r d o n - L e w i s  c o n s t a n t  a r e  i n v e s t i g a t e d .  

G r o t h e n d i e c k l 6 1  d e f i n e d  a o n e  a b s o l u t e l y  summing  o p e r a t o r  b e t w e e n  

t w o  B a n a c h  s p a c e s ,  t o  b e  a n  o p e r a t o r  w h i c h  maps e v e r y  u n c o n d i t i o n a l -  

l y  c o n v e r g e n t  s e r i e s  t o  a n  a b s o l u t e l y  c o n v e r g e n t  s e r i e s .  I t  was a s -  

k e d  i n  [ 6 ]  w h e t h e r  e v e r y  o n e  a b s o l u t e l y  summing  o p e r a t o r  c a n  b e  f a c -  

t o r e d  t h r o u g h  a n  L ( u ) - s p a c e .  T h i s  p r o b l e m  was s o l v e d  i n  t h e  n e g a -  

t i v e  b y  G o r d o n  a n d  L e w i s  [ 4 ] .  

By t h i s  t h e y  a l s o  a n s w e r e d  o t h e r  p r o b l e m s .  T h e y  o b s e r v e d  t h a t  e v e r y  

o n e  a b s o l u t e l y  summing  o p e r a t o r  f r o m  a B a n a c h  s p a c e  E i n t o  a n o t h e r  

s p a c e  f a c t o r s  t h r o u g h  a n  L ( u ) - s p a c e  p r o v i d e d  t h a t  E h a s  l o c a l  u n -  

c o n d i t i o n a l  s t r u c t u r e  ( l u s t ) .  I t  was u n k n o w n  w h e t h e r  t h e r e  a r e  Ban-  

a c h  s p a c e s  w i t h o u t  l o c a l  u n c o n d i t i o n a l  s t r u c t u r e .  T h u s  t h e y  showed  

t h a t  t h e r e  a r e  i n  f a c t  s p a c e s  w i t h o u t  l u s t .  

T h e  s p a c e s  t h e y  c o n s i d e r e d  a r e  s p a c e s  o f  o p e r a t o r s  w i t h  a n  i d e a l  

n o r m  [ 1 2 ] .  I n  p a r t i c u l a r ,  t h e y  f o u n d  t h a t  t h e  s p a c e  o f  a l l  b o u n d e d  

o p e r a t o r s  L (n .  ) w i t h  o p e r a t o r  n o r m  d o e s  n o t  h a v e  l o c a l  u n c o n d i t i o n a ,  

s t r u c t u r e  a n d  t h a t  t h e r e  a r e  o n e  a b s o l u t e l y  summing  o p e r a t o r s  f r o m  

L ( a 2 )  t o  k 2  t h a t  do  n o t  f a c t o r  t h r o u g h  a n  L ( u ) - s p a c e .  

I n  [ 1 5 ]  t h e  p r o o f  was s i m p l i f i e d  a n d  t h e  r e s u l t  was s t r e n g t h e n e d  s o  

t h a t  some o p e n  q u e s t i o n s  c o u l d  b e  a n s w e r e d .  

V .  S a m a r s k y  [ 1 4 ]  p r o v e d  a t  t h e  same t i m e  i n d e p e n d e n t l y  a w e a k e r  r e -  

s u l t  t h a t ,  n e v e r t h e l e s s ,  c o u l d  b e  s u c c e s s f u l l y  a p p l i e d  i n  a l l  i n t e -  

r e s t i n g  c a s e s .  

T h e n  S z a r e k  [ 1 7 ]  s i m p l i f i e d  t h e  p r o o f  s o  t h a t  i t  i s  by now v e r y  

s h o r t .  I t  i s  c o m p l e t e l y  c o n t a i n e d  i n  t h i s  p a p e r .  

B e s i d e s  t h e  s p a c e  L ( k 2 )  we c o n s i d e r  t h e  S c h a t t e n  c l a s s  C l g p < m ,  

a l l  o p e r a t o r s  f r o m  k 2  i n t o  i t s e l f  w i t h  p - s u m m a b l e  s i n g u l a r  n u m b e r s  

[ 1 2 ] .  I t  t u r n s  o u t  [ 8 ]  t h a t  C h a s  l u s t  i f  a n d  o n l y  i f  p = 2 ,  i . e .  

1 

1 

2 

1 

P ’  

cP  P 
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i s  i s o m o r p h i c  t o  a H i l b e r t  s p a c e .  

F o r  t h e  s t a n d a r d  n o t i o n s  i n  B a n a c h  s p a c e  t h e o r y  we r e f e r  t o  [ 9 1 .  

0 .  P r e l i m i n a r i e s  

T h e  B a n a c h - M a z u r  d i s t a n c e  o f  t w o  i s o m o r p h i c  B a n a c h  s p a c e s  E a n d  F is 
g i v e n  by 

d (E ,F )= I :  11111111-111 I I i s  i s o m o r p h i s m  b e t w e e n  E a n d  F l  

T h e  s p a c e  o f  p - a b s o l u t e l y  summing  o p e r a t o r s  A i s  d e n o t e d  b y  n ( E , F ) .  

T h e  n o r m  71 ( A )  i s  g i v e n  b y  t h e  i n f i m u m  o f  a l l  n u m b e r s  C > O  s u c h  t h a t  

f o r  a l l  c E ,   EN, we h a v e  

P 

P 

r ( E , F )  i s  t h e  s p a c e  o f  a l l  o p e r a t o r s  t h a t  f a c t o r  t h r o u g h  a s p a c e  
P 

L p ( u ) :  T h e  n o r m  i s  

P 
y ( A ) = i n f { l l B l l  I l C l l  I A = C B ,  B . L ( E , L p ( p ) ) ,  C ,L (LP(p )  , F ) l .  

T h e r e  a r e  s e v e r a l  n o t i o n s  t h a t  a r e  r e l a t e d  t o  t h e  u n c o n d i t i o n a l  

s t r u c t u r e .  We s a y  t h a t  a b a s i s  Ixil iEI, I p o s s i b l y  i n f i n i t e ,  i s  C -  

u n c o n d i t i o n a l  i f  we h a v e  f o r  a l l  a i€R ,  ~ ~ = + l ,  i ~ 1  

ti X aixil i '  CII x s.a.x.11. 
i E I  i s 1  ' ' ' 

T h e  i n f i m u m  o v e r  a l l  s u c h  C i s  d e n o t e d  b y  ubc ( {x i l iE I ) ,  t h e  u n c o n -  

d i t i o n a l  b a s i s  c o n s t a n t  o f  t h e  b a s i s  IxiIiEI. T h e  u n c o n d i t i o n a l  b a -  

s i s  c o n s t a n t  o f  a s p a c e  E i s  

u b c ( E ) = i n f { u b c ( ~ x i I i E I ) ~  I X i l i E I  i s  a b a s i s  o f  E l .  

A B a n a c h  s p a c e  E h a s  l o c a l  u n c o n d i t i o n a l  s t r u c t u r e  ( l u s t )  i f  t h e r e  

i s  a C > O  s u c h  t h a t  f o r  a l l  f i n i t e  d i m e n s i o n a l  s u b s p a c e s  F o f  E t h e r e  

i s  a f i n i t e  d i m e n s i o n a l  s u b s p a c e  G o f  E t h a t  c o n t a i n s  F a n d  s a t i s -  

f i e s  u b c ( G )  C. T h e  i n f i m u m  o f  a l l  t h e s e  n u m b e r s  C i s  d e n o t e d  b y  

l u s t ( E ) .  

T h e r e  i s  a p r o p e r t y  t h a t  i s  - o b v i o u s l y  - w e a k e r  t h a n  l u s t .  I t  was 

u s e d  b y  G o r d o n  a n d  L e w i s .  We 'd  l i k e  t o  c a l l  t h i s  p r o p e r t y  G L - l u s t :  

T h e r e  i s  a C > O  s u c h  t h a t  f o r  a l l  f i n i t e  d i m e n s i o n a l  s u b s p a c e s  F o f  

E t h e r e  i s  a s p a c e  G w i t h  u b c ( G ) r C  a n d  o p e r a t o r s  A E L ( F , G ) ,  BEL(G,E)  

s u c h  t h a t  B A  i s  t h e  i d e n t i t y  o n  F a n d  IlAll IIBII G 1 .  

C e r t a i n l y ,  i t  i s  n o t  a g r e a t  s u r p r i s e  t h a t  we p u t  G L - l u s t ( E ) = i n f  C .  

T h e  i n v a r i a n t  t h a t  we s h a l l  a c t u a l l y  c o m p u t e  i s  t h e  G o r d o n - L e w i s  
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c o n s t a n t  

g l  ( E ) = s u p I y l ( A )  I A E I I ~ ( E , ~ ’ ) ,  n l ( A ) = l ) .  

I f  t x i l c = l  i s  a b a s i s  o f  a s p a c e  we d e n o t e  by {q}y=l t h e  b i o r t h o g o -  

na l  f u n c t i o n a l  s .  
Q u i t e  o f t e n  we c o n s i d e r  ( n a t u r a l )  i d e n t i t i e s .  I f  we h a v e  s u c h  an 

i d e n t i t y ,  s a y  f rom a s p a c e  E t o  F, we m i g h t  d e n o t e  i t  by i d  o r  

some o t h e r  way making c l e a r  b e t w e e n  which  s p a c e s  i t  i s  o p e r a t i n g .  

The € - t e n s o r  p r o d u c t  o f  two f i n i t e  d i m e n s i o n a l  Banach s p a c e s  EOEF i s  

t h e  s p a c e  o f  o p e r a t o r s  L(E*,F). 
The d u a l  s p a c e  i s  t h e  s p a c e  o f  n u c l e a r  o p e r a t o r s  f rom E t o  F*.E*BTIF* 

S e v e r a l  t o o l s  we u s e ,  e . g .  t h e  K h i n t c h i n e - i n e q u a l i t y ,  c a n  be f o u n d  i n  

[ 9 1 , [ 1 2 1 .  

E,F  

1 .  Some e l e m e n t a r y  i nequal  i t i e s  

LEMMA 1 . 1  L e t  E be a Banach s p a c e .  Then  we have 

g l  ( E )  CGL- l u s t  (El 6 2 u s  t (El-’ubc (El. 

The f i r s t  i n e q u a l i t y  was p r o v e d  i n  [ 4 ] .  The o t h e r  i n e q u a l i t i e s  f o l -  

low i m m e d i a t e l y  f rom t h e  d e f i n i t i o n s .  P i s i e r  o b s e r v e d  [ l l ]  

LEMMA 1 . 2  L e t  E be  a Banach s p a c e .  Then we have  

G L - l u s t i E )  = G L - l u s t ( E * ) .  

LEMMA 1 . 3  [ 4 ]  L e t  E and F be Banach s p a c e s .  

ii) gl ( F i C d  ( E ,  F l g l  (El 

(ii) Suppose  PsL(E,PI is a p r o j e c t i o n  from E o n t o  F .  Then 

g l ( F ) ~ ~ l P ~ ~ g l ( E ) .  

B y ’ u s i n g  Lemma 1 . 3  we e s t i m a t e  t h e  Gordon-Lewis  c o n s t a n t  f rom b e l o w .  

I n  f a c t ,  we c o n s i d e r  f i n i t e  d i m e n s i o n a l ,  u n i f o r m l y  complemented  s u b -  

s p a c e s  and compute  t h e  Gordon-Lewis  c o n s t a n t  f o r  t h e s e  s p a c e s .  

S i n c e  t h e  Gordon-Lewis  c o n s t a n t  i s  a q u o t i e n t  o f  t h e  y l -  a n d  v l -  

norms o f  c e r t a i n  o p e r a t o r s  we have  t o  e s t i m a t e  t h e s e  norms.  I t  t u r n s  
o u t  t h a t  i t  i s  t e c h n i c a l l y  e a s i e r  t o  e s t i m a t e  a l - n o r m s .  T h e r e f o r e  we 

would l i k e  t o  r e d u c e  t h e  problem t o  e s t i m a t e  n l - n o r m s  o n l y .  T h i s  i s  
d o n e  by d u a l i t y .  F i r s t ,  we have  yl(A)=y,(A t ) .  M o r e o v e r ,  s i n c e  we 

h a v e  f o r  f i n i t e  d i m e n s i o n a l  B a n a c h s p a c e s  



50 C. Schutt 

v l (A )=sup{  I B E L ( E * , ~ ~ ) }  

p r o v i d e d  E i s  f i n i t e  d i m e n s i o n a l .  Thus  we o b t a i n  f o r  f i n i t e  d i m e n s i -  

o n a l  B a n a c h  s p a c e s  E 

T h e  n e x t  i n e q u a l i t y  i s  d u e  t o  F i g i e l  a n d  J o h n s o n  [ 2 ] .  

LEMMA 1 . 4  There  i s  a n  a ,  o < a < 1 / 2 ,  s u c h  t h a t  f o r  e v e r y  n-d imens iona l  

Banach space  E we have  

afi in f{  IIA II l F t E ,  dimF~an11 
I ? I T ~  (A) I F  

gl ( E )  ?sup I 

where t h e  supremum is t a k e n  o v e r  a l l  i n v e r t i b l e  o p e r a t o r s  A E L  ( E ,  k2). 

2 .  E s t i m a t i o n s  o f  t h e  G o r d o n - L e w i s  c o n s t a n t  

We know t h a t  i n  g e n e r a l  g l ( E )  i s  l e s s  t h a n  u b c ( E ) .  M o s t  B a n a c h  s p a -  

c e s  o f  o p e r a t o r s  h a v e  ( u n d e r  c e r t a i n  a s s u m p t i o n s )  t h e  p r o p e r t y  t h a t  

g l ( E )  a n d  u b c ( E )  a r e  e q u i v a l e n t  - a n d  b i g .  T h e  n e x t  t h e o r e m  i s  t a k e n  

f r o m  [ 1 5 ] .  T h e  p r o o f  was s i m p l i f i e d  b y  S z a r e k  [ 1 7 ] .  

TEEOREM 2 . 1  L e t  be  a b a s i s  of a Banach space  E .  A s s u m e  

t h a t  t h e r e  e x i s t  c o n s t a n t s  M a n d  K and a s e t  G of n - t u p l e s  of signs 

0 so t h a t  

(2.11 
n n 

11 c Oiaixill L K I I  c aixi1l 
i=l i=l 

f o r  a l l  s c a l a r s  {ai}:=l  and a l l  OEG 

F o r  t h e  p r o o f  we r e q u i r e  a lemma.  

LEMMA 2 . 2  L e t  be a b a s i s  o f  a Banach s p a c e  E and suppose  

t h a t  ( 2 . 1 )  and ( 2 . 2 j n a r e  v a l i d .  T h e n  we have f o r  a l l  diagonaZ o p e r a -  

t o r s  T E L ( E * ,  x;), T( c a i x z ) = i  Iti lai):=l , 
i=l  

n 

i=I 

By ( 2 . 2 )  we h a v e  f o r  y Q = . z  T I ! X ~  , e = l ,  . . . . . .  ,N 

T z  1 ~ )  L KMn c tixiit . 
n 

1 = 1  
P r o o f .  
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N O W  we s h a l l  a p p l y  ( 2 . 1 ) .  We o b t a i n  

a *  
1 1  

n N n  l N  M- c IIT(y,)II max max II c o . t . x . 1 1  z I <  c ~ . x . , x > I  
L = l  O E G  I I x l l = l  i=l a = l  i=l 

n N 

i =1 IIXII =1 L = l  
4 K I I  x t i x i l l  max c I < y a , x > I .  0 

P r o o f  o f  T h e o r e m  2 . 1  

L ( E * , k ? i )  as  i n  Lemma 2 . 2 .  By (1.1) a n d  Lemma 2 . 2  we o b t a i n  

C o n s i d e r  d i a g o n a l  o p e r a t o r s  SEL(E,J,~),  T E  

T h e r e f o r e  we g e t  

2 2  
K M g l ( E )  u b c (  0 

We s a y  t h a t  a d o u b l e  s e q u e n c e  { x i  jl;:y=l i s  C - t e n s o r - u n c o n d i t i o n a l  

i f  we h a v e  f o r  a l l  ~ . = t l ,  6 . = + 1 ,  a . . c R ,  i=l, ..., n,  j=1 ,  . . . ,  m 
1 -  J -  1 J  

n.m n .m 

T h i s  n o t i o n  a n d  t h e  f o l l o w i n g  c o r o l l a r y  a p p l i e s  i n  p a r t i c u l a r  t o  

s p a c e s  o f  o p e r a t o r s .  

COROLLARY 2.3 L e t  E be  a Banach s p a c e  v i t h  a b a s i s  {x t h a t  

i s  I - t e n s o r - u n c o n d i t i o n a Z .  Then we have  
ij i , j = l  

( 2 . 3 )  u b c i ( x i j l ~ : ~ = l )  4gl(E) . 

P r o o f .  A s  a b a s i s  i n  T h e o r e m  2 . 1  we c h o o s e  EX..)!�~ a n d  G = 
1 J  l , J = I  

{ ( E i 6 j ) ~ ~ ~ = l l c i = k 1 ,  S j = + l }  . T h e r e f o r e  we h a v e  K = 1. By u s i n g  t h e  
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K h i n t c h i n e - i n e q u a l i t y  [ 9 ]  t w i c e  a n d  t h e  t r i a n g l e - i n e q u a l i t y  o n c e  we 

g e t  ( 2 . 2 )  w i t h  M = 2 .  0 

R E M A R K .  ( i )  V .  S a m a r s k y  1 1 4 1  p r o v e d  i n d e p e n d e n t l y  a w e a k e r  v e r s i o n  

o f  t h i s  c o r o l l a r y .  

( i i )  I n  i n e q u a l i t y  ( 2 . 3 )  a p p e a r s  4 a s  a c o n s t a n t .  We do  n o t  know 

w h a t  t h e  b e s t  p o s s i b l e  c o n s t a n t  i s .  N e v e r t h e l e s s ,  we know t h a t  i t  

h a s  t o  b e  g r e a t e r  t h a n  o r  e q u a l  t o  2 .  I n d e e d , c o n s i d e r k ; e  € 2  k 1  a n d  

c h o o s e  x .  . = e . ~ e .  i , j = l , 2 .  We o b t a i n  
1 J  7 J '  

On t h e  o t h e r  h a n d ,  d (  k;,k;)=l a n d  t h e r e f o r e  l = d (  ki@�~$,k;@~k;) = 

d (  k 2 @ E k 2  , k y ) .  B u t ,  g l  ( k ; ) = l .  
1 1  

3 .  U n i t a r y  o p e r a t o r  i d e a l s  

As i n  t h e  w h o l e  p a p e r  we a l s o  r e s t r i c t  o u r s e l v e s  h e r e  t o  t h e  r e a l  

c a s e .  We c o n s i d e r  t h e  s p a c e  o f  f i n i t e  r a n k  o p e r a t o r s  A € L ( H )  on  a 

p o s s i b l y  f i n i t e  d i m e n s i o n a l  H i l b e r t  s p a c e  H .  We c a l l  a n o r m  aE o n  

t h i s  s p a c e  u n i t a r i l y  i n v a r i a n t  i f  a E ( U A V ) = a E ( A )  w h e r e  U a n d  V a r e  

i s o m e t r i e s  o f  H a n d  i f  l l A l l c a E ( A ) ' n ( A ) ,  i . e .  aE(A)  i s  l a r g e r  t h a n  

t h e  o p e r a t o r  n o r m  a n d  l e s s  t h a n  t h e  n u c l e a r  n o r m .  T h e  c o m p l e t i o n  o f  

t h i s  s p a c e  u n d e r  aE i s  a u n i t a r y  o p e r a t o r  i d e a l  C E ( H ) .  

C o n s i d e r  now H = k 2  ore: a n d  a d i a g o n a l  o p e r a t o r  T ( ( a i ) i E I ) = ( t . a . ) .  1 1 l€I. 

T h e n  t h e r e  i s  a s p a c e  E w i t h  a s y m m e t r i c  b a s i s  {eiliEI ( i . e .  f o r  a l l  

p e r m u t a t i o n s  71 a n d  a l l  aiER we h a v e  I I c a . e . l l = I l c t a n ~ i ) e i l l  - ) s u c h  t h a t  
1 1  

a E ( T ) = ] l  1 t i e i l l .  
i € 1  

By  p o l a r  d e c o m p o s i t i o n  t h e  c o m p u t a t i o n  f o r t h e  n o r m  o f  a n  o p e r a t o r  

c a n  b e  r e d u c e d  t o  t h i s  c a s e .  T h e r e f o r e  o n e  a l s o  s a y s  t h a t  t h e  symme- 

t r i c  s p a c e  E " g e n e r a t e s "  t h e  o p e r a t o r  i d e a l  C E .  

I f  E = g 2  we h a v e  t h e  s p a c e  o f  H i l b e r t - S c h m i d t  o p e r a t o r s  w h i c h  we p r e -  

f e r  t o  d e n o t e  b y  H S  a n d  i t s  n o r m  b y  h s f  ) .  A l s o ,  i f  E=kp ,  p + - ,  we 

w r i t e  C 

I t  was shown b y  D . R . L e w i s  [ B ]  t h a t  C E  h a s  l o c a l  u n c o n d i t i o n a l  s t r u c -  
t u r e  if a n d  o n l y  i f  E i s  i s o m o r p h i c  t o  a H i l b e r t  s p a c e .  T h i s  r e s u l t  

was r e f i n e d  i n  [ l o ] .  

P '  
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YHEOREM 3 . 1  T h e r e  is a C>O s u c h  t h a t  we h a v e  f o r  a l l  CE(Ei), nsN,  

g 2 I C E )  f l u s  t (C ) cube iCK) I d  (C,, HSI ’Cgl (CEl . E’ 

We r e q u i r e  a p r o p o s i t i o n  t h a t  i s  e s s e n t i a l l y  d u e  t o  D . R . L e w i s .  

PROPOSITION 3 . 2  T h e r e  i s  a C>O s u c h  t h a t  we have  f o r  a l l  C E ( . k i ) , n ~ f i  

n 1  ( i d C  f l S I L C n l l i d H S ,  I1 - 1  

E' E 

where  id d e n o t e s  t h e  n a t u r a l  i d e n t i t y  b e t w e e n  CE and HS. 

P r o o f  o f  T h e o r e m  3 . 1  B y  (1.1) a n d  P r o p o s i t i o n  3 . 2  i t  f o l l o w s  t h a t  

CE, H S  

g l ( cE) 'n  2 [T l ( idC , H s ) n l ( i d C f , H s ) ]  - 1  

E 

= C - *  11 i d C E  , H s l l  l i d H s  ,cE #&C- 'd (  C E  , H S )  . 

T h e  o t h e r  i n e q u a l i t i e s  f o l l o w  f r o m  Lemma 1.1 , 0 

The  n e x t  lemma i s  a n o n e s s e n t i a l  m o d i f i c a t i o n  o f  a r e s u l t  o f  H e l g a -  

s o n  [ 7 ]  a n d  F i g a - T a l a m a n c a  a n d  R i d e r  [l] . O n  d e n o t e s  t h e  o r t h o g o -  

n a l  g r o u p  on  a', a n d  u i t s  n o r m a l i z e d  H a a r  m e a s u r e .  

LEMMA 3 . 3  [ l o ]  T h e r e  is a c o n s t a n t  C>O s u c h  t h a t  we h a v e  f o r  a l l  A ,  

BEL(L;), n E 8 ,  

h s i A ) h s i B l  . J f I t r ( A U B V )  l d o i U l d o i V I  C 

On O n  

P r o o f  o f  P r o p o s i t i o n  3 . 2  

N 
s u p  z I t r (A I IB ) / :  s u p  

a E r ( B ) = l  Q = l  aE* ( 5  

N 
c f J l t r ( A , U B V )  I d o ( U ) d o ( V )  

On 
=1 a = l  

N h s (  Ail) h s (  B )  
c c ~~ n =1 a = l  

N 
II z h s ( A a ) .  - 1  . 

= C n  " l d C E *  ,HS a=l 0 

COROLLARY 3 . 4  [81 CE=CE(L21 h a s  l u s t  if and only if E’ is i s o m o r p h i c  
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t o  8 2 .  

T h i s  c o r o l l a r y  f o l l o w s  i m m e d i a t e l y  by r e d u c t i o n  t o  t h e  f i n i t e  dimen- 

s i o n a l  c a s e .  T h e r e  a r e  p r o j e c t i o n s  o f  n o r m  1 

S o ,  we j u s t  a p p l y  Lemma 1 . 3  and Theorem 3 . 1  . 
By t h i s  i t  i s  a l s o  c l e a r  t h a t  t h e r e  a r e  1 - a b s o l u t e l y  summing o p e r a -  

t o r s  t h a t  d o  n o t  f a c t o r  t h r o u g h  a s p a c e  L 1 ( u ) .  T h i s  i s  done  by p u t -  

t i n g  f i n i t e  r a n k  o p e r a t o r s  t o g e t h e r .  

f rom C E (  a2)  o n t o  CE( L;). 

COROLLARY 3 . 5  There  a r e  o p e r a t o r s  f r o m  L ( X 2 )  t o  HS ,  t h e  space  of 

H i l b e r t - S c h m i d t  o p e r a t o r s ,  t h a t  a r e  one a b s o l u t e  l y  summing b u t  d o  not 

f a c t o r  th rough  a space  L 1  (y). 

4 .  € - t e n s o r  p r o d u c t  

PROPOSITION 4 . 1  [ 161 Suppose { e i } T ,  

n a l  b a s e s  of t h e  Banach s p a c e s  E and 

c ( l o g  (n+rn) i -'12rnin I d ( E ,  8:) ' I2, a 

and { f i l : = l  a r e  1 - u n c o n d i t i o -  

F ,  r e s p e c t i v e l y .  Then 

where C>O i s  an  a b s o l u t e  c o n s t a n t .  

R E M A R K .  T h i s  r e s u l t  was r e f i n e d  by G o r d o n  [ 3 ] .  He showed e s s e n t i a l -  

l y  t h a t  a s s u m p t i o n s  o n  u b c ( E )  a n d  u b c ( F )  a r e  n o t  n e c e s s a r y .  

Thus the q u e s t i o n  was r a i s e d  w h e t h e r  t h e  l o g - t e r m  i n  t h e  l e f t  h a n d  

s i d e  o f  ( 4 . 1 )  i s  n e c e s s a r y .  As a m a t t e r  of  f a c t ,  t h e  l o g - t e r m  e n t e r -  

ed b e c a u s e  one p a s s e d  from G a u s s i a n  t o  B e r n o u l l i  random v a r i a b l e s .  

S i n c e  i t  t u r n e d  o u t  t h a t  t h e  l o g - t e r m  i s  e s s e n t i a l  i t  a l s o  r e f l e c t s  

t h e  d i f f e r e n c e  be tween G a u s s i a n  and B e r n o u l l i  random v a r i a b l e s .  

THEOREM 4 . 2  [ 1 6 ]  There  i s  a c o n s t a n t  C>O and a sequence  of  s p a c e s  

E n ,  neN, u b c ( E n l = l ,  sueh t h a t  d ( E n J 8 ~ i r n E  t e n d s  w i t h  n t o  infinity 

and such  t h a t  we have  f o r  a l l  n E N  
n 

u b c ( E  Q E 6 C .  
n ~ n  

We g i v e  t h e  c o n s t r u c t i o n  o f  t h e  s p a c e s  E n .  E n  i s  t h e  s p a c e  R n  e q u i p -  
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k 
c e i ,  w h e r e  e . ,  i = l ,  . . . ,  n 

i = l  
ped w i t h  a norm d e f i n e d  f o r  t h e  v e c t o r s  

a r e  t h e  n a t u r a l  u n i t  v e c t o r s  
1 

k 
II E eill = @ (  k ) = j  
i =1 

f o r  k . L k < k j t l .  
J 

F o r  t h e  d u a l  b a s i s  { e t } l = ,  and a l l  p e r m u t a t i o n s  5 of  I l ,  ....., n }  we 

PU t k -1 
II c e:(i)li=kil I: e.u 1 . 

i =1 i =1 

Now we t a k e  t h e  c o n v e x  h u l l  o f  

k k 
M={II  C e:ll-' Z + e *  I k = l ,  . . .  , n ,  i s  p e r m u t a t i o n  of  1 1  ,.., n l l  

i = l  - i =1 

a s  t h e  d u a l  u n i t  b a l l .  P l e a s e  n o t e  t h a t  { e i } y = l  i s  a l - u n c o n d i t i o -  

n a l  b a s i s .  I n  o r d e r  t o  show u b c ( E n B E E n ) g C  we u s e  a s o l u t i o n  of Z a r -  

a n k i e w i c z ' s  p roblem [ 1 3 ]  a n d  t h e  f o l l o w i n g  p r o p e r t y  o f  t h e  s p a c e s  E n  

C o n s i d e r  t h e  f u n c t i o n  r : { 8 8 , 8 8 t 1 , ,  . . . . }+N 

r(k)=[log210g210g210g2kl. 

We o b s e r v e  t h a t  t h e r e  i s  a C > O  s u c h  t h a t  f o r  a l l  k = 8 8 , 8 8 t 1 , . .  . .  we 

k r ( k )  
have  

11 c e . l l G C  II I: e .II . 
1 i =1 1 = 1  

5 .  U n c o n d i t i o n a l  s t r u c t u r e  o f  s u b s p a c e s  o f  e;QEQ; 

S o  f a r  we f o u n d  o u t  t h a t  t h e  Gordon-Lewis  c o n s t a n t  o f  k ; Q E , t i  i s  o f  

t h e  o r d e r  m. B u t  we d i d  n o t  o b t a i n  a n y t h i n g  f o r  s u b s p a c e s .  C l e a r l y ,  

R , ? , Q ~ L ~  c o n t a i n s  k i  a s  a s u b s p a c e  a n d  f o r  k i  we have  c e r t a i n l y  g l ( . t i )  

= u b c ( k , ? , ) = l .  B u t  what  i f  we c o n s i d e r  a s u b s p a c e  of  l a r g e r  d i m e n s i o n ?  

We g e t  t h a t  s u b s p a c e s  o f  e 2 Q  .t2 w i t h  s u f f i c i e n t l y  b i g  d i m e n s i o n  h a v e  

b i g  Gordon-Lewis  c o n s t a n t s .  We r e s t r i c t  o u r s e l v e s  h e r e  t o  t h e  c a s e  

L ~ Q  k 2  . B u t  t h e  same c a n  be d o n e  f o r  v a r i o u s  s p a c e s .  

The main i d e a  u s e d  h e r e  i s  due  t o  F i g i e l  and J o h n s o n  [ 2 ] .  They c o n -  

s i d e r e d  a d i f f e r e n t  c l a s s  o f  s p a c e s .  The r e s u l t  p r e s e n t e d  h e r e  c a n  

be  f o u n d  i n  [ l o ] .  

n ~ n  

n ~ n  

THEOREM 5 . 1  T h e r e  is a c o n s t a n t  C > O  s u c h  t h a t  f o r  a l l  k-dirnensiona2 

s u b s p a c e s  E o f  k 2 8  k 2  n,keN,  we h a v e  n E n' 
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I f  k i s  o f  t h e  o r d e r  o f  n t h i s  e s t i m a t e  i s  c e r t a i n l y  o p t i m a l .  B u t  

f o r  o t h e r  k t h i s  i s  n o t  known.  

LEMMA 5 . 2  [ l o ]  

h a v e  f o r  t h e  n a t u r a l  i d e n t i t y  i d E L ( E , H S )  

I f  E i s  a n  k - d i m e n s i o n a l  s u b s p a c e  o f  L i e  Qi t h e n  We 

Now, T h e o r e m  5 . 1  f o l l o w s  f r o m  Lemma 1 . 4  a n d  5 . 2  a n d  P r o p o s i t i o n  3 . 2 .  

6 . E m b e d d i n g  s p a c e s  w i t h o u t  G L - l u s t  i n t o  s p a c e s  w i t h  G L - l u s t  

I t  i s  c l e a r  t h a t  o n e  c a n n o t  embed a s p a c e  w i t h o u t  GL- 

l u s t  c o m p l e m e n t a b l y  i n t o  a s p a c e  w i t h  G L - l u s t .  The  a s s u m p t i o n  o f  

c o m p l e m e n t a t i o n  i s  h e r e  e s s e n t i a l .  I n d e e d ,  s i n c e  e v e r y  B a n a c h  s p a c e  

c a n  b e  f o u n d  a s  a s u b s p a c e  o f  a s p a c e  L m ( u ) .  

N e v e r t h e l e s s ,  P i s i e r  p r o v e d  [ll] t h a t  o n e  c a n n o t  f i n d  c e r t a i n  s p a c e s  

w i t h o u t  G L - l u s t  a s  s u b s p a c e s  i n  a s p a c e  w i t h  l u s t  i f  o n e  assumes  

t h a t  t h e  s p a c e  d o e s  n o t  c o n t a i n  e;'s u n i f o r m l y  (we  s a y  t h a t  E c o n -  

t a i n s  1 ; ' s  u n i f o r m l y  i f  t h e r e  i s  a C > O  a n d  s u b s p a c e s  EnCE s u c h  t h a t  

f o r  a l l  n E N  we h a v e  d(En,fi;)LC ) .  

T h i s  a p p l i e s  i n  p a r t i c u l a r  t o  t h e  s p a c e s  C p 4 2 .  

We w o u l d  l i k e  t o  i n t r o d u c e  t h e  i n v a r i a n t  " m a t r i x - a v e r a g e "  o f  a s p a c e  

E .  L e t  CzO b e  s o  t h a t  f o r  a l l  d o u b l e  s e q u e n c e s  { x i j } 7 , j z l  , a l l  E . . =  

t 1 ,  i . j= l ,  . . . . . ,  n ,   EN, we h a v e  

P '  

1 J  

- 

n n 
C II E 6 . n  . X  11 E II Z E .  . 6 . ~  . x .  .1l25 C 2 2 - 2 n  

1 J i j  6 , q i , j = l  1 J  1 J 1 J  6,n  i , j = l  

2 - 2 n  
(6.1) 

w h e r e  6 a n d  r a n g e  o v e r  a l l  p o s s i b l e  s e q u e n c e s  o f  5 1 ' s .  We d e n o t e  

t h e  i n f i m u m  o f  a l l  t h e s e  C b y  m a v e ( E ) .  

THEOREM 6 . 1  [111 L e t  E b e  a n  i n f i n i t e  d i m e n s i o n a l  Banach s p a c e  w i t h  

G L - l u s t ( E ) < m .  Moreover ,  s u p p o s e  t h a t  E d o e s  n o t  c o n t a i n  Li’s u n i f o r -  

m l y .  T h e n  we have  

rnave (El < m e  

COROLLARY 6 . 2  The Banach s p a c e s  C p i 2 ,  a r e  not i s o m o r p h i c  t o  a 

s u b s p a c e  of a Banach l a t t i c e  t h a t  d o e s  not c o n t a i n  En 's  u n i f o r m l y .  
P' m 
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I n  p a r t i c u l a r ,  C is n o t  i s o m o r p h i c  t o  a s u b s p a c e  of a uniformly con-  

v e x  B a n a c h  l a t t i c e .  
P 

T o  show t h e  f i r s t  s t a t e m e n t  o f  t h e  c o r o l l a r y  i t  i s  s u f f i c i e n t  t o  show 

t h a t  

h a v e  f o r  a l l  a , . & ,  n . = t l ,  i , j = l ,  . . . . . ,  n 

m a v e ( C  ) = m .  L e t  I x i l T = l  b e  a n  o r t h o n o r m a l  b a s i s  i n  k2. T h e n  we 
P 

1 J  J -  

n n 

T h e r e f o r e ,  i f  rnave(C )‘C, ( 6 . 1 )  means 
P 

n n 
II C ~ . . a . . x . e x . l l  LCII c a . . x . e x . i i  i , j = 1  1 J  1 J  1 J c p  i , j = l  1 J  1 J c p  

n f o r  a l l  ~ . . = t 1 .  I n  o t h e r  w o r d s ,  u b ~ ( { x ~ @ x ~ l ~ , ~ = ~ )  6 C f o r  a l l  n d .  

B u t ,  b y  T h e o r e m  3 . 1  t h i s  i s  n o t  p o s s i b l e .  

To v e r i f y  t h e  s e c o n d  s t a t e m e n t  o f  t h e  c o r o l l a r y  i t  i s  l e f t  t o  s e e  

t h a t  a u n i f o r m l y  c o n v e x  B a n a c h  s p a c e  d o e s  n o t  c o n t a i n  k m ’ s  u n i f o r m -  

1 Y .  

1 J  - 

n 
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INTRODUCTION 

The object of this paper is to discuss the problem of how - for 
given Banach spaces X and Y - the space K(X,Y) of compact linear 
operators from X into Y and its dual space reflect the geometric and 
topological properties of X and Y and their respective duals. 

Since X* and Y are closed linear subspaces of K(X,Y), they inherit 
trivially properties such as non-containment of Z 1 ,  the dual having 
the Radon-Nikodym property, weak sequential completeness, or reflexi- 
vity, from K(X,Y). The natural question thus is to find out which ad- 
ditional conditions are needed for the reverse implications: how can 
geometric and topological properties of K(X,Y) and its dual be re- 
covered from the corresponding properties of (the presumably well 
known spaces) X and Y and their duals? 

Besides the properties already mentioned, we shall consider the 
representation of the dual of K(X,Y), and discuss how the various 
classes of extreme points of the dual unit ball of K(X,Y) can be re- 
presented by the corresponding classes of points in the (bi-) duals 
of X and Y. 

The paper is essentially written in survey form, but, except for 
section 5, the main stream results are presented with proofs. 

The spectrum of results considered here will cover only a very 
small sector of the subject matter and is restricted to those parts 
that I have been involved with during the past few years. 

1. PRELIMINARIES 

1.1 SPACES OF COMPACT OPERATORS 

Our discussion is placed in the general context of the operator 
space Kw*(X*,Y) of compact and weak*-weakly continuous linear opera- 
tors from X* into Y, endowed with the usual operator norm. This space, 
originally introduced by L. Schwartz [ 6 0 ]  in 1957 as the so-called 
&-product XEY of X and Y ,  apparently h a s  gone out of sight over the 
years. However, it has the advantage over K(X,Y) that, as far as 
methods of proofs are concerned, it is conceptually easier to handle 
than K(X,Y) itself, and that it comprises not only spa_es of the type 
K(X,Y) but also completed injective tensor products XOEY, and thus 
many more concrete spaces of analysis - particularly spaces of vector- 
valued continuous functions and of vector-valued measures. More spe- 
cifically, we have the following (well known) fundamental isometrical 
isomorphisms and isometrical embeddings, respectively: 

* )  This paper is based on joint work with H . S .  Collins, Baton Rouge 
(Louisiana) [4,51 and C.P. Stegall, Linz (Osterreich) [52,531. 
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K ( X , Y )  = Kw,(X**,Y) 

k - k** 

X % , Y  U K w *  (X* , Y )  

x 8 y -  {x*-(x*x)yl ,  and X 2 , Y  = K (X*,Y) i f  
W* 

X o r  Y has  t h e  approximation p r o p e r t y ,  c f .  [ 6 0 1 .  

( 1 . 2 . a )  C ( K , X )  = K,,(x*,c(K))  = C ( K ) % ~ X  

c c a ( C , X ) =  Kw,(X*,ca(C)) = c a ( 1 )  S E X  

F - { x * h  x*F) ( K  compact Hausdorf f )  

(1 .2 .b)  

0 - {X* X*@) 

(Here, C i s  a u-algebra (of s u b s e t s  of a nonempty set 
Q), and cca(C,X) d e n o t e s  t h e  space  of  coun tab ly  add i -  
t i v e  measures  from C i n t o  X w i t h  r e l a t i v e l y  compact 
range , endowed w i t h  t h e  s e m i - v a r i a t i o n  norm, c f  .[18,51] .) 

D u a l i t y  r e s u l t s  f o r  Kw,(X*,Y) thLs o f t e n  a l l o w  immediate s p e c i a l i -  
z a t i o n s  t o  bo th  K(X,Y)-spaces and X@,Y-spaces, and t h i s  is  t h e  ge- 
n e r a l  approach t h a t  w e  u s e  i n  t h i s  pape r .  

1 . 2  NOTATION 

B a s i c a l l y ,  w e  f o l l o w  t h e  c l a s s i c a l  n o t a t i o n  of Dunford and Schwartz 
[ 1 2 ] .  A s u b s e t  A of  a Banach space  X i s  c a l l e d  v e a k l y  s e q u e n t i a l l y  
precompact  i f  eve ry  sequence i n  A has  a weak Cauchy subsequence.  The 
u n i t  b a l l  of a Banach space  X i s  deno ted  by BX, and i t s  extreme p o i n t s  
by e x t B X .  

The s p a c e s  of a l l  bounded, weakly compact, compact,  and n u c l e a r  
o p e r a t o r s  from X i n t o  Y - X and Y Banach s p a c e s  - a r e  deno ted  by 
L(X,Y) , W ( X , Y )  , K ( X , Y )  ,*and N ( X , Y )  , r e s p e c t i v e l y .  I n  accordance w i t h  
our  d e f i n i t i o n  of Kw,(X , Y ) ,  w e  deno te  by L w , ( X z , Y )  t h e  space  of 
weak*-weakly con t inuous  l i n e a r  o p e r a t o r s  from X i n t o  Y .  

and t h e  t e r m  [ m e t r i c ]  a p p r o x i m a t i o n  p r o p e r t y  by [ m . ] a . p .  
The t e r m  Radon-Nikodym p r o p e r t y  i s ,  a s  u s u a l ,  a b b r e v i a t e d  by R N P ,  

2 .  EARLY RESULTS 

W e  b r i e f l y  recall s e v e r a l  c lass ical  r e s u l t s  on t h e  d u a l i t y  and 
geometry of K ( X , Y )  i n  o r d e r  t o  g i v e  a f l a v o u r  of t h e  r e s u l t s  t o  be 
expected - and t h o s e  n o t  t o  be expec ted .  

2 . 1  Dunford / S c h a t t e n  [ I l l ,  1 9 4 6 ,  and S c h a t t e n  [581 ,  1950: 

For 1 < p < m  , t h e  space  X ( l  I c o n t a i n s  a copy  of co i sorne t r i caZ2y .  

2 . 2  S c h a t t e n  [ 5 9 ] ,  1957: The u n i t  b a l l  of KI121 has no e x t r e m e  
P 

p o i n t s .  

2 . 3  C o r o l l a r y  ( Dunford / S c h a t t e n  ) :  L e t  H be  a n  i n f i n i t e - d i -  
mens iona l  H i Z b e r t  s p a c e .  Then  K ( H 1  i s  n o t  r e f l e x i v e ,  and n o t  e v e n  
weakly  s e q u e n t i a l l y  c o m p l e t e ,  n o r  i s o m e t r i c  t o  a dual .  s p a c e .  

These are,  i n  a s e n s e ,  t h e  n e g a t i v e  r e s u l t s .  The message i s  t h a t  
one canno t  e x p e c t  K ( X , Y )  t o  be " n i c e "  provided t h a t  o n l y  X and Y are 
" n i c e "  enough. On t h e  c o n t r a r y ,  K ( X , Y )  may j u s t  become t o o  l a r g e .  
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In the other direction, there are the following classical positive 
results. 

2.4 Pitt t451, 1936: For 1 I p < q < m ,  a l L  bounded l i n e a r  o p e r a t o r s  

from L i n t o  l a r e  compact :  L (lq, Zpi = Kilq, Lpl . 

implies that f o r  1 $p<g<-, t h e  space  K ( Z  l i i s  r e f l e z i v e .  

9 
Combined with Grothendieck’s result 2.6(b)(i) quoted below, this 

q’ P 

2.5 Grothendieck [19], 1955: C o n s i d e r  t h e  c a n o n i c a l  ( L i n e a r )  map 

j : x*%,Y* - (K,,(x*,Y))* 
x*-* - (h+(hx*,y*)}. 

Then we have :  

( a )  j is s u r j e c t i v e  i f  X* o r  Y* has R N P .  

( b )  j is i n j e c t i v e  if X* o r  Y* has  a . p .  

More s p e c i f i c a L l y :  I f  e i t h e r  o f  X* and Y*  has  a . p . ,  t h e n  t h e  m a p  

p : X* g,Y* - B(X,Y) 
x * w *  - z(x,Y)- (x*x) (Y*Y)I 

i s  i n j e c t i v e ,  and if p i s  i n j e c t i v e ,  t h e n  s o  is j .  

2.6 Corollary (Grothendieck [ 1 9 ] ,  1955): 

( a )  I f  X** o r  Y*  h a s  R N P ,  t h e n  K(X,Y)* is a q u o t i e n t  of X * * & Y * ,  

and if, i n  a d d i t i o n ,  e i t h e r  of X * *  and Y *  has a . p . ,  t h e n  we have :  

K I X , Y I *  = X**- @,Y* = N ( X * , Y * ) .  

( b l  Assume t h a t  X and Y a r e  r e f l e x i v e .  Then we have:  

(i) If L(X,Y) = K(X,Y/, t h e n  K(X,YI i s  r e f l e x i v e .  

( i i l  C o n v e r s e l y ,  if K(X,Y/ is r e f l e x i v e  and p : X**ZnY*- B(X*,Y) 

is i n j e c t i v e ,  t h e n  L I X , Y i  = K ( X , Y / .  

We pause for a proof of Corollary 2.6, for these consequences of 

Grothendieck’s results 2.5 later on have often been reconsidered 

(see Remarks 2.7 below) . 
P r o o f  of Corollary 2.6: Proposition (a) is - via the isometry ( 1 . 1 ) -  

just a special case of 2.5. For a proof of proposition (b), assume 
now that X and Y are reflexive. Then, according to (a), we have 
K(X,Y)* = XSTY*/Q, so that K(X,Y)** = Q’cL(X,Y). A quick inspection 

of the corresponding isometrical embeddings reveals that K(X,Y) is 
reflexive in case L(X,Y) = K(X,Y). This proves proposition (b) (i). 

As for (b) (ii), we need only use 2.5 to conclude from K(X,Y)*=XG, Y* 

(and the assumption) that K(X,Y)=K(X,Y)**=(XG, Y*)*=L(X,Y). 

2.7 Remarks: 1. Theorem 2.5 is possibly better known as the re- 
sult on the coincidence of integral and nuclear operators in the 
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presence of RNP. Grothendieck [_?9,1.54.2,Thm.8] did not explicitly 
state 2.5, but proved it for XQ9,Y under the assumpion that X is re- 
flexive or has a separable dual, and that p : X* any*- B(X,Y) is 
injective. In his proof, however, he only uses that, under the as- 
sumptions on X, the dual unit ball BX* has what he called the "Phillips 
property" ("proprigtg @ " )  [ 19,1.54.1 ,Def .6,p.104] which, in present day 
language, exactly is the RNP for X*. 

For an explicit proof of 2.5, see Diestel [7], Gil de Lamadrid [161, 
Schachermayer [571, and C. Stegall [66,Cor.71. 

2.  The results of Corollary 2.6, only implicit in Grothendieck’s 
thesis [I91 - as indicated above - have explicitly been proved by 
various authors. Feder and Saphar [14,Thm.l] proved proposition (a), 
also relying heavily on Grothendieck’s work [191. Proposition (b) 
appears in various (partly weaker) versions in Ruckle [501, Holub 
[28,291, Kunas K. Jun [341, Kalton r35,section 2,Cor.21, and, in the 
form stated above, in Heinrich 1221. 

3. Note that proposition 2.6(b)(ii) particularly implies Dunford / 
Schatten’s result that, for an infinite-dimensional Hilbert space HI 
K(H) is not reflexive. 

Historically, looking back, it is not too surprising that after the 
early results on spaces of operators on Banach spaces mentioned so far, 
not much happened in this direction for about a decade, and that it 
took the vivid revival of Banach space theory in the sixties to renew 
the interest in the geometric and topological structure also of ope- 
rator spaces. This process did not start before the early seventies. 
A survey on a small part of it is the subject of the subsequent sec- 
tions. 

- N o t e :  It seems worth specifying the assertion of Theorem 2.5 in 
the sense of our general program - to determine K(X,Y) and its dual 
from the spaces X and Y and their duals: 

(a) If either of p* and Y* has RNP, then every T E K(X,Y)* has a 

representation of the form T = XX.x**@y* , with ZI , and 
 XI*)^ and ( ~ f ) ~  bounded sequences in X** and Y*, respectively, in the 

sense that Tk = thi(k**xr*,yf) for all k E K(X,Y). 

1 1  1 

(b) If X* has RNP, then every Q E C(K,X)* (K compact Hausdorff) has 

a representation of the form Q = .EXixfOui , with (Ai)iE Z,, and 

(xf) and (pi) bounded sequences in X* and M (K) , respectively, in 
the sense that Q F  = tAi(xfFdpi for all FEC(K,X). 

where the dual of C(K,X) can only be represented as a space of more 
general X*-valued measures, cf. Singer [631, Prolla [46,Ch.V.51 and 
Schmets [61,p.368-3771. 

This is to be noted as the advantage over the case for general XI 
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3. REFLEXIVITY AND WEAKER NOTIONS 

We first recall the implications among the various weakenings of 
reflexivity. 

Z reflexive - Z weakly sequentially complete 

Bounded subsets of Z are weakly 
sequentially precompact. 

/ 
Z *  RNP 

Z $  l 1  

Any of these properties is being inherited by X and Y from the 
operator space Kw,(X*,Y). According to our general theme, we now turn 
to the discussion of which additional assumptions are required for the 
reverse implications. 

3.1 REFLEXIVITY AND WEAK SEQUENTIAL COMPLETENESS 

Generally speaking (and modulo the a.p.) , for K(X,Y) to be reflexive 
or just weakly sequentially complete, all bounded operators from X in- 
to Y must necessarily be compact. More specifically, the following re- 
sults hold. 

3.1.1 Grothendieck [I91 (see 2.5 and 2.6 above): 

Assume t h a t  X and Y a r e  r e f l e x i v e  and t h a t  e i t h e r  of  X and Y has 
a . p .  Then  K(X,Y) is r e f l e x i v e  if and o n l y  if L(X,YI = K I X , Y / .  

3.1.2 Theorem ( D.R. Lewis [37,Thm.2.1]): 

( a )  Assume t h a t  X and Y a r e  w e a k l y  s e q u e n t i a l l y  c o m p l e t e ,  and t h a t  

L w , ( X * , Y I  = K w , ( X * , Y ) .  Then  K w , I X * , Y /  is w e a k l y  s e q u e n t i a L l y  c o m p l e t e .  

( b )  C o n v e r s e l y ,  assume t h a t  Kw* IX*, Y )  is w e a k l y  s e q u e n t i a L l y  c o m p l e t e ,  

and t h a t  e i t h e r  of X and Y has t h e  m e t r i c  a p p r o x i m a t i o n  p r o p e r t y .  

Then  X and Y a r e  weak ly  s e q u e n t i a l l y  c o m p l e t e ,  and L w * I X * , Y )  = K u , ( X * , Y I .  

N o t e s :  Proposition (a) as stated here is to be-found in [4,Thm.3.41. 
D.R. Lewis [37,Thm.2.1] proved it for the space X&,Y and thus needed 
the a.p. in one of the factors also for this part of the assertion. 

A special case of proposition (a) is the result of F. Lust [401. 

What is behind Theorem 3.1.2 is the following general result. 

3.1.2’ [4,Prop.3.11: Kw,(X*,YI i s  w e a k l y  s e q u e n t i a l l y  c o m p l e t e  

if and onZy if 
(i) x and Y a r e  weak ly  s e q u e n t i a l l y  c o m p l e t e ,  and 

(ii) Kw* (X*, Y )  is weak-opera tor - topo logy  s e q u e n t i a l l y  c l o s e d  in Lw* tX*, Y). 

Thus, D.R. Lewis’ particular achievement - with his beautiful proof 
of proposition 3.1.2(b) in [371 - was to show that condition (ii) in 
3.1.2’ together with the m.a.p. in one of the factors implies equali- 
ty of Lw* (X*,Y) and Kw* ( X * , Y ) .  
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3.1.3 Corollary (D.R. Lewis [37,Cor.2.41, and [4,Thm.3.51): 

( a )  A s s u m e  t h a t  X* and Y a r e  weak ly  s e q u e n t i a l l y  c o m p l e t e  and t h a t  

W(X,Yl = K ( X , Y / .  Then  K ( X , Y I  i s  w e a k l y  s e q u e n t i a Z Z y  c o m p l e t e .  

( b )  ConverseZy ,  assume t h a t  K f X ,  Y )  i s  w e a k l y  s e q u e n t i a l l y  c o m p l e t e  

and t h a t  e i t h e r  o f  X* and Y has m .a .p .  Then  X* and Y a r e  weak ly  s e -  

q u e n t i a l l y  c o m p l e t e  and W ( X , Y I  = K ( X , Y ) .  

This is just a special case of 3.1.2 by using the isometries 
K(X,Y) = Kw,(X**,Y) and W(X,Y) = Lw,(X**,Y). 

For further special cases (and extensions to particular locally 
convex spaces), the reader is referred to section 3 of [41, and to 
Tsitsas [70,711. 

K(H) is not weakly sequentially complete if H is an infinite-dimensio- 
nal Hilbert space. 

Note, finally, that 3.1.3 implies Dunford / Schatten’s result that 

3.2 THE DUAL HAVING THE RADON-NIKODYM PROPERTY 

In contrast with the situation for reflexivity, weak sequential 
completeness and non-containment of Z1 (3.3 below) - where additional 
assumptions are needed - the RNP for both X* and Y* completely deter- 
mines the RNP for the dual of Kw* (X* ,Y) . 

3.2.1 Theorem [52,Thm.1.9]: The dua l  o f  Kw* 

onZy i f  X* and  Y* have R N P .  

3.2.2 Corollary [52,Cor.1.101: The d u a l  o f  K 

o n l y  i f  X * *  and Y *  have  RNP.  

A particular consequence of Theorem 3.2.1 is 

X * , Y I  has  RNP i f  and 

X,Yl has RNP i f  and 

the result that - in 

case either of X* and Y* has a.p. - the space N(X,Y*) = X*%?Y* of 
nuclear operators from X into Y* has RNP, provided that X* and Y *  have 

RNP; for, under these assumptions, we have Kw,(X*,Y) = X5,Y 

Kw,(X*,Y)* = X*Gi,Y* = N(X,Y*) (see 2.5 above). This special case of 

Theorem 3.2.1 is proved in Diestel / Uhl [IO,VIII.4,Thm.7,p.249], and 

it is their method of proof that we generally follow in our proof of 

Theorem 3.2.1. 

and 

Proof  of Theorem 3.2.1 : We use the fact that Z *  has RNP if and 

only if every separable subspace of Z has a separable dual: Uhl, cf. 

[10,111.3,Cor.6,p.82] and Steqall 1661.  From this equivalence, the 

necessity part of Theorem 3.2.1 follows trivially. NOW, assume that 

X* and Y* have RNP, and let A be a closed separable subspace of 

Kw* (X* ,Y) . Choose a dense sequence (hn)n in A, and a closed separable 
subspace Yo of Y such that imhncYo for all nElN. Accordingly, for 

(h:)n c Kw* ( (Yo) * ,X) , choose a closed separable subspace Xo of X such 
that imh,*CXo for all nElN . Thus, we can view the sequence (hn)n as a 
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s u b s e t  o f  Kw* ( (X,) *,Yo). N o w ,  it i s  g e n e r a l l y  t r u e  ( c f .  [ 601) t h a t  f o r  

M and N c l o s e d  l i n e a r  subspaces  o f  X and Y ,  r e s p e c t i v e l y ,  t h e  space  

Kw* (M*,N) i s  ( i s o m e t r i c a l l y )  a c l o s e d  l i n e a r  subspace  of Kw* (X*,Y) . 
T h i s  r e v e a l s  t h a t  A i s  a c l o s e d  l i n e a r  subspace  of Kw* ((Xo)* , Y o ) .  By 

assumption on X and Y ,  bo th  

(Xo)* gT (Yo)* 

2 ,  t h e  d u a l  o f  %* ((Xo)* ,Yo) i s  a q u o t i e n t  of (Xo)* ST (Yo)* , and t h u s  

i s  s e p a r a b l e .  Consequent ly ,  t h e  d u a l  of t h e  c l o s e d  l i n e a r  subspace  A 

o f  Kw,((Xo)* ,Yo) i s  s e p a r a b l e  as w e l l .  T h i s  comple t e s  t h e  p r o o f .  

(Xo)* and (Yo)* are  s e p a r a b l e ,  so t h a t  

i s  s e p a r a b l e  as w e l l .  According t o  Theorem 2.5 i n  s e c t i o n  

3.3 NON-CONTAINMENT O F  ( AN ISOMORPH O F  ) l 1  

3 .3 .1  Theorem [4,Thm.1.14]:  Assume t h a t  X and Y do n o t  c o n t a i n  2 1  

and t h a t  e i t h e r  o f  X* and Y *  has R N P .  T h e n  K m , l X * , Y I  d o e s  n o t  c o n t a i n  21.  

A s  u s u a l ,  t h e  i s o m e t r y  K ( X , Y )  = Kw+(X**,Y) of ( 1 . 1 )  above a l l o w s  

t h e  f o l l o w i n g  s p e c i a l i z a t i o n  t o  K(X,Y) . 
3.3.2 C o r o l l a r y  [4 ,Cor .1 .12 ] :  Assume t h a t  X* and Y do n o t  c o n t a i n  

11, and t h a t  X * *  o r  Y* has  R N P .  Then  K l X , Y )  does  n o t  c o n t a i n  l l .  

N o t e s :  1 .  The r e s u l t  o f  Theorem 3.3.1 h a s  been p r e s e n t e d  by Heron 
C o l l i n s  a t  t h e  1980 Conference on "Measure Theory and i t s  A p p l i c a t i o n s "  
a t  Northern I l l i n o i s  U n i v e r s i t y ,  DeKalb, I l l i n o i s ,  and f i r s t  appea red  
i n  o u r  j o i n t  announcement o f  r e s u l t s  of o u r  p a p e r  [41  i n  t h e  Procee- 
d i n g s  o f  t h a t  c o n f e r e n c e  i n  1981, e d i t e d  by G.A.  Goldin and R.  Wheeler,  
p.187-192. I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  B.M. Makarov and V.G.  Samars- 
k i i  announced t h e  a s s e r t i o n  of C o r o l l a r y  3.3.2 i n  [41,Thm.2.3] ,  and 
t h a t ,  i n  t h e  p e r i o d  when o u r  pape r  [41 w a s  i n  p r i n t ,  C .  Sam-uel's pa- 
per 1541 appea red  where he p roves  3.3.1 f o r  t h e  subspace  X a C  Y.  T h i s  
development  may h e l p  t o  s u p p o r t  o u r  p o i n t  - s p e c i f i e d  i n  s e c t i o n  1 . 1  - 
t h a t  t h e  " r i g h t "  space  t o  be looked a t  i s  t h e  space  Kw* (X*,Y) . 

i s  s e p a r a b l e .  
2 .  Fakhour i  [13,Thm.3] proved 3.3.2 under  t h e  assumption t h a t  X** 

P r o o f  of  Theorem 3.3.1:  We u s e  R o s e n t h a l ' s  fundamental  r e s u l t  

(see R o s e n t h a l  [491 and Ode11 / Rosen tha l  [ 4 2 ] )  t h a t  a Banach s p a c e  

Z does  n o t  c o n t a i n  (an isomorph)  of Z, i f  and o n l y  i f  t h e  bounded sub- 

sets of 2 are weakly s e q u e n t i a l l y  precompact.  

Assume t h a t  X + Z 1  and t h a t  Y* h a s  RNP. 

Kw,(X*,Y) = K,,(Y*,X).) L e t  ( h n ) n  b e  a bounded sequence i n  Kw,(X*,Y). 

Then t h e r e  e x i s t s  a s e p a r a b l e  ( c l o s e d  l i n e a r )  subspace  Yo of Y such 

t h a t  imhncYo  f o r  a l l  n € l N .  According t o  o u r  a s sumpt ion ,  (Yo)* i s  se- 

p a r a b l e ,  see S t e g a l l  [ 6 6 1 .  L e t  ( Y E ) ,  b e  a dense  sequence i n  ( Y o ) * .  

Then (hGy;)n i s  a bounded sequence i n  X and t h u s ,  s i n c e  X 4 Z l ,  h a s  

a weak Cauchy subsequence (h;tkyl;)k. C o n s i d e r i n g  now t h e  sequence 

( N o t i c e  t h e  symmetry 
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(h$ky;)k in X, continuing inductively, and using a diagonal process, 

we arrive at a subsequence (hnl)l of (hn)n such that (hzlyz)l is weakly 

Cauchy in X for all kE7N. Taking adjoints, we conclude that (hnlx*) 

dense in (Yo) , on bounded subsets of Y the weak topology o(Yo, (Yo)*) 

of Yo and the topology u (Yo, (yZlk) coincide. Hence, (hnlx*)l is weak- 
ly Cauchy in Yo, and thus in Y, for all x* € X*. At this point, we use 

the isometrical embedding Kw* (X* ,Y) C (BX*XBy*) 

1 
* )  )-Cauchy in Yo for all x*EX*. But, since (yi), is norm- 

0' 

is a (yk k* 

h - {(x*,y*)-(hx*,y*)I , 
to conclude from the classical weak convergence result for C(K)-spaces 

that (hnl) is weakly Cauchy in Kw* (X*,Y) . This completes the proof. 

Going back to Theorem 3 . 3 . 1 ,  and inspecting its proof - where we 
made heavy use of Y* having RNP - the question arises naturally whether 
the assumption of the RNP for either of the duals is only a technical 

matter that could possibly be dispensed with by just requiring X and Y 

not to contain l I .  Too much hope in this direction is put to rest by 
the following example. 

3 . 3 . 3  Example [52]: L e t  J T  d e n o t e  t h e  James T r e e  space ,  c f .  [ 3 9 ] .  

Then J T $ I I  [ 3 9 ] ,  but J T Z ; ,  J T  does  c o n t a i n  Z 1 .  

Proof :  JT is the dual of a (separable) Banach space B such that 

B**/B = 1; = Hilbert space of the dimension of the continuum [ 3 9 1 .  

Using the fact that projective tensor products "respect" quotients, 

we conclude that JT*Zn JT* has l ; ~ T e l ~  as a quotient. NOW, the "dia- 

gonal" in Z;z, l ;  is isometric to l 1  , which thus can be "lifted" 
isomorphically to JT* 3, JT* , cf. Pelczynski [ 43 ,Lemma 3.1 1. But 

JT* sTI JT* is a closed linear subspace of 
tion 2 )  , so that the dual of the separable space JT& JT contains I f .  

Using Pelczynski’s and Hagler’s results [43,201, we conclude that 

(JTGE JT)* (see 2.5 in sec- 

J T ~ ,  JT= z l .  

A combination of Corollary 3.3.2 with Theorem 2 . 5  yields the fol- 

lowing connection between reflexivity and weak sequential complete- 

ness of K(X,Y). 
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3.3.4 Theorem ([4,Thm.3.91 and [5,Cor.3.31): L e t  X and Y be re- 

f Z e x i v e ,  and c o n s i d e r  t h e  f o l l o w i n g  s t a t e m e n t s :  

( a )  L J X , Y )  = K ( X , Y l ;  f b )  L ( X , Y )  i s  r e f l e x i v e ;  

( e l  K ( X , Y /  i s  r e f l e x i v e ;  ( d )  KlX,Y) i s  weak ly  s e q u e n t i a l l y  c o m p l e t e ;  

Then  ( a )  i m p l i e s  ( b ) ,  ( b )  i m p l i e s  ( e l ,  and (c) i s  e q u i v a l e n t  t o  i d ) .  

P i n a l l y ,  i f  t h e  n a t u r a l  map j : x~~~Y*-(K(x,YJ)* i s  i n j e c t i v e ,  

t h e n  ( d )  i m p l i e s  (a). j is i n j e c t i v e ,  whenever  X o r  Y has a . p .  

For a description of general weakly sequentially precompact subsets 

of Kw* (X* ,Y) via the corresponding concepts in the factor spaces X and 

Y, the reader is referred to Lewis [37,Thm.3.11, and to [4,section 11. 

4. WEAK COMPACTNESS IN K(X,Y), AND EXTREME POINTS IN THE DUAL OF 

K(XtY) 

4.1 WEAK COMPACTNESS 

W e  start with the well-known fact that weak sequential convergence 
and weak compactness are determined by convergence not necessarily on 
all elements of the dual but just on the extreme points of the dual 
unit ball. 

4.1.1 Rainwater [47]: A bounded sequence  ( z n l n  i n  a Banach space  

Z c o n v e r g e s  w e a k l y  t o  z E  2 i f  and o n l y  i f  ( z * z  ) c o n v e r g e s  t o  z * z  

f o r  a l l  z * E e x t B Z * .  

This result was the starting point for an intense study of the re- 
duction of weak sequential convergence and weak compactness in Banach - 
and more general locally convex - spaces Z to the corresponding notions 
with respect to the weak topology o(Z,extBZ*) on Z generated by just 
the extreme points of B *. W e  refer the reader to K. Floret’s detailed 
exposition of this devefopment in [ 151. 

For our purpose here, it suffices to recall one of the latest re- 
sults in this direction. 

n n  

4.1.2 Bourgain / Talagrand [2]: A bounded s u b s e t  H o f  a Banach 

space  Z is w e a k l y  r e l a t i v e l y  compact  i f  and o n l y  i f  i t  i s  r e l a t i v e l y  

c o u n t a b l y  compact  w i t h  r e s p e c t  t o  o ( Z , e x t B Z * l .  

Remarks:  1. Note that, in result 4.1.2, the improvement over Rain- 
water’s result - for describing weak relative compactness - lies in 
the reduction to o(Z,extBZ+)-relative countable compactness as opposed 
to o(Z,extBZ*)-relative sequential compactness. 

2. There exist by now further proofs and extensions of Theorem 4.1.2 
by Khurana [36] and Tweddle [731, a further simplification of Khurana’s 
proof by I. Namioka (personal communication), and a deduction of result 
4.1.2 from Ramsey-type theorems by C. Stegall (oral communication). 
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Also,  it ought  t o  be noted t h a t  f o r  convex s u b s e t s  H ,  4 . 1 . 2  has  
been known, see D e  Wilde [61 .  

According t o  t h e  d i s c u s s i o n  so f a r ,  one way t o  c h a r a c t e r i z e  weak 
compactness i n  K *(X*,Y) is  t o  de t e rmine  t h e  form of t h e  extreme p o i n t s  
i n  t h e  d u a l  u n i t W b a l l  of %* (X* , Y )  and t h e n  t o  a p p l y  4 . 1 . 1  and 4 . 1 . 2 .  
T h i s  approach and t h e  subsequen t  r e s u l t s  of s e c t i o n  4.1  a r e  t o  be 
found i n  F l o r e t  [ 1 5 , s e c t i o n s  8.10-8.131, and i n  [ 4 , s e c t i o n  21. 

4.1.3 Observat ion:  e x t B  ( K w * ( X * ,  y I I *  c f e x t B X * l  @ ( e x t B y * )  , where 

,*my* a c t s  on hEKw*(X*,Y) i n  t h e  c a n o n i c a l  way: x*@y*(h i  = f h x * , y * ) .  

P r o o f :  Kw* (X*,Y) i s  a c l o s e d  l i n e a r  subspace of C(BX*XBy*), BX* 

and BY* be ing  endowed w i t h  t h e i r  r e s p e c t i v e  weak*-topologies:  

Kw,(X*,Y) - ' C(BX*XBy*) 

h - I ( x * , y * ) t - t ( h x * , y * ) ) .  

(Kw* (X*,Y)) 
* i s  of  t h e  form 

w i t h  (x*,y*)EBX*xBy*. However, i f  w e  as- 

t h e n ,  by t h e  b i -  

Thus, eve ry  extreme p o i n t  of B 

6 (x* ,y* )  IKw,(X*,Y) = x*@* 

sume x*** t o  be an extreme p o i n t  of B 

l i n e a r i t y  of t h e  map (x*,y*)-  x*@y*, x* and y* n e c e s s a r i l y  must 

(Kw* (X* , Y )  )* 

be extreme p o i n t s  of B * and By*, r e s p e c t i v e  

s e r t i o n .  
X 

I t  i s  now e a s y  t o  a r r i v e  a t  t h e  f o l l o w i n g  
c f .  F l o r e t  [15,8.10-8.131, and [ 4 ,  s e c t i o n  2 

4 . 1 . 4  Theorem: 

y .  Th i s  proves t h e  as- 

weak compactness r e s u l t s ,  

( a )  A bounded sequence  i n  K w , ( X * , Y )  e o n v e r g e s  weak ly  t o  

hEKw,(X*,YI i f  and onZy i f  ( h n x * , y * ) ,  c o n v e r g e s  t o  ( h x * , y * )  for a l l  

(x*, y*)Eex tBX,xex tB  Y *. 
( b )  A bounded s u b s e t  H o f  K w * ( X * , Y )  i s  weak ly  r e l a t i v e l y  compact  i f  

and o n l y  i f  i t  i s  e x t B X * x e x t B  * - w e a k - o p e r a t o r - t o p o l o g y  r e l a t i v e l y  

c o u n t a b l y  compact .  
Y 

W e  n o t e  t w o  p a r t i c u l a r  cases. 

4.1.5 C o r o l l a r y :  

( a )  A bounded sequence  ( k n j n  i n  K(X,Y) c o n v e r g e s  weak ly  t o  k€K(X ,Y)  

if and o n l y  i f  (k ;*x**,y*)  

(x** ,  y * ) E e x t B  * * x e x t B y * .  

( b )  A bounded sequence  ( F n j n  i n  C I K , X I ,  K compact  H a u s d o r f f ,  c o n v e r g e s  

weakZy t o  F E C ( K , X )  i f  and o n l y  i f  ( F n ( t ) ) n  c o n v e r g e s  weak ly  

F ( t )  for a l l  tEK. 

c o n v e r g e s  t o  (k**x**,y*)  f o r  a l l  n 

X 

( i n  Xl t o  
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For related weak compactness results, compare Kalton 135,section 21, 

After all, we can summarize that the reduction to the o(Z,extB * ) -  

and Tsitsas [711. 

topology actually led to the desired description of weak compactngss 
properties by means of the corresponding pointwise-weak compactness 
properties. 

Finally, we derive a further result on the dual of Kw,(X*,Y) by 
combining observation 4.1.3 with a result of Haydon [21,Prop.3.1]. 

4.1.6 Theorem ([52,Thm.1.7]): L e t  H be a c l o s e d  l i n e a r  subspace  of 

Kw,(X*,Y), c o n t a i n i n g  X s , Y .  Assume t h a t  H d o e s  n o t  c o n t a i n  Z 1 .  

Then H* i s  a q u o t i e n t  of X * S T Y * .  

P r o o f :  j : X* 5, Y*-H* of 2.5 in section 2 is continuous 

linear with I l j  I ( =  1. Since H $ill Haydon’s result [21,Prop.3.1] tells 
us that B * = norm-clco (extBH*). We conclude, using observation4.1.3, 

that BH* cnorm-clco (extBX*@extB * )  c norm-cl (j ( B  * -  *))c BH*, 

so that BH* = norm - cl (j (B * -  ~~ y*)). Banach’s classical homomorphism 

theorem now reveals that j is a quotient map. 

The map 

H 

Y x aT Y 

ExarnpZe: The James Tree space JT turned out towbe an example for 
a Banach space Z not containing 
ll. Yet, according to Theorem 3.3.1 in section 3, JTZ,JT ought to 
be very close to not contain 21. In this sense, the James Tree space 
now also marks the limits of Theorem 4.1.6: 

2, but such that Z B E  Z does contain 

The map j : JT*S,,JT*-(JT& JT)* i s  not s u r j e c t i v e  (1521). 

4.2 THE EXTREME POINTS OF B 
(Kw* (X*,Y) )* 

The observation made in section 4.1 that extB(K *(x*,y))* is con- 

tained in extB *@extBy* naturally leads to the queEtion whether there 

is actually equality between the two sets, i.e. whether it is true 

that for x* and y* extreme points in BX+ and By*, respectively, the 

This problem functional x*@y* is an extreme point of B 

had been solved in special cases by Singer r621 for C(K,X), Brosowski 

and Deutsch [ 3 1  and Strobele [671 for Co(S,X), S locally compact Haus- 

dorff, and, for general completed injective tensor products X%EYI by 

Hulanicki / Phelps 1311 and Tseitlin [691. C. Stegall and I [ 5 2 1  took 

up the general K (X*,Y)-case and proved the following result which W* 
shows that the extreme points in the dual unit ball of the operator 

space K ,(X*,Y) in fact are completely determined by the extreme points 

in the duals of X and Y. 

X 

(K * (X* ,Y) )* ' 

W 
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4.2.1 Theorem ([52,Thm.1.1]): L e t  H b e  any Z inear  subspace  of 

K w , ( X * , Y I ,  c o n t a i n i n g  X @ Y .  Then  e x t B  H * = ( e x t B  X * ) @ ( e x t B y * l .  

4.2.2 Corollary ([52,Thm.1.3]): L e t  H be  any  l i n e a r  subspace  o f  

K(X, Yl, c o n t a i n i n g  t h e  f i n i t e - r a n k  o p e r a t o r s .  Then we have :  

e x t B H ,  = ( e x t B  * * l Q ( e x t B y * l .  X 

(For the special case of K(Z2), see Holub [30,Thm.3.1].) 
We established Theorem 4.2.1 in [52] by proving the following more 

general fact. 
Given X IBY c H c Kw* (X* ,Y) , h*EH* , Ilh*II =I , and Cx6,yZ) E extBX*XextBy* , 
such that h* I X  B Y  = 6 IX@Y , consider the set 

(x;5 I Yb 1 

M(BX*xBy*). Then we have: 

(a) C is the set of norm-one extensions of h* to C(BX*xBy*), and 

(b) C is an extremal subset of BM(B *XB * ) .  
X Y  

Here, we give a direct proof of Theorem 4.2.1 based on Tseitlin’s 

Proof  of Theorem 4.2.1:  Let (x~,y~)EextB *xextBy*. Then, according 

result (thanks to S. Heinrich and W .  Schachermayer). 

X 
to Tseitlin’s result, T = x*@y*IX%, YE extB (xsEyy*. Consider the set 

@ = (h*�H* I h* IXgi, Y = T 

extremal subset of BH*, and thus is the weak*-closed convex hull of 
its extreme points. Let htEext0. Then, since Q, is an extremal subset 

of BH*, h* is an extreme point of BH*, and thus, according to obser- 

vation 4.1.3 above, is of the form h* = x;@yT 

points in B t and By*, respectively. Since h:�0, we have: 

x;@yiIX@Y = h:IXOY = x:@y:IX@Y. This implies that x;@y: = x:%y: 

even on H. We conclude that 0 = (x:@y:] 

0 0  

and Ilh*ll=I]. Then 0 is a weak*-compact convex 

0 

with x: and y: extreme 
0 

X 

is an extreme point of BH*. 

5. GEOMETRY OF THE DUAL UNIT BALL OF Kw* (X* ,Y) AND 

DIFFERENTIABILITY OF THE NORM 

After discovering that the extreme points of the dual unit ball of 
K *(X*,Y) are made up exactly by the set of functionals x*W* with 
x? and y* extreme points in the dual unit balls of X and Y, respectively, 
it was only natural to ask whether analogous results hold for the vari- 
ous special classes of extreme points. C. Stegall and I thus investi- 
gated the form of the [w*-]exposed and [w*-]strongly exposed points 
of the dual unit ball of Kw*(X*,Y). And, finally, Joe Diestel posed 
the problem of determining the denting points. 

We shall present in this section the respective results and dis- 
cuss various applications. 

First, we briefly recall the definitions of these special classes 
of extreme points. For a detailed discussion and equivalent definitions, 
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t h e  reader is. r e f e r r e d  t o  J o e  Dies te l ' s  L e c t u r e  Notes [ 9 1  and,  con- 
c e r n i n g  d e n t i n g  p o i n t s ,  t o  Phe lps  [ 4 4 ] .  

D e f i n i t i o n :  L e t  Z be a Banach space ,  and zoEZ w i t h  I I z J l  = 1 .  

zo i s  an exposed  p o i n t  of BZ i f  t h e r e  e x i s t s  zzEZ*, I l z ~ l I = I  , ( a )  ( i )  

such  t h a t  z;(zo)=l and z* ( z )  < 1 f o r  a l l  zEBZ { z o ] .  

The set  of exposed p o i n t s  of B Z  w i l l  be deno ted  by e x p B Z .  
0 

(ii) I f  Z = X* and t h e  exposing f u n c t i o n a l  z* happens t o  be an ele- 
0 

x* * ment of X : z*=x EX, t h e n  z i s  s a i d  t o  be a #*-exposed  p o i n t  of B 

The set  of  a l l  such p o i n t s  w i l l  be  deno ted  by w*-expBXt .  

( b ) ( i )  z i s  a s t r o n g l y  exposed  p o i n t  of B i f  t h e r e  e x i s t s  z:EZ*, 

I1 z;lI=l , such t h a t  2; ( z o ) = l  and, whenever (z ) i n  B Z  i s  such  t h a t  

z;(zn) -1 , t h e n  llzn-zoll-O. 

The se t  of  s t r o n g l y  exposed p o i n t s  of BZ w i l l  be  denoted by s e x p B Z .  

be  an element  of X : z *  = x E X ,  t h e n  zo i s  s a i d  t o  be  a w*-s t rong ly  

exposed  p o i n t  of BX*. The s e t  of a l l  such  p o i n t s  w i l l  be denoted by 

w*-sexpB *. 

(c )  (i) 

6 > 0  and zZEZ*, I I z ~ l l = I ,  such t h a t  z;(z ) > 1-6  

and z ; ( z )  > I - &  , t h e n  1 I z - z  1 1  < E ( i . e .  zo i s  c o n t a i n e d  i n  s l ices  of  

a r b i t r a r i l y  s m a l l  d i a m e t e r ) .  

The se t  of a l l  d e n t i n g  p o i n t s  of B 

0 0  0 

0 Z 

n n  

(ii) I f  Z = X* and t h e  s t r o n g l y  exposing f u n c t i o n a l  happens t o  

0 0 

X 
z o  i s  a d e n t i n g  p o i n t  of BZ i f  , g iven  any E > 0, t h e r e  e x i s t  

and, whenever I l z l 1 1 1 ,  
0 

0 

w i l l  be denoted by d e n t B Z .  

be  g e n e r a t e d  by e l emen t s  z r  = x E  i n  X ,  t h e n  z o  i s  s a i d  t o  be a 

w*-den t ing  p o i n t  of  EX*. The set  of a l l  such p o i n t s  w i l l  b e  denoted 

by w*-dentBX*.  

Z 
(ii) I f  Z = X* and t h e  s l ices  of  ( c )  (i) can  always be chosen t o  

5.1 Theorem 1531:  L e t  H be  a c l o s e d  l i n e a r  subspace  of K w , ( X * , Y I ,  

c o n t a i n i n g  X % ,  Y .  

( a )  [ w * - ] e s p B  * = [w*-IexpB *@[w*-]expB  *. 
i b l  

( c i  

Then  w e  have :  

H X Y 

[w*- I sexpB  H * = ~ w * - l s e x p B X ~ Q [ w * - l s e x p B ~ ~ .  

[ w * -  1 den tBH* = [ w * -  I dentBX*@I w * -  l d e n t B y * .  

(For t h e  w*-part o f  p r o p o s i t i o n  ( a ) ,  compare J . A .  Johnson [ 3 2 1 . )  

Thus, i n  t h e  v e i n  of ou r  g e n e r a l  theme set a t  t h e  beg inn ing  of t h i s  
pape r ,  i n  a l l  cases, t h e  geometry of t h e  d u a l  u n i t  b a l l s  o f  X and Y 
comple t e ly  d e t e r m i n e s  t h e  geometry of  the,  d u a l  u n i t  b a l l  of t h e  opera-  
t o r  space  K w J , ( X  ,Y). 

Although t h e  r e s u l t s  of Theorem 5.1 q u a l i t a t i v e l y  a r e  a l l  of t h e  
same n a t u r e ,  t h e  r e s p e c t i v e  methods of proof  t h e y  r e q u i r e d  tu rned  o u t  
t o  be q u i t e  d i f f e r e n t  from each o t h e r  and r a t h e r  i n v o l v e d ,  so t h a t  it 
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would go beyond the scope of this survey to present even the ideas of 
proof. Instead, the reader is referred to our paper L531, where more 
general results are derived. Some of these will be quoted below. 

We shall now discuss some consequences. 

5.2 SOME EXTENSIONS AND CONSEQUENCES 

We first use Theorem 5.1 (b) to derive Feder / Saphar’s extension 
of Schatten’s result that, for H infinite-dimensional Hilbert, K ( H )  
is not isometric to a dual space. 

5.2.1 Theorem (Feder / Saphar [14,Thm.2]): Assume t h a t  X and Y 

a r e  r e f l e x i v e ,  and Ze t  H be  any c l o s e d  l i n e a r  subspace  of K ( X , Y I ,  con- 

t a i n i n g  t h e  f i n i t e - r a n k  o p e r a t o r s .  

I f  H i s  i s o m e t r i c  t o  a duaZ space ,  t h e n  H i s  r e f l e x i v e .  

P r o o f :  Assume that H = Z*. According to our assumptions, Z** = H* 

has RNP (Theorem 3.2.1 above).Hence, we have (taking into account that 

X and Y are reflexive): BZ** = norm-clco (sexpB * * ) .  

Theorem 5.1 (b) (and the fact that X and Y are reflexive) to conclude 

that 

We now use z 

BZ** = norm-clco (sexpBZ**) = norm-clco (sexpBH*) = 

= norm-cl co ( sexpBX* *OsexpBy*) = 

= norm-clco (w*-sexpB **@w*-sexpBy*) = 

= norm-clco (w*-sexpBH*) = norm-clco (w*-sexpB * * )  = 

= norm-clco (sexpB ) = BZ . 

X 

z 
z 

(We used the fact that, for a general Banach space W, w*-sexpB **= 
= sexpB . )  This shows that Z, and thus H, is reflexive. 

W 

W 

To deduce further consequences, we first recall a classical result 
by Smul’yan connecting the exposed point structure of the dual unit 
ball with differentiability properties of the norm. 

Theorem ( Smul’yan [64,651 ) :  L e t  z o  be an  e l e m e n t  of norm one 

of a Banach space  2. Then t h e  norm o f  2 i s  Gateaux-  ( r e s p .  F r s c h e t - l  

d i f f e r e n t i a b l e  a t  z o  w i t h  d i f f e r e n t i a l  z,* i f  and o n l y  i f  z o  w*-exposes  

( r e s p .  w*-s t rong ly  e x p o s e s )  BZ* a t  z* . 

In our paper [531, instead of Theorem 5.1 (b), we prove a more ge- 
neral result which allows us to extend the assertion of this proposi- 
tion to any linear subspace H even of Lw* (X*,Y) . In particular, we 
can deduce the following result on the geometry of the dual unit balls 
of K(X,Y) and L(X,Y). 

5.2.2 Corollary [531: L e t  X* Q Y t H c L ( X ,  Y). 

Then  w*-sexpBH* = sexPBX Bw*-sexpBy* . I n  p a r t i c u l a r ,  we have:  

(X, y,* = sexpB -*-sexpBy*.  w * - ~ e x p B ~ ( ~ , ~ ) *  = w*- s e x p B W ( X ,  y,* = w*-sexpB X 



Geometry of operator spaces 73 

Together with a result on G-differentiability that, again, is 
stronger than Theorem 5.1 (a), the extension of Theorem 5.1 (b) al- 
lows us to derive the following consequences. 

5.2.3 Corollary [ 5 3 1 :  L e t  zo€X,  y o E Y ,  w i t h  llz II=2=IlyolI. 

( a )  L e t  X O Y c H c 3 ( X * , Y * l  = L i X * , Y * * ) .  

Then I I  I I H  i s  F - d i f f e r e n t i a b z e  a t  zo@y if and o n l y  i f  II I I x  and 

I1 I I Y  a r e  F - d i f f e r e n t i a b l e  a t  xo and yo, r e s p e c t i v e l y .  

( b )  L e t  X Q Y  c H c C o d d ( B X * X B y * )  ( f E C o d d ( B X * X B  Y * ) :  $(-x*,y*)  = 

Then  I 1  lb is G - d i f f e r e n t i a b l e  a t  z Oy if and o n l y  i f  II I I x  and 

I1 I I Y  u r e  G - d i f f e r e n t i a b l e  a t  xo and yo, r e s p e c t i v e l y .  

- 
- f ( z * , - y * l  = - j - ( z* ,y* )  ) .  

0 0  

( For proposition (b), compare J.A. Johnson [321. ) 

The extensions of Theorem 5.1 (a) and (b) can also be used to de- 
rive the results on F- and G-differentiability of the norms in K(X,Y) 
and L(X,Y) announced by S .  Heinrich in [23]. We note here one parti- 
cular case. 

5.2.4 Corollary ( Heinrich ) :  L e t  ko€K(X ,Y l  w i t h  I lkolI = 2 .  Then  

t h e  f o l l o w i n g  p r o p o s i t i o n s  a r e  e q u i v a l e n t :  

( a )  The norm of K ( X , Y I  is F - d i f f e r e n t i a b l e  a t  k o .  

( b )  The norm of L ( X , Y )  i s  F - d i f f e r e n t i a b l e  a t  k o .  

( c )  The norm of L(X**,Y**)  i s  F - d i f f e r e n t i a b l e  a t  k z * .  

(Actually, Heinrich [23,Cor.4.2] proved this up to the space 

L(X,Y), i.e. the equivalence of (a) and (b).) 

Some of the above results are significantly different from those 
of the preceding sections in that they transfer properties of X* and 
Y* not only to the dual of (X*,Y) but to the duals of much larger 
spaces of merely continuous inear operators. Further results in this 
direction can be found in the joint paper [531  with C. Stegall. 

6. PROBLEMS 

We close this paper with some of the problems that naturally arise 
from our discussion of the operator spaces K ( X , Y )  and Q,(X*,Y) in 
the previous sections. 

6.1 When is it true that K(X,Y) does not contain (an isomorph of) co ? 

6.2 Under which conditions does K(X,Y) have RNP ? 

6.3 Is there an isomorphic version of Feder / Saphar’s result 5.2.1 
above, i.e. if, for reflexive Banach spaces X and Y, the space 
K(X,Y) is isomorphic t o  a dual space, is K(X,Y) then necessarily 
reflexive ? 
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6.4 

6.5 

Instead of %* (X*,Y) - and thus XZE Y-and K(X,Y) - consider the 
completed projective tensor product XeTY of Banach spaces X and 
Y: to what extent can the geometric and topological properties 
of X&Y and its dual L(X,Y*) be recovered from the corresponding 
properties of the factor spaces X and Y and their duals ? 

To what extent can geometric and topological properties of parti- 
cular operator spaces other than K(X,Y) - like p-absolutely sum- 
ming, p-integral, or p-nuclear operators - be recovered from 
those of the factor spaces X and Y and their duals ? 

COMMENTS AND RELATED PROBLEMS 

6.1 and 6.2: The general feeling is that - like for reflexivity it- 
self - for positive results on these weakenings of reflexivity 
for K(X,Y), the coincidence of L(X,Y) with K(X,Y) will play an 
important role. 

Diestel / Morrison [81. They showed: 
For the Radon-Nikodym property, this is being discussed in 

- Theorem ( Diestel 

o r  r e f l e x i v e ,  and 

K (X, Yl  has RNP. 

For extensions of 
discussion of the 
[10,Ch.VIII,p.258 

/ Morrison [8] ) : Suppose  t h a t  X* i s  s e p a r a b z e  

t h a t  Y has R N P .  Then ,  whenever  L ( X , Y I  = K ( X , Y / ,  

this result, see Andrews [ l ] .  Compare also the 
RNP for operator spaces in Diestel / Uhl 

For the problem of containing col results by A.E. Tong [681 
and N.J. Kalton [351 indicate a strong connection with the coin- 
cidence of bounded and compact linear operators. 

Theorem ( Kalton [ 351 ) : Suppose  t h a t  X has an  u n c o n d i t i o n a l  

f i n i t e - d i m e n s i o n a l  e x p a n s i o n  of t h e  i d e n t i t y .  Then ,  i f  Y i s  any 

i n f i n i t e - d i m e n s i o n a l  Banach s p a c e ,  t h e  f o  l l o w i n g  a r e  e q u i v a l e n t :  

( a )  K(X,Yl  $ e o  . ( b l  L ( X , Y I  = K ( X , Y /  . 
( e l  K ( X , Y I  i s  complemented  in L(X,Yl  . 

Thus, problems 6.1 and 6.2 bring our attention back to the 
"old" problem of characterizing spaces X and Y for which there 
exist non-compact bounded linear operators from X into Y, and to 
the problem, whether K(X,Y) ever is complemented in L(X,Y) in a 
"non-trivial" way : is it true that either L(X,Y) = K(X,Y), or 
K(X,Y) is uncomplemented in L(X,Y) ? 

reader is referred to J. Johnson [331. 
For a thorough recent discussion of these latter problems, the 

- 6.3: Problem 6.3 has earlier been raised by J.R. Retherford [48,p.10061. 
It leads us to the general problem of when K(X,Y) is (isometric 
or isomorphic to) a dual. In particular: is K(X) ever a dual ? 

J. Hennefeld [27,Cor.2.3] showed: I f  X has  a complemented  
subspaee  w i t h  a n  u n c o n d i t i o n a l  b a s i s ,  t h e n  KtXl is n o t  i s o m o r p h i c  
t o  a d u a l .  

non-conjugacy of K(X,Y) : 
And J. Johnson [33,Prop.l] proved the following result on the 
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I f  Y has  t h e  bounded a p p r o x i m a t i o n  p r o p e r t y ,  and K(X,Y) i s  n o t  comple-  

mented  i n  L(X,Y), t h e n  KIX,Y) i s  n o t  i s o m o r p h i c  t o  a complemented sub- 

space  of a d u a l  s p a c e .  

Note that, again, an assumption on the relative position of K(X,Y) 

For further information on the problem of non-conjugacy of K(X,Y) 
in L(X,Y) interferes ! 

or L(X,Y), the reader may consult Hennefeld 1271 and J. Johnson [331. 

6.4: This program particularly includes the problem of characterizing 
conditions on X and Y such that X%,Y has RNP, does not contain an 
isomorph of 11 or col or is weakly sequentially complete. 

of the space L1 ( p , X )  = L1 (11) Bn X, which, just for the special case of 
weak sequential completeness and of characterizing weak compactness, 
turned out to be rather difficult. ( As far as I know, M. Talagrand 
finally showed that L1(p,X) is weakly sequentially complete whenever 
X is. ) 

the space N(X,Y) of nuclear operators has RNP; compare the remarks 
following Corollary 3.2.2 in section 3 above. 

Note that this program is2uite ambitious, for it includes the case 

A further particular problem is to find out under which conditions 

In 1241, Heinrich showed that sexpBXgny = sexpB @sexpBy . We de- X 
rive this result in [53] as a further special case of our extended 
version of Theorem 5.1 in section 5 above. 

- 6.5: For this program, we only give a partial list of references 
related to this problem. 

Reflexivity of the space of p-absolutely summing operators (Ilp<-) 
is being discussed in Gordon/Lewis/Retherford 1171, and in Saphar 1561. 

D.R. Lewis [38] discussed reflexivity, the RNP, and weak sequential 
completeness for various classes of a-tensor products, and specializa- 
tions to corresponding classes of absolutely summing and integral ope- 
rators. 

Heinrich [25] obtained conditions under which the spaces of p-inte- 
gral and of p-absolutely summing operators (a) have RNP, and (b) do 
not contain (an isomorph of) co .  

Non-containment of lI and of cOr and the RNP and weak sequential 
completeness for the spaces of p-nuclear and quasi-p-nuclear operators 
are being discussed in Makarov/Samarskii 1411. 

lutely summing and of p-nuclear operators. 

completeness of the spaces X@gpY and X m  

p-absolutely summing and of p-nuclear operators. 

Andrews [I], too, has results on the RNP for the spaces of p-abso- 

Finally, Heinrich [26] als_o obtained -results on the weak sequential 
Y [551 and of the spaces of 

EP 
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1. INTRODUCTION 

Besides its norm topology, an infinite dimensional Banach space X 

carries infinitely many different locally convex topologies which are 

compatible with <X,X’> , the duality given by X and its continuous 
dual X’. The most familiar example is certainly the weak topology 

u ( X , X ' ) ;  another one is obtained by the topology of uniform conver- 

gence on the compact subsets of X’. The latter is also known to be 

the finest Schwartz topology on X which is compatible with <X,X’); 

similarly, one may consider the finest nuclear topology on X which is 

compatible with ( X , X ' > ,  etc. 

A l l  these topologies on X may be defined by means of seminorms such 

that the quotient map from X to (the completion of) X modulo the ker- 

nel of such a seminorm belongs to a prescribed ideal of operators. 

The present note is devoted to the discussion of certain aspects of 

this general setting as well as to the consideration of additional 

examples. We will solve the problem of completeness of the locally 

convex topologies under consideration for a fairly large class of 

operator ideals, and we will describe the effect of replacing the 

basic ideal by its uniform closure in terms of a known procedure to 

generate new locally convex topologies from given ones. The question 

of consistency for our topologies, when passing to subspaces, will be 

shown to be linked with a classical Hahn-Banach situation. In the in- 

teresting case where the basic ideal consists of all 1: -factorable 

operators, this link will enable us to give another description of 

the so-called Hilbert-Schmidt spaces [ 9 ] .  We shall make use of the 

occasion to include some sequential characterizations of these spaces, 

in terms of the topologies in question, and finally we shall discuss 

some elementary aspects of the (unsolved) problem of whether or not 

2 
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t h e r e  e x i s t s  any r e f l e x i v e  Hilber t -Schmidt  space  of i n f i n i t e  dimen- 

s i o n .  

2 .  NOTATION 

Our terminology and n o t a t i o n  conce rn ing  Banach s p a c e s  w i l l  b e  more o r  

less  s t a n d a r d .  I n  p a r t i c u l a r ,  subspaces  of Banach s p a c e s  are always 

understood t o  be l i n e a r  and c l o s e d  submanifolds ,  and by a n  o p e r a t o r  

between two Banach s p a c e s  w e  mean a con t inuous  l i n e a r  map. W e  r e s e r v e  

X,Y,Z,. .. t o  d e n o t e  Banach s p a c e s ,  and R , S , T ,  ... t o  deno te  o p e r a t o r s  

a c t i n g  between t h e s e  s p a c e s .  I f  X i s  a Banach space ,  B w i l l  be i t s  

c l o s e d  u n i t  b a l l ,  X’ i t s  d u a l ,  X" i t s  b i d u a l ,  e X : X  4 X I '  t h e  evalu-  

a t i o n  map, xm t h e  space  L m ( B x , ) ,  and J 

bedding X - xm. L e t  u s  a g r e e  t h a t  a l l  l o c a l l y  convex t o p o l o g i e s  oc- 

c u r r i n g  i n  t h i s  n o t e  a r e  understood t o  be Hausdorff .  Any unexp la ined  

terminology conce rn ing  l o c a l l y  convex s p a c e s  can  be found i n  [8]. I f  

E is  a l o c a l l y  convex space  and U is  a n  a b s o l u t e l y  convex O-neigh- 

bourhood i n  E l  whose gauge f u n c t i o n a l  i s  q ,  t h e n  w e  w r i t e  E ( U ) f o r  t h e  

Banach space o b t a i n e d  by comple t ing  t h e  space  E/q ( 0 )  w i t h  r e s p e c t  

t o  t h e  norm d e r i v e d  from q .  By 0" w e  d e n o t e  t h e  c a n o n i c a l  con t inuous  

l i n e a r  map E -B E 

bourhood i n  E ,  t h e n  $, f a c t o r s  through Qv, i .e .  t h e r e  i s  a un ique  

o p e r a t o r  OUV:E + E such t h a t  0 = 0 *$J  

F a c t s  and terminology from t h e  t h e o r y  of o p e r a t o r  i d e a l s  w i l l  be used 

f r e e l y  i n  t h e  s e q u e l .  Our main r e f e r e n c e  i s  of c o u r s e  1161; see a l s o  

X 

t h e  c a n o n i c a l  i s o m e t r i c  e m -  
X 

-1 

I f  VCU i s  a n o t h e r  a b s o l u t e l y  convex O-neigh- 
( U )  - 

(V) ( U )  u uv v '  

[ 8 1  - 
3. LOCALLY CONVEX TOPOLOGIES ON BANACH SPACES AND OPERATOR IDEALS 

I n  t h e  seque l  w e  w i l l  b r i e f l y  review a connec t ion  between i d e a l s  of 

o p e r a t o r s  and c e r t a i n  l o c a l l y  convex t o p o l o g i e s  on Banach spaces .  The 

d e t a i l s  w e r e  me t i cuous ly  worked o u t  i n  [ 2 1 ] .  

Suppose w e  are g iven  any method t o  produce a l o c a l l y  convex topology 

3- on e v e r y  Banach s p a c e  X I  which is coarser t h a n  t h e  norm topology 

and such  t h a t  t h e  pas sage  from X t o  X,:=[X,T] behaves " f u n c t o r i a l "  i n  

t h e  s e n s e  t h a t  P ( X , Y ) c f ( X r , Y r )  h o l d s  f o r  eve ry  p a i r  ( X , Y )  of  Banach 

spaces .  Then X and X o b v i o u s l y  have t h e  same d u a l ,  so t h a t  even 

P (x ,Y)  = ~ ( x ~ , Y , )  is  t r u e .  
3- 
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If we now put .h(X,Y) 

&of operators. Moreover, on every Banach space X, the topology T- can 

be recovered fr0m.k. In fact, the seminorms 

:= h!(X,,Y) , for all X, Y, then we get an ideal 

pT:X --tR :x H 1 1  Tx 1 1  , 

where T varies over&(X,Y) and Y runs through all, or sufficiently 

many, Banach spaces, form a directed generating family of seminorms 

for the topology T. We note that the ideal& obtained in this manner 
is injective. 

Conversely, if we are given any ideal of operators,&, then the semi- 

norms p T e L / L ( X , - ) ,  as defined above, generate a locally convex topo- 

logy on X which is compatible with <X,X’) and which will be denoted by 
T I  

Ti 

X& 

in the sequel. Let us also agree to write 

in place of [ X , G  1 .  Since $(X,Y) =$(X&,Y&) is then trivially true for 

all Banach spaces X and Y, the construction described above yields an 

ideal which is easily seen to be nothing else but the injective hull, 

bin’, of A, i.e. the smallest injective ideal which contains A. 

In this way, a one-to-one correspondence is obtained between the in- 

3ective operator ideals on one side and the "functorial" locally con- 

vex topologies on the other side. 

4. 

For a large class of operator ideals A, the completion of XA for a 
given Banach space X admits a surprisingly simple description. L e t G  

be the ideal of all weakly compact operators, and let .n/, 
of all operators S : X  - Y such that S = A’B-C with AE&(R~,Y), 

Ce9(X,L2), and B c Z ( R 2 , R 2 )  

ample, a nuclear power series space of infinite type. A-nuclearity of 

B means that the sequence of singular numbers (approximation numbers) 

of B belongs to A . 
The following extends a construction in [6]: 

1. Proposition: 

Then, for every Banach space X, the completion of XJI is linearly iso- 

morphic to X" . 

SOME ADDITIONAL PROPERTIES OF THE TOPOLOGIES 5 

be the ideal 

a A-nuclear operator, where A is, for ex- 

Let& be any ideal of operators such that 4 C A C Q .  
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(Consequently, XJI is complete if and only if X is reflexive. 

Proof. We may suppose X to be infinite dimensional. Extending a re- 

sult in [ 2 2 ]  it was shown in [ 4 ]  that X '  can be represented as the 

locally convex inductive limit of the directed family (H ) of Hil- 

bert spaces embedding continuously into X’ such that Ha is a linear 

subspace of H with A -  nuclear linking mapping, for a. 5 B :  

a acA 

B 
X I =  ind H . 

~ E A  

A fortiori we may write 

X’= ind R t ,  

( R t ) r E r  being the family of all reflexive Banach spaces which embed 

continuously into X’. 

Let now zeX" be given. Then the restriction of z to B is weakly 

continuous, and hence weak*-continuous since B is weakly compact, 

Vbsr. By Grothendieck’s completeness theorem, z belongs to the com- 

pletion ($ ) -  of h. 
Clearly, 

show that every z o ( X  ) "  can be regarded as an element of X I '  . Again 
by Grothendieck’s completeness theorem, z may be regarded as a linear 

form on X '  whose restriction to B is weak*-continuous, VacA. In 

F r 

R r  

Rr 

(X,,$-’ is a linear subspace of ( X  ) " .  Thus it remains to 
JA 

4 

Ha 
particular, z(BH ) is bounded, hence z is continuous, V~EA. Thus 

a 
Z E  (ind Ha.) 

~ E A  
= XI’ . 0 

We do not know if there is any constructive way to produce minimal 

operator ideals a such that (X,)- = X" holds for every Banach space 

X. 

Our next proposition establishes a connection between the topologies 

a given ideal. As usual , & denotes the ideal whose com- 
ponent for a given pair (X,Y) of Banach spaces is obtained by taking 

the closure of &(X,Y) in $(X,Y), with respect to the usual operator 

norm topology. 

2 .  Proposition: On every Banach space X, 3- is the finest locally 

convex topology which coincides with 5 on BX. 
Proof. From dcA we get 5 5. 
Now let p be a continuous seminorm on X for the topolo.;y TJ. We may 

and rz , 

JI 

- I 
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assume 

SsJI(X,Z) be such that / I  Tx IISlI Sx / l + i / l  x 1 1 ,  VxeX. If we put 
Vs : =  {XSX I /  Sx / I S l } ,  etc., then B n’V cVT follows, showing that 

X I S  
B nVT is a zero-neighbourhood in [ B  ,T 1 .  Consequently, TA and TA co- X x &  
incide on B 

that it is of the form p(x)=l/ Tx 1 1 ,  for some T E ~ ( X , Z ) .  Let 

X -  

Next let 3- be the finest locally convex topology on X which coin- 

cides with 5 on B A 0-basis for 7- is given by all sets of the 

form U=acx 0 n-BXnUn, the Un running through a 0-basis for TA, cf. 
0 

X’ 0 

n= 1 
[ 8 ] ,  12 .3 .  We may assume U =V 

/ /  oUx 116 llSnxI/ + - . I /  x 1 1  

, with suitable Sn~&(X,Zn), so that 
1 ’n 

n follows, VxsX, Vne IN. According to [8],20.7, 

this implies QU~AinJ, and hence U is a 0-neighbourhood for G. 0 

In the language of [ 8 ] ,  12.4, TA is the gDF-topology associated with 

TI, - 
The next proposition is included merely for the sake of completeness. 

3 .  Proposition: Let& be a Surjective ideal, X a Banach space, and Y 

a subspace of X. Then (X/Y)& carries the quotient topology of Xb. 

Proof. 

is open. For this, let U be a 0-neighbourhood in Xk. We may assume 

U=VT for some Te&(X,Z). Let Za be the closure of the space T(Y). Let 

Zb :=  Z/Za and Qb:Z -+ Zb be the corresponding quotient map. By sur- 

jectivity of A ,  we may write Q 0 T  = SoQ for some SE&X/Y, Zb). Con- 

sider the 0-neighbourhood V in (X/Y)&. The proof is complete if we 

can show 'V c Q ( U ) .  But if QxsiVS, then 1 1  SQx 1 1  = IIQ TxjI 5 $, so that 
I /  Tx+zII < 1 for some zsZa, hence I /  Tx+Tyll < 1 ,  or x+yeU, for some 

All we need to show is that the quotient map Q:XA -> (X/Y)a 

b 

S 

Z S  b 

ysY. Thus QxeQ(U) . 0 

A corresponding result for subspaces cannot be obtained by simply con- 

sidering injective ideals: We know that c=TB 
the same injective hull. Let us look a little closer to this situ- 

ation. 

holds if & and 83 have 

Let X and Y be Banach spaces such that X is a subspace of Y. Suppose 

XJ1 is a subspace of YA. It is then easy to see that, given any 

SEA(X,Z), there exists a Banach space Z 

such that 1 1  Sx 115 ( I T x / l  , VXEX. A simple argument (cf. [211 and [ 1 6 1 )  

yields the existence of an operator R E ~ ( Z ~ , Z ~ )  such that R-T-I=JZ’S, 

and an operator TE&(Y,Z~) 
0 
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I being the embedding X -+ Y. Consequently R ~ T E A  extends J - S E A .  

The converse is also true: If every SE&(X,Z) can be extended as indi- 

cated, then XJ is obviously a subspace of YJ. We have thus proved 

that our problem is equivalent to a Hahn-Banach extension property 

for d -operators: 

4 .  Proposition: LetA be an operator ideal, and let X and Y be Ba- 

nach spaces such that X is isomorphic to a subspace of Y, via an iso- 

morphic embedding I. Then X J ~  is isomorphic to a subspace of YA if and 

only if, for every Banach space 2 and every operator S c & ( X , Z ) ,  there 

exists an operator TEJ(Y,Z-) such that To1 = JzoS. 

5. Corollary: 

whenever X is a subspace of Y if and only if &ln’ (X,Z) and 

( & a r m )  (X,Z) coincide for all Banach spaces Z. 

Here T 

that e 0 S: Za + Z I '  

case p=2 the passage to Z 'I can be omitted. 

The hypothesis in 5 is satisfied if& contains Tm as a right factor, 

i.e. if &= &Ta holds with some ideal 8.  

Z 

Let& be an ideal of operators.,Xg is a subspace of YJ~ 

l<p6m, denotes the ideal of all operators S:Z -+ Zb such 

factors through an .C (Plspace. Note that in 
PI a 

’b b P 

b 

5. SOME APPLICATIONS 

If in 4 . 5 ,  we take the idealX of all compact operators for &, then 

the assumptions made there are satisfied, because k equals [3coT-1 . 
On a Banach space X, Tx is nothing else but the finest Schwartz topo- 
logy which is compatible with (X,X’). 

Let J( be the smallest ideal whose components on Hilbert spaces 

are formed by the corresponding trace class operators. On a Banach 

space X I  the topology 3-x 

in j 

1 , 2 1 2  

is the finest nuclear topology which is 
1,282 

compatible with ( X , X l > .  It is easy to see that = r  
&2,2 f l , ,2 ,Ler.o 

and that 4 . 5  applies to J / 1 , 2 , 2 e T m .  

The ideal & of all nuclear operators also satisfies the hypothesis 

of 4.5. We shall consider the spaces X a little later (cf. 7 . 3 . ) .  

The reader may easily extend the list of ideals verifying the hypo- 

thesis of 4.5. We shall now change our approach slightly and discuss 

restrictions to be imposed on the spaces in question, in order to 

1 

4 
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make 4.4 work. 

To clarify what we have in mind, consider, for example, the idealQ 

of all weakly compact operators. Given a Banach space X, the space XQ 

is a subspace of Yw whenever X is a subspace of Y if and only if the 

identiy I of X belongs to the quotient ideal % - I *  ["?J-Tmlin1. This is 

equivalent to saying that for every Banach space 2 and every 

Se%?(X,Z ) there exists a Banach space 2 containing Z as a subspace 

and a Z-valued measure IJ  on the Bore1 sets of [BXl,o(X1,X)] such that 

S is "Riesz representable" by p ,  in the sense that Sx = <a,x>dp(a) 

holds in 2, VxsX. It is known that, besides LCm-spaces, certain spaces 

of analytic functions, such as the disc algebra, also have this prop- 

erty, cf. [ l o ] .  

We next consider the ideal T' of all operators which factor through a 

Hilbert space. Let us denote the ideal of all absolutely p-summing 

operators by 9 f S p < m .  

1. Proposition: X has the property that X is a subspace of Y when- 

ever X is a subspace of Y if and only if Q(X,H) = P2(X,H) holds for 

every Hilbert space H. 

Of course, it suffices to take the space e 2  for H. Note that X 

carries the finest locally convex topology which is hilbertisable and 

compatible with ( X , X ' )  . 
The proposition is a simple corollary of 4.4 and the well-known fact 

that q2 = T2eTm holds. If X satisfies P(X,L , )  = p2(X,t2), then every 

operator on .L2 which factors through X is a Hilbert-Schmidt operator. 

By appealing to Dvoretzky’s theorem [3], it was shown in [ I ]  that 

every compact operator on .t2 factors through a subspace of an arbi- 

trarily given infinite dimensional Banach space X; hence every Hilbert- 

Schmidt operator on factors through X itself. Consequently, the 

infinite dimensional Banach spaces X I  such that f ( X , k , )  = % (X,L2) , are 
characterized by the property that the operators on L2 which factor 
through X are precisely the Hilbert-Schmidt operators. It is for this 

reason that these spaces were called Hilbert-Schmidt spaces in [91. 

Here are some elementary characterizations of Hilbert-Schmidt spaces; 

X 

0 

0 0 

JBx 1 

2 

P’ 

r2 r2 

T2 

2 

cf. [ 9 ] :  
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2.  Proposition: For every Banach space X, the following are equiva- 

lent: 

(a) X is a Hilbert-Schmidt space. 

(b) If (xn) and (a ) are weak L -sequences in X and X’ respectively, 

(c) X’ is a Hilbert-Schmidt space. 

n 2 
then ( <an , xn> 1 ~ b , .  

By a result of Grothendieck (cf. 

spaces are Hilbert-Schmidt spaces. But there are other examples, e.g. 

quotients of d: -spaces by reflexive subspaces, and the corresponding 

duals (cf. 1131 and [ 1 7 ] ) ,  some spaces of analytic functions such as 

Ha and the disc algebra (see [ 2 ] ) ,  and all Banach spaces Z such that 

ZQP Z=ZB Z; see [ 2 0 ]  for the existence of infinite dimensional Banach 

spaces of this type. Many of the known examples even deal with a 

Banach space X such that X and/or X’ has cotype 2 ,  implying that X 

2 
and/or X’ "verifies Grothendieck’s theorem" (all operators into k? 

belong to PI) .  If X is a Hilbert-Schmidt space such that X and X’ 
both have cotype 2, then X cannot have the approximation property, 

unless dim X<m; cf. [ 1 8 ]  . 

[ 5 ]  and [ 1 4 ] ) ,  l,-spaces and L,- 

1 

E 71 

6. L2-SUMMABLE SEQUENCES IN SPACES X 

Further let X be a Banach space and let &be a 0-basis of ’X 

follows does not depend on the particular choice of %, and therefore 

we may assume from the beginning that % consists of all sets 

VT = T 

ning through &.(X,H). 

On the linear space L (X) of all weak J! -sequences in X we consider 

the locally convex topology given by all seminorms 

r2 

. What 
r 2  

-1 (BH), H being a sufficiently large Hilbert space and T run- 

2 2 

2 '  E ~ ( ( x ~ ) )  := sup {(ll<a,xn>l )21acVil, 
n 

TE&X,H). The resulting locally convex space will be 

a,cx, 1 .  
2 

We write %(X) if we wish to consider our space as a 
2 with respect to the norm E~ ( (x ) :=  sup{ (11 <a,xn> 1 

n n 

denoted by 

Banach space 
il 

1 asBX, 1 .  
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Next we define the space 

topologized by means of the seminorms 

This space has to be distinguished from the space 

d2{x) :=  {(Xn)E xNI (IIXnI1)E d21 

which is a Banach space with respect to the norm 

2 9  
a2((xn)) : =  (~IIXnI/ 1 . 

n 

Recall that $(S2,X) and d 2 ( X )  are isometrically isomorphic by virtue 

of S H (Sen). Here en denotes the n-th standard unit vector in d , .  

It is clear from the definition that for (x )=(Sen) in L 2 ( X r  ) we 

have cT( (xn))=IIToSIl, VT&(X,H). Moreover (x,) belongs to d {X I 

iff ToS:d2 j H is a Hilbert-Schmidt operator, and in that case, 

a ((xn)) 

WTE~(X,H). In other words, S H (Se ) induces a linear isomorphism 

fromq2 

2 n 

r 2  

is nothing else but the Hilbert-Schmidt norm of T’S, 

n 

T 

dual (L2,X) onto L2{X 3 .  It can be shown that this isomorphism 

dual r 2  
is continuous with respect to the canonical norm, TI I on 

( L 2 , X ) .  In fact, nFal(S) equals the supremum of all a ((x,)) I 
gdual 
2 T 

where T runs through the unit ball of Z(X,H) , VSc9;ua1(LZ,X). 

These remarks immediately lead us to 

1. Proposition: A Banach space X is a Hilbert-Schmidt space if and 

only if d (X ) and d EX 1 coincide as linear spaces. 
r 2  r 2  

In fact, a little more can be proved. Let p2,2,2 be the ideal of all 
operators S:X -Y such that (<Sx ,bn>) E d2  for all weak L2-sequen- n 
ces (xnf and (b ) in X and Y '  respectively. According to [ 1 6 1 ,  

9 
cide with the corresponding spaces of Hilbert-Schmidt operators. By 

5.2, a Banach space X is a Hilbert-Schmidt space iff its identity I 

belongs to g2 , 2 ,  2 .  For arbitrary Banach spaces X and Y we have 

S E ~ ~ ~ ~ , ~ ( X ~ Y )  * T-sG~~(x,H) WTEA!(Y,H) * 1 ) .  

n 
is the largest ideal whose components on Hilbert spaces coin- 

2 , 2 , 2  

X 

2 2 
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Thus 9 
give rise to a linear mapping from 1 (X 

said about continuity of this mapping? 

(X,Y) consists exactly of those operators X +Y which 
2 , 2 , 2  

) into L2{Y 1 .  What can be 
r 2  r 2  

2. Proposition: Se$(X,Y) induces a continuous linear mapping 

L2(xr -+ L2{Yr 3 iff it belongs to 9, (X,Y). dual l 2  2 

dual Proof. Suppose firstly S&g2 

a VE&X,H) and a Hilbert-Schmidt operator W:H + H such that 

W-V = T-S. As before, H is a suitable Hilbert space. Since W induces 

a continuous linear map L2(H) + L2{H}, we can find a c>O such that 

a ((WVx 1 )  5 c.~~((Vx,)), V(X,)EL (X 2 n 

a ((Sx ) )  5 C-E~((X,)) , V(xn)~.L2(Xr ) .  Consequently, S induces a T n  

(X,Y). Then, given T:Y - H, there is 

) .  Equivalently, 
jr2 

2 
continuous operator L (X ) 

r2 

Suppose, conversely, that S 

given TE$(Y,H) , we can find 
and a c>O such that 

for all xl,. . ,x E X n 

- L21Yr } .  
2 

induces such a continuous mapping. Thus, 

a Hilbert space G, an operator Vc$(X,G) 

and all nd" Here we denote scalar products by 

( * I * ) .  Note that Vx= VX implies TSx= TS2 for X,XEX, so that Vx H TSx 

yields a well-defined map W:V(X) -+ H which is clearly linear. By (*) 

it is also continuous. We may assume G= V(X). The unique extension 

of W to an element of $,(G,H) will also be labeled by W. Note that (*) 

implies 

- 

2 &  n n 
( , I  IIWUJI*)Q 6 c*sup 
1=1 aEBG i=l 

( 1  1 (alui)I ) 

for all u1,..,un E G and all nEN, so that W is a Hilbert-Schmidt 

operator. Since T was arbitrary, we get now Soq2 

As a counterpart of 1 we may now state: 

3. Corollary: Only for Banach spaces X of finite dimension,L (X ) 

and b2{Xr 1 coincide as locally convex spaces. 

For the sake of completeness, we include the following elementary 

0 
dual 

(X,Y). 

r 2  

2 
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14. Proposition: For every SE$(X,Y) the following are equivalent: 

(a) s maps L2txr  1 continuously into L 2 1 y } .  
2 

(c) 

(d) S E r2(X,Y). 

S maps L2  (X, ) continuously into L 2  ( Y )  . 
2 

Proof. (a) 3 (b) , (d) + (a) , and (d) 3 (c) are trivial. The assump- 

tion of (b) implies S O T  c P 2 ( - , Y )  VTeeUal(. ,X). Hence S e r 2 ( X , Y ) ,  cf. 

[ I l l ,  i.e. (d) holds. Thus it remains to show (c) =? (d). By hypo- 

thesis, we can find T E & X , H )  and c>O such that E ((Sx ))SC*E~((X~)) , 
V 

argument (used already in the proof of 2 )  it follows that S factors 

through H. 0 

2 n  
(x,) d2 (Xr ) . In particular, IISxlI Sc*lITxII , VXCX. By a standard 

2 

In particular, X is a Hilbert space 

spaces * L2(X ) = L2(X) as locally convex spaces. Combining this 

with 1 we get the classical result that L2(X)= L2{X} occurs only for 

finite dimensional Banach spaces X. 

0 L2{Xr 1 = .l?2{X} as linear 
2 

,2 

7. REMARKS ON REFLEXIVE HILBERT-SCHMIDT SPACES 

One of the unsolved problems in our context is the question if there 

exists a reflexive Hilbert-Schmidt space of infinite dimension. In 

fact, this question is open even for Banach spaces X such that X and 

X’ both have cotype 2 and XB X = X@ X holds; cf. [ 2 0 ] .  

First of all, since no Hilbert-Schmidt space can contain the L:'s 

uniformly complemented, there are certainly no infinite dimensional 

Hilbert-Schmidt spaces of type >1; in particular, no infinite dimen- 

sional Hilbert-Schmidt space can be super-reflexive; cf. 1191 and 

[ g l .  

Suppose now X is a reflexive Hilbert-Schmidt space. Because of 

$(X,H) = q2(X,H) , all operators from X to H are fully complete, hence 
compact. If x2 denotes the ideal of 2-nuclear operators, then, by a 
result of [ I 5 1  and application of the closed graph theorem to the 

E 
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i d e a l  norms which are invo lved ,  w e  even g e t  $ ( X , H )  = J / 2 ( X , H ) .  Whereas 

t h i s  l a t t e r  e q u a t i o n  i s  a l s o  v a l i d  e . g .  f o r  t h e  space  c o I  w e  have,  i n  
d u a l  

o u r  c a s e ,  i n  a d d i t i o n  $.(H,X) = Jy2 ( H , X )  by j u s t  l ook ing  a t  t h e  d u a l  

X ' .  I t  f o l l o w s ,  f o r  example, t h a t  X canno t  have a q u o t i e n t  o r  a sub- 

space isomorphic  t o  L 2 .  But w e  do n o t  know i f  t h e  above two e q u a t i o n s  

a l r e a d y  imply t h a t  t h e  Hilber t -Schmidt  space  X is  r e f l e x i v e .  N o t e  

however, t h a t  f o r  e v e r y  r e f l e x i v e  Hilber t -Schmidt  space  X it f o l l o w s  

t h a t  Z ( X , H )  and a!(H,X) a r e  r e f l e x i v e ,  c f .  [ 7 ] .  A l s o  n o t e  t h a t  w e  are 

d e a l i n g  w i t h  a r a t h e r  p a r t i c u l a r  c a s e  of  t h e  f o l l o w i n g  long- s t and ing  

g e n e r a l  problem posed by A. PeTczy6ski:  I f  X and Y are Banach s p a c e s  

such t h a t  & ( X , Y ) = R ( X , Y )  and d ! ( Y , X ) = x ( Y , X )  I i s  t h e n  X o r  Y f i n i t e  

dimensional?  

L e t  us  r e t u r n  t o  r e f l e x i v e  Hilber t -Schmidt  s p a c e s  i n  g e n e r a l .  

1 .  P r o p o s i t i o n :  L e t  X be a r e f l e x i v e  Hilber t -Schmidt  space .  Then 

i s  a complete  Schwartz s p a c e ,  and f o r  eve ry  i n f i n i t e  d imens iona l  
xr2 
Banach space Y ,  t h e r e  e x i s t s  a set M such t h a t  X, i s  isomorphic  t o  

M I a subspace of t h e  p roduc t  space Y . 
' 2  

Proof .  Every 2-nuclear  o p e r a t o r  X -+ H i s  t h e  composi te  of a n o t h e r  

2-nuclear  o p e r a t o r  X --3 H fol lowed by a compact o p e r a t o r  H + H .  Thus 

$(x,H) = Z 2 ( x , ~ )  implies X~ 

4 . 1 ,  and t h e  embedding i n t o  YM f o r  s u i t a b l e  M was proved i n  [ l ] .  

F u r t h e r  suppose X t o  be a r e f l e x i v e  Hilber t -Schmidt  space.  S ince  

eve ry  2-nuclear  o p e r a t o r  X -+ Y i s  t h e  composi te  of a n o t h e r  2-nuclear  

o p e r a t o r  X - H  fol lowed by a bounded o p e r a t o r  H 1 Y, w e  g e t  

is a Schwartz space. Its cmpleteness follows from 
2 

0 

= 7 on X .  I f  X i s  r e f l e x i v e  and v e r i f i e s  Gro thend ieck ' s  theorem 
2 8 2  

( i . e .  $?!(X,H) = 91 ( X , H )  h o l d s )  , t h e n  w e  may proceed e x a c t l y  i n  t h e  

same manner t o  o b t a i n  Q ( X , H )  =xi"' ( X , H )  and hence 5 = on X.  I n  
1 9 4  - 

g e n e r a l ,  3- 2 2 2 i n f  { %  on eve ry  Banach space .  

W e  are i n t e r e s t e d  i n  c o i n c i d e n c e  of w i t h  o r  
$ 1 , 2 , 2  4 3/2 2 

r 2  x J / 1 , 2 , 2 '  

2 .  P r o p o s i t i o n :  L e t  X be any Banach space .  

( a )  I f  i s  f i n e r  t han  !- on X I  t h e n  X i s  a H i l b e r t  space .  3 2 

I (b )  If = on X I  t h e n  dim x < m. 

2 % , 2 , 2  
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Proof. (a) Our hypothesis implies that, given any compact operator 

S : X  - Y there is an operator T : X  --p H such that I[Sxi[<IITxIl, VXEX. 

It follows that S factors through a Hilbert space, so that 

K(X,Y)c  r2 ( X , Y )  follows. Application of Pietsch-Persson duality [16] , 
[ I l l  yields that the 2-dominated operators with values in X are al- 

ready integral, which is only possible if X is a Hilbert space. 

(b) If 5;. and 

clear operators only, implying that I is 2-dominated and hence 

dim X < m. 0 

coincide on X ,  then d(X,H) consists of nu- 
2 4,2,2 

X 

The hypothesis in (b) implies 5;(1= Td 
conclusion of (b) also follows from this weaker assumption. 

3 .  Proposition: Let X be a Banach space. If X is nuclear, then 

dim X m. 

Proof. Our assumption implies that, given any T E A  ( X , Y ) ,  there is 

an SE$ ( X , Z )  such that VScVT and ($v :X -+ x is also nuclear 

Consequently, T belongs to J(1 ,2,2. In particular, XI (X,X)=J/ ( X , X  

holds, showing that the eigenvalues of every nuclear endomorphism on 

X form an e -sequence. By [12], X must be a Hilbert space. But it 
follows, for example, from [ I l l  that for every infinite-dimensional 

Hilbert space H there is a Banach space Z and a nuclear operator 

H -+ Z which does not belong to I,# Thus we get that X is finite 

dimensional. 0 

. We shall see that the 
1 ,2,2 

5 

1 

T S ( 'S) ( V T )  

1 ,2,2 

1 

1,212’ 
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DECOMPOSITIONS OF POSITIVE OPERATORS 

AND SOME OF THEIR APPLICATIONS 

L u t z  W. Weis 

U n i v e r s i t a t  Ka ise rs lau te rn ,  West Germany 

S ince  t h e  work o f  Kakutan i  

M a r k o f f ' s  process" t h e r e  has always been a connect ion  between t h e  t h e o r y  o f  

p o s i t i v e  ope ra to rs  and s t o c h a s t i c  ke rne ls  (see [551, [ 7 I ) .  Fo r  t h e  most p a r t  one 

" t r a n s l a t e d "  statements on t r a n s i t i o n  p r o b a b i l i t i e s  i n t o  statements on p o s i t i v e  

ope ra to rs  and t r i e d  t o  app ly  f u n c t i o n a l  a n a l y t i c  methods t o  problems o f  p robab i -  

l i t y  theo ry .  But  t h e r e  a r e  a l s o  problems i n  ope ra to r  t h e o r y  where i t  i s  advan- 

tageous t o  t h i n k  o f  a p o s i t i v e  ope ra to r  T as be ing  represented  by a s t o c h a s t i c  

ke rne l  ( p  ) ,  

and Yosida on t h e  "Opera tor  t h e o r e t i c a l  t rea tmen t  o f  

Y 

i n  o rde r  t o  be a b l e  t o  app ly  p r o b a b i l i s t i c  and measure t h e o r e t i c a l  methods. 

Recent examples f o r  t h i s  may be found i n  works o f  Arveson on opera to r  a lgebras  

( [  11) and K a l t o n  on L -spaces ( [211, 1221, [231) .  I n  t h i s  r e p o r t  we emphasize 

t h e  second p o i n t  o f  view. We desc r ibe  t h e  r e p r e s e n t a t i o n  ( * )  (Sec t i on  1) and 

c e r t a i n  decomposi t ions connected w i t h  it ( S e c t i o n  2 ) .  The remain ing  sec t i ons  a r e  

devoted t o  a p p l i c a t i o n s  o f  t h i s  approach: 

Sec. 3 

Sec. 4 

Sec. 5 

Sec. 6 Convo lu t i on  opera to rs .  

1. THE REPRESENTATION THEOREM 

P 

L1-subspaces o f  Banach l a t t i c e s  and t h e  Radon-Nikodym p r o p e r t y ,  

Approx imat ion  by weakly compact ope ra to rs  i n  L1, 

The e s s e n t i a l  spec t ra  o f  L1-opera tors  

t r a n s p o r t  equat ion ,  

and an a p p l i c a t i o n  t o  t h e  l i n e a r  

Reca l l  some of t h e  usual  examples f o r  p o s i t i v e  o r ,  more general ly,  r e g u l a r  ope ra to rs :  

- i n t e g r a l  ope ra to rs  g i ven  by a measurable kerne l  k 

(1) T f ( y )  = I k ( y , x ) f ( x ) d p ( x ) .  

- Rieszhomomorphism g i ven  by a t r a n s f o r m a t i o n  a o f  t h e  u n d e r l y i n g  s t a t e  

space and a m u l t i p l i c a t i o n  by a f u n c t i o n  a 
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- Convo lu t ion  by a measure x on a l o c a l l y  compact group G 

( 3 )  Tf(Y) = I f(Y-X)dA(X) 

- The semi group generated by t h e  t r a n s i t i o n  p r o b a b i l i t i e s  Pt  o f  a Markov 

process 

( 4 )  Tt f (Y) = I dPt(y,dx)f(x)  

I f  we cons ide r  these opera to rs  as opera to rs  T : E + F  i n  Banach f u n c t i o n  

spaces E and F1) on s tandard  measure spaces (X,A,u) and (Y,&,w) w i t h  f i n i t e  

1-1 and V ,  then  they  a r e  a l l  o f  t h e  fo rm 

(51 T f ( y )  = fduy  v-a . e. 

f o r  a l l  f E E  where (u ) i s  a s t o c h a s t i c  ke rne l  o f  s igned measures 1.1 on 

(X,A) * I .  Indeed, i n  ( 1 )  we may use t h e  u - a b s o l u t e l y  cont inuous  ke rne l  

dpy= k(y,.)du, i n  ( 2 )  we have t h e  p o i n t  measures 1.1 =a(y).6,(y) and i n  ( 3 )  

we p u t  py(A) = X(A-y). 

Bu t  besides concre te  examples t h e r e  i s  a l s o  a n i c e  f u n c t i o n a l  a n a l y t i c  

c h a r a c t e r i z a t i o n  o f  t h e  r e p r e s e n t a t i o n  ( 5 ) .  

Y Y E Y  Y 

Y 

THEOR�M 7. L d  T : E -  F be dominated by a pos&ve op@.huLoh S : E+F, i . e .  
l T f l  S S f  doh. & 0 s f E E .  

Then T han a h.eph.aentczCion ( 5 )  id and onRy id T 0 o h d U  con t inuow,  

i . e .  id O s f  < f E E  and f n + O  u-a.e. &ugh .imp& t h a t  Tfn+O n -  
v-a. e .  

For  E =  F =  Lm t h i s  i s  e s s e n t i a l l y  Neveu's c h a r a c t e r i z a t i o n  o f  Sub-Markovian 

opera to rs  (see "1, 5 5.4) ;  t h e  case E =  F =  L2 was t r e a t e d  by Arveson ( [  11) in 
t h e  con tex t  o f  o p e r a t o r  a lgebras  on H i l b e r t  space; f o r  E =  F =  L1 K a l t o n  [211 gave 

an independent p r o o f  and a p p l i e d  t h e  theorem t o  t h e  s t r u c t u r e  theo ry  o f  L -spaces; 

an even more general  v e r s i o n  i s  due t o  Sourour (see [42]). 
P 

SKETCH OF PROOF 

I f  T i s  o rde r  cont inuous  then we can ex tend 

P(AxB) = IxB.T(xA)dv, A E A ,  B E B  

E i s  an o rde r  i d e a l  i n  t h e  space Lo(X,A,u) o f  equ iva lence c lasses  o f  measurable 
f u n c t i o n s  on (X,A,p) c o n t a i n i n g  t h e  c h a r a c t e r i s t i c  f u n c t i o n s  and a t  t h e  same 
t ime  a Banach l a t t i c e  w i t h  respec t  t o  t h e  po in tw ise  o rde r ing .  

We assume t h a t  ~ E Y - , ~ ~ ( A )  i s  a B-measurable f u n c t i o n f o r e v e r y f i x e d  A E A b u t  not 
t h a t  t h e  1 . 1 ~  a r e  p r o b a b i l i t y  measures. I n  (5 )  we assume i m p l i c i t l y  t h a t  
( I f ( d l p y ( c = =  f o r  v-almost a l l  ~ E Y  and t h a t  u ( A ) = O  i m p l i e s  ( r - l y I (A)=O v-a.e. 
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t o  a measure on t h e  p roduc t  space (XxY,A@&). D i s i n t e g r a t i n g  P w i t h  r e s p e c t  t o  Y 
g i v e s  a s t o c h a s t i c  ke rne l  (U ) o f  measures on ( X , A )  w i t h  

P ( U )  = xU(x ,y )duy(x )dv(y ) ,  U E A @ B  
Y 

and now one can check t h a t  ( u  ) s a t i s f i e s  ( 5 ) .  The converse f o l l o w s  f rom 

Lebesgue's convergence theorem. 

The main advantage o f  t h e  r e p r e s e n t a t i o n  ( 5 )  i s  c e r t a i n l y  t h a t  i t  in t roduces  

c e r t a i n  techn iques  f rom p r o b a b i l i t y  t heo ry  and Banach space theo ry  t o  ope ra to r  

t heo ry .  The decomposi t ions d iscussed i n  t h e  n e x t  s e c t i o n  and t h e  subsequent 

a p p l i c a t i o n s  w i l l  be an example f o r  t h i s .  For  t h e  moment I j u s t  ment ion  some 

s imp le  b u t  ve ry  u s e f u l  and i n t u i t i v e  consequences o f  t h i s  "po in tw ise "  approach t o  

p o s i t i v e  ope ra to rs .  

Y 

0 

- The modulus IT1 o f  t h e  opera to r  T i n  theorem 1, de f ined  by 

( 6 )  ] T l f  = sup I lTg1 : l g ]  s f ) ,  O S f E E  

i s  represented  by ( I uy I )y  S i m i l a r l y ,  i f  y .  

v-a.e. 
Y 

S f ( y )  = / f dh 

then  S A T  and S V T  (see [411 I V .  5 1 )  a r e  represented  by t h e  measures 

U ~ A A  and u v h  resp .  {see e.g. [421, [501). 
Y Y Y  

( 7 )  - I f  E = F =  Lm then ( / T I 1  = sup lux /  
X 

- ( 5 )  a l l o w s  f o r  a s imp le  p r o o f  o f  t h e  " l i t t l e  Riesz theorem" ( c f .  [411 v $3): 

I f  T i s  bounded as a l i n e a r  ope ra to r  i n  L1 and Lm then we have f o r  a l l  

l < p < m ,  -+-=1 and O s f E L m ( X )  

- 

1 1  
P 9  

( I T l f ( Y ) I P  = ( I  f ( x ) d l u y l ) P  

s l P y l ( x ) p / q ~  J f ( x P d l l J y l  

_I I ITII " q - I T I ( f P ) ( y )  W 

i( IT  I f (Y1 )pdv(Y 1 2 IIT I1 1b"J I T I ( fP )  (Y )dV(Y 1 

and fu r the rmore  

m 

Hence 

Somewhat s u r p r i s i n g l y  t h e r e  i s  a converse t o  t h i s  i n t e r p o l a t i o n  r e s u l t .  
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THEOREM 2 "4711. 7Q T :  Lp(X,p)- tL (X,u), l i p < - ,  0 dominated by u p o n U v e  
P 

upmatoh S i n  L (X,u) then thehe 
nuch t h a t  JTJ-lPextench Lo a bounded operratoh 

a p o n U w e  h o m & y  J 06  L (X,u) 
P 

J T  J - l  : Lq(X,u)-+Lq(X,p) 

doh aee l < q < - .  

There i s  a l s o  a somewhat weaker v e r s i o n  o f  t h i s  'change o f  d e n s i t y '  r e s u l t  f o r  

r e g u l a r  ope ra to rs  i n  Banach l a t t i c e s  (see [471) .  

These theorems may be used t o  reduce a genera l  problem on p o s i t i v e  ope ra to rs  t o  

t h e  L -space b e s t  s u i t e d  f o r  i t  ( u s u a l l y  q = l ,  2 o r  m ) .  L e t  us take  t h a t  as an 

excuse t o  s i m p l i f y  t h e  p r e s e n t a t i o n  by r e s t r i c t i n g  ou rse l ves  t o  t h e  L1-case most 

of  t he  t imes. One advantage here i s  t h a t  % bounded opera to r  i n  L1 has a 

r e p r e s e n t a t i o n  ( 5 )  (because eve ry  L1-operator i s  dominated by a p o s i t i v e  opera tor ,  

see 1411 I V  § 1). 

q 

2. DECOMPOSITIONS OF POSITIVE OPERATORS 

The decomposi t ion o f  a Markov opera to r  i n t o  an a b s o l u t e l y  cont inuous  p a r t  and a 

' s i n g u l a r '  one i s  a s tandard  method i n  t h e  e rgod ic  theo ry  o f  Markov processes 

(e.g. see ' recu r rence  i n  t h e  sense o f  H a r r i s ' ,  [131 Chap. V ) .  A l so  i n  Harmonic 

Ana lys i s ,  e.g. i f  one wants t o  desc r ibe  i n v e r t i b l e  c o n v o l u t i o n  opera to rs  (3 )  as 

c l o s e l y  as p o s s i b l e  by exponen t ia l5  o f  t h e  a lgeb ra  M(G) i t  i s  necessary t o  

cons ide r  s i n g u l a r  and a tomic  p a r t s  o f  t h e  i nvo l ved  measures (see [151 p.  136). 

I n  t h i s  s e c t i o n  we w i l l  s tudy  such decomposi t ions f rom a more genera l  p o i n t  o f  

v iew and g i v e  f u r t h e r  a p p l i c a t i o n s  o f  t h i s  approach i n  t h e  f o l l o w i n g  sec t i ons .  

Given a s t o c h a s t i c  kerne l  ( u  ) 
produce opera to rs  

(8)  T i f (y )  = I f  d p i  , T S f ( y )  = I f  du: v-a.e. 

where p’ i s  p -abso lu te l y  cont inuous  and us i s  p - s i n g u l a r  and t h e r e f o r e  

T = T’+TS. By t h e  Radon-Nikodym theorem T1 i s  j u s t  a c l a s s i c a l  i n t e g r a l  ope ra to r  

(1) and c a l l e d  t h e  i n t e g r a l  p a r t  o f  T. TS i s  c a l l e d  t h e  s i n g u l a r  p a r t  and we say 

t h a t  T has a n ingda t r  hephuentaCion ,  T E  BS, if T' = 0. S i m i l a r l y ,  by decomposing 

each u i n t o  i t s  p u r e l y  a tomic  p a r t  pa and i t s  d i f f u s e  p a r t  ud ( i . e .  u ({XI) = O  
f o r  a l l  x f  X) we o b t a i n  ope ra to rs  

on (X,A), we use Lebesgue's decomposi t ion t o  
Y Y E Y  

. Y  Y 

d 
Y Y Y Y 

- 

(9) 

w i th  T = T d +Ta.  T has a d i  dune (a tomic)  h e p k ~ e W o n ,  T E B  d ( T E C ) ,  

t h a t  Ta can be w r i t t e n  as 

T d f (Y)  = If dVy d Y Taf(y) = i f  dp; 

atomic  p a r t  Ta ( d i f f u s e  p a r t  4- T ) o f  T i s  zero.  N. Ka l ton  has observed i n  
f t h e  

211 
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where an : Y - R  and CJ,, : Y + X  a r e  measurable f u n c t i o n s  s a t i s f y i n g  
m 

Ia,(y)I lan+l(y)l 2 . . . y  c l a , ( ~ ) I  < -  
n = l  

.,(Y) * .,(Y) f o r  m + n  

i .e .  Ta i s  a "sum" o f  Rieszhomomorphisms as i n  ( 2 ) .  

To w r i t e  down such decomposi t ions i s  o f  course j u s t  a f i r s t  s tep .  (8 )  and ( 9 )  w i l l  

only be u s e f u l  i f  one can l i n k  t h e  measure t h e o r e t i c  p r o p e r t i e s  o f  ( u  w i t h  

t o p o l o g i c a l  and convergence p r o p e r t i e s  o f  t h e  opera to rs .  But  u n t i l  r e c e n t l y  t h i s  

was done o n l y  f o r  i n t e g r a l  ope ra to rs  and a spec ia l  k i n d  o f  ope ra to rs  w i t h  an 

a tomic  rep resen ta t i on ,  namely Rieszhomornorphisms ( 2 ) .  S t a r t i n g  f rom these w e l l  

known cases we desc r ibe  now some c h a r a c t e r i z a t i o n s  o f  TS, T 

L e t  T a lways be a bounded opera to r  T : L1(X,A,u)-L1(Y,B,u) where (X,A,u) and 

(Y,B,u) a r e  s tandard  measure spaces w i t h  f i n i t e  1-1 and u. 

For  i n t e g r a l  ope ra to rs  t h e r e  i s  t h e  c l a s s i c a l  r e s u l t  o f  Dunford and P e t t i s .  

Y 

d and Ta ob ta ined  i n  

~ 4 8 1 ,  [501.  

THEOREM 3 ( [  101 1 .  T A un i n t e g h d  v p W a h  id and on ly  id euehy A €  A, u(A) > 0, 

con ta i v~ . ,  dome B E  A, u ( B )  > 0, huch t h a t  TxB i~ (weakeyl campacf. 

I f  we r e p l a c e  t h e  bands L1(B) i n  t h i s  s ta tement  by s u b l a t t i c e s  L1(x), then  we 

o b t a i n  a c h a r a c t e r i z a t i o n  o f  t h e  much l a r g e r  c l a s s  B . d 

THEOREM 4 ([501 Th. 4 . 2 ) .  T h a  a d i d d u e  hephueVLtdtion .id and o n l y  id evehy 

A €  A, u(A) > 0, contaiv~., a non-atomic o -nubdgebm X c A  nuch Rhat 

T 0 iweukly) cornpuc,t. I L 1  (z  3!J 1 

To m o t i v a t e  t h e  n e x t  r e s u l t s ,  r e c a l l  t h a t  T i s  a Rieszhomomorphism i f  and o n l y  i f  

t h e  images o f  d i s j o i n t  f u n c t i o n s  a r e  s t i l l  d i s j o i n t .  S ince  sequences converg ing  

t o  zero  i n  measure ( f n L O )  c o n t a i n  subsequences o f  f u n c t i o n s  w i t h  ' a lmos t '  d i s -  

j o i n t  suppor t  t h e  f o l l o w i n g  c o n d i t i o n s  (11) and ( 1 2 )  on convergence i n  measure a r e  

s i m i l a r  i n  k i n d  b u t  weaker than t h i s  d i s j o i n t n e s s  p rese rv ing  p r o p e r t y .  

THEOREM 5 "501 Th. 6 . 5 ) .  T h a  an atomic hephenevctdtian id and o n l y  doh 
C 

E > 0 t hehe  d an AE A, u(A ) s E, nuch t h a t  doh TxA we have: 

7 6  (f,) 0 bounded in L1 and f n L O  t h e n  (TxAn)fn%O. 111)  
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For  t h e  nex t  statement,  assume t h a t  A i s  generated by a m e t r i c  d on X and denote 

by d(A) t h e  d iameter  o f  a s e t  A c X .  

THEOREM 6 ( [501 Th. 5 . 3 ) .  T han a nin5uLan t l e p m u e W o n  id and o d y  id 60. & 

E > 0 t h e m  

16 (f,) A bounded i n  L1 and d ( I f n * O l ) - + O  ,then ( T x A ) f n L O .  

C an A €  A ,  u(A ) 6 E ,  nuch .that 604 TxA we have: 

1 J 2 1  

There a r e  va r ious  o t h e r  c h a r a c t e r i z a t i o n s  of Td, Ta and TS conta ined i n  [48], [SO] 

E.g. one can rep lace  t h e  c o n d i t i o n  " d ( { f n * O l ) ~ O "  i n  (12)  by a more compl ica ted  

b u t  more n a t u r a l  c o n d i t i o n  ( c a l l e d  ' u n i v e r s a l  convergence'  i n  [ 5 0 ] )  and the re  i s  
d d a l s o  a c h a r a c t e r i z a t i o n  o f  T u s i n g  anequi-integrabilitynotion. Furthermore, T , 

Ta, TS may be c h a r a c t e r i z e d  i n  terms o f  t h e  vec to r -va lued  m a r t i n g a l e  r e p r e s e n t i n g  

them (see [501) o r  by t o p o l o g i c a l  c o n d i t i o n s  on t h e  "ke rne l "  f u n c t i o n  

Y E  Y ---+uYE M ( X )  ( c f .  [541) .  

The idea  behind t h e  p r o o f  o f  theorem 6 i s  r e l a t e d  t o  t h e  f o l l o w i n g  r e s u l t  o f  

Kadec and Pe lczynsk i  ([201): f o r  every  bounded sequence ( f n ) t L 1  t h e r e  i s  a sub- 

sequence (nk )  and sequences ( h k ) ,  ( g k ) c L 1  such t h a t  f, = h k t  gk, h k L O  and 

( g k )  i s  equ i - i n teg rab le .  Theorem 4 and 5 e s s e n t i a l l y  f o k o w  f rom (10) and t h e  

f o l l o w i n g  p u r e l y  measure t h e o r e t i c  lemma. 

d From t h e  d e f i n i t i o n s  o f  Bi, BS, Ba and B and t h e  above c h a r a c t e r i z a t i o n s  one 

e a s i l y  ob ta ins  t h e  f o l l o w i n g  o r d e r  t h e o r e t i c a l  and a l g e b r a i c a l  p r o p e r t i e s  o f  these 

c lasses .  

d 
COROLLARY I ( [ 421, [ 501 I .  Bi , BS, Ba and B U J L ~  p 4 o j e d o n  ban& i n  t h e  L a c e  

B 0 6  & bounded f inean L1-op~a,tom and we have t h e  (La t t i ce )  ohtha- 

gonal decomponUon4 
d B = B’ @ BS, B = B @ Ba. 

In p a r t i c u l a r ,  Ba is t h e  band generated by a l l  Rieszhomomorphisms ( 2 )  (see  [ 501, 

6 .3 ) .  
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The f a c t  t h a t  Bs i s  n o t  a subalgebra o f  B has rece ived  some a t t e n t i o n  i n  Harmonic 

Ana lys i s ;  we w i l l  touch on t h i s  i n  Sec. 6. 

3. L1-SUBSPACES OF BANACH LATTICES AND THE RADON NIKODYM PROPERTY 

From t h e  r e s u l t s  o f  S e c t i o n  2 one can e a s i l y  d e r i v e  some i n t e r e s t i n g  c h a r a c t e r i -  

z a t i o n s  o f  Banach l a t t i c e s  w i t h o u t  L,-subspaces o r  w i t h  t h e  Radon Nikodym 

p r o p e r t y .  

S ince  co  does n o t  have t h e  Radon Nikodym p r o p e r t y  we can r e s t r i c t  ourse lves  t o  

Banach l a t t i c e s  n o t  c o n t a i n i n g  co. By a w e l l  known r e p r e s e n t a t i o n  theorem 

(e.g.  L 2 9 1 1 h l 4 ) t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  assuming t h a t  E i s  a Banach 

f u n c t i o n  space on a s tandard  measure space (Y,v) w i t h  

and order -cont inuous  norm. Furthermore, every  o p e r a t o r  T : L1(X,p)+E has a 

r e p r e s e n t a t i o n  ( 5 )  by a s t o c h a s t i c  ke rne l .  Then, by  t r a n s l a t i n g  t h e  usua l  

Dun fo rd -Pe t t i s  r e p r e s e n t a t i o n  i n t o  ou r  con tex t ,  we can say t h a t  E has t h e  

Radon Nikodym pfiopenty (RNP) i f  and o n l y  i f  eve ry  ope ra to r  T :  L1(X,p)+E i s  an 

i n t e g r a l  ope ra to r  (1). The f o l l o w i n g  c h a r a c t e r i z a t i o n  o f  RNP i s  s i m i l a r  i n  s p i r i t  

t o  t h e  d e n t a b i l i t y  c o n d i t i o n  f o r  general  Banach spaces. 

THEOREM 7 ( [ 6 I 1. Fok a Banach LmXLce E as i n  ( 7 3 )  t h e  ~ o U u w i n 5  m e  egiLiwdevLt 

a )  E has t h e  Radon Nikodym ptopenty .  

b )  Ewehy bounded fineah o p u a t o f i  T : L1(X,p)+E h a n  ivLtegfid o p ~ a t o f i .  

c )  Evehy c loned,  bounded, convex nubnet  D 0 6  E 

dome n E  N W E  have 

otdeh-dentabLe, i.e. d o t  

D = ~ e i f € D  : ~ ~ f , - , l ~ ~ s E }  1 . 
4 

Since 1 i s  a q u a s i - i n t e r i o r  p o i n t  o f  E, l l f h  111 
f u n c t i o n  which i s  very  smal l  o u t s i d e  a smal l  subset  o f  Y .  Hence D i s  o rde r -  

den tab le  i f  i t  i s  n o t  t h e  c losed  convex h u l l  o f  i t s  v e r y  'peaky '  members. 

i s  sma l1 , t yp i ca l l y  when f i s  a 

SKETCH OF PROOF: a ) *  c )  i s  a s l i g h t  m o d i f i c a t i o n  o f  a s tandard  argument i n  RNP- 

theo ry  (see [ 8 1 ) .  The more d i f f i c u l t  p a r t  o f  t h e  argument i n  [ 6 1  i s  c )  b ) .  

Bu t  t h i s  a l s o  f o l l o w s  f rom Theorem 6 .  Assume t h e r e  i s  a non - in teg ra l  ope ra to r  

T :  L l (X ,p)+E.  By decomposing t h i s  ope ra to r  i f  necessary we may assume t h a t  T has 
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a s ingu la r  representat ion.  Choose an A c X  as i n  Theorem 6 and then se ts  A l c A ,  

i=l, ..., Zn, n € N  such t h a t  

n n  2' n 
i )  A i n A .  = $  f o r  i + j ,  u Ai = A 

,n 
J i=l 

L 

i i )  max d(Al )  -+ 0 
i=l 

By (12) we have 

continuous t h i s  impl ies 

fr := T(u(AY)- 'x  n ) &  0. Since the norm o f  E i s  order 

Ai 

Zn 
max I l f ~ ~ l l / - + O  f o r  n+m. 
i =1 

(14) 

On the other  hand, since every L1(X,U)-function can be approximated by step- 

funct ions 1 six m l a r g e  enough, we have 
Zm 

i=l A;' 

T ( U ~  ) = T ( F G ~ V  {l i(~i) m -1 , i = l , . . . , z m ,  m z n l )  
1 A? 

(15) 

t c~nv { f y , i  = 1 ,... ,?", rnz n }  

f o r  a l l  n. I t  fo l l ows  from (14) and (15) t h a t  D = T ( U L  ) i s  n o t  order dentable 

i n  E. 1 

The connection between L1-subspaces o f  E and operator representations i s  given by 

THEOREM 8. Foh a Banach Lattice E a i n  ( 1 3 )  t h e  ~aLLowing m e  e ~ L L i ~ d e n t :  

a1 

bl 

cl 

Euehy opeha,toh T : L1[O,ll-rE h a  a di66une hepmbenht ion .  

L1[O,ll 0 not a nubspace 0 6  E .  

L1 0 , l  
t h e m  0 no u-bub-dgebkz t 06 Bhuch t h a t  u 
t h e  nomi 06 L1(Y,v) and E m e  eyLL iudent  doh X-meawLabRe 6uncfion-4. 

iA not 0omahpkic t o  a nubLattice 0 6  E, mvhe p h e c h d y ,  

iA diddune and I= 

The equivalence b ) -c )  was shown f o r  subspaces o f  L1 by Enf lo  and S t a r b i r d  ( [ l l l ) ,  

f o r  dual Banach l a t t i c e s  by Lotz ( [  31]), f o r  Banach l a t t i c e s  n o t  conta in ing 

~ L ' s  uni formly by Johnson, Maurey, Schechtman and T z a f r i r i  i n  [191 and i n  the 

general case by Kalton (r231). 
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SKETCH OF PROOF. a)=, b)  T : L1+E cannot be an isomorphism on to  a subspace o f  E 
and a t  t h e  same t i m e  have a d i f f u s e  rep resen ta t i on ,  s i n c e  i n  t h e  l a t t e r  case 

t h e r e  i s  always a subspace o f  L1 on which T i s  compact (by  Theorem 4 ) .  

b ) =  c )  i s  c l e a r .  

c ) =  a )  
z e r o  and t h e r e  i s  (compare (10 ) )  some E > O  such t h a t  t h e  s e t  A = { € <  ]all < -} 

has non-zero v-measure. De f ine  

Assume T : L1[O,l]+E i s  n o t  d i f f u s e .  Then t h e  atomic p a r t  o f  T i s  n o t  
1 

f o r  X E A  

f o r  x C A .  
S f ( x )  = 

S ince  I S l f s  / T l f  f o r  f z O  i t  f o l l o w s  t h a t  S maps L1 i n t o  E.  Then t h e  image 

measure P O  a1 

where t h e  Radon-Nikodym d e r i v a t i v e  

zero .  F o r  E =  a - l ( A ) r l A o  i t  i s  easy t o  see now, t h a t  t h e  norms o f  E and L1(Y,v) 

a r e  e q u i v a l e n t  on Lm(x ,v ) .  0 

-1 . i s  v -abso lu te l y  cont inuous  and t h e r e  i s  a subset A o c A ,  v(Ao) > 0, 

i s  bounded and bounded away f rom 

Comparing t h e  proo f  o f  Theorem 7 w i th  c )  o f  Theorem 8 one m igh t  ask i f  a Banach 

l a t t i c e  w i t h o u t  L1- and co-subspaces has a l ready  t h e  Radon-Nikodym p r o p e r t y .  

T h i s  i s  t r u e  f o r  dual  Banach l a t t i c e s  (see [311) b u t  n o t  i n  genera l  (see  [441).  

4. APPROXIMATION BY WEAKLY COMPACT OPERATORS 

I n  r e c e n t  yea rs  t h e r e  has been some i n t e r e s t  i n  approx imat ion  t h e o r y  i n  t h e  

ques t i on  i f  t h e r e  i s  f o r  every  bounded l i n e a r  ope ra to r  an element o f  b e s t  appro- 

x i m a t i o n  i n  t h e  c l a s s  o f  compact ope ra to rs .  The answer is  ' yes '  f o r  bounded 

l i n e a r  ope ra to rs  on il p, l s p < - ,  (see  C14 Chap. 11, Sec. 71, [17, 33, 21 
f o r  d i f f e r e n t  methods o f  p r o o f )  and f o r  reasonable i n t e g r a l  ope ra to rs  on 

Lp [O, l l ,  1< p c - ,  b u t  on L1[O,ll t h e r e  i s  even an i n t e g r a l  ope ra to r  w i t h o u t  an  

element o f  b e s t  approx imat ion  i n  t h e  c l a s s  o f  compact ope ra to rs  ( c f .  [ 4 7 ] ) .  

However, many o f  t h e  n a t u r a l  p r o p e r t i e s  o f  t h e  i d e a l  of compact ope ra to rs  on il 

( e s p e c i a l l y  w i t h  respec t  t o  s p e c t r a l  t h e o r y  and p e r t u r b a t i o n  theory ,  see [ 3 8 ]  

0 2 6 . 6 ,  26.7 and Sec. 5 )  belong on L1[O,ll t o  t h e  i d e a l  o f  weakly compact 

ope ra to rs  and t h e r e f o r e  one m igh t  cons ide r  approx imat ions  by weakly compact 

ope ra to rs .  

P 

L e t  (X,A,p) be a s tandard  measure space w i t h  f i n i t e  p and denote by B(L1) and 
W(L1) t h e  c l a s s  of a l l  bounded l i n e a r  and o f  a l l  weakly compact ope ra to rs  on 

Ll(X,A,v), r e s p e c t i v e l y .  
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THEOREM 9 “511).  Fon ewQhy TEB(L1)  the% h un SoEW(L1) buch t h a t  

(16) [ I T - S o l l  = i n f {  IIT-SII : SEW(Ll)l . 

The p r o o f  o f  Theorem 9 depends on a fo rmula  

a l s o  be u s e f u l  i n  t h e  n e x t  sec t i ons .  Reca l l  

and o n l y  i f  T(UL ) i s  e q u i - i n t e g r a b l e ,  i . e .  
1 

f o r  i n f { I l T - S I I  : S E W }  which w i l l  

t h a t  T c B ( L 1 )  i s  weakly compact i f  

i f  and o n l y  i f  

(17) 

i s  zero.  I n  p a r t i c u l a r ,  i n t e g r a l  ope ra to rs  w i th  an u n i f o r m l y  bounded ke rne l  a r e  

weakly compact. 

Fo r  an i n t e g r a l  ope ra to r  T wi th ke rne l  k ( 7 )  g i v e s  

and we o b t a i n  

i n f {  \ \ T - S \ \  : SEW(L1)) s i n f  \ \ T n \ \ S  sup j I k ( y , x ) \ d y  
n p(A)+O X A 

= A(T) 5 inf{A(T+S) : S E W l s i n f l  ((T-SII : SEW1 

where Tn i s  t h e  i n t e g r a l  ope ra to r  w i t h  ke rne l  

k (y , x )  if I k ( y , x ) I  2 n 

o the rw ise  
(19)  k n ( Y 4  = 

On t h e  o t h e r  hand, i f  T i s  a R iesz  homomorphism 

we may choose A n €  A ,  u(A,) -, 0, such t h a t  f o r  fn = u(An) 

(Observe t h a t  U 
f o r  every  f i x e d  6 > 0.) S ince  T f n  i s  supported by  B n =  u 

f o l l o w s  t h a t  /IT11 = A(T) .  

Furthermore, s i n c e  every  weakly compact ope ra to r  S maps (f,) i n t o  a n e q u i - i n t e g r a -  

b l e  sequence (Sf,) and T f n A O  we have 

T f ( y )  = a ( y ) f ( o ( y ) )  
-1 

XA, we have IITfnII -* I lT l l  . 

(A,), u(Bn) + 0, i t  
i s  t h e  c losed  a b s o l u t e l y  convex h u l l  o f  a l l  v(A)-’XA, u(A) s 6, 

L 1  -1 

\ I T ( \  5 \ \T+S\ I  f o r  a l l  SEW, 

o r  \ ( T ( \  = i n f {  (IT-S[I : SEW} = A (T ) .  

I n  the  genera l  case, t h e  decomposi t ion o f  T i n t o  i t s  i n t e g r a l  p a r t  T’ and i t s  

s i n g u l a r  p a r t  TS and Theorem 6 g i v e  
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THEOREM 70 “5111. Foh ah6-g TE B(L1) we have 

A(T)  = i n f  I I IT-SII  : SEW(L1) l  = i n f  IITS+(Ti)nll 

w h w e  (Ti), A dedined a n d o g o u t y  t o  Tn i n  [ 1 9 1 .  
n 

In p a r t i c u l a r ,  i f  T has a s i n g u l a r  rep resen ta t i on ,  then I lT l ]  = A ( T ) .  

PROOF OF THEOREM 9 .  I f  (vx)xEx represents  T ’  : Lw(X,~)-1L,(X,p) then ( 7 )  and 

Theorem 9 g i v e  t h e  formula 

where v: i s  t he  v - s i n g u l a r  p a r t  o f  vx and kn i s  d e f i n e d  as i n  (19) i f  k i s  t h e  

kernel  o f  Ti. For  a l l  

x € A  := i x € X  : IIvXI(  > A ( T ) }  

we choose t X E  R+ i n  such a way t h a t  f o r  

Bx  = t y  : I k ( y , x ) l  > tx l  

we have 

l1v;Il + I Ik(Y,X)ld1J(Y) = A(T).  
BX 

Using (20) again one may check t h a t  the i n t e g r a l  ope ra to r  So w i t h  kernel  

s a t i s f i e s  ~ ~ T - S o ~ ~  = A (T )  and A(S,) = 0. 
0 

One might  ask i f  W(L1) i s  even an M-ideal  i n  B(L1). Th i s  would imply  (see [17 ] ) ,  

t h a t  f o r  every T E  B(L1)-W(L1) t h e r e  a re  i n f i n i t e l y  many elements o f  b e s t  

approx imat ion.  I n  sharp c o n t r a s t  t o  t h i s  the  n e x t  p r o p o s i t i o n  shows t h a t  f o r  

every Markovian opera to r  w i t h  a s i n g u l a r  rep resen ta t i on  0 i s  t h e  only element o f  

bes t  approx imat ion i n  W. 

The s p e c i a l  case, where S i s  a f i n i t e  dimensional  p r o j e c t i o n  and T =  I d  f o l l o w s  

f rom 1391, Sec. 3, and t h e  case where S i s  compact and T =  I d  i s  t r e a t e d  i n  [ 3  I . 



106 L. W. Weis 

PROOF: L e t  T I  and S '  be represented  by ( v x ) x E X  and ( I J ~ ) ~ ~  x, r e s p e c t i v e l y .  BY 

assumption we have 

l b X l  A l v x l  = 0 9  

IIxx+vxII = / I h X / I  + IIvxII = / I x x I I  + IITII * 

I IvxI I  = I T ' I l ( x )  = I I T I I  . 
Now t h e  c l a i m  f o l l o w s  f rom ( 7 )  and 

0 

5. THE ESSENTIAL SPECTRUM OF L1-OPERATORS 

It f o l l o w s  f rom r e s u l t s  o f  Kato ( [ 2 5 ] )  and Pe lczynsk i  ( [ 3 7 ] )  t h a t  t h e  i d e a l  W(L1) 

o f  weakly compact ope ra to rs  i n  L1(X,p) (we con t inue  w i t h  t h e  n o t a t i o n  o f  Sec. 4 )  

i s  t h e  l a r g e s t  i d e a l  o f  Riesz opera to rs  - i . e .  ope ra to rs  w i t h  t h e  'same' s p e c t r a l  

t heo ry  as compact ope ra to rs  - and a l s o  t h e  l a r g e s t  i d e a l  of admiss ib le  per, turba- 

t i o n s  o f  Fredholm opera to rs  ( s .  e.g. [ 38 ]  0 26.6, 26.7). I n  p a r t i c u l a r  

spectrum a(?) o f  t h e  

Put  another  way, (21)  says t h a t  t h e  e s s e n t i a l  spectrum uess(T)  o f  T equals t h e  - 
equ iva lence c l a s s  T o f  T modulo W(L1): 

IJ ess ( T I  

On t h e  o t h e r  hand i t  f o l l o w s  f rom Theorem 9 t h a t  

and t h i s  i n d i c a t e s  t h a t  A (T )  p l a y s  t h e  same r o l e  w i t h  respec t  t o  t h e  e s s e n t i a l  

spectrum as the  opera to r  norm does w i t h  r e s p e c t  t o  t h e  whole spectrum. For  

example, (23)  i m p l i e s  t h a t  A (T )  i s  a m u l t i p l i c a t i v e  semi-norm on B(L1) and f rom 

(22)  and Theorem 9 we g e t  t h e  f o l l o w i n g  fo rmu la  f o r  t h e  r a d i u s  ress(T)  o f  uess(T).  

COROLLARY 3. F u l ~  & T E  B(L1) WQ have 

ress(T)  = l i m  A ( T  n ) l / n  . 
n- 

THE DOEBLIN CONDITION. 

As an i l l u s t r a t i o n  f o r  fo rmula  (24)  we ment ion  t h a t  f o r  a p o s i t i v e  TEB(L1) t h e  

c o n d i t i o n  
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i s  connected w i t h  t h e  c l a s s i c a l  Doeb l i n  c o n d i t i o n  which i s  o f  i n t e r e s t  i n  t h e  

theo ry  o f  Markov processes as a c r i t e r i o n  f o r  when t h e  u n i f o r m  ergod ic  theorem 

ho lds .  L e t  ( v : ) ~ ~  be a s t o c h a s t i c  ke rne l  r e p r e s e n t i n g  : Lm(X,u)+Lm(X,p). 

Then t h e  Doeb l i n  c o n d i t i o n  says t h a t  t h e r e  a r e  

n 
( 2 6 )  n E N ,  6>0, E > O  such t h a t  u ( A ) < 6 = .  vX(A)  5 l -~  a.e. 

I f  one t h i n k s  o f  ( v ! ) ~ ~ ~  as t h e  n-s tep  t r a n s i t i o n  p r o b a b i l i t y  o f  a Markov cha in ,  

t hen  (26)  says - ve ry  rough ly  speaking - t h a t  no m a t t e r  where you s t a r t ,  you 

cannot be sure  t o  reach A i n  n s teps  i f  A i s  j u s t  smal l  enough. S ince  

(25)  and (26 )  a r e  e q u i v a l e n t .  On t h e  o t h e r  hand, (25)  i s  e q u i v a l e n t  t o  r e s s ( T ) <  1 

and t h e r e f o r e  ( 2 5 )  ho lds  i f  and o n l y  i f  T i s  quasi-compact, i . e .  t h e r e  i s  some 

n E  N and a compact S E  B(L1) w i t h  /ITn-SII < 1. T h i s  g i ves  the  w e l l  known f a c t  

t h a t  t h e  Doeb l i n -cond i t i on  ho lds  i f  and o n l y  i f  t h e  cor respond ing  Markov opera to r  

i s  quasi-compact (see  e.g. [401 Chap. 6, 5 3, [341 Sec. 5 .3 ) .  
0 

Formula (24)  i m p l i e s  t h a t  i f  Tn has a s i n g u l a r  r e p r e s e n t a t i o n  f o r  a l l  n E  N then  

ress (T )  equa ls  t h e  usual  s p e c t r a l  r a d i u s  o f  T .  But  more i n f o r m a t i o n  on t h e  

spec t ra  can be drawn f rom t h e  r e p r e s e n t a t i o n  ( 5 ) .  

THEOREM 1 7 .  a )  7 6  Tn h a  a n ingdah hep~e~nenta t ion  605 dee n E  N then the  

unbounded c o m p u n e d  0 6  (I: - o(T)  and (I: - uess (T )  coincide. 

b )  7 6  T han an atomic hephueevctation then  o(T )  = uess (T ) .  

Some spec ia l  cases o f  b ) ,  e.g. f o r  m u l t i p l i c a t i o n  opera to rs  where a l ready  

observed e.g. i n  t351. 

PROOF: a )  Denote by D t h e  unbounded component o f  (I: - u ( T ) .  For  x E (I: w i t h  

1x1 >u(T) t h e  r e s o l v e n t  R ( A )  := (h Id -T) - '  has t h e  fo rm 

and f o r  a l l  X E D  we have i n  a smal l  neighbourhood o f  X 

The s e t  { X E D  : R ( X ) n  has a s i n g u l a r  r e p r e s e n t a t i o n  f o y  a l l  n E N }  equals D s i n c e  
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i t  i s  non-empty (by ( 2 7 )  and the assumption), closed (by Corollary 1) and open 

Assume now t h a t  A. belongs t o  t h e  unbounded component of IC-aess(T) b u t  n o t  t o  0. 

Then A. i s  an i so la ted  pole of R ( X )  and there  i s  a c i r c l e  rcD with midpoint 

such t h a t  the spectral  project ion 

by ( 2 8 ) .  

1 P = J R(A)dA 
r 

i s  finite-dimensional. Since a l l  R ( A ) ,  A E r  have a s ingular  representat ion,  P also 

has a s ingular  representat ion.  B u t  t h i s  i s  impossible f o r  a finite-dimensional 

operator .  

b )  follows from the  f a c t  t h a t  a Fredholm operator with an atomic representat ion 

i s  already inver t ib le .  Indeed, assume there  i s  an operator S and f i n i t e  dimen- 

sional operators K l 5  K2 such that 

(30)  

(31) 

d Id  + K1 = TS = TSa t TS 

d I d +  K 2  = TS = SaTt  S T .  

d By Corollary 2 TSa has an atomic and TS 

(30) implies Id=TSa and K1=TS . I n  p a r t i c u l a r  i t  follows t h a t  Sd i s  f i n i t e -  

dimensional ( s ince  T i s  a Fredholm operator)  and (31) implies Id=SaT.  Hence T i s  

i n v e r t i b l e .  

has a d i f f u s e  representat ion.  Then 
d 

0 

To give an i l l u s t r a t i o n  f o r  the  use of the  representat ion ( 5 )  and o f  A in spectral  

theory we consider a l i n e a r  t ransport  equation: 

Here, X E D  and v E V  where D ( t h e  'pos i t ion  s p a c e ' )  i s  open, convex and bounded in  

R 3 and V ( t h e  've loc i ty  space ' )  i s  compact in R 3 .  I f  

i axi A f ( x , v )  := - E v .  f 

M f ( x , v )  := u ( x , v ) f ( x , v ) ,  05 o E  L _ ( O x  V )  

K f ( x , v )  := k ( x , v , v ' ) f ( x , v ' ) d v ' ,  0 s  k with 
( 3 3 )  

V 

sup 1 k ( x , v , v ' ) d v  < - 
x E  D,v '  E V 

(34)  

then the 'absorption c o e f f i c i e n t '  0 and the  ' s c a t t e r i n g  kernel '  k def ine bounded 

l i n e a r  operators  M and K in  L1(Dx V) and the  l i n e a r  Boltzmann operator  B = A - M t K  

i s  an unbounded generator of a s t rongly continuous semi-group S t  in  L1(D x V ) ,  
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Then for an appropriate initial distribution f o E D ( B )  the solution o f  (32) is 
given by 

This indicates that the asymptotic behavior of the solutions for large times i s  

related to the spectra of the operators St (see "241 Chap. 11 for a more detailed 
discussion). Here we concentrate on ress(St). Since St is not known explicitely 
we apply a perturbation argument following [451 and [46 ] :  The ’streaming’ opera- 
tor A-M generates a well known semi-group, namely 

F(t,x,v) = Stf(x,v). 

t 

0 
Tt f(x,v) = XD(x-vt)expC- I ~(x-vs,v)dslf(x-vt,v) 

whose essential spectrum can be determined in concrete cases. For example, if V 

is a ball in R 3 ,  then 

< e-A*t) * 1 a(Tt) = I A E ( C  : 1x1 = , X = lim ess inf{u(x,v) : x E  D, [lvll s -1.  n 
n+- 

Since T 
and it remains to show that 

has an atomic representation we have by theorem 11 that 5(Tt)= aess(Tt) t 

(35)  ress(Tt) = ress(St) for t > 0. 

The semi-groups St and Tt are related by Duhamel’s formula 

L 

St = Tt + I T s K S  ds ( 3 6 )  t-s 

but (21) cannot be applied yet because the last operator in (36) is not weakly 
compact in general. The main reason is that K: L1(Dx V )  + Ll(Dx V )  - although 
occasionally called an ’integral operator’ in the literature - is really a good 
example for an operator with a diffuse but singular representation, namely we have 

= 6x 0 k(x,v,*)dh 
(XYV) 

K f(x,v) = I fdP(x,v), 1-1 

where A is the Lebesgue-measure on V (not on D x  V ) .  By iterating formula (36) 
once we obtain 

t 

Sl+S2 2 t 

Since A is a multiplicative semi-norm on B 

t t 

0 0 
A( USds) S I A(Us)ds (37 )  

for every strongly continuous s + U s €  B(L1 

L ) and since 1 

(see [ 5 3 1 ) ,  we obtain 
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Sl+S2 2 t 

To estimate the f i r s t  integral  observe t h a t  by (24) 

ress(Tt) = lim A ( T n t ) l ' n  = exp(1im 1 log n ( T n t ) ) ,  o r  

n-m n-m 

-1 
ress(Tt) = e UTt with wT := lim t I n  a (T t )  

t +- 

(39) 

i . e .  wT i s  an analogue of the ' type '  of a semi-group ( T t )  with respect t o  the 

essent ia l  spectral  radius .  For w T <  W '  < W "  and some C we have a(Tt) c Cetw' and 

i f  we assume t h a t  

(40) a(KTS K )  = 0 f o r  a l l  O <  s 

then f o r  large t (38) becomes 

A ( s t )  5 e t w '  +CA(K)tetW' h etW" . 
1 

t +m n Therefore ws := lim - logA(St) 5 W" f o r  a l l  w " >  wT and 

ress(St) c ress(Tt). T h e  inequal i ty  r ess ( ' t )  ress (Tt  
Indeed, s ince a l l  S t ,  Tt  a r e  pos i t ive  operators  we get  

therefore  A(St) 2 A ( T t )  f o r  a l l  t z  0. 

I t  remains t o  give reasonable condi t ions so t h a t  (40) 

(39) imp1 

a lso  f o l  

from (36)  

s f u l l f i l  

e s  t h a t  

ows from (39) .  

t h a t  S t z T t  and 

ed. Using a 

c r i t e r i o n  f o r  condi t ional ly  weak compactness o f  vector-valued funct ions from [ 5 3 
one can show 

SUP I k ( x , v , V ' ) d V  + 0 &oh v ( E )  -* 0 
x E D , v ' E V  E 

(41) 

then ress(St)  = ress(Tt) = r(T ) 60. t z  0. t 

I f  one i n t e r p r e t s  (32) a s  the  neutron t ranspor t  equation, then k ( x , . , v ' )  corre-  

sponds t o  the veloci ty  d i s t r i b u t i o n  of a p a r t i c l e  t h a t  emerge from a c o l l i s i o n  

between a p a r t i c l e  with the  ve loc i ty  v '  and a host p a r t i c l e  a t  the point x of the 

position space. Hence condition (41) says t h a t  a l l  these d i s t r i b u t i o n s  form an 

equi-integrable subset o f  L1(V) .  Theorem 12 was known so  f a r  under s t ronger  
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r e s t r i c t i o n s  on k ,  e..g. 

- (Gre ine r ,  [161) k u n i f o r m l y  bounded, 

- (Vo ig t ,  [ 4 6 ] )  k (x , v , v ' )  5 g ( v )  f o r  a l l  X E D ,  v ' E V  and some f i x e d  gEL1(V) .  

Versions o f  theorem 12 f o r  unbounded 0 and V a r e  conta ined i n  [461 and [531. 

6. CONVOLUTION OPERATORS 

I n  t h i s  s e c t i o n  we show t h a t  f o r  some non t r i v i a l  r e s u l t s  o f  harmonic a n a l y s i s  

one can g i v e  r a t h e r  s h o r t  f u n c t i o n a l  a n a l y t i c  p r o o f s  u s i n g  t h e  r e p r e s e n t a t i o n  ( 5 ) .  

So , le t  X be t h e  r i g h t  Haar measure o f  a l o c a l l y  compact group G w i t h  a countab le  

base o f  i t s  t opo logy  ( t h e n  G i s  homeomorphic t o  a complete m e t r i c  space and t h e  

r e s u l t s  o f  t he  p rev ious  sec t i ons  app ly  w i t h  s l i g h t  changes). 

The f i r s t  obse rva t i on  i s  c l o s e  t o  some r e s u l t s  o f  O b e r l i n  (e.g.  see [361) .  

THEOREM 13. 16 T : L1(G,X) + L1(G,X) 0 L t a m L a t i u n i n v d a d ,  bounded and c o d -  
nuou with kenpeot t o  convekgence i n  meauhe, then T i~ an indivLite 

hum 0 6  LxamLation opeha*ohl ,  i . e .  thehe W L ~  xi E G, ai E R 

nuch t h a t  X1ai I < m and 
m 

PROOF: I t  f o l l o w s  f rom t h e  r e p r e s e n t a t i o n  theorem 1 and t h e  t r a n s l a t i o n  i n v a r i a n c e  

t h a t  T f  = f * u  f o r  some measure u on G. By theorem 5 T has an atomic rep resen ta -  

t i o n  and so, by ( l o ) ,  t h e r e  a re  xiEG, a i E R  w i t h  z l a i I  < -  and p=.Ia.6 

It f o l l o w s  now t h a t  

. 
1 x .  

1 

f * u ( x )  = ra i f ( x -x i )  a.e. 0 

Consider M(G) as a Banachalgebra w i t h  r e s p e c t  t o  c o n v o l u t i o n  o f  measures. It is 

w e l l  known t h a t  t h e  subset  o f  a l l  u EM(G) which a r e  s i n g u l a r  w i t h  respec t  t o  t h e  

Haar measure X on G i s  n o t  a subalgebra b u t  t h e r e  i s  a s t ronger  r e s u l t  i n  t h i s  

d i r e c t i o n .  

THEOREM 14. 7 6  vEM(G) and t h e  ConvoLLLtion phoduot  v * u  i~ X-ningdari 6 o h  & 

A-hingdat l  u E M(G),  Ahen X L h  an CLtotnLc meadu/re. 

T h i s  i s  due t o  Doss ( [  9 I )  i n  t h e  case o f  a b e l i a n  groups (see a l s o  [151 Sec. 7.5). 

A p r o o f  s i m i l a r  t o  t h e  f o l l o w i n g  one was found independent ly  by M. Talagrand 

(1431).  



112 L. W. Weis 

PROOF (C481 p. 7 7 ) :  Assume t o  t h e  c o n t r a r y  t h a t  t h e  d i f f u s e  p a r t  v0 o f  v i s  non- 

zero. Then vo d e f i n e s  a c o n v o l u t i o n  opera to r  T ( p )  := p * v 0  i n  L1(G) and i n  M(G) 

w i t h  a d i f f u s e  r e p r e s e n t a t i o n .  By Theorem 4 t h e r e  i s  a o-subalgebra I o f  Bore1 

i s  compact. Choose a sequence se ts  o f  G, such t h a t  A i s  d i f f u s e  and T 

fnEL1( I ,A ) ,  IIfnll = 1, such t h a t  f n -  A converges weakly ( i n  t h e  o(M(G),  C(G))-  

topo logy)  t o  some measure p o  which i s  s i n g u l a r  w i t h  respec t  t o  A. Since 

T : M(G) -+ M(G) i s  weakly cont inuous  and a l s o  compact on L1(x,x) i t  f o l l o w s  t h a t  

(Tfn)A converges i n  t h e  norm topo logy  t o  T ( p o )  = p O * v .  But L1(G,h) i s  norm 

c losed and we o b t a i n  t h a t  v o * p o  i s  A-abso lu te ly  cont inuous .  T h i s  c o n t r a d i c t s  t h e  

assumption, t h a t  ( u 0 * v (  2 1~ * V  I i s  1 -s ingu la r .  

I n  [561  Zaf ran  d iscusses  a c l a s s  o f  measures whose spectrum w i t h  respec t  t o  M(G) 

i s  e s s e n t i a l l y  g i v e n  by t h e  F o u r i e r  t rans fo rm.  L e t  G now be a compact group w i t h  

dual  group r and denote by C t h e  c l a s s  o f  a l l  measures p whose F o u r i e r  t rans forms 

van ish  a t  m and w i t h  

I Ll(Z,A 1 I 1  

0 0  
0 

u ( ~ ~ M ( G ) )  = G(r) u { o } .  

One o f  t h e  main r e s u l t s  o f  [561 i s  

THEOREM 15. C h an L - idea l ,  L.e. an algebttaic i d e d  and a AubLatt ice 06 M(G). 

Theorem 15 can be d e r i v e d  e a s i l y  f rom t h e  f o l l o w i n g  c h a r a c t e r i z a t i o n  o f  C con- 

t a i n e d  i n  [ 4 ]  and f o r  which we w i l l  g i v e  a s h o r t  p r o o f  us ing  fo rmula  (24 ) .  

(To d e r i v e  theorem 15 observe t h a t  
n s  

((u*v) ) 5 ( l y * v n . )  

PROOF o f  P r o p o s i t i o n  2 :  I t  i s  w e l l  known t h a t  u (p lM(G))  equals t h e  spectrum 

u(T IB(L1) )  o f  t h e  c o n v o l u t i o n  opera to r  T f  = f w p and t h a t  t h e  F o u r i e r  t rans fo rm 

o f  p g i v e s  t h e  e igenva lues  o f  T. There fore ,  p E  C i f  and o n l y  i f  u 

A(Tn)l’n 4 0 by (24) .  The i n t e g r a l  p a r t  o f  Tn i s  t h e  weakly compact c o n v o l u t i o n  

opera to r  (Tn ) ’ f  = f *  (p’)’ where ( p  ) 

we have 

(T) = {Of o r  

i s  t h e  i n t e g r a l  p a r t  o f  pn. By theorem 10 

ess 

n i .  

= A((Tn)s) = I I (Tn )s l l  = l l ( ~ n ) s l l  

and t h e  r e s u l t  f o l l o w s .  
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I n  t h i s  paper w e  prove some uniform convergence theorems 

f o r  o p e r a t o r s  on a Grothendieck space wi th  t h e  Dunford- 

P e t t i s  p rope r ty .  A s  consequences w e  o b t a i n  1) t h a t  on such 

spaces  ( i n  p a r t i c u l a r  on L and Hm(D))  eve ry  Co-semigroup 

is  uniformly con t inous ,  2)  t h a t  on such spaces  the  s t r o n g  

e r g o d i c  theorem becomes a uniform e r g o d i c  theorem, and 3) 

Dean’s r e s u l t  t h a t  such  a space  does n o t  have a Schauder 

decomposition. 

m 

1. INTRODUCTION 

m 
I t  i s  w e l l  known t h a t  L d i f f e r s  g r e a t l y  i n  some r e s p e c t s  from t h e  spaces  L p  

O n  t h e  o t h e r  hand, Lm s h a r e s  w i t h  L1 t h e  Dunfo rd -Pe t t i s  p r o p e r t y ;  f o r  15 p < m. 

and wi th  Lp,  1 C p < m, t he  p rope r ty  of be ing  a Grothendieck space .  

d e t a i l e d  d i s c u s s i o n  w e  r e f e r  t o  S e c t i o n  2 ,  where w e  g i v e  o t h e r  examples of spaces  

w i t h  these  two p r o p e r t i e s .  Here l e t  us mention t h a t  r e c e n t l y  Bourgain proved t h a t  

H (D) is a Grothendieck space  wi th  the  Dunfo rd -Pe t t i s  p rope r ty .  This  was poin ted  

o u t  a t  t h e  Conference by P ro fes so r  A .  PelczyLski .  

For  a more 

m 

I n  t h i s  a r t i c l e  we i n v e s t i g a t e  t h e  uniform convergence of bounded l i n e a r  

o p e r a t o r s  on L and s i m i l a r  spaces ,  o r  t o  be more p r e c i s e ,  on Grothendieck spaces  

w i t h  the  Dunfo rd -Pe t t i s  p rope r ty .  I t  t u r n s  o u t  t h a t  i n  many i n t e r e s t i n g  cases  

t h e  s t r o n g  convergence o f  o p e r a t o r s  on such a space  i m p l i e s  t he  uniform con- 

vergence. L e t  u s  a t  f i r s t  g ive  t h r e e  known examples i n  t h i s  d i r e c t i o n .  

m 

* The a u t h o r  i s  g r a t e f u l  t o  t h e  Deutsche Forschungsgemeinschaft  f o r  suppor t  
d u r i n g  h i s  s t a y  as V i s i t i n g  P ro fes so r  a t  t he  U n i v e r s i t x t  Tcblngen. 
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A sequence (P,) of  bounded l i n e a r  o p e r a t o r s  on a Banach space E i s  c a l l e d  a 

(weak) Schauder decomposition i f  the fol lowing cond i t ions  h o l d :  

(i) 'mPn 'inf(n,m) f o r  a l l  n,m Em 

( i i )  (Pnx) converges (weakly) to x f o r  every x E E 

( i i i )  P # P f o r  n # m. 
n .  m 

Usually,  the (weak) Schauder decomposition i s  de f ined  i n  terms of  c losed sub- 

spaces.  We p r e f e r  here  the equ iva len t  o p e r a t o r  t h e o r e t i c  d e f i n i t i o n .  Now Dean 

shows i n  c83 t h a t  a Grothendieck space with t h e  Dunford-Pet t is  property does not 

have a (weak) Schauder decomposition. This means, i f  on such a space a sequence 

of bounded l i n e a r  ope ra to r s  (P ) s a t i s f i e s  ( i )  and ( i i )  above, then ( i i i )  cannot 

hold,  which implies  t h a t  P = 1 f o r  n s u f f i c i e n t l y  l a r g e ,  o r  e q u i v a l e n t l y ,  s i n c e  

the ope ra to r s  P a r e  p r o j e c t i o n s ,  t h a t  l i m  llPn - 111 = 0.  

s t r o n g  convergence impl i e s  convergence i n  the  uniform ope ra to r  topology. 

n 

S o ,  t r i v i a l l y  here  
n 

In [14] Kishimoto and Robinson show t h a t  a C -semigroup ( i . e . ,  a s t r o n g l y  
0 

m 
continuous semigroup i n  the  sense of  [lo], VIII.l.l) o f  p o s i t i v e  o p e r a t o r s  on L 

is uniformly continuous and a s k  whether t h i s  i s  a l s o  t r u e  without  the assumption 

t h a t  t he  ope ra to r s  a r e  p o s i t i v e .  ( I t  seems t h a t  t h i s  ques t ion  has  a l s o  been 

r a i s e d  by o t h e r  au tho r s . )  

Le t  us  c a l l  a bounded l i n e a r  o p e r a t o r  T on a Banach 

-1 n-1 i 
uniformly) e rgod ic ,  i f  t h e  means Tn = n C T converge i=o 
uniform) ope ra to r  topology. In [2] Ando shows t h a t  i f  T 

p o s i t i v e  c o n t r a c t i o n  on L , then T i s  s t r o n g l y  e rgod ic .  
m 

space s t r o n g l y  ( r e sp .  

i n  the  s t r o n g  ( r e sp .  

i s  an  i r r e d u c i b l e  

In [15] we show t h a t  

under t h e  same hypotheses T m u s t  be uniformly e rgod ic .  More g e n e r a l l y ,  i t  i s  

shown in  [ l5]  t h a t  an i r r e d u c i b l e  p o s i t i v e  o p e r a t o r  T on C ( X ) ,  where C(X) is a 

Grothendieck space,  is uniformly e rgod ic  i f f  T i s  s t r o n g l y  e rgod ic .  

S t a r t i n g  w i t h  some problems concerning s t r o n g l y  e r g o d i c  o p e r a t o r s  t he  a u t h o r  

was u l t i m a t e l y  l ed  t o  the r e s u l t s  of [17]. There we  show t h a t  the answer t o  the 

ques t ion  of  Kishimoto and Robinson mentioned above is  a f f i r m a t i v e  no t  on ly  f o r  L , 

but  f o r  every Grothendieck space with the  Dunford-Pet t is  property.  Moreover, w e  

m 
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show t h a t  on such a space eve ry  s t r o n g l y  e r g o d i c  c o n t r a c t i o n  is  n e c e s s a r i l y  

uniformly e rgod ic  and w e  g i v e  a new proof of Dean ' s  r e s u l t .  

Most o f  the  r e s u l t s  which we p resen t  he re  a r e  a l r e a d y  conta ined  i n  [17]. 

But as announced t h e r e ,  i n  t he  p r e s e n t  a r t i c l e  a l l  t hese  r e s u l t s  a r e  deduced from 

two Tauber ian  theorems from the  l a s t  s e c t i o n  o f  [17]. These two theorems 

(Theorems 1 and 2 below) a r e  uniform convergence theorems f o r  (LlM)-sequences (to 

be de f ined  i n  the  nex t  paragraph) .  These sequences provide  a n a t u r a l  frame f o r  

many r e s u l t s  i n  e r g o d i c  theo ry ,  Schauder decomposi t ions ,  and semigroups ( c f .  

L e t  (S ) be a sequence of bounded l i n e a r  o p e r a t o r s  on a Banach space  E. W e  
n 

w i l l  c a l l  such a sequence a (UM)-sequence i f  t he  fo l lowing  c o n d i t i o n s  h o l d :  

(M0) S U P  llsnll < 

(uM1) l i m  \1sm(sn - = o f o r  eve ry  m E N  
n 

(9) m n 

We g ive  s e v e r a l  examples o f  (UM)-sequences, some o f  which w i l l  be  used i n  

S e c t i o n  4 below. 

l i r n  II(sn - 1)s [ [  = o f o r  eve ry  m EN. 

Examples .  1. L e t  (P,) C X(E) be uniformly bounded. I f  (P,) s a t i s f i e s  ( i )  above, 

then  (P ) is  a (UM)-sequence. I n  p a r t i c u l a r ,  e v e r y  (weak) Schauder decomposi t ion  

(P,) i s  a (UM)-sequence. 

2 .  L e t  (e  ) be a b a s i s  of t h e  i n f i n i t e  d imens iona l  Banach space  E. L e t  
i 

n m 

P x = C aiei f o r  x = C a ie i .  
i = O  i = O  

(UM) -sequence. 

Then ( P  ) is  a Schauder decomposition and so a 

3. Let (S,X,&) be a p r o b a b i l i t y  space ,  l e t  ( C  ) be  an  i n c r e a s i n g  sequence 

I f  Pnf ,  f E E ,  i s  t h e  

n 

of a - suba lgebras  o f  C, and  l e t  E = Lp(S,X,p) ,  1 5 p 5 -. 
c o n d i t i o n a l  e x p e c t a t i o n  o f  f w i th  r e s p e c t  t o  En, then  (P ) is  a (UM)-sequence. 

I f ,  i n  a d d i t i o n ,  C i s  t h e  a -a lgeb ra  gene ra t ed  by the  C,, 15 p < m, and 

C, # Cn+l f o r  a l l  n ,  then  (P ) is  a Schauder decomposition. 

4.  Let  D be a non-empty s u b s e t  o f  t h e  complex p lane  and le t  R :  D - L(E) 

s a t i s f y  t h e  r e s o l v e n t  e q u a t i o n  



120 H. P. Lotz 

f o r  a l l  A,p E D .  

uniformly bounded, then (S ) wi th  S 

(A,) C D wi th  l i m  A 

bounded, then  (Sn) wi th  Sn = 1 - (An - u)R(An) i s  a (LlM)-sequence. 

I f  (An)  C D w i t h  l i m  / A n  1 = a, and i f  t he  o p e r a t o r s  A R(An) are 

S i m i l a r l y ,  i f  = An~(An) is  a (UM)-sequence. 

= U E 4 and the  o p e r a t o r s  ( A  - U)R(An) are uniformly 

5. L e t  T be a bounded l i n e a r  o p e r a t o r  on a Banach space E. I f  t h e  means 
n-1  

( C T ) /n a r e  uniformly bounded and l i m  ~ ~ T * ~ ~ / n  = 0 ,  t hen  (S ) ,  where S i=o n n’ 

i s  a (W)-sequence. 

= 1 - T 

6 .  L e t  { T ( t ) :  0 5 t }  be a C -semigroup o f  o p e r a t o r s  on a Banach space  E .  
1 

0 

0 

Let  Sn = 

Then (S ) i s  a (UM)-sequence. Another (UM)-sequence a s s o c i a t e d  t o  {T( t ) :  0 5 t ]  
n 

is  (An(Xn - A ) - ‘ ) ,  where A is  the  i n f i n i t e s i m a l  gene ra to r  and 0 5 An E p(A) wi th  

l i m  A = m. 

T ( t / n ) d t ,  where t h e  i n t e g r a l  i s  t aken  i n  t h e  s t r o n g  o p e r a t o r  topology. 

F i n a l l y ,  w e  want to  po in t  o u t  connec t ions  between (UM)-sequences and 

mar t inga le s .  L e t  (S ) be a (UM)-sequence o f  o p e r a t o r s  on a Banach space  E .  A 

sequence (x ) C E i s  c a l l e d  an  (S ) -mar t inga le  i f  l i m  S x = x f o r  a l l  m E N .  

Obviously,  i f  (S ) i s  a s  i n  Example 3 ,  then t h e  (S ) -mar t inga le s  a r e  j u s t  t he  

mar t inga le s  i n  t h e  u s u a l  s ense .  

e a s i l y  proved ( c f .  proof of Lemma 1 below) t h a t  i f  (x ) has  a weak c l u s t e r  p o i n t ,  

s a y  x ,  then  (x  ) converges t o  x and x = Snx f o r  a l l  n CW ( a c t u a l l y ,  t h i s  a l s o  

holds  under weaker assumptions on (S ) ,  w e  r e f e r  t o  [18] f o r  t h i s  and o t h e r  re- 

l a t e d  f a c t s ) .  

(s ) -mar t inga le  i n  t he  Banach space  X(E), where 2 

T e SnT; s i m i l a r l y ,  f o r  t he  r i g h t  m u l t i p l i c a t i o n .  

n 

n m n  rn 

Now l e t  (xn) be  a n  (S,)-martingale. I t  is 

n 

We a l s o  n o t e  t h a t  i f  (Sn) i s  a (UM)-sequence then  (Sn) i t s e l f  i s  a 

deno tes  l e f t  m u l t i p l i c a t i o n  
n n 

2 .  GROTHENDIECK SPACES W I T H  THE DUNFORD-PETTIS PROPERTY 

I n  t h i s  s e c t i o n  X denotes  always a compact Hausdorff space .  X i s  c a l l e d  

S ton ian  ( r e sp .  0-Stonian) i f  t h e  c l o s u r e  o f  eve ry  open s u b s e t  ( r e sp .  open F - s e t )  

o f  X is open. X is c a l l e d  a n  F-space i f  t w o  d i s j o i n t  open F -sets have d i s j o i n t  

c losu res .  C l e a r l y ,  eve ry  S ton ian  space is  0-Stonian  and eve ry  a -Stonian  space  i s  

a n  F-space,  For any measure space (S,Z,p), l o c a l i z a b l e  o r  n o t ,  we  denote  the  

space Lp(S,E,p) (p  = 1 or p = a) by Lp. 

U 

0 

I f  C i s  a n  a l g e b r a  of s u b s e t s  o f  a set  S ,  
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t h e n  B(S,I) deno tes  the  Banach space  of a l l  bounded C-measurable s c a l a r  va lued  

func t ions  on S w i t h  the  sup-norm. 

A Banach space  E i s  s a i d  t o  have t h e  Dunfo rd -Pe t t i s  p rope r ty  i f  

l i m  (x , X I )  = 0 whenever (x ) C E tends  weakly t o  zero  and (x’) C E '  t ends  weakly 

t o  zero .  I f  E has  t h e  Dunfo rd -Pe t t i s  p rope r ty ,  then e v e r y  weakly compact pro- 

j e c t i o n  on  E i s  o f  f i n i t e  rank .  

Dunfo rd -Pe t t i s  p rope r ty  i s  f i n i t e  d imens iona l .  The Dunfo rd -Pe t t i s  p rope r ty  i s  

i n h e r i t e d  by complemented subspaces and by p redua l s .  Grothendieck [ll] shows 

t h a t  e v e r y  space C(X) has  the  Dunfo rd -Pe t t i s  p rope r ty .  This i m p l i e s  t h e  

classical  r e s u l t  o f  Dunford and P e t t i s  t h a t  e v e r y  space  L1 has  the  Dunford- 

P e t t i s  p rope r ty .  Another consequence is  t h a t  e v e r y  AM-space, i n  p a r t i c u l a r ,  

e v e r y  c l o s e d  i d e a l  of C(X) has  t h e  Dunfo rd -Pe t t i s  p rope r ty .  

n n n  

Therefore  eve ry  r e f l e x i v e  Banach space wi th  t h e  

A Banach space  E i s  c a l l e d  a Grothendieck space  i f  eve ry  sequence (x ' )  C E’ 

which converges f o r  t he  weak* topology t o  zero  converges  weakly t o  ze ro .  

a Grothendieck space, then  eve ry  q u o t i e n t  space o f  E ,  i n  p a r t i c u l a r ,  e v e r y  

complemented subspace o f  E i s  a Grothendieck space .  Obviously,  eve ry  r e f l e x i v e  

Banach space  is  a Grothendieck space .  Every sepa rab le  q u o t i e n t  space o f  a 

Grothendieck space  i s  n e c e s s a r i l y  r e f l e x i v e  ( c f .  [ll], p. 1 6 9 ) .  N o n - t r i v i a l  

examples o f  Grothendieck spaces  w i l l  f o l low n e x t .  

I f  E i s  

The fo l lowing  Banach spaces  are Grothendieck  spaces  wi th  t h e  Dunfo rd -Pe t t i s  

p rope r ty  : 

1) C(X) where X i s  S ton ian ,  o-Stonian ,  o r  a n  F-space.  

2) L ~ ,  i n  p a r t i c u l a r ,  $. 

3) B(S,E) where C i s  a o-a lgebra .  

4 )  I n j e c t i v e  Banach spaces .  

5) The Hardy a l g e b r a  HOD(D) o f  a l l  bounded a n a l y t i c  func t ions  on t h e  

open u n i t  d i s k .  

For  t h e  spaces  l i s t e d  above, t he  r e s u l t s  o f  S e c t i o n s  3 and 4 can be  a p p l i e d .  

L e t  us make some comments abou t  t h e s e  spaces  above. 
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A s  we have a l r e a d y  mentioned, e v e r y  space  C(X) has  t h e  Dunford-Pet t i s  

p rope r ty .  

d u a l  o f  C(X) which converges i n  the  weak* topology a l s o  converges i n  t h e  weak 

topology. This r e s u l t  was extended by Ando [l] f o r  X u-Stonian  and by Seever  

[20] f o r  X an F-space. 

the  Dunford-Pet t i s  p rope r ty .  For  o t h e r  i n t e r e s t i n g  examples o f  spaces  C(X) 

which a r e  Grothendieck spaces  w e  r e f e r  t o  Talagrand [21] and Haydon [12]. 

Grothendieck [ll] proves i f  X i s  S ton ian  then  eve ry  sequence i n  the  

Hence eve ry  space  under 1) is  a Grothendieck space  wi th  

We t u r n  t o  t h e  spaces  l i s t e d  under 2)  and 3 ) .  It  i s  w e l l  known t h a t  t hese  

spaces  a r e  norm and o r d e r  isomorphic t o  spaces  C(X) ( c f .  [lo], V . 8 . 1 1  and 

p. 716). S ince  L and B ( S , B  where C i s  a u-a lgebra  are u-order  comple te ,  X must 

be u-Stonian ([ZY], 11.7.7).  

are Grothendieck spaces  w i t h  t h e  Dunfo rd -Pe t t i s  p rope r ty .  

m 

Thus i t  fo l lows  from 1) t h a t  the  spaces  i n  2) and 3) 

Every i n j e c t i v e  Banach space  is  isomorphic t o  a complemented subspace of a 

space  C(X) where X i s  S ton ian .  So i t  fo l lows  from 1) t h a t  t he  spaces  under 4) 

are Grothendieck spaces  wi th  t h e  Dunford-Pet t i s  p rope r ty .  

Now t o  5 ) .  Bourgain shows i n  [4] t h a t  Hm(D) has t h e  Dunfo rd -Pe t t i s  p rope r ty  

and i n  [5] t h a t  Hm(D) is  a Grothendieck space .  

r e s u l t s  due t o  Bourgain i n  harmonic a n a l y s i s  ( c f .  [ 6 ]  f o r  some of t h e s e  r e l e v a n t  

f a c t s ) .  

These r e s u l t s  depend on deep 

W e  conclude t h i s  s e c t i o n  wi th  the  remark t h a t  a Banach space  E is a 

Grothendieck space  wi th  t h e  Dunfo rd -Pe t t i s  p rope r ty  i f f  eve ry  weak* convergent  

sequence i n  E ’  converges weakly, moreover, uniformly on weakly compact s u b s e t s  o f  

E ,  o r  e q u i v a l e n t l y ,  i f f  eve ry  bounded l i n e a r  map from E i n t o  c,, i s  weakly compact 

and maps weakly compact sets i n t o  norm compact sets.  

3 .  TAUBERIAN THEOREMS 

Now we come t o  t h e  main r e s u l t s  of t h i s  a r t i c l e .  We w i l l  g ive  va r ious  

cond i t ions  which imply t h a t  a (UM)-sequence o f  o p e r a t o r s  on a Grothendieck space 

wi th  the  Dunford-Pet t i s  p rope r ty  converges i n  t h e  uniform o p e r a t o r  topology. 

Thus these  r e s u l t s  a r e  o f  Tauber ian  n a t u r e  ( c f .  [ lo],  p. 593).  For t h e  d e f i n i t i o n  
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of (UM)-sequences we r e f e r  t o  the Introduct ion,  and f o r  examples of Grothendieck 

spaces with the Dunford-Pettis property we r e f e r  to  Section 2 .  

We s t a r t  with two lemmata. 

Lemma 1. Let (Sn) be  a (UM)-sequence of operators  on a Banach space E .  

be the closure of US E and l e t  F = nSi'(0). Then the following a s s e r t i o n s  hold:  

Let G 

n 

(a) G i s  a l i n e a r  subspace and thus the weak closure of USnE; moreover, 

G = {x: x = l i m  s x) .  

(b) I f  f o r  every x E E the sequence (S x) has a weak c l u s t e r  point ,  then n 

(Sn) converges s t rongly t o  a project ion P with G a s  range and F a s  

kernel .  

Proof. 

That H is  norm closed follows from (UM ) .  

USnE c H .  Hence G = H. 

G i s  a l s o  the weak c losure  of USnE. 

(a) Let H = (x: x = l i m  Snx]. Then H is  a l i n e a r  subspace and H C G. 

On the o ther  hand, (UM2) implies t h a t  

Since G ,  as  a closed l i n e a r  subspace, i s  weakly closed,  

0 

(b) I t  follows from (a) t h a t  F n G = { O ] .  I t  s u f f i c e s  now to show t h a t  

E = F + G.  Then E i s  the d i r e c t  sum of F and G and (S ) tends to the desired 

project ion,  s ince S = 0 f o r  a l l  n and (S ) tends s t rongly  to t h e  i d e n t i t y  

on G by (a) .  Now l e t  x E E be given and l e t  z be a weak c l u s t e r  point of (S x) . 
By ( a ) ,  z E G. Let m be f ixed.  Since z - x is  a weak c l u s t e r  point of 

((Sn - l ) x ) ,  S (z - x) i s  a weak c l u s t e r  point of (Sm(Sn - 1)x) .  

sequence converges i n  norm to zero by (UM ). Hence S (z  - x) = 0,  which shows 

t h a t  z - x E F. Therefore, x = z - ( z  - x) E G + F ,  and so E = F + G .  

n 

IF IG 

B u t  t h i s  
m 

1 m 

More r e s u l t s  concerning the s t rong convergence of  (UM)-sequences can be 

found i n  [18]. 

The next lemma is a s l i g h t  var ia t ion  o f  Theorem 2 from [17]. 

Lemma 2.  Let (V ) be a sequence of bounded l i n e a r  operators  on a Banach space 

E with the Dunford-Pettis property. Suppose t h a t  the following two condi t ions 

hold : 

n 

(i) 

( i i )  

(Vnxn) tends weakly to  zero whenever (x,) C E is bounded. 

(VAxA) tends weakly t o  zero whenever (XI) C E '  is bounded. n 
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2 
Then l i m n  l/VnII = 0.  

large.  

Proof. 

(x ' )  i n  E’ with \ \x i \ \  <_ 1 f o r  a l l  n such t h a t  //V \ \  = (Vnxn,x'). 

the  sequences (V x ) and (V'x') tend t o  zero f o r  G(E,E') and O(E',E") respect ive-  

ly .  Since E has the Dunford-Pettis property, lim(V x ,V 'x ' )  = 0 ,  and so ,  

2 2 
l i m \ ( V  /I = 0. Hence, f o r  n s u f f i c i e n t l y  la rge ,  \ \ ? I \  4 1 and so 1 - V is  in- n 

v e r t i b l e .  

I n  p a r t i c u l a r ,  1 + Vn is i n v e r t i b l e  f o r  n s u f f i c i e n t l y  

We choose a sequence (x ) i n  E with I/x 1 1  5 2 f o r  a l l  n and a sequence 
n n 

2 2 
By ( i )  and ( i i )  

n n  n n  

n n  n n  

2 -1 B u t  then (1 - V n ) ( l  - = (1 - Vn) (1 - Vn) i s  the inverse of 

1 + vn. 

We a r e  now ready to prove the f i r s t  two main resu l t s ,  which a l s o  appear a s  

Theorem 10 and Theorem 11 respect ively i n  [17] 

Theorem 1. Let E be a Grothendieck space with 

l e t  (Sn) be  a (UM)-sequence of operators  on E .  

p a r t i c u l a r ,  i f  (S ) converges t o  the i d e n t i t y  

topology, then l i m / / S n  - 111 = 0 .  

n 

the Dunford-Pettis property and 

I f  USnE i s  weakly dense i n  E ,  i n  

n the weak o r  s t rong  operator  

Proof. 

( i i )  of Lemma 2.  Consequently, s ince E has the Dunford-Pettis property, Lemma 2 

i m p l i e s  the  exis tence of a n a t u r a l  number, say m, such t h a t  S 

v e r t i b l e .  

(UM2) tha t  l im( (Sn  - 1-11 = 0. 

Let V = Sn - 1. We w i l l  show t h a t  (V ) s a t i s f i e s  conditions ( i )  and 
n n - 

= 1 + Vm i s  in-  rn 
1 

It w i l l  then follow from \ISn - 111 5 / / S i  \(((Sm(Sn - L)/\ and from 

So suppose t h a t  US E is  weakly dense. Then (a) o f  Lemma 1 implies t h a t  

x = lirn S x f o r  every x E E .  I n  other  words, (V ) tends i n  norm to zero f o r  

every x E E.  

bounded, and s ince E i s  a Grothendieck space, (VhxA) tends weakly to  zero. 

( i i )  of  Lemma 2 i s  s a t i s f i e d ,  and i n  p a r t i c u l a r  (V'x') tends weakly to  zero f o r  

every X I  E E ' .  

and s ince (SA) is c l e a r l y  a (UM)-sequence a s  wel l ,  Lemma 1 shows t h a t  ( S ' )  con- 

verges s t rongly to  the i d e n t i t y  on E ' .  A s  above w e  conclude t h a t  (V x ) tends 

weakly t o  zero whenever (x ) C E is bounded, so ,  condition ( i )  of Lemma 2 is 

s a t i s f i e d .  Q.E.D. 

n 

n n 

I t  follows t h a t  (V'x') tends to  zero f o r  o(E',E) i f  (x;) C E '  i s  
n n  

Hence 

n 

This i m p l i e s  t h a t  (SAX') tends weakly t o  x '  f o r  every x '  E E ' ,  

n 

n n  

n 
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Remark 1. A simple mod i f i ca t ion  of t he  proof o f  Theorem 1 g i v e s  the  fo l lowing  

r e s u l t :  Le t  (S ) be a (UM)-sequence of o p e r a t o r s  on a Banach space  E w i th  the  

Dunfo rd -Pe t t i s  p rope r ty .  

converges uniformly t o  t h e  i d e n t i t y .  

Theorem 2 .  Le t  E be a Grothendieck space  wi th  the  Dunfo rd -Pe t t i s  p rope r ty  and 

l e t  (Sn) C L(E) be a (UM)-sequence. 
n 

weak c l u s t e r  p o i n t ,  then  (S ) converges uniformly t o  a p r o j e c t i o n  P wi th  

PE = 

- Proof .  

converges s t r o n g l y  t o  a p r o j e c t i o n  P w i t h  PE = G and (1 - P)E = F. S ince  

SnG C G f o r  a l l  n �IN, (Sn ,G) is  a (UM) -sequence of o p e r a t o r s  on G ,  which con- 

verges  s t r o n g l y  t o  the  i d e n t i t y  on G .  Now G ,  as a complemented subspace o f  E ,  

i s  a Grothendieck space  wi th  the  Dunfo rd -Pe t t i s  p rope r ty .  Hence i t  fo l lows  from 

Theorem 1 t h a t  t h e  o p e r a t o r s  S converge uni formly .  S ince  a l l  t he  S vanish  

on  F ,  i t  i s  c l e a r  t h a t  limllS 

Remark 2 .  L e t  (S ) be a (UM)-sequence of o p e r a t o r s  on a Banach space E w i th  the  

Dunfo rd -Pe t t i s  p rope r ty .  I f  (S") converges weakly t o  a n  o p e r a t o r  whose range i s  

o(E",E')  c losed ,  then t h e  o p e r a t o r s  S converge ' f o r  t h e  uniform o p e r a t o r  top- 

o logy  t o  a p r o j e c t i o n  wi th  US E a s  range and 0s- { O ]  as k e r n e l .  
n 

t h a t  t he  range i s  o(E",E')  c losed  cannot  be dropped a s  the  fo l lowing  example 

shows: 

I n t r o d u c t i o n .  Then (P") converges s t r o n g l y ,  b u t  (P ) does n o t  converge i n  the  

uniform o p e r a t o r  topology.  

n 

I f  (S") converges weakly t o  t h e  i d e n t i t y ,  t hen  (Sn) 
n 

I f  f o r  eve ry  x E E t he  sequence (S x) has  a 

and ( 1  - P)E = n S n l { O ] .  

Let  F and G be as i n  Lemma 1. Applying Lemma 1, ( b ) ,  w e  s ee  t h a t  (Sn) 

IG 

- PI1 = 0 .  Q.E.D.  

n 

n 

1 - 
The c o n d i t i o n  

L e t  ( e . )  be t h e  usua l  b a s i s  of A' and l e t  (P  ) be a s  i n  Example 2 o f  t he  

n 

Next w e  show t h a t  i f ,  f o r  a (UM)-sequence o f  o p e r a t o r s  ( S  ) on a Grothen- 

1 
d i e c k  space  E w i th  t h e  Dunfo rd -Pe t t i s  p r o p e r t y ,  US,E o r  nSi  { O ]  is  a " la rge"  sub- 

space  o f  E ,  t hen  t h i s  subspace i s  of f i n i t e  codimension and (Sn) converges i n  

the  uniform o p e r a t o r  topology.  

Theorem 3 .  L e t  E be a Grothendieck  space wi th  the  Dunfo rd -Pe t t i s  p rope r ty  and 

l e t  (Sn) C X(E) be a (UM)-sequence. 
-1 

I f  E/nSn 10) i s  r e f l e x i v e ,  then  (Sn) 
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- 
converges uniformly to  a project ion of f i n i t e  rank with US E a s  range and 

nSi l {O] a s  kernel .  

Proof. Let F and G be a s  i n  Lemma 1. 

closure of US'E'  . 

i s  by Lemma 1 a l inear  subspace, which i m p l i e s  t h a t  G l  is a l i n e a r  subspace as  

wel l .  I t  i s  e a s i l y  checked t h a t  G1 is the annih i la tor  of F and t h a t  F l  i s  the 

annih i la tor  of G .  

r e f lex ive ,  which implies t h a t  on Gl the weak* and the weak topology coincide. 

Hence G1 is  the weak closure of U S ' E ' ,  and so by  Lemma 1 a l s o  the norm closure 

of tha t  s e t .  

cr(E',E)-cluster point of the bounded sequence ( S ' x ' ) .  An argument s imi la r  t o  

t h a t  i n  the proof of Lemma 1 shows t h a t  x '  = z '  - ( z '  - x') E G1 + F1. 

i s  the d i r e c t  sum of the cr(E',E)-closed subspaces G1 and F l .  

d i r e c t  sum of t h e i r  annih i la tors  F and G. 

s t rongly to the project ion P with G a s  range and F a s  kernel .  Bu t  by Theorem 2 ,  

(Sn) converges i n  norm. 

Hence P is a weakly compact project ion and therefore  of  f i n i t e  rank s ince E has 

the Dunford-Pe t t i s  property. 

Lemma 3 .  Let X be a topological Hausdorff space and l e t  (x ) be a r e l a t i v e l y  

compact sequence i n  X.  I f  the set A of a l l  c l u s t e r  points  of (x ) i s  metrizable, 

then the closure of the s e t  {x i s  metrizable. 

- Proof. 

set  {x 1, so t h a t  X i s  compact. 

countable, I i s  f i n i t e  dimensional o r  isometric t o  co. 

Since A i s  a compact metrizable space, C(A) is  separable .  A s  C(A) is  isometric 

t o  C(x)/I ,  and since the s e p a r a b i l i t y  of C(X)/I and of I implies the s e p a r a b i l i t y  

of C(X), X i s  metrizable. 

Lemma 4 .  Let (S ) be a (UM)-sequence of operators  on a Banach space E .  I f  

((Sn - l)xn) is  r e l a t i v e l y  weakly compact f o r  every bounded sequence (x  ) C E ,  

then the operators  (1 - S n ) '  converge s t rongly t o  a weakly compact project ion.  

Let F1 = nS:-l[O] and l e t  G1 be the weak* 

Clear ly ,  (SA) i s  a (LlM)-sequence. The norm closure of US'E' 

By assumption, E /F  i s  re f lex ive .  Therefore i ts  dual ,  G1, i s  

n 

Now le t  x '  E E '  be given and l e t  2’ be a Hence Fl n G1 = 0 .  

Hence E l  

Therefore, E i s  the 

This implies tha t  (Sn) converges 

Since E / F  i s  assumed to  be r e f l e x i v e ,  G i s  re f lex ive .  

Q. E .D. 

Without Loss of genera l i ty  w e  may assume t h a t  X i s  the closure of the 

L e t  I = {f E C(X): f(A) = {O]). Since X\cl i s  

Hence I is  separable .  

n 
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Proof .  C l e a r l y ,  t he  assumption i m p l i e s  t h a t  (S x) i s  r e l a t i v e l y  weakly compact 

f o r  eve ry  x E E .  I t  fo l lows  from (b) o f  Lemma 1 t h a t  (S  ) converges s t r o n g l y  t o  

a p r o j e c t i o n  P w i th  PE = US E and (1 - P)E = nS 

a l l  n E N .  

compact by assumpt ion .  We c la im t h a t  t h i s  sequence converges weakly t o  zero .  

Indeed ,  l e t  x be a weak c l u s t e r  po in t .  Then S x = 0 ,  s i n c e  

limn\\Sm(Sn - l )Pxn \ /  = 0 by (UM2), 

s i n c e  P commutes wi th  a l l  o p e r a t o r s  S - 1 and PE is  weakly c losed .  Hence 

x = 0 ,  which shows t h a t  ( ( S  - 1)Px ) t ends  weakly t o  ze ro  whenever (x  ) C E i s  

bounded. - P = (Sn - l ) P  f o r  a l l  n ,  e a s i l y  

i m p l i e s  t h a t  (S ' )  converges s t r o n g l y  t o  P ' ,  and so (1 - S ) '  converges s t r o n g l y  

t o  the  p r o j e c t i o n  (1 - P ) ' .  I t  remains t o  show t h a t  (1 - P ) ' ,  o r  e q u i v a l e n t l y ,  

t h a t  1 - P i s  weakly compact. 

f o r  a l l  n .  

Hence (1 - P)E i s  r e f l e x i v e  and so (1 - P) i s  weakly compact. 

Theorem 4 .  L e t  E be a Grothendieck space  wi th  the  Dunfo rd -Pe t t i s  p rope r ty  and 

l e t  (S ) be a (UM)-sequence of  o p e r a t o r s  on E .  I f  E/US E i s  s e p a r a b l e ,  o r  

e q u i v a l e n t l y ,  i f  nS;-l{O) i s  s e p a r a b l e ,  then  (1 - S ) converges uni formly  t o  a 

p r o j e c t i o n  Q o f  f i n i t e  r ank  wi th  nSi l {O)  a s  range and US E a s  k e r n e l .  

Proof. L e t  H = E / n  and F1 = nS;-'{O). Then Fl  i s  ( i n  a canon ica l  way) t h e  

dual  of H.  

s e p a r a b l e ,  t hen  a s  s epa rab le  q u o t i e n t  o f  a Grothendieck  space ,  H must be r e -  

f l e x i v e .  The re fo re ,  F a s  t he  d u a l  o f  a sepa rab le  r e f l e x i v e  space  must be 

s e p a r a b l e .  

- -1 
n n n 

{ O ' ) .  Hence S P = S = PSn f o r  

Now l e t  (x,) C E be bounded. Then ( ( S n  - 1)Px ) i s  r e l a t i v e l y  weakly 

m 

So  x E (1 - P)E. On the  o t h e r  hand, x E PE, 

n 

Th i s ,  t o g e t h e r  w i th  t h e  e q u a l i t y  S 

Let  (x,) C (1 - P)E be bounded. 

Hence (x,) = ((1 - S )xn) i s  r e l a t i v e l y  weakly compact by assumption. 

Then Snxn = 0 

n 

- 

- 
n 

Hence i f  F l  i s  s e p a r a b l e ,  H must be  sepa rab le .  Converse ly ,  i f  H i s  

1 

1 is 
Now w e  assume t h a t  H i s  sepa rab le .  Then e v e r y  bounded s u b s e t  o f  F 

me t r i zab le  f o r  t h e  topology induced by u(E ' ,E) .  

x’ be a o ( E ' , E ) - c l u s t e r  po in t  o f  t he  sequence ( ( S  

from (UM ) t h a t  S'x '  = 0 f o r  a l l  m E N .  

r e l a t i v e l y  o(E' ,E)-compact,  t h e  set  o f  a l l  i t s  u (E ' ,E ) -c lus t e r  po in t s  i s  a 

bounded s u b s e t  o f  Fl and hence me t r i zab le  f o r  t h e  topology induced by u (E ' ,E ) .  

L e t  (x:) C E '  be bounded and l e t  

- 1 ) ' ~ ; ) .  I t  fo l lows  e a s i l y  

Hence x '  E F l .  S ince  ( ( S  - 1 ) ' ~ ' )  i s  
2 m 
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W e  conclude from Lemma 3 t h a t  the o(E' ,E)-closure of  ((S 

me t r i zab le  space.  

subsequence. Since E is  a Grothendieck space ,  t h i s  subsequence converges a l s o  

f o r  u(E',E"). I t  fol lows from E b e r l e i n ' s  theorem t h a t  ( (S  - 1 ) ' ~ ' )  i s  r e l a -  

t i v e l y  weakly compact. Now, s ince  ( S ' )  i s  a (UM)-sequence, i t  fol lows from 
n 

Lemma 4 t h a t  (1 - S ) "  converges s t r o n g l y  t o  a weakly compact p ro jec t ion .  This 

c l e a r l y  i m p l i e s  t h a t  1 - S converges a l s o  s t r o n g l y  to  a weakly compact pro- 

j e c t i o n  Q a s  w e l l .  Theorem 2 shows t h a t  1 - S converges uniformly t o  Q and t h a t  

QE = 

property,  we conclude t h a t  the weakly compact p ro jec t ion  Q i s  o f  f i n i t e  

rank.  Q.E.D. 

- 1) ’ X I )  is  a compact 

Thus every sequence of  t h i s  space has  a u(E' ,E)-convergent 

- 1 
(01 and (1 - Q)E = USnE. F i n a l l y ,  s i n c e  E has  the Dunford-Pet t is  

We do no t  know whether the conclusion of Theorem 4 s t i l l  holds  i f  w e  on ly  

- 
assume t h a t  E/US E i s  r e f l e x i v e .  

4 .  APPLICATIONS 

I n  t h i s  s e c t i o n  we  app ly  the  r e s u l t s  of Sec t ion  3 t o  Schauder decompositions,  

semigroups of o p e r a t o r s ,  and e rgod ic  theory.  

An immediate consequence of Theorem 1 i s :  

Theorem 5 (Dean). L e t  E be a Grothendieck space wi th  the  Dunford-Pet t is  property.  

Then E does no t  have a (weak) Schauder decomposition. 

Proof .  Suppose t h a t  (P ) is  a (weak) Schauder decomposition o f  E and hence a 

(UM)-sequence with the o p e r a t o r s  P converging weakly to the  i d e n t i t y .  Now 

Theorem 1 implies  t h a t  l i m / / P  

s ince  the P a r e  p ro jec t ions .  But t h i s  c o n t r a d i c t s  the requirement f o r  a (weak) 

Schauder decomposition t h a t  the Pn be d i s t i n c t .  

- 
n 

- 111 = 0 .  Thus Pn = 1 f o r  n s u f f i c i e n t l y  l a r g e ,  

Theorem 1 was f i r s t  proved i n  [S] using b a s i c  sequences.  Our proof w a s  

o r i g i n a l l y  given i n  [17], C o r o l l a r i e s  7 and 8. 

Remark 3 .  It fol lows e a s i l y  from Remark 1 t h a t  i f  (P ) is  a Schauder decompo- 

s i t i o n  of a Banach space E wi th  the  Dunford-Pet t is  p rope r ty ,  then (P") i s  not a 

Schauder decomposition o f  E". 
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We t u r n  t o  semigroups  o f  o p e r a t o r s .  

A f a m i l y  { T ( t ) :  0 5 t )  ( r e s p .  { T ( t )  : 0 C t]) o f  bounded l i n e a r  o p e r a t o r s  on 

a Banach s p a c e  E i s  c a l l e d  a C0-semigroup ( r e s p .  s t r o n g l y  c o n t i n u o u s  semigroup)  

i f  t h e  f o l l o w i n g  t w o  c o n d i t i o n s  h o l d :  

( i )  T ( t  + s) = T ( t ) T ( s )  f o r  0 5 t , s  ( r e s p .  0 C t , s )  

(ii) t I-+ T ( t )  is a c o n t i n u o u s  map from [O ,m)  ( r e s p .  ( 0 , ~ ) )  i n t o  L(E) 

w i t h  t h e  s t r o n g  o p e r a t o r  t o p o l o g y .  

W e  note, t h a t  t h e  C - semigroups  a r e  p r e c i s e l y  t h e  s t r o n g l y  c o n t i n u o u s  semigroups  

i n  t h e  s e n s e  o f  [ l o ] ,  V I I L . l . l .  

c o n t i n u o u s  i f  t T ( t )  i s  c o n t i n u o u s  f o r  t h e  u n i f o r m  o p e r a t o r  topology.  I f  

[ T ( t ) :  0 < t ]  is  a s t r o n g l y  c o n t i n u o u s  semigroup such  t h a t  x = l i m  T ( t )  f o r  
t - o +  

e v e r y  x E E ,  t h e n  o b v i o u s l y ,  ( T ( t )  : 0 5 t )  wi th  T(0 )  = 1 i s  a C - semigroup;  i n  
0 

t h i s  c a s e ,  we s i m p l y  s a y  t h a t  (T( t )  : 0 < t j  i s  a C -semigroup.  

0 

A C -semigroup {T( t )  : 0 5 t )  i s  c a l l e d  u n i f o r m l y  
0 

0 

In [ZS], Kishimoto  and  Robinson r a i s e  t h e  q u e s t i o n  a s  t o  whether  e v e r y  C - 

semigroup o f  o p e r a t o r s  o n  L i s  u n i f o r m l y  c o n t i n u o u s .  T h i s  i s  answered a f f i r m -  

a t i v e l y  i n  [17], Theorem 3 ,  where w e  g i v e  two p r o o f s  i n  t h e  s e t t i n g  o f  a 

G r o t h e n d i e c k  s p a c e  w i t h  t h e  D u n f o r d - P e t t i s  p r o p e r t y  (moreover ,  as p o i n t e d  o u t  i n  

Remark 7 o f  [17 ] ,  t h i s  a l so  h o l d s  f o r  semigroups  o f  c l a s s  (A) i n  the s e n s e  o f  

[131). 

Theorem 6 .  E v e r y  C - semigroup o f  o p e r a t o r s  on a G r o t h e n d i e c k  s p a c e  w i t h  t h e  

D u n f o r d - P e t t i s  p r o p e r t y  i s  u n i f o r m l y  c o n t i n u o u s .  

Proof. 

p u t  S = T ( t / n ) d t ,  where the i n t e g r a l  is taken i n  the s t r o n g  o p e r a t o r  t o p o l o g y .  

W e  l e a v e  i t  t o  t h e  r e a d e r  t o  v e r i f y  t h a t  (S ) i s  a (UM)-sequence, t h a t  (Sn) t e n d s  

s t r o n g l y  t o  t h e  i d e n t i t y ,  and  t h a t  

0 
m 

0 

L e t  { T ( t ) :  0 5 t )  be a C -semigroup o f  o p e r a t o r s  on E.  F o r  e v e r y  n EN, 0 1 

0 
n 

h o l d s .  

number, s a y  m, \\(S, - 1)Il C 1 and t h u s ,  Sm i s  i n v e r t i b l e .  

/ / T ( t )  - 111 5 II(T(t) - l )Sm\l \ lSi l l l  and (*) t h a t  l i m  

t u r n  e a s i l y  i m p l i e s  that { T ( t )  : 0 <_ t )  is u n i f o r m l y  c o n t i n u o u s .  

N o w ,  Theorem 1 i m p l i e s  t h a t  l i m l ( S n  - 111 = 0 .  Hence f o r  some n a t u r a l  

It follows from 

/ / T ( t )  - 111 = 0 .  T h i s  i n  
t + o +  

Q.E.D. 
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A s  w e  have mentioned i n  t h e  I n t r o d u c t i o n ,  Kish imoto  and Robinson show i n  

m 
[ 14 ]  t h a t  e v e r y  Co-semigroup on  L 

o p e r a t o r s  a r e  p o s i t i v e .  Another  s p e c i a l  c a s e  o f  Theorem 6 i s  due t o  R u b e l .  H i s  

r e s u l t ,  which c a n  be found i n  [S], shows t h a t  e v e r y  s t r o n g l y  c o n t i n u o u s  one-  

parameter  group o f  i s o m e t r i e s  { T ( t ) :  t En} on Hm(D) i s  o f  t h e  form 

(eaitl: t En] f o r  some u ElR and h e n c e ,  t r i v i a l l y ,  a u n i f o r m l y  c o n t i n u o u s  group.  

Remark 4 .  

s p a c e  E w i t h  t h e  D u n f o r d - P e t t i s  p r o p e r t y .  

o f  o p e r a t o r s  on E " ,  t h e n  {T( t )  : 0 5 t ]  i s  a u n i f o r m l y  c o n t i n u o u s  Co-semigroup 

( c f .  [17], Theorem 4 ) .  

Theorem 7. 

a G r o t h e n d i e c k  s p a c e  E w i t h  t h e  D u n f o r d - P e t t i s  p r o p e r t y  and  suppose  t h a t  for some 

a > 0 t h e  f a m i l y  {T( t )  : 0 < t < a 3  is  u n i f o r m l y  bounded,  

s e p a r a b l e ,  t h e n  t h e r e  a r e  bounded l i n e a r  o p e r a t o r s  P and  A on  E w i t h  1 - P a 

p r o j e c t i o n  o f  f i n i t e  r a n k  and PA = AP s u c h  t h a t  T ( t )  = PeAt f o r  t 7 0 .  

P r o o f ,  L e t  H be t h e  c l o s u r e  o f  t h e  l i n e a r  subspace  U T ( t ) E .  By a s s u m p t i o n ,  

{T( t )  1 i s  u n i f o r m l y  bounded on some non-empty i n t e r v a l  ( 0 , a )  a n d  so on e v e r y  

i n t e r v a l  ( 0 , b ) .  

Co-semigroup o f  o p e r a t o r s  o n  H a n d  t h a t  S 

o p e r a t o r  topology.  I t  is e a s i l y  checked  t h a t  (S ) i s  a (UM)-sequence of o p e r -  

ators on  E.  L e t  F and G be  as in  Lemma 1. O b v i o u s l y ,  G C H. O n  t h e  o t h e r  hand ,  

i s  u n i f o r m l y  c o n t i n u o u s  p r o v i d e d  t h a t  a l l  

L e t  ( T ( t )  : 0 5 t )  be a f a m i l y  o f  bounded l i n e a r  o p e r a t o r s  on a Banach 

I f  { T ( t ) " :  0 5 t )  i s  a C - semigroup 
0 

L e t  { T ( t ) :  0 C t ]  be a s t r o n g l y  c o n t i n u o u s  semigroup o f  o p e r a t o r s  on 

I f  E/ U T ( t ) E  i s  
O < t  

O < t  

T h i s  i m p l i e s  t h a t  t h e  r e s t r i c t i o n s  o f  {T( t )  : 0 < t') to H form a 
1 

0 
= 1 T ( t / n ) d t  exists i n  t h e  s t r o n g  

i f  x E H ,  t h e n  x = l i m  T( t )x ,  and so ,  x = l i m  S x .  Hence H C G,  and t h e r e f o r e  
t - o+ 

H = G. 

By a s s u m p t i o n ,  E/G is  s e p a r a b l e .  Now Theorem 4 i m p l i e s  that  (S ) converges 

to  a p r o j e c t i o n  P w i t h  1 - P o f  f i n i t e  r a n k ,  PE = G ,  a n d  (1 - P)E = F. Hence G, 

as a complemented s u b s p a c e  o f  E ,  is a G r o t h e n d i e c k  s p a c e  w i t h  t h e  D u n f o r d - P e t t i s  

p r o p e r t y .  

u n i f o r m l y  c o n t i n u o u s  Co-semigroup o f  o p e r a t o r s  o n  G .  

o p e r a t o r  B E X(G) such  t h a t  T ( t )  

o p e r a t o r s  T ( t )  and  S commute. Hence P commutes w i t h  the o p e r a t o r s  T ( t ) ,  which 

n 

Theorem 6 i m p l i e s  tha t  t h e  res t r ic t ions  o f  ( T ( t )  : 0 < t}  t o  H form a 

Hence t h e r e  exists a n  

= eBt f o r  0 < t ( [ lo ] ,  VIII.1.2). The 
IG 

n 
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imp l i e s  t h a t  T ( t ) F  C F f o r  0 < t .  B u t  s i n c e  T( t )F  C T( t )E  C G ,  t he  o p e r a t o r s  

T ( t )  vanish on F .  

some A E L(E) wi th  PA = AP. Q.E .D.  

We come t o  e rgod ic  theory.  

Let  T be a bounded l i n e a r  o p e r a t o r  on a Banach space E. W e  denote the  means 

Since E i s  the  d i r e c t  sum of  F and G ,  T ( t )  = PeAt, 0 < t ,  f o r  

n- 1 
(izo Ti)/n by Tn. The s t r o n g  e rgod ic  theorem ([ lo] ,  VIII.5.1) a s s e r t s  t h a t  i f  

Tn/n tends s t r o n g l y  t o  ze ro  and (T x) i s  r e l a t i v e l y  weakly compact f o r  eve ry  

x E E ,  t hen  the  means T converge s t r o n g l y  t o  a p r o j e c t i o n  P wi th  

PE = {x: Tx = x) and (1 - P ) E  = (1 - T)E. 

Grothendieck space E w i th  the Dunford-Pet t is  property the means T converge i n  

the  norm topology i f  t he  assumption t h a t  Tn/n tends s t r o n g l y  t o  zero is r ep laced  

by liml!Tn!l/n = 0 .  

Theorem 8 (Uniform Ergodic  Theorem). L e t  T be a bounded l i n e a r  o p e r a t o r  on a 

Grothendieck space E with the Dunford-Pet t is  property.  

t o  zero and t h a t  the means T a r e  uniformly bounded. I f  f o r  every x E E the  

sequence (T x) has  a weak c l u s t e r  p o i n t ,  then the  means T converge i n  the  

uniform o p e r a t o r  topology. 

Proof.  L e t  S = 1 - T . W e  show t h a t  (Sn) i s  a (UM)-sequence. C l e a r l y ,  i f  the 

means T 

1 - T = g (T) (1 - T) f o r  some polynomial g 

l imnjj(l  - Tm)Tn/( = limnjjgm(T) (1 - T)Tn/\ = limn((gm(T) (1 - Tn) /!/n = 0. 

t h a t  (S ) s a t i s f i e s  (UM1) and (UM2).  

n 

The nex t  theorem shows t h a t  on a 

n 

Theorems 8 and 9 were proved d i f f e r e n t l y  i n  [17]. 

Suppose t h a t  llTnll/n tends 

n n 

a r e  uniformly bounded, (UMo) holds .  It i s  e a s i l y  checked t h a t  
n 

Hence i f  /ITnl//n tends t o  ze ro ,  
m m  m' 

This  shows 

n 

I f  f o r  eve ry  x E E the  sequence (T x) has a weak c l u s t e r  po in t ,  t hen  (Snx) 
n 

has  a weak c l u s t e r  po in t .  Now Theorem 2 i m p l i e s  t h a t  (S ) converges i n  the 

uniform o p e r a t o r  topology. Hence the  means T = 1 - S converge i n  the uniform 

o p e r a t o r  topology. Q.E.D. 

Remark 5.  L e t  T be a bounded l i n e a r  o p e r a t o r  on  a Banach space E wi th  the 

Dunford-Pet t is  property and suppose t h a t  / /Tn( ( /n  tends to zero.  

o f  T" converge s t r o n g l y ,  and the  norm c l o s u r e  of  (1 - T") i s  a(E",E ' ) -c losed,  

then the means T of  T converge i n  the uniform o p e r a t o r  topology. This  fol lows 

n 

I f  t h e  means T" 
n 
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from Remark 2. The cond i t ion  on the norm c l o s u r e  of (1 - TI') cannot be  dropped: 

L e t  E = l, and l e t  T be the  o p e r a t o r  (a ) I- ((1 - i 
i 

s t r o n g l y ,  but  (T ) does n o t  converge i n  the uniform o p e r a t o r  topology. 

Theorem 9. L e t  T be a bounded l i n e a r  o p e r a t o r  on a Grothendieck space E with the  

Dunford-Pet t is  property.  

(T,) a r e  uniformly bounded. 

i t  is f i n i t e  dimensional,  then the means T of T converge i n  the  uniform ope ra to r  

topology to a p ro jec t ion  of  f i n i t e  rank. 

Proof.  

assumptions on T imply t h a t  (Sn) i s  a (UM)-sequence. 

is the  k e r n e l  of S:. I f  t h i s  k e r n e l  i s  sepa rab le ,  then nS:-l{O) i s  sepa rab le .  

N o w  Theorem 4 implies  t h a t  t he  o p e r a t o r s  T = 1 - S converge i n  the uniform 

o p e r a t o r  topology t o  a p r o j e c t i o n  of  f i n i t e  rank. Q.E.D. 

1 -1 
)ai). Then (TI') converges 

n 

Suppose t h a t  I(Tnll/n tends t o  zero and t h a t  t he  means 

I f  { x ' :  T ' x '  = x’) is  sepa rab le ,  i n  p a r t i c u l a r ,  i f  

L e t  Sn = 1 - Tn. A s  w e  have seen  i n  the  proof o f  Theorem 8, the - 
Obviously,  Ex': T ' x '  = x’} 

n 

S p e c i a l  ca ses  of  Theorem 9 can be found i n  [IS] and [16]. F i n a l l y ,  w e  note  

t h a t  Theorem 9 a s  w e l l  a s  the Scholium i n  [17]  can be deduced from Theorems 2 

and 4 above. 
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1. I n t r o d u c t i o n .  

As i s  w e l l  known, most c l a s s i c a l  Banach spaces a r e  Banach l a t t i c e s .  Compared t o  t h e  

enormous g e n e r a l i t y  o f  (even separab le )  Banach spaces, t h e  o r d e r  s t r u c t u r e  

c o n s t i t u t e s  a cons ide rab le  enr ichment i n  bo th  geometr ic (see  [ 7 1 )  and opera to r  

t h e o r e t i c  (see [121) terms. (Fo r  t h e  elementary r e s u l t s  o f  Banach l a t t i c e  t h e o r y  

needed i n  t h e  sequel ,  t h e  reader  i s  r e f e r r e d  t o  e i t h e r  o f  those monographs.) If 

E,F denote ( r e a l )  Banach l a t t i c e s ,  a (bounded, l i n e a r )  ope ra to r  T : E -, F i s  

c a l l e d  p o s i t i v e  (T > 0)  i f  Tx > 0 f o r  a l l  x > 0 i n  E;  T i s  c a l l e d  order 

bounded ( o r  reguZar) i f  T 

o rde r  bounded opera to rs  E -, F i s  a Banach space Lr(E,F) under t h e  " r e g u l a r "  

norm 

i s  t h e  d i f f e r e n c e  o f  p o s i t i v e  ope ra to rs .  The space o f  

I l T l l  : = i n f  II TI + T211, r 

t h e  inf imum be ing  taken ove r  a l l  decomposi t ions T = TI - T2 where TI 0, T2 > 0. 

I f  F i s  o rde r  complete (Dedekind comple te) ,  t hen  f o r  each o r d e r  bounded T 

t h e  modulus IT1 = sup (T, -T) e x i s t s ,  Lr(E,F) i s  a Banach l a t t i c e ,  and IITII, 

i s  s imp ly  t h e  o p e r a t o r  norm o f  I T ( .  

However, mean ing fu l  r e l a t i o n s  between o r d e r  p r o p e r t i e s  and t o p o l o g i c a l  p r o p e r t i e s  

o f  ope ra to rs  T E Lr(E,F) o f t e n  a r e  n o t  easy t o  f i n d .  Fo r  example, t h e r e  e x i s t  

compact ope ra to rs  i n  

modulus IT1 (see [ 

(such as compactness 

T? We w i l l  r e t u r n  t o  

Combining e x p e r t i s e  

9' which a r e  n o t  o rde r  bounded, o r  which have a non-compact 

2, p. 2311). O r ,  i f  T > 0 has a c e r t a i n  t o p o l o g i c a l  p r o p e r t y  

and we have 0 < S < T, what p r o p e r t i e s  does S i n h e r i t  f rom 

t h i s  ques t i on ,  r e c e n t l y  s e t t l e d  by  [I], below i n  some d e t a i l .  

n Gro thend ieck ' s  t h e o r y  o f  t enso r  p roduc ts  [51 and f a m i l i a r i t y  

w i t h  o r d e r  bounded opera tors ,  Sch lo t te rbeck  [ I 3 1  was probab ly  t h e  f i r s t  t o  

recogn ize  t h a t  t h e  p o i n t  o f  c l o s e s t  c o n t a c t  between c l a s s i c a l  and o r d e r  t h e o r e t i c  

ope ra to r  t heo ry  i s  t h e  space o f  bounded l i n e a r  ope ra to rs  

r e a l  f u n c t i o n s  and Radon measures on t h e  compact Hausdor f f  spaces 

r e s p e c t i v e l y ) .  Cons ider ing ,  more g e n e r a l l y ,  ope ra to rs  T : E -t F '  (E,F Banach 

C(X) -, M ( Z )  (con t inuous  

X,Z, 
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spaces), Grothendieck [51 d e f i n e d  T t o  be integraZ i f  t h e  b i l i n e a r  fo rm 

( f , g )  + < Tf,g > induces a cont inuous  l i n e a r  fo rm on t h e  € - tenso r  p roduc t  

E BE F .  (Fo r  a b r i e f  i n t r o d u c t i o n  t o  i n t e g r a l  maps, see 112, I V ,  51) .  The p ro to type  

o f  an i n t e g r a l  map i s  t h e  canon ica l  i n j e c t i o n  

i n t e g r a l  maps E + F '  a r e  indeed c h a r a c t e r i z e d  by a d m i t t i n g  a f a c t o r i n g  

E + L m ( u ) d  L 1 ( p )  --f F '  

These maps form a Banach space L'(E,F')  

E B F. Now i f  E = C(X), F = C(Z) (X,Z 

subspaces ( o f  L(C(X), M ( Z ) ) )  o f  i n t e g r a l  and o rde r  bounded opera to rs  a re  

i d e n t i c a l ,  i n c l u s i v e  o f  t h e i r  r e s p e c t i v e  norms 112, I V .  5.61: 

1 
Lm(u) + L ( p )  (p  f i n i t e ) ,  and 

f o r  a s u i t a b l e  Radon measure p on some compact space. 
(> 0)  

under t h e  norm dual  t o  t h e  E-norm on 
compact), t h e  impor tan t  f a c t  i s  t h a t  t h e  

Theorem A. A l inear map 

I I T  I$ = IITII,. 

T : C(X) + M(Z) i s  integral  iff it is order bounded, and 

2. The Operator Space Lr(C(X), M(Z)) .  

There i s  another  way t o  l o o k  a t  o r d e r  bounded opera to rs  

a l i n e a r  ope ra to r  T : C(X) + M(Z) 

( f , g )  + < Tf,g > on C(X) x C(Z) induces a cont inuous  l i n e a r  fo rm 'pT on 
C(X) BE C(Z). But t h e  comple t ion  

C ( X  x Z )  and hence, i f  T i s  o r d e r  bounded, t h e  cont inuous  ex tens ion  &, d e f i n e s  

a Radon measure mT on X x Z. Conversely,  eve ry  Radon measure m on X x Z 

de f ines ,  by v i r t u e  o f  cp(f,g) := f ( f  B g)dm, a cont inuous  b i l i n e a r  f o r m  cp on 

C(X) x C(Z) such t h a t  cp(f,g) = < Tf,g t f o r  a u n i q u e l y  d e f i n e d  opera to r  

T : C(X) --f C(Z)’ = M(Z), which i s  c l e a r l y  o r d e r  bounded. Moreover, T > 0 

mT > 0 and i t  i s  easy t o  see t h a t  t h e  usual  norm 

t h e  r e g u l a r  norm 

C(X) + M(Z). By Thm. A 

i s  o r d e r  bounded i f f  t h e  b i l i n e a r  fo rm 

C(X) zE C(Z) i s  i s o m e t r i c a l l y  i somorph ic  w i t h  

i f f  

IImTI1 ( t o t a l  v a r i a t i o n )  equals 

I t  T 11,. 

We summarize: 

Theorem B .  The mapping T + mT, given by the  iden t i t y  of bi l inear  forms 

< Tf,g r = I ( f  B g)dmT 
x x z  

on 

4 M(X x Z) (Radon measures on X x Z ) .  In part icular ,  the principaZ band 

B(T) of L ~ ( c ( x ) ,  M ( z ) )  generated by T is isometrical ly  isomorphic t o  the 

principal band of M(X x Z) generated by mT, tha t  is, to L (mT, X x Z ) .  

C(X) X C ( Z ) ,  i s  an isometric isomorphism of Banach l a t t i c e s  Lr(C(X),M(Z)) 

1 
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1 The l a s t  a s s e r t i o n :  B(mT) = L (mT, X x Z) 
Nikodym theorem a p p l i e d  t o  t h e  measure mT on X x Z. 

i s ,  of course, t h e  c l a s s i c a l  Radon- 

3.  Approx imat ion  o f  Operators.  

I n  h i s  r e c e n t  d i s s e r t a t i o n  [61,  W .  Haid makes s k i l f u l  use o f  Thm. B f o r  t h e  

approx imat ion  of orde r  bounded opera to rs  T : E + F ’  
and, i n  f a c t ,  o f  ope ra to rs  between genera l  Banach l a t t i c e s .  He thus  o b t a i n s  new 

p r o o f s  and ex tens ions  o f  r e s u l t s  p r e v i o u s l y  ob ta ined  by severa l  au thors  ( f o r  

d e t a i l s ,  see be low) .  The p resen t  paper i s  i n tended  t o  s e t  t h e  power and elegance 

o f  h i s  approach i n  evidence; f o r  d e t a i l s  and t e c h n i c a l i t i e s ,  we must r e f e r  t o  

[6 ]  and a fo r thcoming  paper by W .  Haid.  H a i d ' s  method o f  approx imat ion  can be 

o u t l i n e d  as f o l l o w s .  L e t  T E Lr(C(X), M ( 2 ) )  where, as above, X and Z a r e  

compact spaces, and l e t  S E B(T) ( t h e  band generated by T) .  Then mS 

( c f .  Thm. B) i s  a b s o l u t e l y  cont inuous  w i t h  respec t  t o  lmTl = mlTI; t h e r e f o r e  
1 mS = h. mT f o r  a s u i t a b l e  h E L (m  ) (Radon-Nikodym). Now C(X x 2 )  and, 

consequent ly,  C ( X )  B C(Z) i s  dense i n  L ( m l T I ) ;  so h can be approximated, 

i n  the  L -norm, by cont inuous  f u n c t i o n s  on X x Z which a r e  o f  t he  fo rm 
n 
z 

i = l  

where E = C(X), F = C(Z) 

IT1 

1 

p .  o q .  ( p .  E c ( x ) ,  qi E c ( z ) )  (Separation of VariabZes).  
1 1 1  

n 

i = l  
The o p e r a t o r  R cor respond ing ,  by Thm. B, t o  t h e  measure ( E pi 0 qi). mT 

i s  g iven  by t h e  b i l i n e a r  fo rm 

Gi we have denoted t h e  opera to rs  

(orthomorphisms) on C(X) and M(Z), r e s p e c t i v e l y ,  d e f i n e d  by m u l t i p l i c a t i o n  w i t h  

t h e  cont inuous  f u n c t i o n s  pi and qi. 

From t h e  preced ing  i d e n t i t y  we conclude: 

Theorem C .  L e t  T E Lr(C(X), M(Z ) ) .  Then t h e  s e t  o f  a22 operators 

n 
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where 

arbitrary functions 

principal band B(T)  o f  L ~ ( c ( x ) ,  M ( z ) ) .  

n E N and qi, pi are the  orthomorphisrns o f  M(Z), C(X) defined by 

pi E C(X), qi E C(Z) ( i  = I ,  ..., n ) ,  is dense i n  the 

r 
C o r o l l a r y .  Let H be a c2osed l inear  subspace of L (C(X), M(Z))  such that  

T E H imp2ies GTp E H f o r  a22 p E C(X),  q E C(Z).  Then H is a band. 

The f o l l o w i n g  a r e  i n s t r u c t i v e  examples. 

1. The nuc lea r  ope ra to rs  C(X) + M(Z) fo rm a band i n  Lr(C(X),  M f Z ) )  ( c f .  [12,  

I V .  5.6 and IV. 9 .11 ) .  

2. The o r d e r  bounded compact ope ra to rs  

The second o f  these r e s u l t s  was proved by  Dodds and F r e m l i n  [31 i n  1978; i n  1975 

F reml in  [ 4 ]  had shown t h a t  a p o s i t i v e  compact o p e r a t o r  C(X) M ( Z )  i s  n o t  

n e c e s s a r i l y  nuc lea r .  I f  X and Z a r e  S ton ian  spaces, t h e  opera to rs  i n  (*) 

can obv ious l y  be chosen t o  have t h e  fo rm xi ai ii T pi 
c h a r a c t e r i s t i c  f u n c t i o n s  of  open-and-closed subsets.  I n  a fo r thcoming  paper and 

i n  a more a l g e b r a i c  s e t t i n g ,  6. de Pagter  [ I l l  uses such components 

T (T 0) as w e l l  as more genera l  ones f o r  v a r i e d  purposes o f  approx imat ion  

(see a l s o  [21 ) .  

C(X) + M(Z) fo rm a band i n  Lr(C(X),M(Z)). 

w i t h  pi, qi 

4 T 6 o f  

4. Riesz  Homomorphisms. 

L e t  T : C(X) + M(Z) be  o r d e r  bounded; i t  i s  easy t o  see t h a t  t h e  range o f  eve ry  

S E I ( T )  ( t h e  i d e a l  genera ted  by  T) and, i n  f a c t ,  of every  S E B(T)  is  
conta ined i n  t h e  p r i n c i p a l  band of M(Z) generated by  p : =  l T l e X  (ex  t h e  u n i t  o f  

C(X)), t h a t  i s ,  i n  L (p,Z). It w i l l  be seen t h a t  

c h a r a c t e r i z e  if T o r  i t s  a d j o i n t  i s  a R iesz  homomorphism. Wi thout  r e s t r i c t i o n  o f  

g e n e r a l i t y  we can assume t h a t  L ( p )  is represented  o v e r  t h e  Stone space o f  t h e  

measure a lgebra  o f  u ,  so t h a t  Z i s  compact Stonian, a normal measure on Z 

and Lm(p) can be i d e n t i f i e d  w i t h  C(Z). 

1 I ( T )  i s  e s p e c i a l l y  easy t o  

1 

1 Suppose now T : C ( X )  + L (p,Z) i s  a R iesz  homomorphism ( i .e .  l T f l  = T l f l  f o r  a l l  

f E C(X)) 

Tf = f o ~1 

we o b t a i n  

and, t o  s i m p l i f y ,  t h a t  TeX = eZ. I t  i s  w e l l  known [12, 111. 9.11 

f o r  some cont inuous  $ : Z + X. Then f o r  a r b i t r a r y  

t h a t  

f E C(X),  g E C(Z) 
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where r := 0 0 $ - I  i s  a Radon measure on X x Z suppor ted  by t h e  graph G o f  

$. From Thm. B we c o n c l u d e t h a t  mT = r i s  suppor ted  by G Conversely,  i f  

T : C(X) + M ( Z )  i s  p o s i t i v e ,  TeX = eZ, and mT i s  supported by G f o r  some 

cont inuous  $ : Z -f X, then  T i s  a R iesz  homomorphism (namely, T f  = f $ ) .  It i s  

a mere t e c h n i c a l i t y  t o  remove t h e  assumptions 

opera to rs  S i n  t h e  i d e a l  I ( T )  generated by a Riesz homomorphism T a r e  

c h a r a c t e r i z e d  by t h e  f a c t  t h a t  

graph o f  a cont inuous  map Z + X .  (These opera to rs  S have I S 1  a R iesz  

homomorphism.) 

JI 

$ *  

TeX = eZ and T z 0; hence, t h e  

ms (see  Thm. 6) has i t s  suppor t  con ta ined  i n  t h e  

A p o s i t i v e  o p e r a t o r  T between Banach l a t t i c e s  E,F i s  c a l l e d  in terval  preserving 

( o r  t o  have t h e  Maharam property [81) i f  f o r  a l l  0 < x E E, T[O,xl = [O,TxI. T h i s  

p r o p e r t y  i s  dual  t o  t h e  p r o p e r t y  o f  be ing  a R iesz  homomorphism i n  t h e  sense t h a t  

T : E + F i s  a R iesz  homomorphism i f f  T '  : F '  + E l  i s  i n t e r v a l  p reserv ing .  Using 

t h i s  d u a l i t y ,  Ha id  [ 6 ]  shows t h a t  an o r d e r  cont inuous  opera to r  T : C(X) --i L (p,Z) 

i s  i n t e r v a l  p r e s e r v i n g  i f f  t h e r e  e x i s t s  a cont inuous  map cp : X + Z such t h a t  

mT 

1 

has i t s  suppor t  con ta ined  i n  G c p c  X x Z. T h i s  l eads  t o  t h e  f o l l o w i n g  r e s u l t :  

Theorem D. 

( i )  If T : C(X) + L (u,Z)  i s  a Riesz homomorphism, then the ideal  I ( T )  consis ts  1 

o f  a l l  operators {T, { ranging over the se t  of a l l  orthomorphisms of L"(y,Z). 
1 ( i i )  If C(X) is order complete, T : C ( X )  + L (p,Z)  is order continuous and 

in terval  preserving, then the  ideal  I ( T )  cons is t s  of a l l  operators T i ,  

ranging over the s e t  of  a l l  orthornorphisms o f  C(X).  

As an i n d i c a t i o n  o f  p r o o f  f o r  

we r e c a l l  t h a t  Lm(v,Z) i s  i d e n t i f i e d  w i t h  C(Z).  Then mS has i t s  suppor t  i n  

G$ by t h e  above; l e t t i n g  p : GJI + Z be d e f i n e d  by  ($ (z ) , z )  + z, 0 := mS 0 p 

i s  a Radon measure on Z f o r  which 

( i ) ,  l e t  T f  = f 0 $ ( f  E C(X) )  and l e t  0 < S < T; 

-1 

L e t t i n g  q : =  Sex we o b t a i n  < SeX,g > = i g dw = 1 g q dv f o r  a l l  g E C ( Z ) .  

Thus w = q . p und S f  = q ( f  o $1 f o r  a l l  f E C(X), whence S = T. A s s e r t i o n  

( i i )  f o l l o w s  s i m i l a r l y ,  us ing  t h e  d u a l i t y  o f  t h e  R iesz  and Maharam p r o p e r t i e s  

ment ioned above. 

Theorem D i s  a s p e c i a l  ( b u t  t y p i c a l )  case o f  a much more genera l  r e l a t i o n s h i p  

(Thm. 0 '  be low) .  
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5. Operators between Banach L a t t i c e s .  

We w i l l  now cons ide r  t h e  ex tens ion  and a p p l i c a t i o n  o f  t h e  above ideas  t o  ope ra to rs  

between Banach l a t t i c e s .  Our d i scuss ion  w i l l  be s i m p l i f i e d  by t h e  f o l l o w i n g  

hypotheses on t h e  Banach l a t t i c e s  

be removed. 

E,F; t h i s  assumption can o f t e n  ( i f  n o t  a lways) 

( H I  E i s  a Banach l a t t i c e  possessing a dense p r i n c i p a l  i d e a l  Ex ( L I Z ,  11. 61) ;  

F i s  an o rde r  complete Banach l a t t i c e  on which t h e r e  e x i s t s  a s t r i c t l y  p o s i t i v e ,  

o rde r  cont inuous  l i n e a r  form y ' .  

We r e c a l l  t h a t  t h e  i d e a l  Ex generated by an element x E E +  i s  i d e n t i c a l  t o  

u nB, where B = I z  E E: -x 4 z < XI i s  a bounded, a b s o l u t e l y  convex and 
n = l  
complete subset o f  E; hence Ex i s  a Banach l a t t i c e  ( w i t h  u n i t  b a l l  B and 

o rde r  u n i t  x ) .  Dua l l y ,  y + < l y l  .y' z de f ines  a l a t t i c e  norm on F which i s  

a d d i t i v e  on F,; t h e  comple t ion  (F ,y ' )  o f  F i s  a Banach l a t t i c e .  By t h e  

w e l l  known theorems o f  Kakutani  and K r e i n  (cf .112, 11. 7,831, we have 

and (F ,y ' )  = L1(p,Z) ( i s o m e t r i c  isomorphisms o f  Banach l a t t i c e s )  f o r  s u i t a b l e  

compact spaces X,Z. Moreover, t h e  canon ica l  i n j e c t i o n s  i : C(X) E x  + E and 

j : F + (F ,y ' )  E L ( p , Z )  

03 

Ex C(X) 

1 each d e f i n e  a Riesz isomorphism w i t h  range a dense i d e a l .  

I n  these circumstances, i t  i s  easy t o  v e r i f y  t h a t  b i compos i t i on  T + j o T 0 i 

i s  a Riesz isomorphism @ o f  Lr(E,F) on to  an i d e a l  o f  I r (C(X),  L 1 ( p ) )  which 

i s  dense i n  t h e  s t r o n g  opera to r  topo logy .  It i s  now a s tandard  procedure t o  

t r a n s l a t e  Thm. D i n t o  t h e  f o l l o w i n g  r e s u l t .  

THEOREM D ' .  Let E,F be Banach l a t t i c e s  sa t i s fy ing  (H). 

( i  ) If T : E + F i s  a Riesz homomorphism, then I (T)  i s  the se t  o f  a l l  operators 

9 T, where 9 ranges over the orthomorphisms of F. 

( i i )  I f  E i s  order complete, T : E + F order continuous and in terval  preserving, 

then I ( T )  i s  the se t  o f  a l l  operators T 6 , where ranges over the 

orthomorphisms of E. 

F o r  Banach l a t t i c e s  s a t i s f y i n g  

opera to rs  proved by Luxemburg and Schep 181 i n  a more a l g e b r a i c  s e t t i n g .  

(H), t h i s  i s  t h e  Radon-Nikodym type  theorem f o r  

S i m i l a r l y ,  t h e  approx imat ion  theorem (Thm. C above) can be adapted ( v i a  t h e  map 0 )  

t o  t h e  present  s i t u a t i o n ,  as f o l l o w s .  
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THEOREM C ' .  Let  E,F be Banach l a t t i c e s  s a t i s f y i n g  (H ) .  I f  T : E + F i s  order 

bounded, then t h e  s e t  o f  operators 

where n E N and pi .ii range over O r t h  ( E )  and O r t h  (F ) ,  r e s p e c t i v e l y ,  i s  

super order dense i n  t h e  idea l  I ( T )  of Lr(E,F) ( i . e . ,  every S E I(T) i s  the  

order Z i m i t  o f  a sequence of operators  o f  t h i s  t y p e ) .  

Comparing t h i s  t o  Thm. C above, t h e  reader  w i l l  n o t i c e  t h a t  t o p o l o g i c a l  

approx imat ion  by opera to rs  ( * )  i s  rep laced  by approx imat ion  i n  o rder ;  t h i s  i s  

o f  course, due t o  t h e  f a c t  t h a t  t h e  mapping (see above) i s  con t inuous  b u t  

no t ,  i n  genera l ,  a homeomorphism. I n  f a c t ,  i f  T : E + F i s  compact and 

0 4 S 4 T then  ( i n  c o n t r a s t  w i t h  t h e  s i t u a t i o n  i n  L ( C ( X ) ,  M(Z ) ) ;  see Sect.  3, 
Example 2 )  i n  genera l  S i s  no l o n g e r  compact [ I ]. There fore ,  i n  o r d e r  t o  o b t a i n  

t o p o l o g i c a l  approx imat ion  th rough (*) ,  one has t o  search f o r  c o n d i t i o n s  (on  

and/or  T) under which sequen t ia l  o r d e r  convergence i n  I ( T )  i m p l i e s  convergence 

i n  norm. Here i s  one example. I f  E '  and F have o r d e r  cont inuous  norm and 

T > 0 i s  compact, then by mod i f y ing  an argument o f  Nagel and Sch lo t te rbeck  [ l o ] ,  

Ha id  161 shows t h e  norm o f  Lr(E,F) t o  be o r d e r  cont inuous  on I ( T ) .  I t  f o l l o w s  

immedia te ly  f rom Thm. C '  t h a t  i n  these circumstances, every  ope ra to r  i n  I(T) 
i s  compact - a r e s u l t  f i r s t  proved by Dodds and F r e m l i n  L31 i n  1979. 

E,F 

I f  we c a l l  an opera to r  S : E -+ F s a t i s f y i n g  0 < S 4 T f o r  some compact T, 

compactZy majorized, then  a n a t u r a l  ques t i on  i s :  What p r o p e r t i e s  a r e  en joyed by 
compact ly ma jo r i zed  opera to rs  i n  genera l?  

A f t e r  t h e  p a r t i a l  answer by Dodds and F reml in  L.31 j u s t  mentioned, A l i p r a n t i s  and 

Burkinshaw [I] so lved  t h e  problem o f  compactness o f  S as f o l l o w s :  The compos i t ion  

o f  a t  l e a s t  t h r e e  compact ly ma jo r i zed  opera to rs  i s  always compact, and no fewer  

than t h r e e  w i l l  do i n  genera l .  

On t h e  b a s i s  o f  Thm. C ' ,  Ha id  [61 o b t a i n s  seve ra l  g e n e r a l i z a t i o n s  and re f inements  

o f  t h e  theorem o f  A1 i p r a n t i s  and Burkinshaw. ( S i m i l a r  r e s u l t s  have s imu l taneous ly  

been ob ta ined  by B.  de Pagter  [ I l l  w i t h  d i f f e r e n t  methods.) O f  Ha id ' s  r e s u l t s  we 

o n l y  ment ion t h e  f o l l o w i n g .  

Theorem E .  Le t  

and T3 : F + H denote p o s i t i v e  operators such t h a t  T1,T3 are  i3eakZy compact 

G,E,F,H denote Banach l a t t i c e s  and Zet TI : G + E, T2 : E + F ,  



142 H. H. Schaefer 

and T2 is compact. 

If Si 
S3 o S2 o S1 : G + H 

are operators satisfying 

is compact. 

0 < Si < Ti ( i  = 1,2 ,3) ,  then 

The p roo f  o f  t h i s  theorem, which i s  a l s o  independent o f  

t echn ica l .  Thus f o r  t h i s  and s i m i l a r  r e s u l t s ,  e s p e c i a l l y  on so -ca l l ed  Dunford- 

P e t t i s  operators  ( i .  e., ope ra to rs  t rans fo rm ing  weakly convergent i n t o  norm 

convergent sequences), t h e  i n t e r e s t e d  reader  i s  r e f e r r e d  t o  [61. 

(H),  i s  l eng thy  and 
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WHAT CAN POSITIVITY DO FOR STABILITY ? 

R a i n e r  Nagel 

Mathemat i sches  I n s t i t u t  
U n i v e r s i t z t  Tiibingen 

Auf d e r  M o r g e n s t e l l e  1 0  
7 4 0 0  Tiibingen 1 

For s t r o n g l y  c o n t i n u o u s  semigroups  ( T ( t ) & O  
of  p o s i t i v e  l i n e a r  o p e r a t o r s  on Banach l a t t i c e s  
it i s  shown t h a t  t h e  a s y m p t o t i c  b e h a v i o r ,  i .  e .  
l i m  T( t ) , depends  s t r o n g l y  on t h e  l o c a t i o n  of t h e  

spec t rum o ( A )  of t h e  g e n e r a t o r  A . t +m 

- 1. I n t r o d u c e  

I t  i s  one  o f  t h e  b a s i c  r e s u l t s  on l i n e a r  d i f f e r e n t i a l  e q u a t i o n s t h a t  

t h e  l o c a t i o n  of t h e  e i g e n v a l u e s  o f  t h e  m a t r i x  

mines  t h e  a s y m p t o t i c  b e h a v i o r  o f  t h e  s o l u t i o n s  o f  t h e  Cauchy p rob-  

l e m  

A = ( a i j ) n x n  d e t e r -  

More p r e c i s e l y ,  i f  

( * * )  R e A  9 E for a l l  e l e m e n t s  X o f  t h e  spec t rum o ( A )  

and  some E < 0 , 

t h e n  a l l  s o l u t i o n s  x ( t )  : =  etA xo o f  ( * I  a r e  s t a b l e  , i. e .  

t A  
l i m  1 1  e xO 1 1  o for e v e r y  xO c cn , r e sp .  

t +m 

( *** ) 

s i n c e  s t r o n g  and  un i fo rm convergence  c o i n c i d e  on  f i n i t e  d i m e n s i o n a l  

Banach s p a c e s .  

I t  i s  c l e a r l y  of g r e a t  i m p o r t a n c e  t o  look f o r  a n  i n f i n i t e  dimen- 

s i o n a l  v e r s i o n  of t h e  above  r e s u l t .  T h e r e f o r e  w e  r e p l a c e  cCn by a n  

a r b i t r a r y  Banach s p a c e  E and t h e  m a t r i x  ( a . . )  by a l i n e a r  o p e r -  

a t o r  A w i t h  d e n s e  domain D(A) i n  E . Then t h e  ’ a b s t r a c t ’  

Cauchy p rob lem ( * )  i s  w e l l  posed  f o r  e v e r y  i n i t i a l  v a l u e  xo  �D(A) 

11 
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i f  and o n l y  i f  A i s  t h e  g e n e r a t o r  o f  a s t r o n g l y  c o n t i n u o u s  semi-  

g r o u p  ( T ( t ) ) t , O  . I n  t h a t  case t h e  s o l u t i o n s  o f  ( * )  are g i v e n  by 

x ( t )  : =  T ( t ) x O  . We r e f e r  t o  I S 1  , i n  p a r t i c u l a r  t o  theo rem 2 . 3 . 2  

f o r  more d e t a i l s .  

Again w e  may a s k  w h e t h e r  t h e  l o c a t i o n  o f  t h e  s p e c t r u m  o ( A )  d e t e r -  

mines  t h e  ' s t a b i l i t y '  o f  t h e  semigroup  ( T ( t ) ) t r O  , i . e .  o f  t h e  so- 

l u t i o n s  of  ( * )  y b u t  i t  i s  e v i d e n t  t h a t  i n  t h e  i n f i n i t e  d i m e n s i o n a l  

c o n t e x t  t h e r e  are d i f f e r e n t  c o n c e p t s  o f  ' s t a b i l i t y '  n a t u r a l l y  gen-  

e r a l i z i n g  ( * 1 , r e s p .  ( * * )  . * *  * *  

2 .  Uniform S t a b i l i t y  

L e t  = ( T ( t ) ) t > O  b e  a s t r o n g l y  c o n t i n u o u s  semigroup  of  bounded, 

l i n e a r  o p e r a t o r s  w i t h  g e n e r a t o r  ( A y D ( A ) )  on some Banach s p a c e  E 

( s e e  C31 f o r  t h e  b a s i c  d e f i n i t i o n s ) .  Then t h e  l o c a t i o n  o f  t h e  s p e c -  

t rum u(A) o f  A and t h e  a s y m p t o t i c  b e h a v i o r  o f  "r w i t h  r e s p e c t  t o  

t h e  norm t o p o l o g y  o n  g ( E )  

c o n s t a n t s .  

can  be d e s c r i b e d  by t h e  f o l l o w i n g  two 

2 . 1  D e f i n i t i o n :  The s p e c t r a l  bound of  A i s  

s ( A )  : =  s u p  { R e  h : X Q u (A)) . 

The growth  bound o f  i s  

w t  
w : =  wCY) = i n f  I w  O R  : 3  Mw such  t h a t  IIT(t)/lsMw.e , t > O j .  

From g e n e r a l  s emig roup  t h e o r y  i t  f o l l o w s  t h a t  a lways  

s ( A )  5 w t ? ) .  

Moreover one knows t h a t  l i m  1 1  T ( t )  1 1  = 0 , 2 . e .  4- i s  u n i f o r m l y  

s t a b l e  , i f  and  o n l y  i f  w < 0 . T h e r e f o r e  un i fo rm s t a b i l i t y  i s  

c h a r a c t e r i z e d  by t h e  l o c a t i o n  o f  u ( A )  i f  we c a n  answer  p o s i t i v e l y  

t h e  f o l l o w i n g :  

t +- 

2 . 2  Ques t ion :  s(A) = LO(?) ? 

There  a r e  a number o f  examples  showing t h a t  i n  g e n e r a l  w e  may have  

s(A) C w ( s e e  [ 3 1 ,  2 . 1 7  ClOl [171 ) , b u t  t h e  f o l l o w i n g  one  

(due  t o  M .  Wolff) i s  p a r t i c u l a r l y  s i m p l e .  
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2 . 3  Example; Take t h e  t r a n s  l a t i o n  semigroup  

T ( t )  f ( x )  : =  f ( x + t )  

on  E : =  C o ( R + )  n L 1 (.R+,exdx) 

w i t h  norm 1 1  f 1 1  : =  1 1  f + 1 1  f I l l  . Then s(A) -1 , w h i l e  w 0 .  

Remark t h a t  s p e c t r a l  and g rowth  bound c o i n c i d e  f o r  t h e  t r a n s l a t i o n  

semigroup  on e a c h  of  t h e  two s p a c e s  , r e s p .  L’ . I n  f a c t ,  t h e y  

a r e  z e r o  on  C o ( I x + )  and - 1 on L 

The s p e c t r a l  r a d i u s  of t h e  o p e r a t o r s  T ( t )  , t > 0 ,  i s  de t e rmined  

by t h e  g r o w t h  bound by t h e  f o r m u l a  

r ( T ( t ) )  = ewt y ( [ 3 1  , 1 . 2 2 )  

T h e r e f o r e  t h e  s p e c t r a l  mapping theo rem for norm c o n t i n u o u s  o r m e r e l y  

e v e n t u a l l y  norm c o n t i n u o u s  semigroups  ( [ 3 1 ,  2 . 1 9 )  i m p l i e s  s ( A )  = a .  

Excep t  for s e l f  a d j o i n t  s emig roups  on  H i l b e r t  s p a c e s  no  o t h e r  gen- 

e r a l  answer  t o  q u e s t i o n  ( 2 . 2 )  seemed t o  b e  known. But s i n c e  p o s i -  

t i v e  o p e r a t o r s  on o r d e r e d  Banach s p a c e s  a d m i t  a r i c h  s p e c t r a l  t h e o -  

r y  - t o d a y  c a l l e d  P e r r o n - F r o b e n i u s  t h e o r y  - i t  w a s  t e m p t i n g  t o a s k  

t h e  q u e s t i o n  f o r m u l a t e d  i n  t h e  t i t l e  o f  t h i s  t a l k :  For which  semi-  

g r o u p s o f p o s i t i v e  o p e r a t o r s  on which  o r d e r e d  Banach s p a c e s  does  

s(A) w h o l d  ? 

The semigroup  i n  ( 2 . 3 )  i n d i c a t e s  t h a t  w e  s h o u l d  n o t  be  t o o  o p t i m i s -  

t i c .  I n  f a c t ,  i n  t h i s  example  E i s  a Banach l a t t i c e  ( s e e  [ 1 6 1 )  

and  e a c h  T ( t )  i s  a p o s i t i v e  o p e r a t o r .  T h e r e f o r e ,  i n  o r d e r  t o  ob- 

t a i n  ' s ( A )  w '  we need  some a d d i t i o n a l  h y p o t h e s i s  e i t h e r  on  t h e  

s e m i g r o u p  ( T ( t ) )  o r  on  t h e  Banach s p a c e  E . 

I t  was R .  Dernd inge r  C4l who f i r s t  r e a l i z e d  t h a t  i t  i s  a s i m p l e c o n -  

sequence  of  t h e  Krein-Rutman theo rem t h a t  ’s(A) w '  h o l d s  for 

e v e r y  p o s i t i v e  semigroup  on s p a c e s  C(X), X compact .  The s u b s e q u e n t  

i n v e s t i g a t i o n  o f  o t h e r  c l a s s i c a l  Banach l a t t i c e s  b r o u g h t  up a num- 

b e r  o f  i n t e r e s t i n g  r e s u l t s .  

2.4 Theorem ( D e r n d i n g e r  C41,  Gre ine r -Nage l  C91) : Let?-= (T(t))tzO 

be a s t r o n g l y  c o n t i n u o u s  semigroup  o f  p o s i t i v e  o p e r a t o r s  on  

E = L p ( X , u )  for p = 1 , 2 , m  . Then s(A) w . 
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P r o o f :  For a s emig roup  of p o s i t i v e  o p e r a t o r s  t h e  i n t e g r a l  r e p r e s e n -  

t a t i o n  o f  t h e  r e s o l v e n t  R ( A , A )  : =  (X-A)-l h o l d s  n o t  o n l y  f o r  

R e  X > w ( T )  

t h e  f o l l o w i n g  i s  t r u e  : 

(see C31, 2 . 8 )  b u t  a l r e a d y  f o r  R e  h > s ( A ) .  I n  f a c t ,  

F o r  e a c h  h 6 C such  t h a t  Re A > s ( A )  t h e  r e s o l v e n t  

R ( A , A )  o f  t h e  g e n e r a t o r  A i s  g i v e n  as 

R(A, A ) f  = f ebXs  T ( s ) f  d s  , f G E , 
0 

For  a p r o o f  we r e f e r  t o  [ 4 1 ,  3 . 2  o r  r101, 3 . 3  . 

Case p = 1 (G. G r e i n e r ) :  By c o n s i d e r i n g  a ‘ r e s c a l e d ’  semigroup 

(eat  T ( t ) ) t , O  f o r  a p p r o p r i a t e  a 6 lR w e  may assume s ( A )  < 0 . 
Then, f o r  X 2 0 , h R ( X , A )  i s  u n i f o r m l y  bounded a n d ,  as r emarked  

above , 

R ( A , A )  1 e-” T(s) d s  . 
0 

T h e r e f o r e  w e  have  f o r  0 S f g E and 0 < t 

and hence  t h e  Cesa ro  means 

t 

C ( t )  : =  T ( s )  d s  

are u n i f o r m l y  bounded f o r  t > 0 . 

Next choose  c o n s t a n t s  w > 0 , M 2 1 such  t h a t  I I T ( t ) [ ]  S M - e  

f o r  t 2 0 . 
For 0 5 s 5 t and 0 < f E E we o b t a i n  

w t  

l I T ( s ) f l l  
w ( t - s )  1 1  T ( t ) f l j  5 I ]  T ( t - s ) l l  1 1  T ( s ) f ] ]  5 M-e 

o r  N-l . w ( s - t )  I [ T ( t ) f  1 1  s ( I  T ( s ) f l j  . 

1 
I n t e g r a t i o n  f rom 0 t o  t and t h e  a d d i t i v i t y  o f  t he  L -norm on 

p o s i t i v e  f u n c t i o n s  y i e l d  

t 
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f o r  some c o n s t a n t  M1 b 1 and a l l  t L 0 . T h e r e f o r e  

1 1  T ( t ) l l  5 Ml(t+l) , 

i .  e .  t h e  g rowth  o f  1 1  T ( t )  I /  i s  of po lynomia l  o r d e r .  From t h e  d e f i -  

n i t i o n  of t h e  g rowth  bound we c o n c l u d e  w < 0 . 
I f  s ( A )  i s  s t r i c t l y  s m a l l e r  t h a n  o we a p p l y  t h e  above  c o n s i d e r -  

a t i o n s  t o  t h e  r e s c a l e d  semigroup ( e - V t T ( t )  ) t20 for v := $(S(A) + w ) 

and o b t a i n  a c o n t r a d i c t i o n .  T h e r e f o r e  

h o l d s .  

Case p = 2 ( s e e  1 9 1 ) :  The proof i s  a c o m b i n a t i o n  o f  two i m p o r t a n t  

r e s u l t s .  The f i r s t  i s  t h e  f a c t  t h a t  for p o s i t i v e  semigroups  t h e n o r m  

of t h e  r e s o l v e n t  R ( A , A )  c a n  be e s t i m a t e d  by t h e  norm o f  t h e  r e -  

s o l v e n t  i n  R e A  ( s e e  t h e  b e g i n n i n g  of t h i s  p r o o f ) .  The second  i s  

t r u e  for H i l b e r t  s p a c e s  o n l y  and e s s e n t i a l l y  due  t o  G e a r h a r t  C61 : 

The g rowth  bound of a s t r o n g l y  c o n t i n u o u s  semigroup  

( T ( t ) )  o n  a H i l b e r t  s p a c e  H i s  c h a r a c t e r i z e d  by 

w = i n f l a  E R:c~+ i lR  E $(A) and CR(cctiA):I3 € R }  

u n i f o r m l y  bounded} . 
i s  

V a r i o u s  p r o o f s  o f  t h i s  c h a r a c t e r i z a t i o n  c a n  be  found  i n  C61,  C91  o r  

mos t  r e c e n t l y  C151 , b u t  w e  p o i n t  o u t  t h a t  it does  n o t  hold i n  ex -  

ample  ( 2 . 3 ) .  

Case p = - : I n  f a c t ,  t h i s  i s  a s p e c i a l  c a s e  o f  t h e  above  men t ioned  

r e s u l t  for p o s i t i v e  semigroups  on  s p a c e s  C t X l  ( see  C 4 1 ) ,  b u t  more 

g e n e r a l l y  it f o l l o w s  from a b e a u t i f u l  r e s u l t  o f  H .  P .  Lo tz  on t h e  

a u t o m a t i c  norm c o n t i n u i t y  o f  s t r o n g l y  c o n t i n u o u s  semigroups  on 

L - s p a c e s  (see C121  or L o t z ' s  a r t i c l e  i n  t h i s  vo lume) .  

_ _ _ ~  

m 

Remark: F u r t h e r  r e s u l t s  on t h e  c o i n c i d e n c e  o f  w and s(A) for 

p o s i t i v e  semigroups  o n  

b r a s  h a v e  been  proved  by Ba t ty -Dav ies  1 2 1  and Groh-Neubrander [91 

Co(X) , X l o c a l l y  compact ,  and on C*-alge - 
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3 .  S t r o n g  S t a b i l i t y  

A s  w e  have  s e e n ,  t h e  c o n d i t i o n  s ( A )  < 0 i n  g e n e r a l  d o e s  n o t i m p l y  

u n i f o r m  s t a b i l i t y  o f  t h e  semigroup ,  b u t  t h e r e  i s  s t i l l  some h o p e t o  

o b t a i n  a weaker  s t a b i l i t y  p r o p e r t y ,  e .  g .  one  c o r r e s p o n d i n g  t o  (*,*). 

Moreover ,  w e  p o i n t  o u t  t h a t  t h e  a c t u a l  s o l u t i o n s  of  t h e  Cauchyprob-  

l e m  ( * )  are g i v e n  by 

f o r  x E D ( A )  o n l y .  T h e r e f o r e  it w i l l  b e  good enough f o r  many p u r -  

p o s e s  t o  have  some s o r t  o f  s t a b i l i t y  for t h e s e  s o l u t i o n s  o n l y .  T h i s  

i d e a  was deve lopped  by F .  Neubrander  i n  [131 where  h e  d e f i n e s  t h e  

f o l l o w i n g .  

3 . 1  D e f i n i t i o n :  A s emig roup  ( T ( t ) ) t > O  on  a Banach s p a c e  E i s  

c a l l e d  s t r o n g l y  ( e x p o n e n t i a l l y )  s t a b l e  i f  t h e r e  e x i s t s  v < 0 

s u c h  t h a t  T ( t ) x l l  2 Mx*eVt f o r  e v e r y  x G D ( A )  , t 2 0 and 

a p p r o p r i a t e  c o n s t a n t s  Mx . 

S i n c e  t h e  f o l l o w i n g  r e s u l t  does  n o t  h o l d  f o r  e a c h  s t r o n g l y  c o n t i n -  

uous  semigroup on a n  a r b i t r a r y  Banach s p a c e  it shows a g a i n  t h e  u s e -  

f u l n e s s  of  p o s i t i v i t y  f o r  s t a b i l i t y  t h e o r y .  

3 . 2  Theorem (Neubrande r  C131): L e t  ( T ( t ) ) t 2 0  be  a s t r o n g l y  con- 

t i n u o u s  semigroup o f  p o s i t i v e  o p e r a t o r s  on a Banach l a t t i c e  E . I f  

t h e  s p e c t r a l  bound of t h e  g e n e r a t o r  i s  s m a l l e r  t h a n  z e r o ,  i .  e .  

s(A) < 0 , t h e n  t h e  semigroup  i s  s t r o n g l y  s t a b l e .  

4 .  S p e c t r a l  Decomposi t ions  

I n  t h i s  s e c t i o n  we l o o k  f o r  a more d e t a i l e d  d e s c r i p t i o n  of t h e  

a s y m p t o t i c  b e h a v i o r  of semig roups  

o b t a i n  such  a d e s c r i p t i o n  f rom i n f o r m a t i o n  on  t h e  s p e c t r u m  o(A)  

o f  t h e  g e n e r a t o r  A . More p r e c i s e l y ,  w e  a s k  t h e  f o l l o w i n g :  

( T ( t ) ) t , O  . A s  b e f o r e  w e  hope t o  

4 . 1  Q u e s t i o n :  Given a s t r o n g l y  c o n t i n u o u s  semigroup  ( T ( t ) ) t 2 0  on  

some Banach s p a c e  E . Assume t h a t  t h e  s p e c t r u m  a ( A )  o f  t h e  gen- 

e r a t o r  decomposes i n  t h e  f o l l o w i n g  way: 
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u ( A )  = u CI 1 2 �  

where s u p [ R e  X : X E u } < a < i n f [ R e  X : X E a 2 )  

f o r  some a E IR . Does t h e r e  e x i s t  a ‘ s p e c t r a l  d e c o m p o s i t i o n ’  o f  

( T ( t ) )  a n d  E c o r r e s p o n d i n g  t o  t h e  d e c o m p o s i t i o n  of  o ( A )  ? T h i s  

m e a n s :  Can w e  f i n d  c l o s e d ,  ( T ( t ) ) - i n v a r i a n t  s u b s p a c e s  E1,E2 s u c h  

t h a t  E = El@ E 2  a n d  

1 

at I ]  T ( t ) x l l ]  M eatII xlII , T(t)x211 t m e  llx2 1 1  for  all x1 & El > 

x 2 6 E 2 , t r 0  

a n d  a p p r o p r i a t e  c o n s t a n t s  m ,  M > 0 ? 

Such s p e c t r a l  d e c o m p o s i t i o n s  do n o t  f o l l o w  f r o m  t h e  u s u a l  s p e c t r a l  

c a l c u l u s  s i n c e  b o t h  a1 a n d  u 2  may b e  u n b o u n d e d .  M o r e o v e r ,  t h e  

e x a m p l e  ( 2 . 3 )  shows - f o r  

mates a r e  n o t  s a t i s f i e d .  N e v e r t h e l e s s  w e  p r e s e n t  two i n t e r e s t i n g  

r e s u l t s  on  t h e  e x i s t e n c e  o f  s u c h  s p e c t r a l  d e c o m p o s i t i o n s  a n d  i n b o t h  

cases t h e  p o s i t i v i t y  o f  t h e  s e m i g r o u p  i s  e s s e n t i a l .  Remark t h a t  t h e  

u n d e r l y i n g  Banach l a t t i c e s  a re  a g a i n  t h o s e  f o r  w h i c h  w e  c o u l d  a l -  

r e a d y  answer ( 2 . 2 ) .  

a 2  = Q, - t h a t  i n  g e n e r a l  t h e  norm e s t i -  

4.2 -__- Theorem ( A r e n d t - G r e i n e r  [ l l ) :  Assume 

c o n t i n u o u s  g r o u p  of p o s i t i v e  o p e r a t o r s  o n  COtX) , X l o c a l l y  

c o m p a c t .  Then s p e c t r a l  d e c o m p o s i t i o n s  as e x p l a i n e d  a b o v e  a r e  pos- 

s i b l e  . 

( T ( t ) ) t E I R t o  b e  a s t r o n g l y  

4 . 3  Theorem: L e t y =  ( T ( t ) ) t , O  

g r o u p  of p o s i t i v e  o p e r a t o r s  o n  E L ( X , u )  . Assume t h a t  s(A) = 0 

i s  a p o l e  of t h e  r e s o l v e n t  o f  t h e  g e n e r a t o r  A a n d  t h a t  

o ( A )  fl i R  { I 0 1  . Then t h e  f o l l o w i n g  h o l d s :  

b e  a b o u n d e d ,  i r r e d u c i b l e  s e m i -  
2 

( i )  o ( A )  ulW a 2  , w h e r e  a1 = i a l  f o r  some a 6 IR a n d  

sup{ReA : X E: u 2 }  < 0 . 

(ii) E E 0 E2 , where  El i s  a c l o s e d  s u b l a t t i c e  i s o m o r p h i c  
2 l  t o  L ( r , m )  , r t h e  u n i t  c i r c l e .  

(iii) ( T ( t ) i E l ) t 2 0  
L tr,m) . 

i s  a g r o u p  i s o m o r p h i c  t o  a r o t a t i o n  g r o u p  o n  
2 

(IV) The g r o w t h  bound o(T(t)/E2) i s  smal le r  t h a n  0 . 
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P r o o f :  S i n c e  i s  i r r e d u c i b l e  and 0 i s  assumed t o  be  a p o l e  o f  

t h e  r e s o l v e n t  w e  c o n c l u d e  from [ 7 1 ,  2 . 5 . b  t h a t  o(A) n i l R  i s  a 

subgroup  i a Z  of  i R  c o n s i s t i n g  o n l y  o f  s i m p l e  p o l e s  of  t h e  r e -  

+ i a Z  and  

n c Z .  

s o l v e n t .  Moreover [ E l ,  2 . 6 . c  i m p l i e s  o ( A )  = o ( A  

1 1  R(X)l/ R(X + i n a ) l l  f o r  e v e r y  h E 3 ( A )  , 

T h i s  p r o v e s  ( i f  and shows i n  a d d i t i o n  t h a t  1 1  R(h 
each  i m a g i n a r y  a x i s  - y  + i l R  w i t h  s u f f i c i e n t l y  

1 1  i s  bounded o n  

smal l  y > 0 . 

Next we a p p l y  t h e  G l i c k s b e r g - d e  Leeuw t h e o r y  t o  t h e  a b e l i a n ,  re la -  

t i v e l y  weakly compact s emig roup?  and  o b t a i n  a d e c o m p o s i t i o n  o f  E 
i n t o  t h e  c l o s e d  s u b s p a c e  

c l o s e d  subspace  E2 o f  a l l  e s c a p e  v e c t o r s  ( e .  g .  s e e  L161,p .  214)  . 
Then it i s  known t h a t  

t a i n i n g  t o  p u r e l y  i m a g i n a r y  e i g e n v a l u e s  o f  A . T h e r e f o r e  

( T ( t ) l E l ) t 2 0  
y i e l d s  a compact g roup .  

The p r o j e c t i o n  P o n t o  El  w i t h  k e r n e l  E 2  i s  o r t h o g o n a l  and  

s t r i c t l y  p o s i t i v e  ( @f i s  i r r e d u c i b l e ) ,  hence  [161, 111. 11 .5  & 11.6 

imply  t h a t  El PE is a s u b l a t t i c e  of E . On t h i s  s u b l a t t i c e  t h e  

r e s t r i c t e d  semigroup  (T(t)lE1) i s  s t i l l  i r r e d u c i b l e  ( h a v i n g  one-  

d i m e n s i o n a l  f i x e d  s p a c e )  and  h a s  d i s c r e t e  s p e c t r u m .  T h e r e f o r e  t h e  

Halmos-v. Neumann theo rem ( e .  g .  C 1 6 1 ,  111. 10.4) a s s u r e s :  E l  i s  

i s o m o r p h i c  to t h e  L - space  on t h e  d u a l  g roup  of o ( A )  fl i R  i a Z  

and  (T(t)]El)t>O i s  i s o m o r p h i c  to a r o t a t i o n  group on  r = 7Y 

(whose p e r i o d  i s  d e t e r m i n e d  by t h e  smal les t  non-ze ro  e i g e n v a l u e  i a ) .  

Hence w e  p roved  ( i t )  and  ( i f i f .  

El o f  a l l  r e v e r s i b l e  v e c t o r s  and  t h e  

El i s  spanned by a l l  e i g e n v e c t o r s  p e r -  

h a s  d i s c r e t e  spec t rum and i t s  weak ( = s t r o n g )  c l o s u r e  

2 
n 

F i n a l l y ,  o b s e r v e  t h a t  ( T ( t ) l E 2 )  i s  a s t r o n g l y  c o n t i n u o u s  semi- 

g r o u p  on  t h e  H i l b e r t  s p a c e  E 2  s u c h  t h a t  s(AlE2) < 0 and t h e  

r e s o l v e n t  o f  A ~ E : ,  is bounded o n  imag ina ry  a x e s  - y t  i l R  f o r s m a l l  

y > 0 . From G e a r h a r t ' s  r e s u l t  men t ioned  i n  s e c t i o n  2 ( see :  p roof  

for p = 2 )  it f o l l o w s  o(T(t)lE2) < 0 , i . e .  ( i v ) .  

F i n a l  r emark :  F u r t h e r  r e s u l t s  on  t h e  a s y m p t o t i c  b e h a v i o r  o f  p o s i -  

t i v e  semigroups  w i t h  r e s p e c t  t o  t h e  s t r o n g  o p e r a t o r  t o p o l o g y  c a n  be  

found  i n  [ 8 1  . 
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EXTENSION OF POSITIVE OPERATOR5 

Klaus Donner 

U n i v e r s i t a t  Passau 

D-8390 Passau 

L e t  E ,  F deno te  Banach l a t t i c e s ,  H a l i n e a r  subspace of 
E and l e t  T:H+F be  a con t inuous  p o s i t i v e  o p e r a t o r .  I n  
o r d e r  t o  s o l v e  problems conce rn ing  t h e  e x i s t e n c e  and 
un iqueness  of p o s i t i v e  e x t e n s i o n s  T : E + F  of T it i s  
n e c e s s a r y  t o  s t u d y  s u b l i n e a r  o p e r a t g r s  from E i n t o  ab- 
s t r a c t  cones  c o n t a i n i n g  F (see [ 2 ] ) .  The p u r p o s e o f t h i s  
n o t e  i s  t o  prove some u s e f u l  i d e n t i t i e s  f o r  s u b l i n e a r  
o p e r a t o r s  o c c u r i n q  i n  t h i s  c o n t e x t .  A s  a consequence 
a n  e a s y  a c c e s s  t o  r e s u l t s  on e x t e n s i o n s  of  p o s i t i v e  
o p e r a t o r s  i n  c l a s s i c a l  Banach l a t t i c e s  i s  ach ieved .  

INTRODUCTION 

L e t  E be  a l o c a l l y  convex v e c t o r  l a t t i c e ,  F a Dedekind complete  

t o p o l o g i c a l  v e c t o r  l a t t i c e  and H a l i n e a r  subspace of E .  I f  T:H+F 

i s  a c o n t i n u o u s  p o s i t i v e  o p e r a t o r  w e  s h a l l  be concerned w i t h  t h e  

f o l l o w i n g  two problems:  

1 .  Do t h e r e  e x i s t  p o s i t i v e  e x t e n s i o n s  To: E + F  of T? 

2 .  Desc r ibe  {T e : T p o s i t i v e e x t e n s i o n o f  T I  f o r  e a c h  e E E !  

I n  a p r e v i o u s  p u b l i c a t i o n  (see [ 2 ] )  t h e s e  t w o  problems w e r e  s a t i s -  

f a c t o r i l y  s o l v e d  a t  l e a s t  f o r  E a n  LP-space,  F an LY-space w i t h  

1 5 q 6 p 5 - . However, even i n  t h e  LPcon tex t ,  many q u e s t i o n s  remained 

open. I n  o r d e r  t o  o b t a i n  e x t e n s i o n  r e s u l t s  beyond t h e  Lp case, it i s  

of  utmost  importance t o  deve lop  a w e l l - e s t a b l i s h e d  t h e o r y  o f  s u b l i n e a r  

mappings i n t o  ( a b s t r a c t )  cones.  For  t h e  r e a d e r s '  convenience l e t  us  

f i r s t  r e c a l l  some b a s i c  d e f i n i t i o n s  and r e s u l t s  (see [ 5 1 , [ 2 1 , [ 3 1 ) .  

0 0 

1 .  PRELIMINARIES AND NOTATIONS 

A l l  v e c t o r  s p a c e s  o c c u r i n q  i n  t h i s  n o t e  w i l l  b e  t e a k .  
I f  x , y  a r e  a r b i t r a r y  e l emen t s  of some l a t t i c e  X w e  s h a l l  u s e  t h e  

n o t a t i o n s  X A Y ,  x v  y f o r  t h e  infimum and t h e  supremum of x , y ,  r e spec -  

t i v e l y .  Cor re spond ing ly ,  f o r  a f i n i t e  f a m i l y  ( x . ) .  i n  X 
1 1 E I  



156 K. Donner 

V x i  : =  s u p { x i : i ~ l } ,  
i E I  i E I  

 AX^ :=  i n f { x . :  i E I } .  

L e t  F deno te  a Dedekind complete v e c t o r  l a t t i c e .  Then t h e r e  e x i s t s  a 

Dedekind complete l a t t i c e  o r d e r e d  cone Fs ( i n  t h e  terminology of [ 3 ] ,  

pages 6 , 7 )  c o n t a i n i n g  F w i t h  t h e  f o l l o w i n g  p r o p e r t i e s  

S1) The supremum s u p A  o f  A e x i s t s  f o r  eve ry  s u b s e t  A of Fs, 

S 2 )  The e l emen t s  of F a r e  p r e c i s e l y  t h o s e  members of F which a r e  

i n  p a r t i c u l a r ,  m := sup  Fs € Fs. 

i n v e r t i b l e  w i t h  r e s p e c t  t o  a d d i t i o n .  

S3)  For a l l  s u b s e t s  A , B  c F t h e  e q u i v a l e n c e  

s u p A  = sup B a V s u p ( a ~ f )  = s u p  (bA f )  
fEF aEA bEB i s  v a l i d .  

{ x E F s :  x 5 f }  c F 5 4 )  

S S )  f + sup A = sup  ( f  + a )  f o r  e v e r y  s u b s e t  A of F and each  fEF. 

f o r  each f EF.  

aEA 

Fs is  c a l l e d  t h e  s u p - c o m p l e t i o n  of F and is un ique ly  determined up t o  

isomorphisms of  o r d e r e d  cones ( f o r  p r o o f s  see 121 ,  p .  6 - 1 0 ) .  For  

i n s t a n c e ,  t h e  sup-completion of  IR i s  IRm := IR U { -1  , t h e  sup-com- 

p l e t i o n  of  a space  L p ( p )  , p E [ I  ,-[ , p a u - f i n i t e  measure,  i s  t h e  

cone of a l l  LP-minorized e q u i v a l e n c e  c l a s s e s  of  IRm -valued p-measur- 

a b l e  f u n c t i o n s  ( t h e  equ iva lence  b e i n g  p-a. e .  e q u a l i t y ) .  

I f  F i s  a l o c a l l y  convex v e c t o r  l a t t i c e ,  t h e  sup-completion of t h e  

t o p o l o g i c a l  d u a l  F '  of F is  t h e  cone of a l l  lower semicont inuous 

( a b b r e v i a t e d  i n  t h e  s e q u e l  by l . s . c . ) ,  a d d i t i v e ,  p o s i t i v e l y  homo- 

geneous f u n c t i o n a l s  from F+ i n t o  IRm. 

While i n  a r b i t r a r y  l a t t i c e  o r d e r e d  cones G p o s i t i v e  p a r t s  x + : =  xv0 

of  e l emen t s  xEG always e x i s t ,  n e g a t i v e  p a r t s  are n o t  a v a i l a b l e ,  i n  

g e n e r a l ,  s i n c e  X A O  need n o t  be a d d i t i v e l y  i n v e r t i b l e .  I f ,  however, 

G i s  t h e  sup-completion of  a (Dedekind complete)  v e c t o r  l a t t i c e ,  

x := - ( x A O )  is  we l l -de f ined ,  s i n c e  X A O  i s  i n v e r t i b l e  w i t h  r e s p e c t  t o  

a d d i t i o n  by ( S 4 ) .  

W e  adop t  t h e  u s u a l  n o t i o n  of  s u b l i n e a r i t y  t o  mappings between cones.  

I n  c o n t r a s t  t o  [ 3 1 ,  however, a l i n e a r  map w i l l  on ly  a t t a i n  v a l u e s  

i n v e r t i b l e  under a d d i t i o n .  

- 

1.1  Lemma: L e t  

v e c t o r  l a t t i c e  F. Then sup{f  EF: f S a )  = a 

Proof:  S e t t i n g  A:=  {f  E F :  f < a }  w e  have a h g E A  f o r  a l l  g € F  

by ( 5 4 ) .  Hence, f o r  each g E F ,  

Fs be t h e  sup-completion of  a Dedekind complete  

f o r  a l l  a E F s .  

SUP ( f  Ag) 2 ( a h g )  A g  = a A g  2 SUP ( f  Ag) 
f € A  f € A  
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L e t  P d e n o t e  a s u b l i n e a r  mapping from a l o c a l l y  convex space  E i n t o  

t h e  sup-completion Fs of a Dedekind complete  t o p o l o g i c a l  v e c t o r  

l a t t i c e  F.  I f ,  f o r  each e E E ,  K p l e  d e n o t e s  t h e  set  of  a l l  concave 

c o n t i n u o u s  maps k : U  + F  d e f i n e d  on some convex neighborhood of e ,  

t h e n  t h e  regularization P" of  P i s  d e f i n e d  by 

n 
P e = sup { k ( e )  : k E K p , e }  

P" i s  a s u b l i n e a r  o p e r a t o r  dominated by P p rov ided  t h a t  I( 

and 

+ @  
pro  

n 
P e = sup {Te : T :  E + F  l i n e a r  c o n t i n u o u s ,  T S P 1  

f o r  a l l  e E E  ( f o r  p r o o f s  see a g a i n  [ 2  I ) .  P w i l l  be c a l l e d  regularized 

i f  P" = P. Note t h a t  a s u b l i n e a r  functional p : E + I R m  i s  r e g u l a r i z e d  

i f f  it i s  1 .s .c . .  

1 . 2  Example: L e t  X be a compact space ,  F a Dedekind complete  topo-  

l o g i c a l  v e c t o r  l a t t i c e ,  S : C ( X ) +  F a p o s i t i v e  o p e r a t o r  and H a 

l i n e a r  subspace of  C ( X )  ( n o t  n e c e s s a r i l y  c o n t a i n i n g  a s t r i c t l y  

p o s i t i v e  f u n c t i o n ) .  Given a f u n c t i o n  g E  C ( X ) ,  i s  it p o s s i b l e  t o  

f i n d  a p o s i t i v e  m o d i f i c a t i o n  T of S such t h a t  S I H  = T I H  and S g + T g ?  

T o  answer t h i s  q u e s t i o n ,  c o n s i d e r  t h e  mapping P : C ( X )  +Fs d e f i n e d  by 

P e  = sup i n f  { S h :  h E H ,  h ? e - ~ ' l } ,  
& > O  

where 1 d e n o t e s  t h e  c o n s t a n t  f u n c t i o n  w i t h v a l u e  1 and w e  u s e  t h e  

conven t ion  i n f  0 : = O D .  I t  i s  e a s y  t o  show t h a t  P i s  s u b l i n e a r  and 

t h a t  a l i n e a r  o p e r a t o r  T : C ( X )  +F i s  P-dominated i f  and o n l y  i f  i t  

i s  a p o s i t i v e  e x t e n s i o n  of  S IH.  W e  c l a i m  t h a t  P i s  r e g u l a r i z e d .  I n  

E / 2  
o r d e r  t o  prove t h i s  l e t  e E E  be given.  I f ,  f o r  e v e r y  E > O ,  U 

d e n o t e s  t h e  closed ba l l  of  c e n t e r  e and r a d i u s  5 , t h e n  t h e  

i m p l i c a t i o n  

V ( h t k  - 5-1 2 * h t e  - E.  1 )  
hEH 

i s  v a l i d  f o r  each  k E U , , 2 .  Thus, i f  { h E H  : h  t e  - ~ - 1 )  =!a f o r  some 

E > 0 ,  t h e n  t h e  c o n s t a n t  f u n c t i o n  ? : U 

by P on U E I 2 ,  s i n c e  P ( k )  2 i n f  { S h :  h E H ,  h l k  - 5 - 1 1  = i n f  0 = -  f o r  

each  k E U E I 2 .  I t  f o l l o w s  t h a t  P e  = sup f ( e )  = m, which shows t h a t  P i s  

r e g u l a r i z e d  a t  e .  

+F of  v a l u e  f E F i s  majorized 
E / 2  

2 
N 

f EF 
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I f  { h E H  : h 2 e  - s .1)  9 0  f o r  e v e r y  E > O r  t h e  c o n s t a n t  f u n c t i o n  

c : + F g i v e n  by c E ( k )  = i n f  {Sh : h E H ,  h 2 e  - & - I )  s a t i s f i e s  

t h e  i n e q u a l i t y  
E 

c E ( k )  5 i n f  {Sh : h E H ,  

f o r  each k E U  

h 2 k -  g * l }  < P ( k )  2 

hence c E  i s  dominated by P on U and 
E / 2 '  E / 2  

sup c E ( e )  = Pe. 
E > O  

The re fo re ,  P i s  r e g u l a r i z e d  a t  e .  

Consequently,  w e  have Tg = Sg f o r  eve ry  p o s i t i v e  e x t e n s i o n  

T : C ( X )  + F  of S I H  i f  and o n l y  i f  Se = P e  and S ( - e )  = P ( - e )  . Since  

always P e  2 Se and P ( - e )  2 S ( - e )  , t h i s  i s  e q u i v a l e n t  t o  Pe 5 Se and 

P(-e)  5 S ( - e )  o r ,  which amounts t o  t h e  same, 

i n f  { S h : h E H , h ? e - ~ . l }  5 S e S  sup [ S h : h E H ,  h S e + ~ . l }  

f o r  eve ry  E > 0 .  

2 .  SUBLINEAR OPERATORS AND BISUBLINEAR FUNCTIONALS 

L e t  E be a r e a l  v e c t o r  space and F a l o c a l l y  convex v e c t o r  l a t t i c e .  

S i n c e  t h e  sup-completion FL 

( o r d e r e d  cone isomorphic t o )  t h e  cone o f  a l l  l . s . c . ,  a d d i t i v e ,  

p o s i t i v e l y  homogeneous lRm-valued f u n c t i o n s  on F+,  a s u b l i n e a r  

o p e r a t o r  P : E + F , '  

d e f i n e d  by 

of  t h e  t o p o l o g i c a l  d u a l  F '  of F i s  

induces  a b i s u b l i n e a r  f u n c t i o n a l  p : E X  F + B m  

P e ( f ) ,  i f  f 2 0  

0 i f  e = O  

{ m  , else  

p ( e , f )  = 

The f u n c t i o n a l  p obv ious ly  s a t i s f i e s  t h e  c o n d i t i o n s  

i ) 

ii) f + p ( e , f )  i s  1.s.c.  a d d i t i v e  f o r  e a c h  e E E .  

[ f  : p ( e , f )  < m }  c F+ f o r  each  e E E\ { O }  , 

Conversely,  i f  p :E x F + m =  i s  b i s u b l i n e a r  such t h a t  t h e  c o n d i t i o n s  

( i ) ,  (ii) hold t h e n  t h e  e q u a l i t y  P e ( f )  = p ( e , f )  ( f  2 0 )  d e f i n e s  a 

s u b l i n e a r  o p e r a t o r  P from E i n t o  F l  

c o n d i t i o n  (i) ) . S e t t i n g  

( t h i s  i s  a l s o  t r u e  w i t h o u t  

where Ft i s  t h e  set  of a l l  f i n i t e  f a m i l i e s  ( e i r f i ) i E I  i n  E x F  such 
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t h a t  

t h e  t 

1 e i @ f i  = t ,  
iE I 
. enso r  p roduc t  

B 
we o b t a i n  a s u b l i n e a r ,  m g v a l u e d  f u n c t i o n a l  p on 

E Q F .  For  F a Dedekind complete  Banach l a t t i c e ,  it 

(see [ 2 ] ,  Thm. 3.17) .  is  known t h a t  p ( e , f )  = p ( e e f )  f o r  a l l  ( e l f )  E E  

The e q u a l i t y  remains t r u e ,  however, f o r  a r b i t r a r y  l o c a l l y  convex v e c t o r  

l a t t i ce s .  For r e a d e r s  i n t e r e s t e d  i n  t h e  d e t a i l s  w e  add a s k e t c h  of a 

g e n e r a l i z e d  proof  a t  t h e  end of  t h i s  n o t e .  T h e r e f o r e ,  t h e  co r re spon-  

dence p + p  is one-to-one, p rov ided  t h a t  o n l y  b i s u b l i n e a r  f u n c t i o n a l s  

p on E x F  w i t h  t h e  p r o p e r t i e s  ( i )  and (ii) are admi t t ed .  

Every l i n e a r  o p e r a t o r  T:E+F' i n d u c e s a b i l i n e a r  form bTon  ExF,where 

b T ( e , f )  = T e ( f ) .  Th i s ,  i n t u r n ,  g e n e r a t e s  a unique l i n e a r  formbT on E BF. 

Moreover, T i s  P-dominated i f f  bT i s  ma jo r i zed  by p ,  o r  e q u i v a l e n t l y ,  i f  bl 

i s  dominated by p . Provided that  E is a locally convex space, F a n o d  vector 

l a t t i c e  a n d F '  b e a r s t h e  d u a l  norm, t h e m a p p i n g T + b T i s  a b i j e c t i o n  f r o m t h e  

set o f  a l l  c o n t i n u o u s  l i n e a r  operatorsT:E+F'  o n t o t h e  s e t o f  a l l c o n t i n u o u s  

b i l i n e a r  fo rmson  ExFendowed w i t h t h e  p r o d u c t t o p o l o g y .  O n t h e  o t h e r  hand 

a b i l i n e a r  form b on ExF i s  c o n t i n u o u s  i f f  b@ is  c o n t i n u o u s  w i t h  r e s p e c t  t o  

t h e p r o j e c t i v e t o p o l o g y o n E B F .  

S e t t i n g  Cp:={T:E+F' : T c o n t i n u o u s , l i n e a r t T 5 P }  it f o l l o w s  from [ 2 ] ,  Thm. 

2.8 andLemma2.11thatCTe:  TEE,} i s  U p w a r d d i r e c t e d f o r e a c h e E E .  Hence 

e3 
F+ 

Q .  

a 

B 

n d 
P e f f )  = ( s u p  T e )  (f) = supCTe(f) : T E C p }  = sup{bT ( e @  f )  : T E k p }  

TEEp 
B 

= sup  { ! - ( e @ f )  : d E ( E Q F ) '  , k? < p  1 
= q(ee3f)  , 

where g d e n o t e s  t h e  r e g u l a r i z a t i o n  of p@. T h e r e f o r e ,  P is regularized 

i f f  pB i s  I . s . c .  w i t h  r e s p e c t  t o  t h e  p r o j e c t i v e  topoZogy  on E o F .  

I n  t h i s  case, p is 1.s.c. o n  E X F  endowed w i t h  t h e  p roduc t  topology.  

U n f o r t u n a t e l y ,  t h e  c o n v e r s e  is n o t  generaZZy t r u e  (see [ 2  I ,  f o r  

counterexamples)  . 
R e s t r i c t i n g  o u r  a t t e n t i o n  t o  t h e  e x t e n s i o n  of  p o s i t i v e  o p e r a t o r s  from 

a l o c a l l y  convex v e c t o r  l a t t i c e  E i n t o  t h e  d u a l  F'  of a normed v e c t o r  

l a t t i c e  F w e  s h a l l  be concerned w i t h  i s o t o n e  s u b l i n e a r  maps P : E + F k  . 
Then p s a t i s f i e s  t h e  a d d i t i o n a l  c o n d i t i o n  

iii) e -t p ( e , f )  i s  i s o t o n e  f o r  each  f E F+. 

For  b i s u b l i n e a r  f u n c t i o n a l s  of t h i s  t y p e  t h e  lower s e m i c o n t i n u i t y  o f  

p i m p l i e s  t h a t  of pB a t  l eas t  f o r  t h e  m a j o r i t y  of t h e  c l a s s i c a l  Banach 

l a t t i ces .  I n  f ac t ,  t h i s  i m p l i c a t i o n  is t r u e  i n  each  of t h e  f o l l o w i n g  

c a s e s :  

1 )  E i s  a n  a r b i t r a r y  normed v e c t o r  l a t t i c e ,  F a Dedekind complete  

AM-space , 
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2) E is an LP-space, ? and Lq-space, where - 1 1  + - 5 1,  p ,  4 E I 1  ,-I , 
P 4  

3 )  E is an AM-space and F an arbitrary Banach lattice 

(see [ 2 1 ) .  Thus, there are serious reasons to investigate lower semi- 
continuous bisublinear functionals on E xF satisfyinq the conditions 

(i) , (ii), (iii) . 
In particular, the following problems have to be solved: 

a) Given an isotone sublinear operator P : E  +FL , is the greatest 
1.s.c. minorant @ : E x F +IR?I  k,=} of p defined by 

(e,f ) +  (e, ,f 1 

again a bisublinear functional with range contained in 

( I f 6  attains the value -..,there is of course no hope to extend 

operators under domination of P to the whole space E). 

lim inf p(e,f) = e(e,f) for all. (eo,fo) E E  xF 

IR,? 

b) If so, are the conditions (i), (ii), (iii) true for @ ?  

c) Is it possible to find alternative descriptions of facilitating 

computations with $? 

The solution of these problems is the aim of the next section. 

3 .  LOWER SEMICONTINUITY OF ISOTONE SUBLINEAR OPERATORS 

3.1 Lemma: 

convex vector latticeF, y , E  F’ and f, EF+, then 

If FL is the sup-completion of the dual F’ of a locallv 

y,-(fo) = -in5 ty,(g) : g E F,, g 2 fol. 

Proof: It is easy to show that the functional $ : F + +  IR defined by 

$(f) = inf {y,(g) : g E F + ,  g5f) 

is additive and positively homogeneous. Since -y,- (f) 5 -cp- (q) 5 cp (9 )  

for all f ,  g E  F+ such that g S f, we conclude -9 5 $  5 0. Therefore, 

$ is continuous at 0, hence continuous on F+, i.e. $ € P J  . From the 
obvious inequality $ l y ,  we thus deduce that $ 5 - y , - ,  which yields 

- 

- 
$ = - c p .  m 

- 3 . 2  Definition: Given a locally convex vector lattice E and a 

normed vector lattice F a mapping 0 : E - t  FH 

every E > O  there is a zero-neighborhood U in E such that 

I I  (Pel II 5 E for all e EU. 

is I . s . c .  at 0 iff for 

- 
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3.3 Lemma: L e t  P be a s u b l i n e a r  o p e r a t o r  from a l o c a l l y  convex vec- 

t o r  l a t t i c e  E i n t o  t h e  sup-complet ion F’ of t h e  t o p o l o g i c a l  d u a l  

o f  a normed v e c t o r  l a t t i c e  F. Then P i s  1.s.c. a t  0 i f  and o n l y  i f  

t h e  b i s u b l i n e a r  form p : E X F +IR_ a s s o c i a t e d  wi th  P i s  1 . s . c .  a t  

( 0 , O )  w i t h  r e s p e c t  t o  t h e  p roduc t  t opo logy .  

gggm_fi I f  P is 1 . s .c .  a t  0 and E > 0 ,  t h e n  t h e r e e x i s t s  U E  U such t h a t  

1 1  ( P u ) - / l  < E f o r  a l l  u E U. Hence p ( u , f )  = P u ( f )  2 - E  f o r  a l l  u E U  

and f f  F + ,  \ \ f l l  5 I .  S ince  t h i s  i n e q u a l i t y  c l e a r l y  e x t e n d s  t o  a l l  

f E F ,  Ilfll I 1 ,  p i s  1 . s . c . a t  ( o , o ) .  Conversely,  i f p  i s  1 . s . c . a t  ( O , O ) ,  

t h e r e  i s  W E  U, 6 > 0 such t h a t  p ( e , f )  2 - E  f o r  a l l  e E W and f E F ,  

I I f l /  2 &.Given e E 6.W w e  conc lude  P e ( f )  = P ( - e )  ( 6 f )  2 - E  f o r  a l l  

f E F + ,  

11 (Pe-  111 = sup I ( P e ) - ( f )  

1 
6 

1Ifll 5 1 .  I t  t h u s  f o l l o w s  from Lemma 3.1 t h a t  

: f E F+, 1 1  f ( 1  S 11  = - i n f I - ( p e ) - ( f ) :  f E  F+, l I f j l<l l  

= i n f  I P e ( g )  : g t ~ + ,  l l g / l  2 1 )  5 E ,  

which shows t h a t  P i s  1 . s .c .  a t  0 .  

For  monotone s u b l i n e a r  o p e r a t o r s  on F r e c h e t  l a t t i c e s  w e  a u t o m a t i c a l l y  

have lower s e m i c o n t i n u i t y  a t  0 :  

3 . 4  P r o p o s i t i o n :  L e t  E be a F r e c h e t  l a t t i c e ,  F a normed v e c t o r  l a t t i c e  

and P : E + F Q  a monotone s u b l i n e a r  o p e r a t o r .  Then P is  1 . s . c .  a t  0 .  

P roo f :  Using t h e  i n v e r s e  o r d e r i n g  i f  n e c e s s a r y  w e  may assume wi thou t  

loss  of g e n e r a l i t y  t h a t  P i s  i s o t o n e .  Suppose P w e r e  n o t  1 . s .c .  a t  0 .  

Then { [ I  Pull : uE U ,  u 5 0 1  i s  unbounded f o r  e v e r y  zero-neighborhood U 

i n  E .  T o  show t h i s  n o t e  f i r s t  t h a t  P U S  0 f o r  u s 0  s i n c e  P i s  i s o t o n e .  

Hence P u E F '  by c o n d i t i o n  ( S 4 )  of s e c t i o n  1 .  Suppose t h a t  

11IPull : u E  U ,  U S  0 1  w e r e  bounded from above by r > 0 .  Given E > 0 w e  

t h e n  conclude t h a t  1 1  Pull < c f o r  a l l  u E f U , u 5 0 .  I f  V i s  a s o l i d  

zero-neighborhood i n  E c o n t a i n e d  i n  E - U ,  t h e n  -v- E V and P (-v-k-(Pv)- 

f o r  each  v E  V .  Hence 

r 

~ ~ ( p V ~ - ~ ~  5 l l P ( - V - )  1 1  S E f o r  a l l  v E V  c o n t r a d i c t i n g  t h e  assumption 

t h a t  P were n o t  1 . s .c .  a t  0 .  

L e t  d be  a t r a n s l a t i o n - i n v a r i a n t  m e t r i c  on F compa t ib l e  w i t h - t h e  

F r e c h e t  space topo logy .  For each nE IN w e  can se lec t  unE E such t h a t  
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1 s i n c e { / ( P u / / :  u E E ,  1 1 6 0 ,  d (u ,O)  < -  1 is unbounded. S i n c e  t h e  
2" 

m 

p a r t i a l  sums of t h e  series 1 un form a Cauchy s e q u e n c e f i t  i s  
n= 1 

m 

convergent .  Moreover, u :=  1 u 

There fo re  \IPul/  2 IIPunl\ > n f o r  a l l  n E  IN which i s  a b s u r d .  I 

i s  a lower bound f o r  eve ry  un. n n= 1 

I f  E i s  a l o c a l l y  convex v e c t o r  l a t t i c e , l l  w i l l  a lways deno te  t h e  

fundamental  system of  a l l  convex, s o l i d  neighborhoods of 0 i n  E .  

3.5 Theorem: L e t  E be a F r e c h e t  l a t t i c e ,  F a normed v e c t o r  l a t t i c e  

and P : E + F ;  an i s o t o n e  s u b l i n e a r  o p e r a t o r .  Then t h e r e  e x i s t s  a 

g r e a t e s t  s u b l i n e a r  o p e r a t o r  P : E + Fk dominated by P such t h a t  

e + P e ( f )  i s  1.s.c.  f o r  e a c h  f E F + .  P i s  a g a i n  i s o t o n e  and 

P e ( f )  = sup i n f  P ( e + u )  ( f )  f o r  e a c h  ( e , f )  � E x  F+. 

Moreover, t h e  f u n c t i o n a l  ( e , f ) +  P e ( f )  ( ( e , f )  E E  x F+)  i s  1 .s .c .  a t  

each  p o i n t  ( e , f )  E E  xF+ where t h e  f o l l o w i n g  c o n d i t i o n  ho lds :  

3uEU : P ( e + u )  ( f ) < m  f o r  a l l  U E  11. 

UEU UEU 

P roof :  L e t  q : ~  x F + ? R U I - m  ,m)  be d e f i n e d  by 

sup i n f  P ( e + u )  ( f )  i f  e E E ,  f E F +  
UELl U E U  

i f  e = O,f E F \ F +  

m e lse .  

S ince  P i s  1 .s .c .  a t  0 ,  t h e r e  e x i s t s  V E  Ll such t h a t  l l(Pe)-116 1 f o r  a l l  

e E V. S e l e c t i n g  U E U 
a l l  e ,  u E  U.  I t  f o l l o w s  t h a t  

q ( e , f )  2 i n f  P ( e + u )  ( f )  2 i n f  ( - P ( e + u ) - )  ( f )  2 - f o r  a l l  e E u , f E ~ + .  

This  i n e q u a l i t y  o b v i o u s l y  remains t r u e  f o r  a l l  f E F .  Furthermore,  it 

i s  easy  t o  check t h a t  q i s  p o s i t i v e l y  homogeneous i n  each v a r i a b l e .  

Hence 

such  t h a t  U + U C V  w e  conc lude  ( (  P ( e + u ) l /  C 1 f o r  

U E U  UEU 

q ( e , f )  > = - p U ( e ) -  l \ f \ l  f o r  a l l  e E E ,  f E F ,  

where pu deno tes  t h e  Minkowski f u n c t i o n a l  of U ,  which i m p l i e s  t h a t  

q ( E x F )  cDm.  Given e E E l  l e t  u s  show t h a t  f + q ( e , f )  i s  s u b a d d i t i v e .  

S ince  q ( e , f l  + f 2 )  6 q ( e , f  + q ( e , f 2 )  whenever f l $ F +  or f 2  $ F + ,  it 

s u f f i c e s  t o  prove t h e  s u b a d d i t i v i t y  on F+ .  
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i n f  P ( e + u )  ( f i + f 2 )  5 i n f  P ( e + v l )  ( f l )  + i n f  P ( e + v z )  ( f 2 )  5 q ( e , f l ) + q ( e , f z ) .  
U E U  V l E V  v2 EV 

P a s s i n g  t o  t h e  supremum on t h e  l e f t  s i d e ,  it f o l l o w s  t h a t  

q ( e , f l + f z )  5 q ( e , f l )  + q ( e , f ~ ) .  

Moreover, i f  U E U  and u t U  t h e n  

i n f  P ( e + u l )  (fl) + i n f  P ( e + u z )  ( f 2 )  < P ( e + u )  ( f l )  + P ( e + u !  ( f 2 )  
U l E U  u2 E U  

i n f  P ( e + u l )  ( f l )  + i n f  P ( e + u z )  ( f 2 )  5 i n f  P ( e + u )  ( f l + f 2 )  
U l E U  u2EU uE u 

= P ( e + u )  ( f l + f 2 )  , 
t h e r e f o r e  

6 q ( e , f l + f 2 ) ,  
which i m p l i e s  t h a t  

q ( e , f l )  + q ( e , f 2 )  < q ( e , f  1 + f 2 ) .  

It f o l l o w s  t h a t  f + q ( e , f )  i s  a d d i t i v e  on F + .  

The proof  of t h e  s u b a d d i t i v i t y  i n  t h e  f i r s t  v a r i a b l e  i s  s t r a i g h t -  

fo rward .  W e  c l a i m  t h a t  q I E x F +  i s  s e p a r a t e l y  1.s.c..  Given ( e , f )  E E x F +  

and a < q ( e , f )  t h e r e  i s  U E L l  such t h a t  i n f  P ( e + u ) ( f )  >a. I f  V E U  

s a t i s f i e s  V + V c U ,  t h e n ,  f o r  each  e ' E V ,  
UEU 

q ( e + e ' , f )  2 i n f  P ( e + e ' + v )  ( f )  t i n f  P ( e + u )  ( f )  > a. 
VEV U E U  

Hence x + q ( x , f )  i s  1.s.c.  a t  e .  

I n  o r d e r  t o  show t h a t  g + q ( e , g )  

a t  f ,  choose U E U  a s  above. Suppose t h a t ,  f o r  each  n E  N, t h e r e  

( g  E F+) i s  lower semicont inuous 

e x i s t s  f n  E F +  such t h a t  I I  f-fnII < A and 

i n f  P ( e + v )  ( f n )  < a f o r  a l l  V E U .  
VEV 

I n d u c t i v e l y ,  i t  i s  p o s s i b l e  t o  c o n s t r u c t  a sequence ( W  ) of 
n nElN 

c l o s e d ,  convex, s o l i d  neighborhoods of 0 i n  E such t h a t  

W1 + W., c U and W n + l + W n + l c  Wn f o r  a l l  nEN. 

Moreover, w e  can  se lec t  e l emen t s  wnE Wn w i t h  t h e  p r o p e r t y  

P(e+wn) (f,) < a . S i n c e  P ( e - w - )  ( f  ) S P(e+wn) (f,) and -w; E W n ,  w e  

may assume t h a t  w n 5 0  f o r  each  nElN. 

It  i s  e a s y  t o  check t h a t  t h e  p a r t i a l  sums of  t h e  series 

n n  

W 

1 wn form 
W n = l  

a Cauchy sequence i n  E and t h a t  w := 1 wn E W 1 + W 1  c U .  
n= 1 
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Furthermore, w is a lower bound of every wnf hence 

On the other hand, 

P(e+w) (f,) 2 P(e+wn) (fn) < a for all n E IN. 

a < inf P(e+u) (f) 6 P(e+w) (f) , 
u E U  

which contradicts the lower semicontinuity of P(e+w) at f. 

Therefore, g+q(e,g) is 1.s.c. at f. It follows that q induces an 

isotone, sublinear operator P : E + F :  . By definition, the functionals 
e + q  (e, f) are the greatest 1.s.c. rninorants of e +p(e, f) for each 

f E F + ,  where p denotes the bisublinear functional on E x F  associated 
with P. 
Let us finally show that (e,f) * q(e,f) ((e,f) E E x F + )  is 1.s.c. at 

(e,f) if VUELI: 3uEU: P(e+u) (f)<m. If (en, fnInEN is a sequence in 

A 

E x F+ converging to (e, f) then 

q(e,, fn) = q(en, f n - f A fn) + q(en, f A fn) for each n E IN. 
h 

Since P and hence also q is 1.s.c. at 0 it follows that 

lirn inf q(e fn - f A f ) 2 0. n’ n n + m  

Furthermore, f hfn E [O,fI : = {gEF+ :g 6 f }  

fore suffices to prove that q I E x  o, 

Given a pair (e,f) E E  X F +  such that q(e,f) < m  

a <q(e,f) suppose that there exists a sequence (en, fn) in E x  [O,f] 

such that lim (en,fn) = (e,f) and q(en,f ) 5 a for all n E IN. If d is 

a translation-invariant metric on F compatible with the topology on 

F choose UnE Il, Unc 

inf P(e+u)(f)>a and V + V + V c U. It is possible to find an element 
UEU 
vo E V ,  vo 5 0 with the property P(e+va) (f) < m. Since P(e+vo) is a 
lower semicontinuous additive positively homogeneous functional on F+, 

it is known (see [ 2 ] ,  Lemma 3 . 1 5 )  that 

for all n E  IN. It there- 

is 1.s.c. at (e,f). 

and a real number 

n n+m 

1 {xEE: d(x,O) < ;I. Let U, V E U  be such that 

lim P(e+vo) (fn) = P(e+v,) (f) 
n+m 

or, equivalently, l i r n  P(e+v,) (f - f  ) = 0. 

If 

n n- 
E > O f  no E l N  and vnE UnnV 

a + E < inf P(e+u) (f) , 

en-e E V  and IP(e+v,) (f-fn) I < E for all n tn, and 

P(en+vn) (fn)< a 

satisfy the following conditions 

uEU 

for all n E lN, 

then P(en+vn)(fn) = P(e+(en-e)+v n n  ) (f ) >P(e+v,~(v n +(en-e))) (fn). 
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S i n c e  P i s  i s o t o n e ,  w e  have P ( e + v , ~ ( v  + ( e  - e ) ) )  (f) - n n  
- P ( e + v 0 ~ ( v n + ( e n - e ) ) )  ( f n )  = P ( e + v , ~ ( v  n n  + ( e  - e ) ) )  ( f - f n )  

5 P ( e + v , )  ( f - f  ) < E f o r  a l l  n > n o  . n 

T h e r e f o r e ,  P ( e n + v n )  (f ,)  2 P ( e + v O h ( v n + ( e n - e ) ) )  ( f )  - E  

2 i n f  P ( e + u )  ( f )  - E  > a f o r  a l l  n t n , ,  
uE u 

c o n t r a d i c t i n g  t h e  assumption.  I t  f o l l o w s  t h a t  q i s  1.s.c.  a t  ( e l f ) .  I 

3 . 6  Example: L e t  H be a l i n e a r  s u b s p a c e o f  a F r e c h e t l a t t i c e E ,  F a 

n o r m e d v e c t o r l a t t i c e  a n d l e t T o : H + F '  be apositivecontinuousoperator. 

For a c o n t i n u o u s  l i n e a r  o p e r a t o r  T:E+F' t h e  f o l l o w i n g  s t a t e m e n t s  

are e q u i v a l e n t :  

i )  

ii ) 

iii) 

i v )  

T i s  a p o s i t i v e  e x t e n s i o n  of  T, 

T i s  p o s i t i v e  and dominated by t h e  s u b l i n e a r  o p e r a t o r  

Po : E  + FL , where P,e  = m 

€ o r  a l l  h E H .  

T i s  dominated by t h e  i s o t o n e  s u b l i n e a r  o p e r a t o r  P : E  -f FA , 
where Pe = i n f  {Pox : x E E ,  x ' e l  = i n f  {T,h:  h E H ,  h 2 e ) .  

f o r  a l l  e E E ' H ,  P,h = T,h 

h 

T i s  dominated by P : E -f FA , where 

G e ( f )  = s u p  i n f  { (  $ Tohi) ( f )  : (h i )  E H  

and H 

such  t h a t  (e- 

1 
e , U  UEU 

d e n o t e s  t h e  set  of a l l  f i n i t e  f a m i l i e s  (hi)iEI i n  H 
e , U  

h i ) +  E U . 

Proof :  It  i s  e a s y  t o  check t h a t  sup i n f  P ( e + u )  ! f )  
~ U E U  U E U  ~ _. ~~~ ~ 

= sup i n f  { (  4 Tohi) ( f )  : (hi)  E He,") . 
UE 11 

The r e s t  of t h e  proof i s  obvious.  

Reviewing Example 3 . 6  n o t e  t h a t  t h e  s u b l i n e a r  o p e r a t o r  P o  as  w e l l  a s  

P on ly  a t t a i n  v a l u e s  i n  F’U I-) .  ( T h i s  i s ,  i n  g e n e r a l ,  no l o n g e r  t r u e  

f o r  P ) .  The advantage of c o n s t r u c t i n g  P from P t h e r e b y  approach ing  

t h e  r e g u l a r i z a t i o n  P 

t h a t  t h e r e  e x i s t s  a t  l eas t  one c o n t i n u o u s  l i n e a r  o p e r a t o r  dominated 

by P )  w i l l  soon become e v i d e n t .  A s  mentioned a t  t h e  end of t h e  l a s t  

c h a p t e r  i f  P = P" t h e n  t h e  b i s u b l i n e a r  f u n c t i o n a l  q on E X F asso-  

c i a t e d  w i t h  P must be 1 . s .c .  a t  each  p o i n t  ( e l f )  E E x F .  I t  i s  a n  

immediate consequence of  Theorem 3.5 and of t h e  f o l l o w i n g  lemma 

t h a t  t h e  lower semi -con t inu i ty  of q can  f a i l  o n l y  a t  p o i n t s  

( e , f )  E E x F +  where q ( e , f )  = m. 

A h 

n 
(p rov ided  t h a t  K p I 0  * 0 o r ,  e q u i v a l e n t l y ,  
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3 . 7  Lemma: L e t  E be  a l o c a l l y  convex s p a c e ,  F a l o c a l l y  convex 

v e c t o r  l a t t i c e  and p : E x F  + Xm be  a b i s u b l i n e a r  f u n c t i o n a l  

s a t i s f y i n g  { f  E F  : p ( e , f )  < m } c F +  f o r  each e E E \ { O ] .  Then p i s  

1.s.c.  a t  eve ry  p o i n t  ( e , f )  E E x ( F \ F t ) .  is  1 . s .c .  a t  

( e l f )  E E x  F + ,  t hen  p i s  a l s o  1 . s .c .  a t  ( e l f ) .  

P roof :  L e t  ( e , f )  E E x ( F \ F + )  and a < p ( e , f )  be g iven .  S ince  F+ i s  

c l o s e d ,  t h e r e  i s  a neighborhood V of f n o t  i n t e r s e c t i n g  F+ .  I f  e = O  

t h e n  a < O = p ( e , f )  S p ( x , g )  f o r  a l l  x E E ,  g E V .  I f  e + O  t h e n  

a < p ( x , g )  = m  f o r  a l l  x E U ,  q E V ,  where U i s  a neighborhood of e 

n o t  c o n t a i n i n g  0 .  T h e r e f o r e ,  p i s  1 .s .c .  a t  ( e , f ) .  F i n a l l y ,  l e t  

( e l f )  E E X F t ,  

Then t h e r e  a r e  neighborhoods U of e and V of f such t h a t  a < p ( x , g )  

f o r  a l l  x E U ,  g E V n F + .  It f o l l o w s  t h a t  a < p ( x , g )  f o r  a l l  x E U ,  g E V .  

Th i s  i s  e v i d e n t  whenever 0 f U. I f  0 E U, t h e  i n e q u a l i t y  a < p ( x , g )  

is a g a i n  obvious f o r  x E U \ { O } ,  g E V .  For  x = O  and g E V  w e  have 

a < p ( x , f )  = 0 = p ( x , g ) .  Consequent ly ,  p i s  1 .s .c .  a t  ( e , f ) .  I 

a < p ( e , f )  and assume t h a t  p /  ExF+ i s  1 .s .c .  a t  ( e , f ) .  

3.8 Remark: Lemma 3 . 7  shows t h a t  it would pe rhaps  be more n a t u r a l  

t o  d e f i n e  t h e  b i s u b l i n e a r  f u n c t i o n a l  a s s o c i a t e d  wi th  a s u b l i n e a r  

o p e r a t o r  P : E  + F’, o n l y  on E x F t .  On t h e  o t h e r  hand, t h e  subsequent  

u s e  of t e n s o r  p r o d u c t s  t h e n  r e q u i r e s  t h e  i n t r o d u c t i o n  of t e n s o r  

p r o d u c t s  of cones. Since  t e n s o r  p r o d u c t s  of v e c t o r  s p a c e s  a r e  more 

common, w e  p r e f e r r e d t o u s e  t h e  domain E x F  f o r  t h e  a s s o c i a t e d  

b i s u b l i n e a r  f u n c t i o n a l .  

By abuse of language w e  s h a l l  s ay  t h a t  a s u b l i n e a r  o p e r a t o r  P : E  + FL 

is 1 . s .c .  i f f  t h e  a s s o c i a t e d  b i s u b l i n e a r  f u n c t i o n a l  i s  1.s.c. .  

Lemma 3 . 3  shows t h a t  t h i s  conven t ion  i s  c o n s i s t e n t  w i t h  Defi-  

n i t i o n  3 . 2 .  

A s  i n d i c a t e d  by Example 3 . 6 ,  e x t e n s i o n  problems of p o s i t i v e  o p e r a t o r s  

can  o f t e n  be fo rmula t ed  u s i n g  t h e  dominat ion by a s u b l i n e a r  o p e r a t o r  

P : E  + FA 
h 

a t t a i n i n g  on ly  v a l u e s  i n  FU I - } .  I n  t h i s  c a s e  P i s  1.s.c.: 

3 . 9  Theorem: L e t  P be an i s o t o n e  s u b l i n e a r  o p e r a t o r  from a F r e c h e t  

l a t t i c e  E i n t o  t h e  sup-completion F '  of t h e  d u a l  F o f  a normed v e c t o r  

l a t t i ce  F. I f  P ( E )  cF 'Ut-1 and P i s  1.s.c. a t  0 t h e n  t h e  b i s u b l i n e a r  

f u n c t i o n a l  

Ge ( f )  i f  e E E ,  f E F+ 
h 

p ( e , f )  = o i f  e = 0 ,  f E F \ F t  L else  

a s s o c i a t e d  w i t h  P i s  t h e  g r e a t e s t  1.s.c. minorant  of t h e  b i s u b l i n e a r  
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f u n c t i o n a l  p induced by P on E X  F .  I n  p a r t i c u l a r ,  P i s  1.s.c.  

P roof :  By Theorem 3 .5  and Lemma 3.7 it s u f f i c e s  t o  show t h a t  

,'EX!?+ 
a l l u E U a n d  someUEll (hence P ( e + u ) =  m f o r  a l l  uEU). S e l e c t i n g  

V E  U such  t h a t  V + V c U  w e  conclude P ( x + v )  ( g )  = m  f o r  a l l  x E e  + V ,  

g E F L { O } ,  which i m p l i e s  t h a t  p ( x , g )  = m. I t  f o l l o w s  t h a t  P i s  1.S.c .  

The r e s t o f t h e p r o o f  i s a n  immediateconsequence of Theorem 3.5. m 

i s  1 .s .c .  a t  each p o i n t  ( e , f )  E E X  F + a t  which P ( e + u )  ( f ) -  f o r  

h h 

I f  y E ] l , m [ ,  F = L q ( p )  

t h e  d u a l  F i s  i s o m e t r i c a l l y  isomorphic  t o  L ( p )  where Q’ : = &.  
Thus t h e  sup-completion FL can n o t  o n l y  be i n t e r p r e t e d  as t h e  cone 

of  a l l  1.s .c.  p o s i t i v e l y  homogeneous, a d d i t i v e  mm-valued f u n c t i o n a l s  

on F+ b u t  a l s o  a s  t h e  cone of  a l l  ( e q u i v a l e n c e  c l a s s e s  o f )  

f u n c t i o n s  from Q i n t o  Dm minor i zed  by some f u n c t i o n  i n  L y ( p ) .  

S i m i l a r l y ,  a l t h o u g h  L ( p )  i s  n o t  a d u a l  space  i n  g e n e r a l ,  it i s  a t  

l e a s t  a KB-space i n  t h e  s e n s e  of Vulikh (see [ 6 1 )  , i . e .  a band i n  

i t s  b i d u a l .  I t  can  be shown t h a t  t h e  sup-completion of a KB-space G 

can  a l s o  be i n t e r p r e t e d  a s  a subcone of t h e  sup-completion of G" 

(see [ 2 1 ,  Thm. 7 . 1 2 ) .  Unter t h i s  p o i n t  of view an element  of Gs i s  

a 1 . s .c .  p o s i t i v e l y  homogeneous, a d d i t i v e  Dm-valued f u n c t i o n a l  cp 

on G: t h a t  s a t i s f i e s  t h e  o r d e r - c o n t i n u i t y  c o n d i t i o n  limcp(gA) = c p ( g ' )  

f o r  e v e r y  i n c r e a s i n g  sequence (9;) i n  G: w i t h  g '  - g '  EG:. I fJ :Gs+Gi 

d e n o t e s t h e n a t u r a l  imbeddingand P i s  a n i s o t o n e  s u b l i n e a r o p e r a t o r  f r o m a  

F r e c h e t l a t t i c e E i n t o G s ,  t h e n J o P  i s  an i s o t o n e  s u b l i n e a r  map f r o m E i n t o  G i  

so  i s  JoP. Provided t h a t  t h e  r ange  o f  J o P  i s  c o n t a i n e d  i n  t h e  n a t u r a l  

image J ( G s )  of Gs i n  G:, w e  s h a l l  be a b l e  t o  r e f o r m u l a t e  

t h e  m a j o r i t y  of  r e s u l t s  abou t  e x t e n s i o n s  of p o s i t i v e  o p e r a t o r s  mapping 

i n t o  LP-spaces,  p > 1 ,  a l s o  i n  t h e  c o n t e x t  of L - spaces  (see [ 2 I). 
Thus w e  a r e  s t r o n g l y  i n t e r e s t e d  i n  an a l t e r n a t i v e  d e s c r i p t i o n  of P 

t h a t  a l l o w s  t h e  d i r e c t  i n t e r p r e t a t i o n  of  t h e  v a l u e s  Pe as b-measurable 

f u n c t i o n s .  Remarkably, i t  i s  t h e  e q u i v a l e n c e  of t h e  o r d e r - t o p o l o g y  

and t h e  o r i g i n a l  l o c a l l y  c o n v e x  t o p o l o g y  i n  F r e c h e t  l a t t i c e s  t h a t  

l e a d s  t o  a s o l u t i o n  of t h i s  problem. T o  show t h i s  we need t h e  

f o l l o w i n g  

3.10 D e f i n i t i o n :  L e t  E be a F r e c h e t  l a t t i ce ,  F a normed v e c t o r  

l a t t i c e  and P : E + FA an i s o t o n e  s u b l i n e a r  o p e r a t o r .  I f  a E E ,  w e  

f o r  some o - f i n i t e  measure space  ( n , A , p ) ,  t h e n  
Q 

p-measurable 

1 

n- 
-2% n 

A A 

1 
h 

A 

P u t  
Cae(f)  = sup  i n f  P ( e + u )  ( f )  f o r  a l l  f E F ,  e E E .  

E>O lulSEa 

It i s  e a s y  t o  show t h a t  8" : E + FA i s  a g a i n  s u b l i n e a r  and i s o t o n e .  
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3.11 Theorem: L e t  P be a n  i s o t o n e ,  s u b l i n e a r  o p e r a t o r  from a 

F r e c h e t  l a t t i c e  E i n t o  t h e  sup-completion FH of  t h e  d u a l  of  a normed 

v e c t o r  l a t t i ce  F. Then 

G e ( f )  = i n f  G a e ( f )  f o r  e a c h  e E E ,  f EF:. 
aEE+ 

Proof:  For each U E U  and each  a E E +  t h e r e  e x i s t s  E > O  such t h a t  

{ u E E :  h a  
lul S ~ a } c U . H e n c e  & ( f )  6 i n f  P e ( f )  f o r  a l l  e E E ,  fEF:.  

aEE+ 

Suppose, t h a t  t h e r e  w e r e  e l e m e n t s  e E E ,  f E F+ such t h a t  

h ( f )  < i n f  e a e ( f ) .  Choose a E l R  w i t h  B e ( f )  < a  < i  f S a e ( f ) .  

For each  a E E + ,  l e t  Ma = { r  > 0 : 

of ct w e  conclude t h a t  Ma + @  . 
The f u n c t i o n a l  cp : E + W, d e f i n e d  by v ( a )  = -infMa i s  obv ious ly  

d e c r e a s i n g .  I t  is e a s y  t o  check t h a t  X M a  = Mia f o r  a l l  X > O f  a E E + .  

S ince  Mo = l o , - [ ,  cp i s  p o s i t i v e l y  homogeneous. I f  a l l  a2 E E  are such  

aEE+ a?E+ 
i n f  P ( e + u )  ( f )  2 a}. From t h e  c h o i c e  

lulSTa 1 

t h a t  q ( a l )  + O f  ~ p ( a 2 )  + O ,  w e  c l a i m  t h a t  M a ,+a2  = Ma, + Ma, - TO prove 

t h i s  i n c l u s i o n  n o t e  f i r s t  t h a t  Ma i s  an i n t e r v a l  i n  IR unbounded 

from above. T h e r e f o r e ,  i f  s > O  is  such t h a t  s Z M a  
+ Ma , t h e r e  are 

1 2 

r e a l  numbers r l , r 2  > O ,  s = r l  + r 2 ,  n o t  c o n t a i n e d  i n  M and M 

r e s p e c t i v e l y ,  i . e . a1 a2 ' 

i n f  P ( e + u )  ( f )  < a and i n f  P ( e + u )  ( f )  < a . 
r l -  lulSa1 r 2  *I  u I Sa2 

Hence t h e r e  a r e  e l emen t s  u l , u2  E E  s a t i s f y i n g  r 1 - l u l l  < a 1  , 
r 2 - l u z l  5 a2 , P ( e + u l )  ( f )  < a and P ( e + u z )  ( f )  < a .  S e t t i n g  

we t h u s  conclude ( r l + r 2 ) - l u l  = Irl u 1 +  r 2  u ~ l  < a 1  + a2 and 

( e + u l )  + - ( e+u2)  1 
rl+r2 

P ( e+u)  ( f )  = P (x 
r l + r z  

r l  r 2  

r L  1 2  
5- r1+r2 P ( e + u l )  + - P I e + u 2 )  < a, 

which i m p l i e s  t h a t  r1 + r 2  

We have t h u s  proved t h e  i n c l u s i o n  M c M + M a 2  , which i m p l i e s  

t h a t  cp is  s u b a d d i t i v e .  I f  : E + m, is  d e f i n e d  by 
a l + a z  a1 

i f  x E E, r' e lse  

N 

cp(x) = 

t h e n  i s  s u b l i n e a r .  Moreover, u s i n g  t h e  same arguments as  i n  t h e  

proof  of P r o p o s i t i o n  3 . 4  it can be  shown t h a t  i s  1.s.c.  a t  0 ,  s i n c e  
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cp i s  d e c r e a s i n g .  L e t  L b e a  con t inuous  l i n e a r  form on E dominated by 

2 .z  . S i n c e  2.cp is d e c r e a s i n g ,  w e  have L ( x )  5 2'rp(x) 2 2 * ( p ( O )  = O  

f o r  a l l  x E E + ,  hence Lo : = - e is  p o s i t i v e .  S e t t i n g  

N N 

f o r  e a c h  a E E + ,  t h e  convex h u l l  

i n  E w i t h  r e s p e c t  t o  t h e  o r d e r  

else 

u of u Ua is  a zero-neighborhood 

opology.  S i n c e  E i s  a F r e c h e t  l a t t i c e ,  
a E E +  

U i s  i n  f a c t  a l s o  a zero-neighborhood f o r  t h e  o r i g i n a l  topology on E. 

W e  c l a i m  t h a t  U c 

t h a t  i n f  P ( e + u )  ( f )  2 i n f  i n f  P ( e + u )  ( f )  . Moreover, i f  L o  (a )  > 0 t h e n  

L , ( a ) > - v ( a )  f o r  e a c h  a E E  . T h i s  i n e q u a l i t y  b e i n g  t r i v i a l  f o r  rp(a)=O 

it r e s u l t s  from 4 (a) t - 2 - ~ ( a )  = - Z - r p ( a )  >-cp(a) f o r  w(a)  < O .  

Consequent ly ,  L o ( a )  E M a  

i n f  P ( e + u )  ( f )  2 a .  I f  L o c a l  

eve ry  u E U a  t h e r e  e x i s t s  r > O  such  t h a t  r - l u l 5 a . O n  t h e  o t h e r  hand, 

- rpbe ingmajo r i zed  by Lo on E+  cp m u s t  a l s o  v a n i s h  a t  a .  The re fo re  

r E M a  and P ( e + u )  ( f )  >a. W e  t h u s  have t h e  e s t i m a t e  i f P ( e + u )  (f) 2 a 

f o r  e v e r y  a E E+, which y i e l d s  a 5 i n f  P ( e + u )  i f )  I sup i n f  P ( e + u )  ( f )  , 
s i n c e  11 i s  a ne ighborhoodbas i s  o f  0 .  T h i s  c o n t r a d i c t s  t h e  c h o i c e  o f a .  

To complete  t h e  proof  it t h u s  remains t o  show t h a t  U c  u 
If x E U t h e n  t h e r e  e x i s t  f i n i t e  f a m i l i e s  ( x ~ ) ~ ~ ~  i n  E ,  

u U a .  Once t h i s  i n c l u s i o n  i s  proved it f o l l o w s  
aEE+ 

U E U  aEE+ uEUa 

+- 

i n  t h i s  case, which i m p l i e s  t h a t  

= 0 ,  t h e n  U a  = u [ - h a , h a ]  i . e .  f o r  
uEUa A>O 

? 'a 
U E U  U E l l  UEU 

. 
aEE+'a 

azAAa xa I 
i n  t 0 , l l  and (ra)aEAEIO,-[ such t h a t  X = 1 I x = 

a A a  i 
r .lo ( a )  5 1 and Ix I 5 r ' a  f o r  a l l  a € A .  

S e t t i n g  ax : = 7 X a  ra - a E E+ w e  o b t a i n  1, ( a x )  

hence I x i - L , ( a  ) S 

a a a 
= 1 h r Lo ( a )  5 1 X a  = 1 ,  

a E A  aEA a a aEA 

X lx  I 5 a i A h a . r a - a  = a which i m p l i e s  t h a t  
a A a  a X 

x E U a  . I 
X 

3 . 1 2  C o r o l l a r y :  L e t  P be an i s o t o n e  s u b l i n e a r  o p e r a t o r  from a 

F r e c h e t  la t t ice  i n t o  t h e  sup-completion of t h e  d u a l  F’ of a normed 

v e c t o r  l a t t i c e  F. For each e E E ,  f E F +  t h e r e  i s  an element  a E E +  

such  t h a t  P e ( f )  = P e ( f ) .  

P roof :  
x----x 
Pa 5 Pb whenever a ,  b E E+ s a t i s f y  b 5 Xa f o r  s o m e  h 2 0. I f  (an)nEm 

i s  a sequence i n  E + \ { O }  and d d e n o t e s  a t r a n s l a t i o n  i n v a r i a n t  

m e t r i c  on  E ,  choose h n  > 0 f o r  e a c h  n E IN 

A ha 

I t  f o l l o w s  immediately from t h e  d e f i n i t i o n  of ;a t h a t  

1 such  t h a t  d ( A n  an ,  0 )  < p . 
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OD 
Then A n  an 5 a : = Z X a which y i e l d s  Sa 5 

Given e E E.  f E F , ,  it f o l l o w s  from Theorem 
m=l m m '  

+A 1 an E E+ such t h a t  P a n e ( f )  6 s e ( f )  + 

c o n s t r u c t e d  a s  above t h e n  P e ( f )  5 

e q u a l i t y  r e s u l t s .  

f o r  

$ e ( f ) .  
Aa 

Sari f o r  eve ry  n .  

3.11 t h a t  w e  can  select  

e a c h  n E I N .  I f  a i s  

S ince  always ha P e ( f )  2 $ e ( f )  

Returning t o  t h e  problems mentioned b e f o r e  D e f i n i t i o n  3.10 l e t  

( R , A , w )  be a a - f i n i t e  measure space ,  q E [ I  ,-[ , andCq be t h e  coneof  a l l  

( equ iva lence  classes o f )  p-measurable B--valued f u n c t i o n s  minorized 

by some element  of Lq ( p )  . Recall t h a t  Cq is  o r d e r e d  cone isomorphic  

t o  t h e  sup-completion of  L q ( ~ ) .  I f  P i s  a n  i s o t o n e  s u b l i n e a r  o p e r a t o r  

from a F r e c h e t  l a t t i c e  E i n t o  Cq t he?  f n f  P ( e + u )  i s  a f u n c t i o n  i n  C q .  

S i m i l a r l y ,  Gae as w e l l  a s  i n f  Cae a r e  d i r e c t l y  seen  t o  be members of 

C . I f  q = 1 and J i s  t h e  n a t u r a l  imbedding of L 1 ( p ) ,  i n t o  L1 (p):, 

w e  t h u s  see t h a t  J o P  o n l y  a t t a i n s  v a l u e s  i n  C1.  

t h i s  argument see [ 2 1 ,  p.  137 f f . )  

u 5Ea 

a E E  Q 
A 

(For  t h e  d e t a i l s  of  

3.13 Remark: Using Lemma 1 . 1  and t h e  e q u i v a l e n c e  of  r e l a t i v e  

uniform *-convergence (see 1 4 1 ,  Ch. I V ,  8 2 )  and t h e  t o p o l o g i c a l  

convergence i n  F r e c h e t  l a t t i c e s  i t  can be  shown t h a t ,  f o r  e a c h  
A 

e E E  t h e r e  e x i s t s  an element  a E E +  such t h a t  Pe = 

do n o t  need t h i s  f a c t  h e r e ,  w e  omit  t h e  p roof .  

4 .  APPLICATIONS TO POSITIVE OPERATOR EXTENSION 

I n  t h i s  s e c t i o n  w e  s h a l l  b e  e x c l u s i v e l y  concerned w i t h  t h e  f o l l o w i n g  

s i t u a t i o n :  E i s  a l o c a l l y  convex v e c t o r  l a t t i c e ,  H a l i n e a r  subspace 

of  E ,  F a t o p o l o g i c a l  v e c t o r  l a t t i c e  t h a t  w i l l  a lways be assumed t o  

be Dedekind complete  and T:H+F w i l l  be a p o s i t i v e  c o n t i n u o u s  o p e r a t o r .  

Our a i m  is  t o  c o n s t r u c t  p o s i t i v e  ( con t inuous )  e x t e n s i o n s  of T and t o  

describe t h e  se t  of a l l  e x t e n s i o n s .  

I f  eEE\H and {Th : h  Z e }  or { T h :  h 2 - e  } i s  n o t  bounded from below 

i n  F ,  t h e n  t h e r e  c a n n o t  be  any p o s i t i v e  e x t e n s i o n  S of T w i t h  domain 

i n c l u d i n g  e s i n c e  o t h e r w i s e  

Th 2 Se f o r  a l l  h E H ,  h 2 e  and 

Th 2-Se f o r  a l l  h E H ,  h 2 - e .  

Thus w e  should a t  l e a s t  p o s t u l a t e  t h a t  {Th: h > e l  i s  bounded from 

below i n  F f o r  a l l  e E E ,  o r ,  e q u i v a l e n t l y , t h a t  T ( A )  i s  bounded from 

below i n  F f o r  e v e r y  s u b s e t  A of  H bounded from below i n  E. Under 
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t h i s  c o n d i t i o n  t h e  f i r s t  s t e p  t o  a s o l u t i o n  o f  t h e  p o s i t i v e  e x t e n s i o n  

problem i s  t h e  c o n s t r u c t i o n  of t h e  i s o t o n e  s u b l i n e a r  o p e r a t o r  P:E+Fs 

g i v e n  by P e  = i n f { T h : h 2 e  1 f o r  a l l  e E E .  While t h e  concep t  of 

forming ? v i a  Theorem 3.5 i s  a v a i l a b l e  o n l y  f o r  d u a l s  of normed v e c t o r  

l a t t i ce s  o r  a t  least  KB-spaces, t h e  s u b l i n e a r  o p e r a t o r s  6" ( a  E E + )  

are  we l l -de f ined  w i t h  v a l u e s  i n  Fs even i n  t h e  c o n t e x t  of a r b i t r a r y  

Dedekind complete  v e c t o r  l a t t i c e s .  Moreover, i f  

i s  t h e  v e c t o r  l a t t i c e  i d e a l  g e n e r a t e d  by a ,  t h e n  Pa i s  a l r e a d y  regu-  

l a r i z e d  on H +  Ea under  a s u i t a b l e  l o c a l l y  convex topo logy :  

Ea := { x E E :  3 X > 0 :  1x1 5 Aa} 

4 . 1  Theorem: Given a E E + ,  l e t  P d e n o t e  t h e  set of all p o s i t i v e  ex ten -  

s i o n s  o f  T t o  H+Ea. I f  T ( A )  i s  bounded from below f o r  e v e r y  s u b s e t  

A of  H bounded from below i n  E l  t h e n  

pae  = sup{Se : SEP,} 

Proof:  Note t h a t  Pae  = sup i n f  {Th:  h E H ,  h 2 e - E a l .  S i n c e  {hEH: h>e-Ea) 

is  bounded from below i n  E i n f {  T h :  h E H ,  h2 e -�.a} e x i s t s  i n  F 

f o r  e v e r y  

;a i s  i s o t o n e  and s u b l i n e a r  

L e t  H I  be  an a l g e b r a i c  complement of E 

If m d e n o t e s  t h e  Minkowski f u n c t i o n a l  of  t h e  o r d e r  i n t e r v a l  [ - a , a I  

i n  Ea and q i s  an a r b i t r a r y  con t inuous  seminorm on E ,  t h e n  

f o r  a l l  e E H+E,. 
A 

E>O 

E > 0 ,  c o n s e q u e n t l y ,  Gae E Fs. A r o u t i n e  argument shows t h a t  

and t h a t  Gah = Th f o r  a l l  h E H .  

i n  E + H  such t h a t  H,c  H .  a a 

a 

s ( h l + x )  = q ( h l )  + ma(x) (h lE  H I  , x E Ea)  
q 

a '  
d e f i n e s  a seminorm s on H+E 

For  e v e r y  r > O ,  l e t  U r : = { h l + x :  

t h a t  t h e  a f f i n e  l i n e a r  mapping kE :  e + U  

k E ( e + h l + x )  = i n f  { T h :  h E H ,  h te-Ea) + Thl (hlEH1, xEE,, m a ( x ) < T )  

is  ma jo r i zed  by Pa on e + 
t h a t  m ( x )  < 5 w e  have 

i n f { T h :  h E H ,  h > e - E a l  + Thl = i n f ( T ( h + h l ) :  h E H ,  h2 e-ca} 

9 
hlEH1, m a ( x ) <  r } .  Given E > O  n o t e  

-+ F w i t h  v a l u e s  
E E / 2  

A 

Indeed,  f o r  each  hlE H I  , xE Ea such  
% / 2 .  

a 

= i n f { T ( h ' )  : h'E H I  h ' h  e + h  -€a}  

5 P ^a ( e + x + h l ) .  

2 i n f { T ( h ' )  : h'EH, h ' t  e + x + h l - l a }  I E  

Moreover, s i n c e  T i s  con t inuous  on H k i s  o b v i o u s l y  con t inuous  w i t h  

r e s p e c t  t o  t h e  l o c a l l y  convex topology C induced by t h e  seminorms 

s 

F i n a l l y  sup k E ( e )  = Ga(e). 

S i n c e  e E Ea+H w a s  a r b i t r a r y ,  Pa i s  r e g u l a r i z e d  w i t h  r e s p e c t  t o  

E 

on H+E,, where q v a r i e s  o v e r  a l l  con t inuous  seminorms on E.  
9 

E>O A 

C . 
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I t  i s  e a s y  t o  check t h a t  a l i n e a r  o p e r a t o r  S:H+E + F i s  dominated a 
by Ga  
i n  P a r e  a u t o m a t i c a l l y  E-continuous.  Hence t h e  a s s e r t i o n  fo l lows  

from t h e  g e n e r a l  t h e o r y  o u t l i n e d  i n  s e c t i o n  1 (see [ 2 1 ,  2 . 1 2  1 .  I 

i f  and o n l y  i f  it be longs  t o  P. Furthermore t h e  l i n e a r  maps 

4 . 2  C o r o l l a r y :  Under t h e  assumptions f i x e d  b e f o r e  Theorem 4 . 1  t h e  

f o l l o w i n g  s t a t e m e n t s  are e q u i v a l e n t :  

i )  For eve ry  aEE T has  a p o s i t i v e  e x t e n s i o n  t o  H+ma.  

ii) 

iii) For eve ry  s u b s e t  A c H  bounded from below i n  E T ( A )  i s  bounded 
a '  For eve ry  aEE+ T has  a p o s i t i v e  e x t e n s i o n  t o  H+E 

from below i n  F. 

Proof:  (ii) (i) i s  t r i v i a l ,  (iii) * (ii) i s  c l e a r  from Thm. 4 . 1 .  

(i) (iii): I f  A c H  i s  bounded from below by a E E  choose a p o s i t i v e  

e x t e n s i o n  Ta o f  T t o  H+IRa. Then T ( A )  is bounded from below by T a ( a ) . l  

I n  o r d e r  t o  ex tend  a p o s i t i v e  o p e r a t o r  t o  t h e  whole space  E t h e  re- 

l a t i o n s h i p  between t h e  o r d e r i n g s  of  E and F c a u s e  overwhelming t r o u b l e s ,  

i n  g e n e r a l .  A t  l e a s t  i n  c lass ica l  Banach l a t t i c e s ,  however, w e  can  

procede f u r t h e r  u s i n g  t h e  r e s u l t s  of  [ 2 ] :  

Although eve ry  p a i r  ( E , G )  of  adap ted  Banach l a t t i ce s  i n  t h e  termino- 

logy of [21 cou ld  r e p l a c e  t h e  ( L p , L q )  - c o n f i g u r a t i o n  i n t r o d u c e d  now, 

w e  only d e a l  w i t h  t h i s  more r e s t r i c t i v e  s i t u a t i o n ,  s i n c e  t h e  c e n t r a l  

i d e a s  a r e  n o t  hidden behind t o o  much t e c h n i c a l  framework i n  t h i s  c a s e .  

Thus, from now on,  l e t  E a lways be an LP-space,  G an Lq-space w i t h  

1 < q  < p  < m. S e t t i n g  F:=G' w e  may i d e n t i f y  F'  w i t h  G s i n c e  G i s  re- 

f l e x i v e .  I t  w a s  shown i n  [ Z ]  t h a t  i n  t h i s  c o n t e x t  an i s o t o n e  sub- 

l i n e a r  map from E i n t o  F’ = G is  r e g u l a r i z e d  if and o n l y  i f  it i s  

1.s.c..  A s  an immediate consequence of t h e  r e s u l t s  p r e p a r e d  i n  t h e  

l a s t  s e c t i o n  w e  hence r ep rove  some deep e x t e n s i o n  theorems i n  Lp-spaces. 

4 . 3 )  Theorem: The p o s i t i v e  o p e r a t o r  T : H + G  h a s  a p o s i t i v e  e x t e n s i o n  

T , : E + G  i f  and o n l y  i f  T ( A )  i s  bounded from below f o r  e v e r y  s u b s e t  

A c H  bounded from below i n  E (see [ 2 1 ,  Thm. 4 . 7 ) .  

Proof:  For  t h e  s u b l i n e a r  o p e r a t o r  P mentioned above P i s r e g u 1 a r i z e d . l  
A 

4 . 4 )  Theorem: Assume t h a t  T has  a p o s i t i v e  e x t e n s i o n .  Given e E E ,  

f E F and a E IR such t h a t  

i n f  (sup{Th: h E  H ,  h<e+&a})  ( f )  < a < 

f o r  a l l  a E E + ,  t h e r e  i s  a p o s i t i v e e x t e n s i o n  S:E+Gof T s u c h t h a t S e ( f ) =  a .  

Proof:  The i n e q u a l i t y  i s  n o t h i n g  e lse  b u t  a < i n f  6% ( f )  = 6e ( f  ) and 

-a < i n f  P a ( - e )  (f) = P ( - e )  ( f ) .  Hence t h e  theorem f o l l o w s  from [21 ,  5.9.1 

s u  ( inf{Th:  hEH, h t e -ca} )  ( f )  
E>O E > E  

A h aEE+ 

aEE+ 
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5 .  A P P E N D I X  

5 . 1  Theorem: L e t  E be a v e c t o r  space ,  F a l o c a l l y  convex v e c t o r  

l a t t i c e  and l e t  p : E x F + lRwbe a b i s u b l i n e a r  f u n c t i o n a l  s a t i s f y i n g  

t h e  c o n d i t i o n s  

i ) i f  E F  : p ( e , f )  < w ) c F +  

ii) f + p ( e , f )  i s  a d d i t i v e  and 1.s.c. on F+ f o r  each e E E .  

= p"(e @ f )  Then p ( e , f )  
t h e  f o l l o w i n g  

5 .2  Lemma: Given a v e c t o r  l a t t i c e  F and a non-empty f i n i t e  s u b s e t  

A of F+,  l e t  a €  F+ be  such t h a t  A i s  c o n t a i n e d  i n  t h e  v e c t o r  l a t t i c e  

i d e a l  

f o r  a l l  ( e , f )  € E x F+. For t h e  proof w e  need 

Fa : = { f E F  : 3 x 2 0 :  If1 2 Xal 

g e n e r a t e d  by a. Then, f o r  each  n E N ,  t h e r e  e x i s t s  a f i n i t e - d i m e n s i o n a l  

v e c t o r  s u b l a t t i c e  Fn of Fa and a p o s i t i v e  p r o j e c t i o n  Pn : Fa + Fn 

such t h a t  a E F n  and 

P roof :  

a v e c t o r  l a t t i c e  isomorphism f +f from Fa o n t o  a dense v e c t o r  sub- 

l a t t i c e  of some space  c ( K )  , K compact, such  t h a t  B = 1 (see [ 1 ] ,  

p .  7 6 ) .  

I f  n E l N ,  and x E K  choose an open neighborhood Ux of x i n  K such t h a t  

S ince  Fa i s  a v e c t o r  l a t t i c e  w i t h  o r d e r  u n i t  a t h e r e  e x i s t s  

1 sup f ( U x )  - i n f  T ( U  ) 5 5; 

f ( x )  5 ( I  + - ) * i n f  ? ( u X )  

and 
X 

1 
n 

- 

f o r  a l l  f E A .  Then t h e r e  i s  a f i n i t e  s u b s e t  {X l , . . . , ~ m ) ~ K  such t h a t  

i = l  1 j # i  1 
f o r  i = 1 , .  . . , m .  L e t  (gi)  lsism be a p a r t i t i o n  of  u n i t y  i n  C ( K )  

o r d i n a t e  t o  (Uxi) 15i5m and choose 6 > 0 ,  5,nm.llf II - 6  5 1 f o r  a l l  f E A. 

S i n c e  i s  dense i n  c (K), w e  c a n  select  f . . , f m  E Fa, such 

t h a t  f i ( x . )  = f j i j  f o r  i , j = l ,  ..., m, 
gi - 6 5 f . S g . + 6  and f .  2 0 

m 
V uXi = K .  Without loss  of  generalitywemayassumethat xiEUx? u u x .  

sub- 

: f E Fa) 

- 7 -  

1 1  

f o r  i = l ,  2 , .  . . , m .  

{ f i  : 1 5 i 5 m} i s  a v e c t o r  s u b l a t t i c e  of  Fa. Indeed ,  t h e  mapping 

0 : lRm -t F 

The l i n e a r  subspace Fn of  Fa g e n e r a t e d  by 

g iven  by 
m 

i= 1 

n 

Q ( a l ,  ..., am) = 1 a i  - f i  

m 
i s  an a l g e b r a i c  isomorphism s a t i s f y i n g  CP (lR+) c Fn+ 

o r d e r  on lRn) 

( c o o r d i n a t e w i s e  

w i t h  o r d e r - p r e s e r v i n g  i n v e r s e  
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f ( X m )  
) .  / (XI ) 

\ f l ( X 1 )  * . .  f m  (xm J f - t  

Hence, @ i s  a v e c t o r  l a t t i c e  isomorphism. 

Consider  t h e  p r o j e c t i o n  Pn : Fa + F g i v e n  by 
n m ... 

Pnf = 1 F ( X i ) ' f i .  
i = l  

I f  5 E K  and f € A  t h e r e  e x i s t s  e E  { l , . . . , m ~  such  t h a t  5 E U x  . Keeping 

i n  mind t h a t  g i (S )  * 0 i m p l i e s  5 E U  L we conc lude  
x; 

L 

which y i e l d s  

I a 1 f - - 6 P f 6 1 + - f  . 
n n n 

Using t h e  lemma and an obv ious  g e n e r a l i z a t i o n  of  [ 2 ] ,  Lemma 3.15, 

w e  can now complete t h e  proof of t h e  theorem w i t h  e x a c t l y  t h e  same 

arguments a s  i n  [ 2 1, Thm. 3.17. 

Re fe rences  

[ I ]  ALFSEN, E.M.: Compact Convex S e t s  and Boundary I n t e g r a l s .  Sp r in -  

[ 2 ]  DONNER, K.:  Ex tens ion  o f  P o s i t i v e  O p e r a t o r s  and Korovkin Theorems. 
ger-Verlag,  B e r l i n - H e i d e l b e r g - N e w  York 1971. 

Lec tu re  N o t e s  i n  Mathematics 9 0 4 .  Sp r inge r -Ver l ag  B e r l i n  - 
Heidelberg-New York 1982. 

North-Holland, A m s t e r d a m - N e w  York-Oxford 1981. 

Row, N e w  York 1967. 

Ver l ag ,  B e r l i n - H e i d e l b e r g - N e w  York 1974. 

Vec to r  Spaces.  Gordon and Breach, N e w  York 1967. 

[ 3 ]  FUCHSSTEINER, B. and LUSKY, W . :  Convex cones.  Math. S t u d i e s  56. 

[ 4 ]  PERESSINI, A.L.: Ordered Topo log ica l  Vector  Spaces.  Harper and 

[ 5 ]  SCHAEFER, H.H.: Banach l a t t i c e s  and P o s i t i v e  Opera to r s .  Sp r inge r -  

[ 6 ]  VULIKH,  B.C.: I n t r o d u c t i o n  t o  t h e  Theory o f  P a r t i a l l y  Ordered 



Functional Analysis: Surveys and Recent Results I I I 
K.-D. Bierstedt and B. Fuchssteiner (eds.) 
@Elsevier Science Publishers B.V. (North-Holland), 1984 175 

ON MATRIX ORDER AND CONVEXITY 
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I n  t h e  f i r s t  p a r t  we review some ideas  and r e s u l t s  
on mat r ix  order  and convexi ty .  For f u r t h e r  r e s u l t s  
we r e f e r  t o  t h e  survey a r t i c l e s  of Stdrmer [221 ,  
E f f ros  [ l o ]  and Tomiyama [241. I n  t h e  second p a r t  
we expla in  a proof o f  ex tens ion  theorems o f  
Hahn-Banach type f o r  opera tor  valued l i n e a r  maps 
i n t o  B(H) based on a non-commtative analogue 
o f  t h e  Riesz sepa ra t ion  p rope r ty  v a l i d  f o r  B(H). 

1 .  REPORT 

In t h e  theo ry  of  non-commutative ope ra to r  a lgeb ras  on H i l b e r t  space 

t h e  c l a s s i c a l  methods of func t iona l  a n a l y s i s  based on  convexi ty  

theory  a r e  i n  genera l  no t  s t rong  enough t o  prove i n t e r e s t i n g  r e s u l t s .  

Experience shows t h a t  one ob ta ins  b e t t e r  r e s u l t s  by  s t rengthening  

t h e  not ions  of convex s e t ,  convex cone, o rde r ,  bounded or p o s i t i v e  

l i n e a r  map, convex func t iona l  i n  a s p e c i f i c  way. One uses  s e t s  o f  

mat r ices  and i n e q u a l i t i e s  f o r  mat r ices  over t h e  a lgeb ra .  

I f  A i s  an ope ra to r  a lgeb ra ,  Mn = M ( e )  t h e  complex 

nxn-matrices ( n  E N) t hen  
n 

An: = Mn(A): = A Bje Mn 

i s  an operator a lgebra  with respect t o  mat r ix  m u l t i p l i c a t i o n .  

So An has a p o s i t i v e  cone An+ and a u n i t  b a l l  Sn . For a 

l i n e a r  map T on A we denote b y  

Tn: = T @ idM : [ x i j l  +)[T(x. .)I 
I J  n 

t h e  n -mul t ip l i c i ty  map. T i s  c a l l e d  completely p o s i t i v e  

(abbrevia ted  : cp) i f  a l l  Tn  ( n  E h )  a r e  p o s i t i v e  and T i s  

c a l l e d  completely bounded (abbrevia ted  : cb)  i f  
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The theory started with Stinespring�s representation theorem [211 

for completely positive linear maps T : A  --> B(H) . This theorem 

generalizes the Gelfand-Naimark-Segal representation for positive 
linear forms to completely positive operator valued maps. Then 
Arveson [ 3 1 generalized the Krein-Rutman extension theorem for 
positive linear forms to an extension theorem for completely positive 
linear maps into B(H) . A lot of interesting maps in the theory of 
operator algebras are automatically completely positive. Tomiyama [231 
proved that a projection of norm one onto a subalgebra is automatically 

an expectation or equival-ently a completely positive projection. We 
refer the reader to the survey of Stdrmer [221 for further results 
in this direction. 

Choi and Effros [7 1,  [ I 0 1  introduced matrix ordered spaces as the 
right setup to study complete positivity and Arveson�s extension 
property. In [271 we adapted the notion of a sublinear functional 
to matrix order and proved a corresponding matricial Hahn-Banach 
theorem. In [281 we defined matrix normed spaces as the appropriate 
spaces on which the completely bounded maps live and proved extension 

theorems for completely bounded maps. The structure behind all 
these is the following: 

1 .I DEFINITION : Let E be a X-vectorspace ( K  = R or C ) and 

Cn c E (Mn)h (n C W) a family of subsets. We call (CnInm a 

matrix convex family, if the following holds: 

Let xi E Cn. , y i C  M ni,m , i = 1 , .  . . ,k , k,ni,m E R\: such that 
1 

k k 
L yf y .  = 1 then 1 y y  x. y .  

1 l E C m  * i=l 1 1  m i=l 

In this connection (Mn)h denotes the hermitian part of the complex 
nxn-matrices and M the nxm-matrices. Notice that 
E 8 (M ) = E @c Mn = :Mn(E) is a C-vector space, if E is a 

n ,m 
R n h  

C-vector space and if E 

E @ (M ) 
with respect to the natural involution. 

It is easy to see that all 

is matrix convex. If all Cn are cones, IK = K ,  then we (�n)nE N 
speak of a matrix order on E . Examples of matrix order are the 

is a real vector space then 

: = M,(E)h is the hermitian part of its complexification 
R n h  

Cn are convex sets if the family 
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positive cones A: of operator algebras A ,  the dual cones and the 

cones of the non-commutative Lp spaces. Examples of matrix convex 
sets are the unit balls Sn of an operator algebra or the family 
of n-states 

f completely positive, f(lA) = ln) n ’  8, = (f : A --> M 

of a unital operator algebra. The family of completely positive 
linear maps CP(A,B ) between operator algebras A,B is a family 

of matrix convex cones. In [20] Schmitt and the author proved that 
the Hilbert-Schmidt operators between two non-commutative L2-spaces 
matrix ordered by the completely positive conesare completely order 

isomorphic to a L -space, which is the matrix ordered tensor 
product of the two L -spaces. From this one can easily deduce that 
for non-commutative L -spaces the maximal and the minimal matrix 
order of their tensor product coincide. The maximal and the minimal 

matrix order of the tensor product of matrix ordered spaces was 
studied by Choi and Effros [: 7 1 ,  [ l o ] :  a C*-algebra A is nuclear 
if and only if the maximal and the minimal order coincide on 
A @ B for all C*-algebras B . 
If E is a locally convex vector lattice there is only one matrix 
order with closed cones on E . A C*-algebra A is a lattice if 
and only if it is commutative. F o r  non-commutative C*-algebras A 
the situation is quite different, A 
(the order of multiplication is reversed in 
positive cone A+ = (AoP)+ , but the n-cone Mn(AoP)+ is the 

transposed of Mn(A)+ . A is commutative if and only if 
M2(A)+= M2(Aopf . Choi proved [ 5 1 :  a bijection T : A --> B 
between C*-algebras is a *-isomorphism if and only if T2 and T2 
are positive. The question is what further informations on A are 
hidden in the family of cones 
tions. 

An old question of Kadison [ I 3 1  is to characterize C*-algebras in 
terms of order. Since the order determines only the Jordan structure 
and not the algebra structure one needs an additional information 

which is called "orientation". There are several proposals to define 
an oriented ordered space. Using quite different types of orienta- 
tion Connes C 8 1 and Alfsen-Hanche Olsen-Shultz [ 2 l gave characte- 
rizations. Werner [251 and Schmitt-Wittstock [201 gave characteri- 
zations in terms of matrix ordered spaces. All these characterizations 
use as a common axiom a "projection property" which says: to every 

n 

2 

2 
2 

and the opposite algebra Aop 
AoP) have the same 

-1 

Mn(A)+ and how to use these informa- 
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closed face there is a special type of positive projection of the 

positive cone onto this face. 

We are searching for other characterizations which use generalizations 
of the lattice axioms or generalizations of the Riesz property. 
One has to be careful, both the lattice and the Riesz property 
characterize commutative algebras,and purely non-commutative algebras 

(with trivial center) are anti-lattices. We will discuss such a 
property, called the matricial Riesz property which characterizes 

injective von Neumann algebras (for example B(H)). Injectivity means 
that the matrix ordered space has Arveson’s extension property. 

By a result of Choi and Effros [7 I an injective unital matrix 
ordered space is completely order isomorphic to an injective 
C*-algebra. In C271 we gave a more general extension theorem for 
operator valued linear maps into an injective C*-algebra which 
generalizes the Hahn-Banach extension theorem for maps into an order 
complete vector lattice (cf.[9 1 ,  [ l 7 ] )  and gave an internal 

characterization of injective von Neumann algebras. 

With the aid of this matricial Hahn-Banach theorem it is possible 
to extend completely bounded linear maps T [281 and to decompose 
them T = TI - T2 into two completely positive maps T1,T2 such 
that 

llTi = \lTi 1 + TzII = ]IT llcb (i = I ,  2). 

Later on Paulsen [I51 gave a proof based on Arveson’s extension 
theorem and explained the connection of this decomposition and the 
solution of the similarity problem. It is possible to deduce the 

matricial Hahn-Banach theorem from Arveson’s extension theorem 
and vice versa just in the same way as the Krein-Rutman extension 
theorem for positive linear forms is equivalent to the scalar Hahn- 
Banach theorem. The proof of Arveson’s extension theorem is simple 
in the case where the completely positive map is defined on a 
subalgebra (Lance [141). In chapter 2.3 we give a short proof of 
Arveson’s extension theorem based on the matricial Riesz separation 

property for B(H) . 
In a recent preprint [ I l l  Haagerup proves that a von Neumann algebra 
N is injective if and only if CB(N,N) is the span of CP(N,N) . 
It is essential that N is a von Neumann algebra, because Huruya [I21 
gave an example of a non-injective C*-algebra B such that every 
completely bounded T : A -) B , A a C*-algebra,is the difference 

of two completely positive maps. 



Matrix order and convexity 179 

C(n) has the l+E-extension and decomposition property for compact 
linear maps. Saar [I61 showed the same for completely compact linear 
maps into nuclear C*-algebras A : a completely bounded map T into 
A is called completely compact (abbreviated cc) if for c >O there 
is a finite dimensional subspace F c A such that 

dist (Tn(x), M,(F>) ( E f o r  all ( ( X I \  1 1 , n E h . 

A completely positive compact map T : B -) C(H), B a C*-algebra, 
is always completely compact. But there is a completely bounded 
compact map S : B(H) -) C(H) , which is not completely cornpact. 

As a last feature I want to mention the left matrix multiplier 
algebra of a matrix ordered space. In the case of an order unit space 

it was introduced by Werner [ 2 5 1 ,  Schmitt and the author gave the 

general definition [Z�O]. It is an analogue to the ideal center 
which Wils introduced for ordered locally convex vector spaces 
[26] . For a C*- algebra the left matrix multiplier algebra 
coincides with the left multiplier algebra. For a non commutative 
L space the left matrix multiplier algebra is a von Neumann algebra 
M in standard form. Schmitt and the author 1201 characterized 
von Neumann algebras in this way. 

In the recent report of Tomiyama [241 the reader will find a lot of 
further related results. I hope to convince the reader that matrix 
order and matrix convexity is auseful enrichment for the theory of 

operator algebras. 

2 

2.1 SOME PRELIMINARY REMARKS ON MATRIX ORDER AND INEQUALITIES 

To simplify the presentation we concentrate on B(H) or C*-algebras 
snd their subspaces with the natural order of operators. For the 
technique of general matrix ordered spaces we refer to Choi and 
Effros C 7 I and the report of Effros ClOl. 
ordered by the cone of positive operators. Let y E Mm,n be a 
m x n scalar matrix. The linear map 

Mn(B(H)) = B(Hn> is 

(2.1) M,(B(H)>+ 3 x c-$ Y * X Y  EM~(B(H))+ 

is completely positive. To represent sums of those maps the following 
a . .  E M m notation is useful. Let a E M,(M,>, a = L a . . ] .  . 

x = [x. . ] .  m . 
IJ i , j = I  ’ i j  n ’ 

E Mm(B(H)). 1J l ,J=? 

We denote the contraction of x and a by 
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x x a  = c x.. @a.. . 
1 3  1 J  

( 2 . 2 )  
i,j=l 

This multiplication by block matrices is a natural analogue of the 
multiplication by scalars. Let ii, 
E = [ E . . ] . .  E Mm(Mm) . Since E = m ~  , E is positive. E gives the 

identity map: x x E = x and hence y* x y = y*(x x ~ ) y  = x X ( Y * E Y )  

Choi [61 showed that the map x -) x x cr is completely positive if 
and only if a is positive. Then there exists a finite number 

Y,�. * * 7 yn 

If A c B(E) is a commutative subalgebra, it is a vector lattice 

and may be identified with a space C(n) of continuous functions 

on a locally compact space n . A matrix x E M,(A) is positive 
if and only if [xij(u)] E Mn+ for all E n . Hence we obtain 

for commutative A (and only for commutative A) 

for all (2.3) n 

Thus in the commutative case (lattice case) the order structure of 
M (A) is uniquely determined by the order structure of A . 

be the usual matrix units in M m ,  
rn 

1J 1J=1 

k k 

x=l n=l 
such that a = c y c  E y, and x x a = y; x y, . Mm,n 

x E M (A)+ (=) x x a E A+ a E M ~ +  . 

n 

2.2 THE RIESZ SEPARATION PROPERTY IMPLIES THE MATRICIAL 
RIESZ SEPARATION PROPERTY 

An ordered vector space E has the Riesz separation property if the 
assumption 

(2.4) Xi,Yi E E 7 0,Xi 1 Yj i,j = I ,  ..., n 
implies 

(2.5) there is a z E Ef such that xiIz(yj , i , j  = 1 , .  . . ,n  

We define diagonal matrices 

u = on = diag(1 ,..., 1,-1 ,..., -1 )  E (M ) 2n h 

a = diag(y,, . . . ,yn , -xl,. . . ,-xn) E M2n(E>h 
and write (2.5) in an artificial form : 

(2.6) there is a z € Ef such that z @ On a . 

What happens if a is not diagonal but a general hermitian matrix 
in M2,(E)h = E & (M2n)h ordered by the rule ( 2 . 3 ) ?  We are searching 
for a condition on a which implies the escimation (2.6). If (2.6) is 
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fulfilled then a has the following property: 

(2.7) if < E M2,+, u x i 1 0  then a x < 2 0 . 

PROPOSITION 2.1: Let E be a uniformly complete ordered vector 

space, which has the Riesz separation property. Let a E M2n(E)h , 
then condition (2.7) implies the estimation (2.6). 

P R O O F :  We may assume that E = A(K), the space of continuous affine 

functions on a compact Clioquet simplex K . Let 

u x E, = 1 

o x q = 

g(k )  = inf b(k) x 5 1 5 E M2,+ , 
f(k) : sup {-a(k) x q 1 11 C MZn+ , -I i 

for k E K . The function g is concave, f is convex and by (2.7) 
0,f 1 g . Denote by 1 1  I l l  the trace norm on the matrices. The set 

IJ = {a E (M2n)h I there exists E ) 0 such that; 

- a x r l -  E I J ~ I \ ~ (  a x 5 +  ~ l l c l l l  

for all T , ~  E M ~ ~ +  , 0 x < = I ,  u x r i  = -11 
is an open convex set in the f’ini.te dimensional vector space (M2n)h 
The functions 

? ( a >  = inf @ x 5 I 5 E M ~ ~ + ,  0 x 5 = 11 , 
+ 

cp(a) = sup ( -a  x 1 q E M2n , u x q = - 1 )  

are real concave, respectively convex functions on U , hence they 
are continuous. Thus g(k) = y ( a ( k ) )  and f(h) = cp(a(k)) are 
continuous on K . 
By Edward’s separation theorem (cf. [ I  1 ,  theorem 11, 3.10) there 
is a z E A(K) such that O , f  1 z 1 g . This implies 

+ z ( u  x 5 )  1 a(k) x 5 f.a. 5E M2n 

i.e. z @ o L a  

in the pointwise order of M2n(A(K)) . 

2 .3  B(H) HAS THE MATRICIAL RIESZ SEPARATION PROPERTY 

We start with the case where dim H = k ( co, 

an analogue of proposition 2.1 f o r  matrices. 
B(H) = Mk and prove 

LEMMfl 2.2: Let a E M2!,(MkIh and assume that 
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5 E M~~ (PI,>+, on x 520 implies a x 5 2 0 . 

Then there exists a z E Mkf such that z @ un 1 a . 

PROOF: Let n E ( M ~ ) ~  , q = q+ -  71- , q ,q E Mk+ and c .  . 
1 J  

the matrix units in M2n . Then we have 

+ -  

5 = n + @ L  n,n+ q- C3 ’2n,2n M2n(Mk)+ 

and on x 5 = q . We identify M (M ) = M2nk in the natural way. 
The functional 

2n k 

8(v) = inf { a x2nk 5 1 5r1 X2n 5 2 7 3  5' M2n(Mk)+) 

(Mkk>h is well defined, subadditive and positive homogeneous on 
By assumption we have 8(0) 2 0 und hence 

0 = 8 ( 0 )  8 ( r J  + a(-$ . 

9 is a real valued sublinear functional. By the usual Hahn-Banach 
theorem there is a linear form cp on (Mk)h such that 

Cp(7-J L a ( d  for all q E (MkIh 

and there exists a unique z E (Mk)h such that 

v(q)  = xk 

Since 9(q) 0 for all i 0 we have z 2 0 . 
From 

( z  @ un) X2& s = z Xk ( u n  XZn 5 )  = 

CP(onX*n 5) 1 5 )  i a X2& s 7 

for all 5 C MZn(Mk)+ , we obtain 

z @ O n n ( a .  

Now let H be an infinite dimensional Hilbert space. The family of 
finite dimensional orthogonal projections p is directed upwards 
and converges to the identity. Moreover p x p  converges in the weak 
operator topology to x E B(H) . The ffiap x d p x p  is completely 
positive. Using this approximation by finite dimensional operators, 
the result of Lemma 2.2 and the weak compactness of the unit ball 
of B(H) we obtain the following theorem: 

THEOREM 2.3: Let a E M2n(B(H)) and assume that 
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Then 

(ii) there exists a z E B ( I I ) +  such that z 63 on 1 a - 

We call the property (i) =)(it) of Theorem 2.3 the matricial Riesz 
separation property. 

In this form the matricial Riesz separation property is given by 
L. Schmitt 1181. It characterizes the injective von Neumann algebras. 
In [271 the author gave a similar characteristic property: 

THEOREM 2 . 4 :  Let a E M2n(R(TI)) and assume that 

(i’) k E N,  5 E MZn(Mk)+ , on x 5 = 0 irnplies a x 5 2 0 . 
Then 

(ii’) there exists a z E A(Ii))h such that z @ crnL a . 

For the proof one changes the inequality sign to an equality sign 
in the definition of 8 in Lemma 2.2 . It does not seem to be 
obvious that both properties are equivalent. 

2.4 THE MATRICIAL RIESZ SEPARATION PROPERTY IHPLIES ARVESON' S 
EXT ENS I ON THEOREM 

THEOREM 2.5: (Arveson C3 1 )  Let A be a C*-algebra (or a matrix 
ordered space), E c A a cofinal *-invariant subspace and 
T : E + B(H)  a completely positive linear map. Then there exists 

a completely positive extension fF : A --> B(H) . 

PROOF: Let x E A’ \E . We are looking for a z E B(H)+ such that 

( 2 . 8 )  x c3 a y implies z c3 a 1 T,(y) 

f o r  all m Em, y E M,(Elk, , a E ( M r n I h  . Then we define a comple- 
tely positive extension '? of T by 

F(y + AX) = T(y) + Xz f o r  all X E @ ,  y E E . 

It is sufficient to solve (2.8) for the special matrices 

a = u = diag ( 1  ,..., 1 ;  -1 , . . . ,  -1) E (M2n)h, m = 2n , n EM . n 

’n Y The general case follows easily by a transformation a = y* 
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with an appropriate rectangular matrix y . 
Let 5 C Mk(M2n)+ , on x 5 2 0 ,  then 

0 _i x @ (a, x L y x E =) 0 i T2n(y) x 5 . 

By the matricial Riesz separation property there is a 
such that 

z t B(H)’ 

63 on L TZn (Y> * 

Let n, E W ,  y, E MZn (E), x = 1 , .  . . ,k such that 
U 

x c3 (on @...g: un 1 y1 @...@ yk . 
1 k 

@. . .e u is similar to , m = nl +. . .+ nk , there 
% 1 n, 

Since 
n 

is a z € B ( H ) +  such that 

c @ ( un ff.. .g on ) T2m (y, C P . .  .@ yk) 
1 k 

i.e. 
z @ an L T2n (yx) for n = 1 ,  . . . ,  . 

n N 

Since bounded closed sets in B ( H )  are compact in the weak operator 
topology, there is a z E B(H)+ such that 

c3 an T2n (Y) for all n E N ,  y E MZn(E)h . 

The proof of the extension theorem is finished as usual by trans- 

finite induction or by Zorn’s lemma. 

2.5 THE MATRICIAL HAHN-BANACH THEOREM 

The usual Hahn-Banach theorem (Banach [ 4 1 Chp .II, Thm. 1 ) says: 
given a sublinear functional p : E 4 R , a subspace F s  E, a linear 
map f : F -) IR dominated by pI then there exists a linear 
extension f : E -4 TR such that F(x) p(x) for all x E E . 
The same theorem with exactly the same proof holds, if IR is replaced 
by an order complete vector lattice (cf. [9 I). We want to generalize 
the Hahn-Banach theorem to B(H) in place of IR . Usually the sub- 
linear functional p is constructed by taking the infimum of %me 
set-valued functional. B ( H )  is an antilattice and it is not possible 
to take infima. Therefore we consider set-valued functionals. We intro- 
duce the relation 

F 
N 

K < L if f o r  every 1 E L there is a k E K with k 1 1 ,  where 
K,L are subsets of B ( H ) h  . Let E be aIK-vectorspace (TK = ?R o r  c ) .  
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A s e t  valued f u n c t i o n a l  

has  t h e  fo l lowing  p r o p e r t i e s :  

(i> 8 ( x )  4 0 f o r  a l l  x E E 

(ii) 8(x1 +x2) 4 e ( x , )  + 8(x2) f o r  a l l  x1,x2 E E 

(iii) O < 8(O) 

( i v )  ~ ( X X )  + ~ 8 ( x )  f o r  a l l  x E E ,  x EIR+ 

.g: E -) H ( H ) h  i s  c a l l e d  s u b l i n e a r ,  i f  it 

C l e a r l y ,  i f  8 t a k e s  i t s  va lues  i n  some commutative o rde r  complete 

subalgebra A , we may t ake  inf ima i n  A and x 4 p ( x )  = i n f  8 ( x )  

i s  a we l l  def ined  sub l inea r  f u n c t i o n a l  i n t o  A . 
The no t ion  o f  s e t  valued s u b l i n e a r  f u n c t i o n a l  becomes u s e f u l  i f  i t  i s  

connected with mat r ix  o r d e r :  

D E F I N I T I O N  2.6: Let E be  alK-vector space .  A fami ly  8 = ( ~ 9 ~ ~ ) ~ ~ ~  

of s e t  valued f u n c t i o n a l s  

a m a t r i c i a l  sub l inea r  func t iona l  denoted by 4 : E -4 B ( H ) h  if 8n 

( n  El!!?) f u l f i l s  cond i t ion  ( i)-(i i i)  and t h e  m a t r i c i a l  homogeneity 

cond i t ion  

( V )  m 

f o r  a l l  5 E M n ( M m ) +  , x E M,(Ejh , n , n i  E IN . 

Bn : E ~3~ (Mn)kl -) Mn ( B ( H ) ) h  i s  c a l l e d  

ii (x x 5 )  < q x j  x F 

We say a l i n e a r  map T : E  + B(H) i s  dommated by a m a t r i c i a l  

s u b l i n e a r  f u n c t i o n a l  

f u l f i l s  

8 : E + E(H), i f  each m u l t i p l i c i t y  map 

r e  T (x) : = 1 (Tn(x)  + Tr,(x)*) i 8,(x) ,  f o r  a i l  x C E gL (Mn)h . n 

I f  8 and T have t h e i r  va lues  i n  a commutative subalgebra A of 

B(H) t h e n  

r e  T,(x) < e,(x) imp l i e s  r e  T n ( x )  4 8,(x) f o r  a l l  n . 
This  can be seen i n  t h e  fo l lowing  way : Let x E E @R (Mn>h , 
5 C Mn+ . 

r e  Tn(x) x 5 = r e  T 1 ( x  x 5 )  6 e l ( x  x 5 )  6 an(x> x 5 . 
Since  A i s  a l a t t i c e  the  mat r ix  o rde r  of A i s  given by ( 2 . 3 )  

and hence 

fo l lowing  m a t r i c i a l  Hahn-Banach theorem reduces t o  t he  usua l  Hahn- 

Banach theorem for orde r  coruplete l a t t i c e s .  

THEOREM 2.7: (1271) Let E be a Hi-vector space,  8 : E  -) B(H)h 

r e  T,(x) 4 8,(x) . Thus i n  t h e  commutative case  t h e  
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a m a t r i c i a l  s u b l i n e a r  f u n c t i o n a l ,  P c E a K- l i n e a r  subspace and 

T : E -) B(H) a K-  l i n e a r  map dominated b y  4 . Then t h e r e  e x i s t s  

a K - l i n e a r  e x t e n s i o n  T dominated b y  8 .  The fo l lowing  proof genera-  

l i z e s  t h e  w e l l  known u s u a l  proof of t h e  Hahn-Banach theorem. The p r o o f s  

given i n  [ 271, chp. 2 ,  a r e  d i f f e r e n t .  I n  C271 and [281 one f i n d s  some 

a p p l i c a t i o n s  of  t h i s  theorem. 

PROOF: The complex case  f o l l o w s  e a s i l y  from t h e  r e a l  c a s e .  

Let  x E E \ F  . We a r e  looking  for a z E B(H)h such t h a t  

N 

( 2 . 9 )  z @ CI < 8,(y + x @ a) - Tm(y) 

f o r  a l l  a E (Mm)h , y E E @F (MmIh , m E W .  

Then we d e f i n e  an  e x t e n s i o n  r" : F @ B x  -) B ( H )  b y  

r"(y + )x) = ~ ( y )  + xz f o r  a l l  A E IR, y E F . 

It i s  s u f f i c i e n t  t o  s o l v e  ( 2 . 9 )  f o r  t h e  s p e c i a l  m a t r i c e s  

d i a g ( 1  , . . .  1 , - 1  , . . . ,  -1) E (M ) m = 2 n ,  n E W. Let  

5 E M1(M2n)+ , un x 5= C t h e n  

a = on = 

2n h ' 

0 < 8$Y + x @ un)x 5 )  - T,(Y x 5 )  

(8&(Y + x c3 un> - T*JY)) x 5 < . 
By t h e  m a t r i c i a l  Riesz s e p a r a t i o n  p r o p e r t y  o f  B ( H ) ,  g i v e n  i n  

Theorem (2.4), t h e r e  e x i s t s  for every  

w € 82n(y + x @ an) - T2n(y) a z E B(H)h , such t h a t  z @ on w . 

From p r o p e r t y  ( i i )  and ( v )  of d e f i n i t i o n  2 .6  of a m a t r i c i a l  s u b l i n e a r  

f u n c t i o n a l  it f o l l o w s  t h a t  

(XI $.. .$ Xk)  < en ( X I )  @.. .8 .8 'n + ..+nk 1 nk 1 

f o r  n n E N ,  x E E  8 (Mn ) h ,  n = 1 ,..., k ,  k E N 

Using t h e  Same i d e a  as i n  our proof  of Arveson ' s  e x t e n s i o n  theorem 

( 2 . 5 )  we f i n d  a 

n n 

z E B(H)h such t h a t  

z 8 on < 8 2 n ( ~  + x B on) - Tzn(y) 

f o r  a l l  n E I N ,  y E E % (M2n)h . 

P r o p e r t y  ( v )  of d e f i n i t i o n  2.6 i m p l i e s  

y* Sm(d y 6 q y *  xy) < y * q x >  y 

f o r  every  i n v e r t i b l e  y E Mm , x E E gx (Mm)h, m E 2T. 
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Hence 

where k is Every invertible CI E (Mnjti is similar to some 

the number of positive eigenvalues of CI , 1 the number of negative 
eigenvalues, k+l = n . Hence 

’k,l ' 

z cx CI < q y +  x E a )  - rJy) 

f o r  all invertible 
If CI is not invertible, CI + 611n is invertible f o r  small 6 ) 0 

CI E (PI,jh , y E E cxB (MnIh , n 6 m .  

For 6 -) 0 we 0btai.n (2.9) . 
The proof is finished as usual by transfinite induction or by 
Zorn’s Lemma. 
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ERGODIC 1 ' H E O R E M S  I N  V O N  NEUMANN 

ALGEBRAS 

Dbnes  P e t z  

M a t h e m a t i c a l  I n s t i t u t e  o f  t h e  

H u n g a r i a n  Academy o f  S c i e n c e s  

B u d a p e s t ,  H U N G A R Y  

E r g o d i c  t h e o r y  h a s  b e e n  a l a r g e  b o d y  o f  t h e  m a t h e m a t i c a l  l i t e r a t u r e  

f o r  a l o n g  t i m e .  I n  t h e  v o n  Neumann a l g e b r a  s e t t i n g  i t  was i n i t i a t e d  

b y  K o v e c s  a n d  Sz;cs ( c 7 1 ,  181) i n  t h e  6 0 ' s .  

T o  g i v e  a b e t t e r  i n s i g h t  i n t o  t h e  s u b j e c t  we s t a r t  w i t h  c i t i n g  some 

c l a s s i c a l  r e s u l t s  w h o s e  a n a l o g u e s  i n  t h e  a l g e b r a i c  s e t - u p  a r e  t h e  

m a i n  c o m p o n e n t s  o f  t h i s  t a l k .  A s  i n  e r g o d i c  t h e o r y ,  l e t  (n ,S,u)  

b e  a m e a s u r e  s p a c e  a n d  l e t  T:R -f a b e  a m e a s u r e - p r e s e r v i n g  

t r a n s f o r m a t i o n .  F o r  a c o m p l e x  f u n c t i o n  f o f  R 

i s  d e n o t e d  b y  s , ( f ) .  By t h e  s t a t i s t i c a l  e r g o d i c  t h e o r e m  o f  v o n  

Neumann s , f f I  c o n v e r g e s  i n  L, - n o r m  f o r  e v e r y  f E L 2 f p )  

a n d  B i r k h o f f ' s  i n d i v i d u a l  e r g o d i c  t h e o r e m  a s s e r t s  t h a t  i f  

f L 1 ( u I  t h e n  s n l f )  c o n v e r g e s  u - a l m o s t  e v e r y w h e r e .  I n  f a c t ,  

UTf = f T i s  a u n i t a r y  i n  ~ ~ 1 ~ 1  

H i l b e r t  s p a c e  n C Ui c o n v e r g e s  s t r o n g l y  t o  a p r o j e c t i o n  P 

s a t i s f y i n g  PU = UP = P . T h e  mean e r g o d i c  t h e o r e m  o f  A l a o g l u  a n d  

B i r k h o f f  c o n c e r n s  a s e m i g r o u p  o f  c o n t r a c t i o n s .  I f  G i s  s u c h  a 

s e m i g r o u p  i n  t h e  H i l b e r t  s p a c e  H t h e n  t h e r e  e x i s t s  a p r o j e c t i o n  

P i n  t h e  c l o s u r e  o f  c o n v G  s u c h  t h a t  Pg i s  t h e  u n i q u e  G - f i x e d  

p o i n t  i n  G G g  f o r  e v e r y  g E H  . T h i s  r e s u l t  p r o b a b l y  i n s p i r e d  

b o t h  t h e  b a s i c  t h e o r e m  o f  K o v a c s  a n d  S z u c s  a n d  a n  a b s t r a c t  mean 

2 

a n d  f o r  e v e r y  c o n t r a c t i o n  li i n  a 

-1 n-1 

i=O 

I I8 

e r g o d i c  t h e o r y  ( ~ 2 0 1 ,  1 1 1 . 7 . ) .  T h e  K o v a c s - S z u c s  t h e o r e m  s t a t e s  t h a t  

i f  G i s  a g r o u p  o f  a u t o m o r p h i s m s  o f  a v o n  Neumann a l g e b r a  A 

p o s s e s s i n g  a s e p a r a t i n g  f a m i l y  o f  G - i n v a r i a n t  n o r m a l  s t a t e s  t h e n  

t h e  w - c l o s e d  c o n v e x  h u l l  o f  Ga, a E A  , c o n t a i n s  a u n i q u e  f i x e d  

p o i n t  E l a l  ( s e e  T h e o r e m  1 b e l o w  f o r  t h e  d e t a i l s ) .  I t  was o b s e r v e d  



190 D. Petz 

i n  c101  t h a t  t h i s  f i t s  v e r y  w e l l  i n  t h e  a b s t r a c t  mean e r g o d i c  t h e o r y .  

A s e m i g r o u p  G o f  b o u n d e d  o p e r a t o r s  on  a B a n a c h  s p a c e  A i s  g i v e n  

a n d  t h e  c l o s u r e  o f  convG c o n t a i n s  a p r o j e c t i o n  E s u c h  t h a t  

E . g  = go,? = E f o r  a l l  gEG . 

I n  t h e  f i r s t  p a r t  o f  t h i s  n o t e  we d e a l  w i t h  mean e r g o d i c  t h e o r e m s  

i n  t h e  v o n  Neumann a l g e b r a  s e t t i n g  a n d  i n  t h e  s e c o n d  p a r t  we t u r n  

t o  " p o i n t w i s e "  e r g o d i c  t h e o r y .  T h e  i n d i v i d u a l  t h e o r e m  t r e a t e d  c o v e r s  

B i r k h o f f ' s  t h e o r e m  i n  t h e  c a s e  ~ C E L "  . 

A a l w a y s  w i l l  d e n o t e  a v o n  Neumann a l g e b r a .  We r e c a l l  t h a t  a l i n e a r  

map ci:A -+ A i s  c a l l e d  S c h w a r z  map when ~ i a l " ~ ~ ( a )  I ct(a'kal 

f o r  e v e r y  & A  . S c h w a r z  maps a r e  p o s i t i v e  a n d  s o  b o u n d e d .  I t  i s  

known t h a t  e v e r y  2 - p o s i t i v e  map i s  a S c h w a r z  map. The  n e x t  r e s u l t  i s  

a g e n e r a l i z a t i o n  o f  t h e  K o v d c s - S z h c s  t h e o r e m .  

THEOREM 1 ( [ l o ] ) .  If G i s  a semigroup  of w-con t inuous  Schwarz 

maps on A a n d  t h e r e  i s  a f a m i l y  0 of n o r m a l  s t a t e s  such  t h a t  

( i i )  i f  aEAf and q l a l  = 0 f o r  all q E @  t h e n  a=O , 

t h e n  t h e  c l o s u r e  o f  conVG i n  t h e  weak" o p e r a t o r  t o p o l o g y  c o n t a i n s  

a p r o j e c t i o n  E wh ich  i s  a G - i n v a r i a n t  c o n d i t i o n a l  e x p e c t a t i o n  

o n t o  t h e  f i x e d  p o i n t  s u b a l g e b r a  o f  A . 

We show a n  e x a m p l e  how T h e o r e m  1 ( o r  t h e  K o v A c s - S z h c s  t h e o r e m )  c d n  

b e  a p p l i e d  t o  a p p r o x i m a t e  c o n d i t i o n a l  e x p e c t a t i o n s  b y  c o n v e x  

c o m b i n a t i o n s  o f  a u t o m o r p h i s m s .  F o r  B c A we d e n o t e  b y  B e  t h e  

r e l a t i v e  c o m m u t a n t  o f  B i n  A . I f  B = B e e  t h e n  

G = (Adu : u i s  a u n i t a r y  i n  B e }  i s  a g r o u p  o f  i n n e r  a u t o -  

m o r p h i s m s  o f  A a n d  B i s  t h e  f i x e d  p o i n t  a l g e b r a  o f  G . Assume 

t h a t  A p o s s e s s e s  a f a i t h f u l  u n i t a r i l y  i n v a r i a n t  n o r m a l  s t a t e  T 

( i n  o t h e r  w o r d s ,  A i s  s u p p o s e d  t o  b e  f i n i t e ) .  So b y  T h e o r e m  1 

t h e r e  i s  a n e t l B z l  C ConvG s u c h  t h a t  E ( a )  = w - l i m B i l a l  w h e r e  

E : A  + B i s  t h e  r - p r e s e r v i n g  e x p e c t a t i o n .  

L e t  f:Ai + 19 

u n i t a r i l y  i n v a r i a n t  ( f ( u " a u )  = f f a )  i f  u i s  a u n i t a r y  i n  A ) .  

b e  a l o w e r  w - s e m i c o n t i n u o u s  c o n v e x  f u n c t i o n  w h i c h  i s  
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T h i s  s i t u a t i o n  o c c u r s  i n  some p h y s i c a l  a p p l i c a t i o n s  ( s e e  1 1 2 1 )  . 
L e t  ' p ( . l  = ~ ( p . )  b e  a s t a t e  o f  A . T h e  e n t r o p y  o f  'p i s  

d e f i n e d  as  H ( c p )  = - ~ ( p l o g p )  . S i n c e  t h e  f u n c t i o n  

p k --r(plogp) c a n  b e  p u t  i n  t h e  r o l e  o f  f a b o v e  we o b t a i n  

H l ' p l B )  I H(cp') . 
r e l a t i v e  e n t r o p y  o f  t w o  s t a t e s  u n d e r  some k i n d  o f  e x p e c t a t i o n  

( 1 1 2 1 ,  1 2 3 1 )  . 

A s i m i l a r  a r g u m e n t  y i e l d s  t h e  d e c r e a s e  o f  t h e  

T h e  f o l l o w i n g  t h e o r e m  was p r o v e d  i n  1111 f o r  c y c l i c  G a n d  a 

l o c a l l y  c o m p a c t  v e r s i o n  i s  t r e a t e d  i n  [241 . 

T H E O R E M  2 .  L e t  G ,  0, E be  a s  i n  Theorem 2 .  I f  G i s  a c o u n t a b l e  

c o m m u t a t i v e  g r o u p ,  t h e n  

A. = ( a E A : E ( a )  E c o n v c u  

is a w-dense s u b s p a c e  of A . 

We i n d i c a t e  t h e  p r o o f .  S i n c e  G i s  a m e n a b l e  t h e r e  i s  a summing  

s e q u e n c e  f u n )  ( [ 5 1 ) ,  t h a t  i s ,  U 2  C u, c . . .  C G a n d  

I g+Unl  

I U n I  
+ o  

a s  n+m f o r  e v e r y  g E G . L e t  

T h e n  A n ( a )  % E ( a )  f o r  e v e r y  a€A ( c f . r 5 1 , 3 . 3 . T h m )  . 
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f o r  e v e r y  & A  . M o r e  s p e c i f i c a l l y ,  I I A ~ ( c ~  i l l  + 0 a s  n i m 

So f o r  e a c h  aEA a n d  m E f l  we h a v e  
f 

w a n d  on t h e  o t h e r  h a n d  am -f a 

I t  seems t o  b e  a h a r d  q u e s t i o n  t o  d e c i d e  i f  t h e  s u b s p a c e  

c o n t a i n s  a w - d e n s e  g ~ - s u b a l g e b r a .  As f a r  as  we know t h i s  p r o b l e m  

was p o s e d  i n  c 1 1 1  a n d  i t  i s  o p e n  e v e n  f o r  c y c l i c  G . When G i s  

commu t a t  i ve t h e  a n s w e r  i s a f  f i rma t i ve .  

A .  

F r o m  now o n  we f i x  a f a i t h f u l  n o r m a l  s t a t e  4 o f  A . We may 

assume t h a t  A a c t s  o n  a H i l b e r t  s p a c e  ff a n d  4 i s  d e t e r m i n e d  

b y  a c y c l i c  s e p a r a t i n g  v e c t o r  5 , i . e .  +(a) = < a c , ~ >  . I n  s u c h  

a s i t u a t i o n  we h a v e  t h e  t o o l s  o f  t h e  T o m i t a - T a k e s a k i  t h e o r y  a t  o u r  

d i s p o s a l .  J i s  t h e  c a n o n i c a l  c o n j u g a t i o n  o n  H a n d  a t- J c z ~ ~ J  

i s  an  a n t i i s o m o r p h i s m  o f  A o n t o  A ’  . F o r  & A  

i s  a n o r m a l  f u n c t i o n a  

d e n s e  e m b e d d i n g  o f  A 

We d e f i n e  II I l l  on 

o f  A . S o  y i s  a p o s i t i v i t y  p r e s e r v i n g  

i n t o  A?; (c61, 1161, ~ 2 2 1 ,  ~ 2 1 1 ,  1 . 8 . ) .  

A 

1 
II all 

( l l . l l l  i s  t h e  a n a l o g u e  

4 i s  a t r a c e . )  We r e c a  

a n d  i f  bEASa t h e n  

IIb1Il = i n f ( + i a z ) + +  

When a : A  + A i s  p o s  

a s  

o f  t h e  

1 t h a t  f o r  a 2 D we h a v e  IIalll = +(a) 

L l - n o r r n  a n d  i t  i s  r e a l l y  t h a t  when 

a , )  : a l , a g  2 0 , b = a - a 2 }  . 1 

t i v e  a n d  s a t i s f i e s  4 - a  5 4 t h e n  i t  i s  

q u i t e  s t r a i g h t f o r w a r d  t h a t  II a (a ) l l  I IIall . Hence  t h e  n e x t  

t h e o r e m  g e n e r a l  i z e s  T h e o r e m  1 .  

T H E O R E M  3 .  L e t  A be  a von Neumann a l g e b r a  w i t h  a f a i t h f u l  n o r m a l  

s t a t e  $ .  I f  G i s  a s e m i g r o u p  of n o r m a l  selfmaps of A s u c h  t h a t  



Ergodic theorems in von Neumann algebras 193 

t h e n  G i s  mean e r g o d i c .  ( I n  o t h e r  w o r d s ,  t h e  c l o s u r e  o f  convG 

contains a z e r o . )  

The p r o o f  i s  b a s e d  on t h e  c l a s s i c a l  A l a o g l u - B i r k h o f f  t h e o r e m  ( C l l )  

and  t he  C a l d e r o n - L i o n s  i n t e r p o l a t i o n  t h e o r e m  (C191,  I X . 2 0 .  ) .  We u s e  

t h e  f a c t  t h a t  t h e  s p a t i a l  L’ s p a c e  w i t h  r e s p e c t  t o  4 i s  an i n t e r -  

p o l a t i o n  s p a c e  be tween A and A;.; ( s e e  c 2 2 1  and i t s  r e f e r e n c e s ) .  

By a s s u m p t i o n  e v e r y  g�G i s  a c o n t r a c t i o n  w i t h  r e s p e c t  b o t h  t o  

1 1 . 1 1  and t o  1 1 . 1 l 2  . A c c o r d i n g  t o  t h e  i n t e r p o l a t i o n  t h e o r e m  t h e y  

a r e  norm d e c r e a s i n g  i n  h21+) 

c o n t r a c t i o n .  However ,  L 2 ( + j  i s  i s o m o r p h i c  t o  H ( ~ 2 2 1 ,  
Theorem 2 3 )  and t h e  r e l a t i o n s  be tween t h e  t o p o l o g y  o f  H and t h e  

o p e r a t o r  t o p o l o g i e s  o f  A a r e  wel l -known ( c 3 1 , I . C h a p . 4 . P r o p  4 

o r  1 2 1 1 ,  2 . 1 2 . ) .  

a n d  a d m i t  an e x t e n s i o n  t o  a 

As a c o r o l l a r y  we s t a t e  t h e  a d j o i n t  o f  Theorem 3 f o r  a s i n g l e  

a : A  + A . I t  can  be  p r o v e d  d i r e c t l y  w i t h o u t  r e s u l t s  o f  i n t e r -  

p o l a t i o n  t y p e  ( r 1 6 1 ,  Theorem 1 4 ) .  

C O R O L L A R Y .  If a* is a c o n t r a c t i o n  of A* such  t h a t  

I1 a*(cp) II 5 II cp I lm f o r  every * A ,  then 

c o n v e r g e s  in norm as n-t- for each  PEA*  . 

H e r e  l l v l l m  i s  d e f i n e d  a s  f o l l o w s :  

E q u i v a l e n t l y ,  IIcpII, = Ilall i f  t h e r e  i s  aeA w i t h  ‘ p = y a  , 
o t h e r w i s e  I I rpI I_ = - ( C 1 6 1 )  . 
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Now we l e a v e  mean e r g o d i c  t h e o r e m s  a n d  t u r n i n g  t o  p o i n t w i s e  

c o n v e r g e n c e  i n  t h e  r e s t  o f  t h e  p a p e r  we assume t h a t  

G = { a n  : n E L V ]  . By t h e  r e s u l t s  a b o v e  we h a v e  

f o r  e v e r y  a E A  a n d  we know a b o u t  p l e n t y  o f  e l e m e n t s  bEA s u c h  

t h a t  S , (b l  -f E l b )  i n  n o r m  ( T h e o r e m  2 ) .  T h i s  f a c t  a n d  t h e  

m e a s u r e  t h e o r e t i c  e r g o d i c  t h e o r y  make u s  g u e s s  t h a t  t h e  

c o n v e r g e n c e  may r e m a i n  t r u e  w i t h  r e s p e c t  t o  some t o p o l o g y  b e t w e e n  

t h e  w - c o n v e r g e n c e  a n d  t h e  n o r m  t o p o l o g y .  I n  f a c t ,  i t  i s  a p l e a s u r e  t o  

show t h a t  S n i a )  -f E ( a )  s t r o n g l y  a n d  L a n c e  ( ~ 1 1 1 )  i m i t a t e d  t h e  

a l m o s t  e v e r y w h e r e  c o n v e r g e n c e  o f  f u n c t i o n s  a n d  o b t a i n e d  t h e  

f o l l o w i n g  r e s u l t  ( s e e  a l s o  C 2 1 ,  C 9 1 ,  C141)  . 

THEOREM 4.  I f  a : A  + A is a Schwarz map s u c h  t h a t  $ a I Q 

t h e n  f o r  e v e r y  aeA and E>O t h e r e  is a p r o j e c t i o n  pEA s u c h  

t h a t  $ 

S h o r t l y  

L a n c e ' s  

Neumann 

I - p l  < E and 

we c a n  s a y  t h a t  S n ( a l  -f E ( a )  i p - a l m o s t  u n i f o r m l y .  

r e s u l t  i s  a p e r f e c t  i n d i v i d u a l  e r g o d i c  t h e o r e m  i n  i h e  v o n  

a l g e b r a  c o n t e x t .  A c u r i o s i t y  o f  t h e  q - a l m o s t  u n i f o r m  

c o n v e r g e n c e  i s  t h a t  i t s  a d d i t i v i t y  i s  n o t  c l e a r .  To a v o i d  t h i s  

s l i g h t l y  a w k w a r d  f e a t u r e  we i n t r o d u c e  t h e  q u a s i - u n i f o r m  c o n v e r g e n c e .  

L e t  ( a n l c A  b e  a b o u n d e d  s e q u e n c e .  an + a q u a s i - u n i f o r m l y  i f  f o r  

e v e r y  p r o j e c t i o n  0 # p I A t h e r e  i s  a n o n - z e r o  p r o j e c t i o n  

A 3 q I p s u c h  t h a t  ~ ~ ( a n - a ) q l l  + 0 . Q u a s i - u n i f o r m  c o n v e r g e n c e  

i s  s t r o n g e r  t h a n  t h e  a l m o s t  u n i f o r m  o n e  a n d  i t s  a d d i t i v i t y  i s  

t r i v i a l  due  t o  t h e  f o l l o w i n g  s i m p l e  lemma.  

LEMMA. Assume t h a t  an  + a q u a s i - u n i f o r m l y  and l e t  Q b e  a 

normal  f a i t h f u l  s t a t e .  Then  f o r  e v e r y  E > 0 and f o r  e v e r y  p r o -  

j e c t i o n  p € A t h e r e  e x i s t s  a p r o j e c t i o n  q < p s u c h  t h a t  

$ l p - q )  < E and li (an-a)ql l  -+ o as n -+ . 
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T H E O R E M  5 ( C 1 5 1 ) .  Under  t h e  c o n d i t i o n s  o f  Theorem 4 

q u a s i - u n i f o r m l y  a s  n + m f o r  e v e r y  a E A . 

Let 8 be a w - d e n s e  n o r m  s e p a r a b l e  s u b - C " - a l g e b r a  o f  A and 

assume t h a t  Q i s  t r a c i a l .  Radin p r o v e d  ( r 1 8 1 )  t h a t  t h e r e  i s  a 

s e q u e n c e  p , p Z  o f  p r o j e c t i o n s  i n  A s u c h  t h a t  

a s  n + - f o r  any  m E B and a E B . He p o s e d  t h e  q u e s t i o n  i f  

t h e  a s s u m p t i o n  on (G can  b e  r e l a x e d .  A s  an e a s y  c o n s e q u e n c e  o f  Theo-  

rem 5 ,  R a d i n ' s  r e s u l t  i s  t r u e  f o r  e v e r y  $ . 

Some o t h e r  t h e o r e m s  c a n  a l s o  be g e n e r a l i z e d  by means o f  t h e  q u a s i -  

u n i f o r m  c o n v e r g e n c e  ( s e e  1 1 5 1 )  . 
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FROM C*-ALGEBRAS 
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L e t  A and B be Banach a lgebras ,  and l e t  8: A + B be a homomorph 

A bas i c  au tomat ic  c o n t i n u i t y  problem i s  t o  g i v e  a l g e b r a i c  c o n d i t i o n s  on 

sm. The 

and/or  

B which ensure t h a t  e i s  a u t o m a t i c a l l y  con t inuous .  In t h i s  l e c t u r e ,  I wish  

t o  desc r ibe  some o f  t h e  known r e s u l t s  and some o f  t h e  problems which remain open, 

c o n c e n t r a t i n g  on t h e  spec ia l  case i n  which A i s  a C*-algebra. 

L e t  me f i r s t  suggest one reason why ques t i ons  concern ing  t h e  p o s s i b l e  c o n t i n u i t y  

of homomorphisms a r e  o f  s i g n i f i c a n c e  i n  Banach a lgeb ra  theo ry .  It i s  no t ,  o f  course, 

t h e  case t h a t  one would use r e s u l t s  i n  t h i s  area t o  show t h a t  an e x p l i c i t l y  

s p e c i f i e d  homomorphism i s  cont inuous .  A Banach a lgebra  has b o t h  an a l g e b r a i c  and a 

t o p o l o g i c a l  s t r u c t u r e ,  and these s t r u c t u r e s  a r e  j o i n e d  toge the r ,  apparen t l y  l o o s e l y ,  

by t h e  requ i rement  t h a t  t h e  a l g e b r a i c  ope ra t i ons  be cont inuous .  To r e s o l v e  a 

problem i n  au tomat ic  c o n t i n u i t y  theo ry  one must l o o k  more c l o s e l y  a t  these two 

s t r u c t u r e s ,  and i n  p a r t i c u l a r  one must s tudy  t h e  r e l a t i o n s h i p s  between them. I t  

seems t h a t  t h i s  s tudy  has l e d  t o  seve ra l  s t r i k i n g  i n s i g h t s  i n t o  the  s t r u c t u r e  o f  

Banach a lgeb ras :  bo th  t h e  p o s i t i v e  r e s u l t s  ob ta ined  and t h e  counter-examples t h a t  

have been cons t ruc ted  have p layed a r81e i n  t h i s ,  and I b e l i e v e  t h a t  when t h e  open 

problems a r e  reso lved ,  we w i l l  o b t a i n  s i m i l a r  i l l u m i n a t i o n .  I hope t h a t  t h e  r e s u l t s  

which a r e  r e f e r r e d  t o  below w i l l  h e l p  t o  s u b s t a n t i a t e  these c la ims .  

Automat ic c o n t i n u i t y  theo ry  i s  a l ready  a we l l -surveyed area. A number o f  r e s u l t s  

a r e  g i ven  i n  t h e  s tandard  t e x t s :  see [291 and [71, f o r  example. The theo ry  o f  

t h e  au tomat ic  c o n t i n u i t y  o f  l i n e a r  ope ra to rs  between Banach spaces was d iscussed i n  

1976 i n  A l l a n  S i n c l a i r ' s  book 

i s  t h e  work o f  E r n s t  A l b r e c h t  and Michael  Neumann on t h e  au tomat ic  c o n t i n u i t y  o f  

c e r t a i n  l i n e a r  ope ra to rs  between spaces o f  f u n c t i o n s  and d i s t r i b u t i o n s :  f o r  a 

survey o f  t h i s  work, see t h e  l e c t u r e  1271 g i ven  a t  an e a r l i e r  conference i n  t h i s  

s e r i e s .  The survey [ 9 ]  , which appeared i n  1978, concent ra tes  on t h e  theo ry  o f  

homomorphisms between Banach a lgebras  and o f  d e r i v a t i o n s  i n t o  Banach bimodules,  

and t h e  a r t i c l e  [251 o f  K j e l d  Laursen d iscusses  t h e  au tomat ic  c o n t i n u i t y  o f  

" i n t e r t w i n i n g  opera to rs " ,  a c l a s s  o f  l i n e a r  ope ra to rs  which i nc ludes  bo th  homo- 

( [321 ) .  An impor tan t  development o f  t h i s  t h e o r y  
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morphisms and d e r i v a t i o n s ,  c o n c e n t r a t i n g  on t h e  au tomat ic  c o n t i n u i t y  o f  i n t e r -  

t w i n i n g  opera to rs  f rom Banach a lgebras  of d i f f e r e n t i a b l e  f u n c t i o n s .  F i n a l l y ,  l e t  

me ment ion t h e  volume 

i n  1981, where many r e l e v a n t  a r t i c l e s  - bo th  surveys and new r e s u l t s  - can be 

found. A number o f  open ques t i ons  can be found a t  t he  end o f  t h i s  volume. 

[51  , t h e  proceedings of  a conference h e l d  i n  Long Beach 

I wish t o  thank t h e  o rgan ise rs  o f  t h i s  conference f o r  t h e i r  k i n d  i n v i t a t i o n  t o  

a t tend ,  and f o r  a r rang ing  t h a t  t h i s  paper be t yped  i n  Paderborn, and t o  thank 

Ms. B. Duddeck f o r  he r  e x c e l l e n t  t y p i n g .  

1. EARLY RESULTS 

We f i r s t  i n t r o d u c e  some s tandard  n o t a t i o n .  L e t  A be a Banach a lgebra .  A 

c h a r a c t e r  on A i s  a non-zero homomorphism A -16. Each c h a r a c t e r  on A i s  

a u t o m a t i c a l l y  con t inuous .  We w r i t e  f o r  t h e  c h a r a c t e r  space of A, and we 

w r i t e  r a d  A f o r  t h e  r a d i c a l  o f  A .  A bas i c  n o t i o n  i n  au tomat ic  c o n t i n u i t y  theo ry  

i s  t h a t  o f  t h e  separa t i ng  space: i f  8: A -, B 
separa t i ng  space o f  e i s  t h e  s e t  

i s  a homomorphism, then  t h e  

S ( 0 )  = I b  E B : there exists a sequence (a,) c A uith an + 0 and Ban --t b } .  

C l e a r l y ,  by t h e  c l o s e d  graph theorem, e 
The space S ( e )  i s  a c l o s e d  l i n e a r  subspace of  B, and it is  a b i - i d e a l  i f  e(A) 

i s  dense i n  B. Bas i c  p r o p e r t i e s  o f  s ( e )  a r e  g i ven  i n  [32, 0 11. 

i s  con t inuous  i f  and o n l y  i f  S ( 8 )  = IO1. 

Automatic c o n t i n u i t y  theory  c o u l d  n o t  have had an e a r l i e r  beg inn ing  i n  t h e  

theo ry  o f  Banach a lgebras  because t h e  f i r s t  r e s u l t  appears i n  t h e  seminal work o f  

Ge l fand i n  1941 ( [161)  

separa t i ng  space). L e t  8:  A + B 

b = l i m  e(an),  where an + 0. Take cp E tJB. Then cp 0 8 E Q ~ ,  and so cp(b) = 

l i m  cp(e(an)) = 0. Thus, i t  i s  always t r u e  t h a t  

(a l t hough  Ge l fand  does n o t  use t h e  n o t i o n  o f  t h e  

be a homomorphism, and l e t  b E s ( e ) ,  say 

In genera l ,  t h i s  t e l l s  us l i t t l e ,  bu t ,  i f  B i s  commutative, i t  shows t h a t  each 

element o f  s(e) i s  a q u a s i - n i l p o t e n t  i n  B:  we s h a l l  n o t e  below t h a t  i t  i s  an 

open problem whether o r  n o t  t h i s  ho lds  f o r  a genera l  (non-commutative) Banach 

a lgeb ra  B.  I f  B i s  commutative and semi-s imple,  then (1 )  i m p l i e s  t h a t  

s(e) = iO1. Thus, we have t h e  f o l l o w i n g  r e s u l t ,  e s s e n t i a l l y  g i ven  i n  [16, Satz 171. 
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1.1 Theorem. Let 8 :  A * B be a homomorphism. If B i s  commutative and semi- 

simple, then e is automatically continuous. 

The c o n d i t i o n  i n  Theorem 1.1 i s  imposed on t h e  range a lgebra  B.  I n  t h i s  

a r t i c l e ,  o u r  main i n t e r e s t  i s  t h e  case when t h e  domain a lgeb ra  A i s  supposed t o  

be a C*-algebra. We s h a l l  cons ide r  bo th  commutative and non-commutative 

C*-algebras, beg inn ing  w i t h  commutative a lgeb ras .  

O f  course, each u n i t a l ,  commutative C*-algebra i s  i s o m e t r i c a l l y  i somorph ic  t o  

C(X), t h e  s e t  o f  a l l  complex-valued, cont inuous  f u n c t i o n s  on a a Banach a lgeb ra  

compact Hausdor f f  space X, where t h e  norm i s  t h e  u n i f o r m  norm I . I x -  

The f i r s t  r e s u l t  about homomorphisms f rom C ( X )  was g i ven  by Kaplansky i n  1949 

( [231; see [29, 3.7.71, [32,  10.11). 

1.2 Theorem. Let 8 :  C(X) -f B be a monomorphism. Then I l e ( f ) l  I > l f lX  ( f  E C(X) ) .  

Thus, t h e r e  i s  an incomple te  a lgeb ra  norm on C(X) i f  and o n l y  i f  t h e r e  i s  a 

d i scon t inuous  monomorphism f rom C(X) i n t o  a Banach a lgebra .  

The f i r s t  s u b s t a n t i a l  s tudy  o f  homomorphisms f rom t h e  a lgebras  C(X) i s  due t o  

Bade and C u r t i s  i n  1960 ( [ 6 1 ) .  Be fo re  s t a t i n g  t h e i r  main r e s u l t ,  we g i v e  some 

s tandard  n o t a t i o n .  

L e t  X be a compact space, and l e t  x E X .  Then 

M, = I f  E C ( X )  : f ( x )  = 01, 

J, = I f  E C(X) : f- (0)  i s  a neighbourhood o f  XI. 1 

Thus, Mx i s  a maximal i d e a l  o f  C ( X ) ,  and J, c jx = Mx. A r a d i c a l  homomorphism 

i s  a non-zero homomorphism v f rom a maximal i d e a l  Mx o f  C ( X )  such t h a t  

homomorphism, then  v \ J x  = 0, and so v i s  d i scon t inuous .  

i s  a r a d i c a l  Banach a lgeb ra .  It i s  easy t o  see t h a t ,  i f  v is  a r a d i c a l  

1.3 Theorem. Let e be a homomorphism from C(X) i n t o  a Banach algebra B. Then 

e i ther  e is continuous, o r  there i s  a non-empty, f i n i t e  subset I x l ,  ..., x 3 of 

X , a continuous homomorphism p :  C(X) + B, and a l inear map v: C(X) + B such 

tht  8 = + v and v = vl+ * - - + v n ,  where vilM i s  a radical homomorphism- 

n 

'i 
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Thus, t h e r e  i s  a d i scon t inuous  homomorphism f rom C(X) i n t o  a Banach a lgeb ra  

i f  and o n l y  i f  t h e r e  i s  a r a d i c a l  homomorphism from a maximal i d e a l  o f  C(X). The 

s e t  Ix l ,  ..., x l }  i s  t h e  s i n g u l a r i t y  s e t  o f  t h e  homomorphism 8. 

The above theorem i s  proved i n  [ 3 2 ,  10.31 and i s  d iscussed i n  [9 ,  9.11. 

There i s  an ex tens ion  o f  Theorem 1.3 t h a t  w i l l  be r e q u i r e d  l a t e r .  We w r i t e  

BY 

Y .  

f o r  t h e  Stone-Fech c o m p a c t i f i c a t i o n  o f  a comp le te l y  r e g u l a r  t o p o l o g i c a l  space 

L e t  e be a homomorphism from C(X), as i n  Theorem 1.3. Suppose t h a t  e i s  

d iscont inuous ,  and l e t  F be t h e  s i n g u l a r i t y  s e t  o f  8. For  each f E C(X), 

l e t  f^ be t h e  cont inuous  ex tens ion  o f  f ( ( X \ F )  t o  (3(X\F). By a p p l y i n g  

e s s e n t i a l l y  t h e  argument o f  Bade and C u r t i s  t o  t h e  a lgeb ra  

'(XkF), Johnson ( [ 2 2 1 )  showed t h a t  t h e r e  i s  a non-empty, f i n i t e  subset  E o f  

B(X.-F)\(X\F) w i t h  p r o p e r t i e s  analogous t o  those o f  t h e  o r i g i n a l  s i n g u l a r i t y  s e t  

F. I n  p a r t i c u l a r ,  we have t h e  f o l l o w i n g  r e s u l t .  We w r i t e  

{ f  E C(X) : f ] F  = 01, 

{i : f E C ( X ) I  on 

Co(X\F) f o r  

and, f o r  p E b(X\F), s e t  

1.4 Theorem. Let 8 :  C(X) + B be a discontinuous homomorphism, and l e t  F be the 

singuZarity s e t  of 

a(X.-F)\(X<), a continuous homomorphism 

such tha t  e = p + v and such that  v = v l+- - -+vm, &ere vilCo(X\F) i s  a non- 

zero homomorphism u i t h  k e r  vi 3 J . 

8 .  Then there i s  a non-empty, f i n i t e  subset fpl, ...,p, 1 of 
p:C(X) -t B, and a l inear map v :  C(X) + B 

B 
P i  

Thus, t h e r e  i s  a d i scon t inuous  homomorphism f rom C(X) i f  and only i f  t h e r e  

i s  a f i n i t e  subset F o f  X and a non-zero homomorphism f rom C,(X\F)/JB f o r  

some p E B(X\F)\(X\F). 
P 

2 .  P O S I T I V E  RESULTS FOR NON-COMMUTATIVE ALGEBRAS 

L e t  (A, 1 1 . 1  I )  be a Banach a lgeb ra .  Then A has a unique complete norm i f  

each norm w i t h  respec t  t o  which 

norm I I .  I I. Thus, i f  A has a un ique complete norm, t h e  a l g e b r a i c  s t r u c t u r e  o f  

A determines t h e  t o p o l o g i c a l  s t r u c t u r e  o f  A. It i s  an immediate consequence o f  

Theorem 1.1 t h a t  each commutative, semi-s imple Banach a lgeb ra  does have a un ique 

A i s  a Banach a lgeb ra  i s  e q u i v a l e n t  t o  t h e  g i v e n  
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complete norm. The ou ts tand ing  ques t i on  t h a t  remained open when t h e  t r e a t i s e  o f  

R i c k a r t  ( [ 291 )  was w r i t t e n  i n  1960 was whether o r  n o t  each semi-s imple Banach 

a lgeb ra  has a unique complete norm. 

Th is  problem was discussed by R i c k a r t  (see 129, 11, 5 51) i n  terms o f  t h e  

separa t i ng  space, and a number o f  p a r t i a l  r e s u l t s  were ob ta ined.  

The problem was f i n a l l y  reso lved,  p o s i t i v e l y ,  by B. E .  Johnson i n  1967 ( [191 ) ,  

and a number o f  p roo fs  a r e  now a v a i l a b l e  (see [ 7 ,  25.91 , [32, 6.121, and, f o r  an 

ex tens ion  of t h e  r e s u l t ,  [ 1 8 ] ) .  Here, I wish  t o  draw a t t e n t i o n  t o  a remarkable 

new p r o o f  o f  t h e  r e s u l t  due t o  A u p e t i t  ( [ 4 1 ) .  W r i t e  v ( a )  f o r  t he  s p e c t r a l  r a d i u s  

o f  an element a o f  a Banach a lgeb ra  A .  A u p e t i t ' s  p r o o f  uses the  f a c t  t h a t  

w 0 f i s  subharmonic on U whenever f : U + A i s  a n a l y t i c .  The p r o o f  does n o t  

use any t h e o r y  o f  rep resen ta t i ons ,  and so i s  an " i n t e r n a l "  p r o o f .  Th i s  i s  t h e  

exac t  f o rm o f  t h e  r e s u l t :  

2.1 Theorem. Let A and B be Banach algebras, and let 8 :  A + B be a homo- 

morphism. Then 

Suppose f u r t h e r  t h a t  e i s  an epimorphism. Then, f o r  each b E s(e),  we can 

t a k e  a E A w i th  ea = -b, and so  v ( b )  = 0. Thus, S(6) i s  con ta ined i n  t h e  s e t  

Q(B) o f  q u a s i - n i l p o t e n t  elements o f  B, and we know t h a t  s(e) is a c losed  b i -  

i d e a l  i n  B. Hence, we have t h e  f o l l o w i n g  c o r o l l a r y .  

2.2 C o r o l l a r y .  Let  8: A + B be an epimorphism. Then 

s(e) c r a d  B. ( 3 )  

I f  B is semi-simple, then e i s  continuous, and i n  part icular  a semi-simple 

Banach algebra has a unique complete nom.  

I am supposed t o  be t a l k i n g  about  C*-algebras. L e t  us now tu rn  t o  t h a t  case. 

There a r e  b a s i c a l l y  two methods f o r  p rov ing  t h a t  homomorphisms f rom C*-algebras 

a r e  a u t o m a t i c a l l y  con t inuous .  
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To desc r ibe  t h e  f i r s t  method, due t o  Johnson ( [211) ,  we i n t r o d u c e  a second s e t  

which p lays  an impor tan t  r o l e  i n  au tomat ic  c o n t i n u i t y  theory .  L e t  8 :  A + B be a 

homomorphism w i th  separa t i ng  space S ( e ) .  Then 

The s e t  I ( e )  i s  t h e  c o n t i n u i t y  i d e a l  o f  8 .  C l e a r l y ,  I ( e )  i s  a b i - i d e a l  i n  A, 

and i t  i s  r a t h e r  s t r a i g h t f o r w a r d  t o  check ( [32 ,  1.31) t h a t  

I ( 8 )  = {a  E A : t h e  maps X H  e(ax ) ,  X H  e(xa ) ,  A + B, a r e  bo th  

cont inuous) .  

Fo r  example, l e t  

{ x ,  ,..., x,). Then, by 1.3, I ( e )  3 Jxl n. ..nJ , and so f(el = Mx n. ..nMx , a c l o s e d  

i d e a l  o f  f i n i t e  codimension i n  C(X).  

8 :  C(X) + B be a homomorphism w i t h  s i n g u l a r i t y  s e t  

'n 1 n 

2.3 Theorem. Let 8 :  A + B be a homomorphism from a C*-algebra A i n t o  a Banach 

algebra. Then: 

(il fo has f i n i t e  codimension i n  A; 

(ii) e i s  continuous if and only i f  I ( e )  is closed. 

Proof .  (il L e t  C be a commutative C*-subalgebra o f  A. Then C n m  has f i n i t e  

codimension i n  C by t h e  above remark, and t h i s  i s  s u f f i c i e n t  t o  i m p l y  (il (see 

[32, 12.13). 

( i i l  I f  e i s  con t inuous ,  t hen  I ( 8 )  = A .  Now suppose t h a t  I ( e )  i s  c losed,  

I ( e ) .  Since each c losed  i d e a l  i n  a C*-algebra has a bounded 

e(an) = e(bcn) + 0. Thus, e i s  con t inuous  on I ( e ) ,  and so, 

and l e t  an --f 0 i n  

approximate i d e n t i t y ,  t h e r e  e x i s t s  b, cn E I ( e )  w i t h  an = bcn and cn + 0 

(17, 11.121), and so 

by (il, e i s  con t inuous  on A. 

2.4 C o r o l l a r y .  Let A be a uni ta l  C*-algebra with no proper, closed bi- ideals  

which have f i n i t e  codimension. Then each homomorphism from A is continuous. 

Proof .  Necessa r i l y ,  I(e) = A, and so I ( e )  = A because A i s  u n i t a l .  

L e t  H be a H i l b e r t  space. The c o r o l l a r y  shows t h a t  each homomorphism f rom t h e  
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C*-algebra B(H) i s  cont inuous.  However, i t  does n o t  apply  t o  K ( H ) ,  t h e  a lgebra 

o f  compact l i n e a r  ope ra to rs  on H ,  because K(H) i s  n o t  u n i t a l .  There i s  a 

dev ice t o  c i rcumvent  the  d i f f i c u l t y  i n  t h i s  case: i t  i s  a l s o  taken f rom [211. 

L e t  AcB(H) ,  and l e t  M(A) be 

5 3.121). Set 

I M ( e )  = I m  E M(A) : e(am)S(o 

the  m u l t i p l i e r  a lgebra o f  A (see [ 2 8 ,  

= S(o)e(ma) = I01 (a  E A ) } .  

Then, e s s e n t i a l l y  as before,  i t  can be shown t h a t  

i n  M(A). 

has f i n i t e  codimension 

I n  t h e  spec ia l  case tha t  A = K(H), we have M(A) = B(H), so t h a t  

I,(e) = B(H), and again e i s  cont inuous.  

The b e s t  v e r s i o n  o f  Theorem 1.3 f o r  general  C*-algebras i s  due t o  Laursen and 

S i n c l a i r  (1311, 1261). 

2.5 Theorem. Let 

a finite-dimensional subspace F of A such tha t  F Q = A and F + I ( S )  

is a dense subalgebra o f  A. Further, 6 = p + v,  where p :  A --f 5 i s  a continuous 

homomorphism which coincides wi th  e on F + I (e) , and v :  A -t B is a Zinear 

map such tha t  v i m  : + S ( e )  i s  a homomorphism. 

8: A + B be a homomorphism from a C*-algebra A. Then there i s  

The second method is a p p l i c a b l e  t o  C*-algebras which have many p r o j e c t i o n s .  L e t  

me g i v e  t h e  b a s i c  idea. We s t a r t  w i t h  t h e  main boundedness theorem ( f i r s t  g i ven  

i n  t h e  commutative case i n  [61, and i n  t h e  non-commutative case i n  [ 8 1 ) .  

2.6 Theorem. Let 8: A + B be a homomorphism between Banach algebras. Suppose 

tha t  there e x i s t  sequences (an ) ,  (b,) in A such tha t  (il bmbn = 0 (m + n ) ,  

and iiil anbn = an ( n  EN). Then s u p ~ l l e ( a n ) l l / l l a n l I  I I b n l l }  <a. 

A p r o j e c t i o n  i n  a C*-algebra A i s  an element p such t h a t  p = p2 = p*. Two 

p r o j e c t i o n s  p,q E A a r e  or thogonal  i f  pq = 0, and they  a re  e q u i v a l e n t  i f  t h e r e  

e x i s t s  u E A w i t h  uu* = p and u*u = q. I n  t h i s  case, 

p = p' = uu*uu* = uqu*. ( 4 )  

L e t  8 :  A + B be a homomorphism f rom a u n i t a l  C*-algebra A .  The spec ia l  

hypothes is  we make on A i s  t he  f o l l o w i n g :  
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each pro jec t ion  i n  A is t h e  s m  of two 
equ iva len t ,  orthogonu2 pro jec t ions .  (*I 

Suppose t h a t  (*) holds,  and t h a t  

sequences (p,) and (q,) of p r o j e c t i o n s  i n  A such t h a t ,  for  n E N :  

1 is t h e  i d e n t i t y  o f  A. Then t h e r e  e x i s t  two 

( i )  

( i i )  pnqn = 0; 

( i i i )  p, i s  e q u i v a l e n t  t o  9,. 

1 = p 1 + 41’ P, = Pn+l + qn+l ;  

L e t  I ( e )  be t h e  c o n t i n u i t y  i d e a l  o f  8. We claim t h a t  qk E I ( e )  f o r  some 

k. For  i f  q, B I ( e )  f o r  each n, t h e r e  e x i s t s  x, E A w i t h  I I x n l I  = 1 and 

1 l e ( xnqn) I  I > n I I q n l  1 2 .  Apply 2.6 w i t h  an = xnqn, bn = 9,. Then, by t h a t  theorem, 

sup{ I le(xnqn) I I /  I Ixnqn I I I l qn l  I 1 < m. 

But  I 18(xnqn) I1/1 Ixnqnl  I I l q n l  I > n by c o n s t r u c t i o n ,  a c o n t r a d i c t i o n .  

Thus, t h e  c l a i m  ho lds .  

Suppose t h a t  qk E I ( e 1 .  Since pk i s  e q u i v a l e n t  t o  qk, it f o l l o w s  f rom ( 4 )  

t h a t  pk E I ( e ) .  Thus, pk-l = pk + qk E I(e), and e v e n t u a l l y  we see t h a t  

1 E I(e). But  t h i s  says t h a t  e i s  con t inuous .  

Thus, i f  ( * )  ho lds ,  t hen  each homomorphism f rom t h e  C*-algebra A i s  au to-  

m a t i c a l l y  cont inuous. Hypothes is  (*) ho lds ,  f o r  example, i n  each von Neumann 

a lgebra  which has no d i r e c t  summand o f  Type I (133, V.I.351). 

3. DISCONTINUOUS HOMOMORPHISMS FROM C(X) 

Throughout t h i s  sec t i on ,  we take  X 

r e t u r n  t o  t h e  ques t i on  o f  t h e  ex i s tence  of  d i scon t inuous  homomorphisms f rom C(X). 

We know t h a t  such a homomorphism e x i s t s  if and o n l y  i f  t h e r e  i s  a r a d i c a l  homo- 

morphism f rom a maximal i d e a l  o f  C(X). 

t o  be a compact Hausdor f f  space, and we 



Automatic continuity of homomorphisms from C*-algebras 205 

Such a homomorphism was cons t ruc ted  f o r  each i n f i n i t e  s e t  X i n  [ I 0 1  and, 

independent ly ,  i n  [123 ,  and t h e  two c o n s t r u c t i o n s  a r e  descr ibed i n  [ 9 ,  5 91. T h i s  

d e s c r i p t i o n  w i l l  n o t  be repeated  here,  b u t  I shou ld  l i k e  t o  ment ion  a few p o i n t s .  

L e t  h ( X )  denote t h e  s e t  o f  r e a l - v a l u e d  f u n c t i o n s  on X, and s e t  f < g i f  

f ( x )  < g ( x )  

induced p a r t i a l  o r d e r  on t h e  q u o t i e n t  a lgeb ra  Mx/Jx f o r  each x E X. I n  genera l ,  

t h i s  p a r t i a l  o r d e r  may be very  compl ica ted .  Bu t  cons ide r  t h e  s p e c i a l  case i n  

which p E @N\N. Then t h e  induced o r d e r  i s  a - t o t a l  o r d e r  on 

Mp/Jp. A lso ,  J i s  a p r ime i d e a l  i n  &(on\r). L e t  K be t h e  q u o t i e n t  f i e l d  o f  

t h e  i n t e g r a l  domain Mp/Jp. Then K i s  a l s o  a t o t a l l y  o rdered se t ,  and K has 

t h e  f o l l o w i n g  p r o p e r t i e s :  

( x  E X I .  Then < i s  a p a r t i a l  o rde r  on %(XI ,  and we o b t a i n  an 

X = m, and t a k e  

P P 

P P 

( i )  Kp i s  a r e a l - c l o s e d  f i e l d  ( i . e . ,  K p ( f l )  i s  a l g e b r a i c a l l y  

( i i )  Kp i s  an n l -se t  ( i . e . ,  f o r  each p a i r  (S,T) o f  coun tab le  subsets 

( i i i )  K has c a r d i n a l i t y  2'O. 

c losed)  ; 

o f  Kp w i t h  S < T, t h e r e  e x i s t s  a E K w i t h  S < {a )  < T) ;  
P 

P 

The main p a r t  o f  [ I 0 1  i s  t h e  c o n s t r u c t i o n  o f  an a lgeb ra  monomorphism f rom t h e  s e t  

o f  f i n i t e  elements o f  K i n t o  a r a d i c a l  Banach a lgeb ra .  The p r o o f  t h a t  such a 

monomorphism e x i s t s  uses t h e  o r d e r  s t r u c t u r e  o f  

assumption o f  t h e  cont inuum hypothes is  (CH): t h e  p r o o f  i n v o l v e s  t r a n s f i n i t e  

i n d u c t i o n ,  and one must w e l l - o r d e r  a c e r t a i n  subset o f  K 
P 

2 i n  such a way t h a t  each element has o n l y  coun tab ly  many predecessors.  

P 
K , and i t  a l s o  r e q u i r e s  t h e  

P 

which has c a r d i n a l i t y  

I t  can be seen t h a t ,  i n  t h e  above fo rmu la t i on ,  t h e  problem i s  ve ry  a l g e b r a i c .  

I t s  r e s o l u t i o n  has a number o f  i n t e r e s t i n g  a l g e b r a i c  a p p l i c a t i o n s  wh ich  seem 

d i s t a n t  f rom t h e  o r i g i n a l  d i scuss ion  o f  homomorphisms f r o m  C(X).  

Here i s  an impor tan t  i n g r e d i e n t  o f  t h e  p roo f .  I t  i s  proved by Johnson i n  [22]  

t h a t  any two rea l - c losed ,  t o t a l l y  o rdered n l - f i e l d s  o f  c a r d i n a l i t y  H I  a r e  i n  

f a c t  isomorphic as r e a l  a lgebras .  Thus, i n  p a r t i c u l a r ,  i f  CH holds,  t hen  any 

two f i e l d s  Kp a r e  isomorphic.  However, i f  CH does n o t  ho ld ,  then d i f f e r e n t  

K ' s  may have ve ry  d i f f e r e n t  s t r u c t u r e s .  
P 

The f i r s t  example of an embedding o f  an i n t e r e s t i n g  a lgeb ra  i n t o  a r a d i c a l  
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Banach a lgeb ra  i s  due t o  G.R. A l l a n  i n  1972 ( [ 2 1 ) .  L e t  F be the  a lgeb ra  o f  a l l  

formal power s e r i e s  i n  one v a r i a b l e ,  l e t  R be a r a d i c a l  Banach a lgebra ,  and l e t  

R# denote t h e  Banach a lgeb ra  formed by  a d j o i n i n g  an i d e n t i t y  t o  R .  Then A l l a n  

proved t h a t  t h e r e  i s  an embedding o f  F i n  R# i f  and o n l y  i f  t h e r e  i s  a non- 

zero  element a o f  R such t h a t  a E a’R, and he gave examples o f  a lgebras  R 

which s a t i s f y  t h i s  c o n d i t i o n .  

There i s  a sense i n  wh ich  E s t e r l e ' s  example o f  a d i scon t inuous  homomorphism 

i n v o l v e s  t h e  c o n s t r u c t i o n  o f  an embedding f rom an a lgebra  o f  fo rmal  f rom C(X) 

power s e r i e s  i n  i n f i n i t e l y  many v a r i a b l e s  i n t o  a r a d i c a l  Banach a lgeb ra :  see t h e  

d e s c r i p t i o n  i n  C9, 0 91. 

I n  t h e  o r i g i n a l  papers, examples a r e  g i ven  o f  r a d i c a l  Banach a lgebras  R such 
# t h a t  t h e r e  i s  a d i scon t inuous  homomorphism C(X) -t R . For  example, i t  i s  shown 

i n  [ I 2 1  t h a t  t h i s  i s  t r u e  f o r  each r a d i c a l  Banach a lgeb ra  w i t h  a bounded 

approximate i d e n t i t y .  However, an example o f  a r a d i c a l  a lgeb ra  w i t h o u t  a bounded 

approximate i d e n t i t y  f o r  which t h e  r e s u l t  ho lds  i s  g i ven  i n  [ l o ] .  Thus, t h e  

problem a r i s e s  o f  c h a r a c t e r i z i n g  t h e  r a d i c a l  Banach a lgebras  R such t h a t  t h e r e  

i s  a d i scon t inuous  homomorphism C(X) + R# f o r  each i n f i n i t e  X. 

The s o l u t i o n  o f  t h i s  problem i s  due t o  E s t e r l e .  There a r e  two p a r t i c u l a r  p o i n t s  

o f  i n t e r e s t .  F i r s t ,  t h e  apparen t l y  rough c o n d i t i o n  on 

above, which was known t o  be necessary, i s  proved t o  be s u f f i c i e n t .  Second, it was 

d iscovered t h a t  t h e  ex i s tence  o f  c e r t a i n  semi-groups i n  

obse rva t i on  l e d  E s t e r l e  t o  a remarkable c l a s s i f i c a t i o n  o f  r a d i c a l  Banach a lgebras  

i n  terms o f  t h e  semi-groups which they  c o n t a i n  ( [ 1 5 ] ) .  L e t  A be a Banach a lgebra ,  

and l e t  S be a semi-group i n  C.  Then A con ta ins  a semi-group ove r  S i f  

t h e r e  e x i s t s  a non-zero m p  3 :  S -, A such t h a t  q ( s , ) $ ( s 2 )  = @(sls2) 

( s , , s 2  E S ) .  The semi-group i s  cont inuous  i f  $ 

R o f  A l l a n ,  mentioned 

R i s  r e l e v a n t :  Th i s  

i s  con t inuous .  

3.1 Theorem. (CH). Let R be a cornmutative radical Banach algebra. Then the 

following conditions on R are equivaZent: 

(i) there is a non-zero element a E R m t h  a E m; 
(iil 

i i i i )  there is a semi-group over 9' i n  R ;  

( i v )  there i s  a discontinuous homomorphism C(X) + R 

there is an embedding F -t R # ;  

0 

# 

f o r  each i n f i n i t e  X; 
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(vl for  each commutative integral domain A without identity and of 
cardinality ‘2 �O, there is an embedding of A in R .  

Here, 4� denotes the s e t  of s t r i c t l y  p o s i t i v e  r a t i o n a l s .  The equiva lence o f  
0 

(i) and (iil, and the  f a c t  t h a t  (iv) i m p l i e s  (i) i s  due t o  A l l a n  ( [21) .  The 

equiva lence o f  (iv) and ( v )  i s  i n  1131, t h a t  (il i m p l i e s  (iiil and t h a t  

iiiii i m p l i e s  (iv) i s  i n  [14 ] ,  and a d i r e c t  p r o o f  t h a t  i i i i )  i m p l i e s  (i) 
i s  [15, Theorem 3.31. 

There i s  one f u r t h e r  c o n d i t i o n  which i s  conceivably  e q u i v a l e n t  t o  t h e  above. 

It i s :  

(vi) there is a continuous semi-group over R+ in R .  
0 

C e r t a i n l y ,  [vi) i m p l i e s  (iiii. It i s  u n l i k e l y  t h a t  (iii) i m p l i e s  ivii, and 

the  r a d i c a l  Banach a lgebra kl(Q+, e-t’) 

t h i s  has n o t  been proved (see [15, Ques t ion  61). I f  (oil were equ iva len t  t o  

( i i i l ,  t h e  p roo f  o f  Theorem 3.1 c o u l d  be s i m p l i f i e d .  

i s  probably  a counter-example, b u t  

The p r o o f  o f  Theorem 3.1 can s u r e l y  never be sho r t ,  b u t  we now have a p roo f  

t h a t  i s  cons ide rab ly  sho r te r ,  more comprehensive, and more i n c i s i v e ,  than the  

o r i g i n a l  p roo fs .  Th is  p r o o f  w i l l  be presented i n  [Ill. Two fea tu res  o f  t he  new 

p r o o f  a re  the  use o f  e lementary v a l u a t i o n  theo ry  t o  c l a s s i f y  and u n i f y  a number 

o f  a l g e b r a i c  cons t ruc t i ons ,  and t h e  use o f  t he  M i t t a g - L e f f l e r  theorem t o  

e s t a b l i s h  the  ex i s tence  o f  some elements p r e v i o u s l y  cons t ruc ted  by compl icated 

c a l c u l a t i o n s  u s i n g  i n f i n i t e  products .  Some p a r t s  o f  t h e  new p r o o f  can be found 

i n  [ I 5 1  and [351. We a l s o  determine e x a c t l y  t he  p o i n t s  a t  which the  continuum 

hypothes is  i s  requ i red .  

As a sample, l e t  me sketch the  p r o o f  t h a t  (il i m p l i e s  (iiil i n  Theorem 3.1. 

The r e s u l t  i s  [14,  Theorem 4.23, b u t  t he  present  much s imp le r  p r o o f  i s  [15, 

Theorem 5.1 I .  

We r e c a l l  the M i t t a g - L e f f l e r  theorem. L e t  (En) be a sequence o f  complete 

m e t r i c  spaces, and l e t  fn: En+l -+ En 
fn(En+l) i s  dense i n  En f o r  each n. Then nIflo...ofn(En+l): n E N }  i s  dense 

i n  El. 

be a cont inuous map. Suppose t h a t  

3.2 Theorem. Let be a commutative radical Banach algebra, and suppose that 

R contains a non-zero element a with a E m. Then R contains a non-zero 

R 
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semi-group over Q+. 

Proof .  L e t  R1 = aR, and s e t  I I l b l I I  = i n f t l l c l l  : ac = b }  f o r  b E R,. Then 

(R1,l I I .  I I I )  i s  a r a d i c a l  Banach a lgeb ra .  L e t  R2 be t h e  c l o s u r e  o f  aZR, i n  

(R1,l I I . I I I ) .  Then R2 i s  a r a d i c a l  Banach a lgebra ,  and = R2. Thus, we can 

suppose t h a t  = R. 

Set E = I x E R  : x = R }  = I x E R :  a2 E x } .  

Since 

E = n t x  E R : i n f  I l a z  - x y l  I < I / P } ,  
P Y E R  

E i s  a G6-set i n  R, and so E i s  i t s e l f  a complete m e t r i c  space. We check 

t h a t  E i s  s t a b l e  under p roduc ts .  

# # L e t  G = I n v  R , t h e  s e t  o f  i n v e r t i b l e s  o f  R#. Then G = exp R# and 6 = R 

because R i s  r a d i c a l .  Since an+' E E ( n  E N), R = a"flR = a"’7G = E ,  and so 

a"'G i s  dense i n  E. 

Se t  f n (x )  = xn+l  ( x  E E, n EN). Then fn: E + E i s  con t inuous .  Take 

u E an+'G. Then u = an+'exp v f o r  some v E R#, and so 

u = (a  exp (v / (n  + E fn (E) .  Thus, fn has dense range. By t h e  M i t t a g -  

L e f f l e r  theorem, t h e r e  e x i s t s  (x,) c E such t h a t  xn = x ~ + ~  n+l 

I n  p a r t i c u l a r ,  x = x q! /P!  

checked t h a t  q ( r / s )  i s  w e l l  d e f i n e d  f o r  each p o s i t i v e  r a t i o n a l  r / s ,  and t h a t  

r / s  H q ( r / s )  

( n  E N ) .  

(p,q EN). Set  q ( r / s )  = xs '('-')!. It can be 
P q  

i s  t h e  r e q u i r e d  semi-group. 

4. THE ROLE OF THE CONTINUUM HYPOTHESIS 

The p r o o f  o f  t h e  ex i s tence  o f  d i scon t inuous  homomorphisms r e q u i r e d  t h e  

assumption o f  t h e  cont inuum hypothes is .  It i s  a remarkable f a c t  t h a t  t h i s  

hypothes is  cannot be dropped. (We work i n  ZFC.) 

I b e l i e v e  t h a t  t h e  h i s t o r y  o f  t h i s  p a r t  o f  t h e  s t o r y  i s  as f o l l o w s .  A seminar 

on t h e  ( then open) problem o f  t h e  ex i s tence  o f  d i scon t inuous  homomorphisms f rom 

C(X) was g i ven  a t  Ca l tech  i n  1975. An undergraduate a t t e n d i n g  t h e  seminar, 
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Hugh Woodin, proved t h a t ,  i f  t h e r e  i s  a d i scon t inuous  homomorphism, then t h e r e  

i s  a c e r t a i n  s e t - t h e o r e t i c  consequence. Then R. Solovay cons t ruc ted  a model o f  

ZFC ( i n  which CH i s  f a l s e )  i n  which t h i s  consequence d i d  n o t  ho ld ,  and thus  

gave a model o f  ZFC i n  which a l l  homomorphisms f rom each C(X) a r e  cont inuous .  

I have n o t  seen any d e t a i l s  o f  t h i s  c o n s t r u c t i o n ,  and, as f a r  as I know, i t  has 

n o t  been pub l ished.  

Subsequent ly,  Woodin h i m s e l f  gave a d i f f e r e n t  approach t o  t h e  c o n s t r u c t i o n  o f  

such a model. He uses a model i n  which M a r t i n ' s  axiom (MA) ho lds ,  m o d i f y i n g  i t  

t o  ensure t h a t  t h e r e  a r e  no d i scon t inuous  homomorphisms f rom C(X).  My source f o r  

t h i s  work i s  Woodin's Berke ley  t h e s i s  (1341);  aga in ,  as f a r  as I know, t h e  r e s u l t s  

have n o t  been pub l i shed  elsewhere. 

It seems t o  me t h a t  a n a l y s t s  and l o g i c i a n s  may be r a t h e r  t imorous  about t h e  

supposed arcana o f  each o t h e r ' s  c r a f t .  Th i s  mutual  apprehension may be excessive,  

and I wish  t o  b u i l d  a b r i d g e  between t h e  two areas, o r  a t  l e a s t  an approach road 

t o  one end o f  t h e  b r idge .  

Thus, f o r  t h e  remainder o f  t h i s  s e c t i o n ,  we work i n  ZFC, b u t  we do n o t  assume 

CH w i t h o u t  s p e c i f i c  ment ion.  

F i r s t ,  we de termine t h e  e x t e n t  t o  which t h e  problems f o r  d i f f e r e n t  X a r e  

e q u i v a l e n t .  We w r i t e  L" f o r  t h e  a lgeb ra  o f  a l l  r ea l - va lued ,  bounded sequences, 

and co  f o r  t h e  rea l - va lued  sequences convergent  t o  0, on IN, so t h a t  L" i s  

i somorph ic  t o  $(@N). 

4.1 Theorem. 

i i l  

discontinuous homomorphism from C(X) f o r  each i n f i n i t e  X.  

I f  there i s  a discontinuous homomorphism from tm, then there i s  a 

(ii) I f  there i s  a discontinuous homomorphism from any C(X), then there i s  a 

discontinuous homomorphism from 
cO. 

P roo f .  (i) T h i s  i s  easy because each i n f i n i t e  t o p o l o g i c a l  space con ta ins  a 

coun tab ly  i n f i n i t e ,  d i s c r e t e  subset:  see [ l o ,  7.81. 

l i i )  ( [ 2 2 1 )  F i r s t  n o t e  t h a t  t h e r e  i s  a separab le  C*-subalgebra o f  C(X) 

wh ich  i s  t h e  domain o f  a d i scon t inuous  homomorphism, and so we may suppose t h a t  

C(X) i s  separab le ,  and hence t h a t  X i s  me t r i zab le ,  w i t h  m e t r i c  d, say. 
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We know from 5 1 t h a t  t h e r e  i s  a f i n i t e  s e t  F c X, p E b(X\F)\(X\F), and a 

non-zero homomorphism w f rom Co(X\F) w i t h  k e r  v 3 Ja Set Y = X\F. 
P '  

For n E N ,  s e t  

and s e t  Go = I x  E X : d(x,F) > 1/31. L e t  U1 = UiG2, : n = 0,1, ... I ,  
U2 = UIG2n+l : n = 0 , l  , . . . I ,  so t h a t  U1 and U2 a r e  open s e t s  i n  Y w i t h  

U 1  U U2 = Y .  L e t  V .  = D Y \ m  f o r  j = 1,2, where t h e  ba r  denotes c l o s u r e  i n  

B Y .  Then V 1  and V2 a r e  open s e t s  i n  gY w i t h  V 1  u V2 = BY. We may suppose 

t h a t  p E V 1 .  Note t h a t ,  i f  f E Co(Y) and f = 0 on U1, t hen  = 0 on V1, 

a neighbourhood o f  p, and so w ( f )  = 0. 

J J 

Take fn E C(Y) w i t h  fn = 1 on Gn, w i t h  fn = 0 on Gm f o r  

m B {n - 1, n, n + 1 1 ,  and w i t h  fn (Y )  c [0 ,1 ] .  Fo r  each a = (a,) E co, s e t  

m 

$ ( a ) ( x )  = 1 anfZn(x)  ( x  E Y). 

x E Y 

n=l  

Each has a neighbourhood on which a t  most two o f  t h e  f u n c t i o n s  f2,, 
a r e  non-zero, and so + ( a )  E C(Y). S ince  an -, 0, $ (a )  E Co(Y), and c l e a r l y  

$: a - $(a )  i s  l i n e a r .  The map $ i s  n o t  n e c e s s a r i l y  a homomorphism. However, 

on t h e  s e t  U1, fZn2 = fZn and fZnf2,,, = 0 ( n  m), and so 

v ($(ab)  - $ (a )$ (b ) )  = 0 f o r  a,b E co. Thus, v 0 $: co  -, R i s  a homomorphism. 

C lea r l y ,  ( v  0 $ ) ( a ) =  0 i f  a i s  e v e n t u a l l y  zero. We must show t h a t  v o + 9 0. 

Take g E C o ( Y )  w i t h  v ( g )  * 0, and l e t  an = supC lg (x ) l :  x E G n I .  Then 

(an) E co, and t h e r e  e x i s t s  a = (an.), (yn) E co w i th  an * 0 and 

any, = Bn (n E IN). L e t  f = g/an on E,,, and s e t  f = 0 on F. Then f i s  

cont inuous  on u G,, u F .  Extend f t o  belong t o  Co(Y).  Then $ ( a ) f  = g on U1, 

and so v ( $ ( a ) f )  = v ( g ) .  Thus, (v o $ ) ( a )  * 0, as requ i red .  

I t i s  n o t  known ( i n  ZFC) whether o r  n o t  t h e  ex i s tence  o f  a d i scon t inuous  homo- 

i m p l i e s  t h e  ex i s tence  o f  such a map f rom em, and t h i s  seems t o  morphism f rom c o  

be an i n t e r e s t i n g  ques t ion .  

L e t  Y be a comp le te l y  r e g u l a r  space. Then t h e r e  i s  a b i j e c t i o n  between t h e  

p o i n t s  o f  BY and t h e  z - u l t r a f i l t e r s  on Y (see [171). I f  Y i s  d i s c r e t e ,  t hen  each 

z - u l t r a f i l t e r  on Y 

L e t  p E pN, and l e t  

i s  an u l t r a f i l t e r  - and i n  p a r t i c u l a r  t h i s  i s  t r u e  f o r  Y =N. 
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U = I U  nlN : U i s  a neighbourhood o f  p i n  m i .  
P 

Then t h e  map PI+ U i s  a b i j e c t i o n  f rom @i onto  t h e  s e t  o f  u l t r a f i l t e r s  on N; 
t h e  p o i n t s  o f  pN4Y correspond t o  t h e  free u l t r a f i l t e r s .  

P 

From t h e  above remarks, we see t h a t  t h e r e  i s  a d iscont inuous  homomorphism f rom 

co  ( r e s p e c t i v e l y , l ” )  i f  and o n l y  i f  t h e r e  i s  a f r e e  u l t r a f i l t e r  U on IN and 

a non-zero homomorphism ( r e s p e c t i v e l y ,  Lm/U + R ) ,  f o r  some r a d i c a l  

Banach a lgeb ra  R .  

v : co/U + R 

I now g i v e  t h e  key r e s u l t  o f  Woodin. A s  a ges tu re  towards l o g i c i a n s ’  mores, we 

w r i t e  w f o r  t h e  o r d i n a l  [ O , l , Z ,  ... }, uW f o r  t h e  s e t  o f  f u n c t i o n s  f rom w t o  

w, and we take  an u l t r a f i l t e r  U on w, co r respond ing  t o  a p o i n t ,  say p, o f  

B W .  

F i r s t ,  we r e q u i r e  some f u r t h e r  

f < g i f  f ( n )  < g ( n  

n o t a t i o n .  Fo r  f ,g  E a�, we d e f i n e :  

e v e n t u a l l y ;  

f = g i f  f ( n )  = g (n )  e v e n t u a l l y ;  

f <u g i f  Cn E w : f ( n )  < g ( n ) >  belongs t o  U .  

f cLI g i f  En E w : f ( n )  = g ( n ) l  belongs t o  U. 

The o rde r  < on ww i s  t h e  Frgchet  o rde r .  We w r i t e  u l t p  f o r  t h e  f a m i l y  o f  

cose ts  o f  wW w i t h  respec t  t o  t h e  equ iva lence r e l a t i o n  = u ,  [ f l  f o r  t h e  cose t  o f  

an element f E ww, and 5 f o r  t h e  induced o r d e r  on u l tUw.  Fo r  g E ww, l e t  

u l t U g  = {a  E u l tUw : a 3 [ g l } .  

L e t  A be an a lgebra ,  and l e t  a,b E A .  Then b < < a  i f  a E bA. A map 

IT: u l t U g  + ww i s  i s o t o n i c  i f  a ( a )  < a ( b )  i n  ww whenever a 5 b i n  u l t ug .  

4.2 Theorem. (Woodin) Suppose that there is a discontinuous homomorphism from some 

C ( X ) .  Then there is an unbounded, monotone increasing function g in ww, a free 

ultrafilter U on o, and an isotonic injection IT: u l t U g  + wW. 

P roo f .  L e t  V :  co/U + R be a non-zero homomorphism, as above. We c o n s t r u c t  IT as 

a compos i t ion :  U U T  
u l t U g  + c0/U + R - w’. 
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First we define g. Choose a = (a E c such that v([al) * 0 : here, [a1 
n 0 

is the coset of a in co/U. We can suppose that 0 < an i 1 (n E 0). Then 

choose an unbounded, monotone g E ww with lim anl/g(n)z = 0 .  

Take [fl E ultllg. We may suppose that f(n) < g(n) (n E w ) .  Set 

o([fl) = [(a, f(n)/g(n)z)l. 

If [fll % [f21 3 [gl, let 

( f 2 ( n )  - f 
n B, = a 

Then (6,) E co, and u([fll) (Pn)l = o([f21), so that o([fll) < <  o([f2]) in 
co/U. Thus, (U 0 o)(a) < i ( V  0 o)(b) in R whenever a b. 

Secondly, we check that the range of u 0 o is contained in the non-nilpotents 
of R. For suppose that [fl 3 [gl and that r EM. Set 

Then eventually 1 - (rf(n)/g(n)’) > 1 - (r/g(n)) z 1/2, and so 8, < a n  1 / 2  

eventually. Thus, (pn) E co. Also, O,,an r = an, and so 

required. 
(v 0 u)([flr) i 0, as 

Finally, if x is a non-nilpotent element of R ,  set ~(x)(n) = [ I  lxnl I-’], 
where now [r;l denotes the integral part of a real number 5. If x = yz in R, 
where x,y,z are non-nilpotent, then 

[IIYnll-ll[llznll-ll < [ I I  xnlrll. 

Since R is radical, I lznlI + 0 as n + m, and so ~ ( y )  < T(X) in w w .  

The result follows. 

Let (S, <) be a partially ordered set. A chain in S is a totally ordered 
subset. Elements r,s E S are incompatible if there is no element t E S with 
t <  r and t <  s. An antichain i n  S is a subset T of S such that, if 
r,s E T with r * s, then r and s are incompatible. The set S has the 
countable chain condition if each antichain i s  countable. 
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A subset T o f  S i s  dense i f ,  f o r  each s E S, t h e r e  e x i s t s  t E T w i t h  

t < s .  A subset T i s  a f i l t e r  i f  ( i )  f o r  each r,s E T, t h e r e  e x i s t s  t E T 

w i t h  t 4 r and t < s, and ( i i )  f o r  each r E T and each s E S w i th  s < t, 
we have s E T. 

We now come t o  M a r t i n ’ s  Axiom (MA).  T h i s  i s  t h e  s ta tement  : i f  (S ,< )  i s  a non- 

empty, p a r t i a l l y  o rdered s e t  s a t i s f y i n g  t h e  coun tab le  cha in  c o n d i t i o n ,  and i f  

D i s  a c o l l e c t i o n  o f  dense subsets o f  S such t h a t  D has c a r d i n a l i t y  a t  most 

u,, then t h e r e  i s  a f i l t e r  T i n  S such t h a t  T n D + P, f o r  each D E 0 .  

F o r  an account o f  MA, see Kunen’s book [24, 11, 5 21. Some a p p l i c a t i o n s  o f  

MA t o  genera l  topo logy ,  i l l u m i n a t i n g  f o r  t h e  a n a l y s t ,  a r e  g i ven  i n  [24, 11, 5 31. 

The theorems proved by  Woodin i n  [341 which a r e  r e q u i r e d  f o r  t h e  r e s u l t  about 

C(X) a r e  t h e  f o l l o w i n g .  

4.3 Theorem. There i s  a model M o f  s e t  theory with the following properties: 

( i l  MA holds; ( i i l  CH f a i l s ;  i i i i l  t h e  s e t  (2”, 4) does not embed in ( w w ,  <I. 

Here, (ZW1,<) i s  t h e  s e t  o f  f u n c t i o n s  f rom w 1  i n t o  t h e  s e t  I 0 , l I  w i t h  t h e  

2 ’  l e x i c o g r a p h i c  o rde r ;  an embedding must p reserve  order .  I n  t h e  model, 2 

and i t  i s  n o t  c l e a r  t o  me j u s t  what va lues  can have i n  s i m i l a r  models. The 

p r o o f  o f  4.3 i s  a v a r i a n t  o f  t h e  p r o o f  t h a t  t h e r e  a r e  models i n  which MA ho lds :  

f o r  t h i s ,  see [24, V I I I ,  5 61. 

= g  

P Y o  

4.4 Theorem. In ZFC, MA + 7 CH implies t ha t ,  for each f r ee  u l t r a f i l t p r  U over 

w and f o r  each unbounded, monotone increasing function g i n  ww, ( 2w1 9 4) does 

embed i n  u l  tug. 

T h i s  i s  [34, 7.21. Theorems 4.2, 4.3, and 4.4 t o g e t h e r  show t h a t ,  i n  t h e  model 

M o f  4.3, t h e r e  a r e  no d i scon t inuous  homomorphisms f rom any C ( X )  i n t o  any 

Banach a lgebra .  We hope t o  p resen t  f u r t h e r  d e t a i l s  o f  these r e s u l t s ,  i n  terms 

comprehensible t o  ana lys ts ,  i n  [ill. 

To date ,  no one has demonstrated t h a t  t h e r e  a r e  models i n  which t h e r e  a r e  

d i scon t inuous  homomorphisms f rom co, b u t  i n  which CH f a i l s .  Thus, t h e  p resen t  

s t a t u s  of  t h e  s ta tement  ” a l l  homomorphisms f rom each 

t h a t  i t  i s  independent of ZFC, and i m p l i e s  t h a t  2’” > I f l .  

C(X) a r e  cont inuous”  i s  
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5. OPEN QUESTIONS 

The r e s u l t s  o f  t he  p rev ious  sec t i ons  show t h a t  a l l  homomorphisms f rom c e r t a i n  

Banach a lgebras  a r e  cont inuous ,  and t h a t  t h e r e  a r e  examples o f  d iscon t inuous  

homomorphisms from some C*-algebras. (We now assume t h a t  CH holds.)  However, a 

number o f  bas i c  p o i n t s  remain open. 

We cons ide r  f i r s t  t h e  f o l l o w i n g  well-known ques t i on .  

Ques t ion  1. Let 

that = B. If B is semi-simple, is e automaticaZZy continuous? 

8: A + B be a homomorphism between Banach azgebras, and suppose 

I f  t h i s  were t r u e ,  i t  would be a s t r i k i n g  g e n e r a l i z a t i o n  o f  Ge l fand ' s  r e s u l t ,  when 

B i s  commutative, and Johnson's r e s u l t ,  when e ( A )  = B. 

It i s  n o t  d i f f i c u l t  t o  see ( [ I ,  1.11) t h a t  t h e  ques t i on  i s  e q u i v a l e n t  t o  t h e  

f o l l o w i n g .  L e t  8: A + B be a homomorphism w i t h  separa t i ng  space S ( e ) .  I s  

S ( e )  c CJ(B), t h e  s e t  o f  q u a s i - n i l p o t e n t s  o f  B?  

In general ,  we shou ld  l i k e  any new i n f o r m a t i o n  about  o ( b ) ,  t h e  spectrum o f  b, 

f o r  b E S ( 0 ) .  I t  i s  easy t o  show t h a t  o ( b )  i s  always a connected subset o f  C 

c o n t a i n i n g  the  o r i g i n  ( [ 3 2 ,  6.1611, b u t  t h i s  seems t o  be a l l  t h a t  i s  known i n  

general .  O f  course, by ( I ) ,  S ( e )  c Q(B) 

always have 

i f  B i s  commutative, and, by ( Z ) ,  we 

b u t  i t  does n o t  seem t o  be easy t o  mod i fy  A u p e t i t ' s  p r o o f  t o  o b t a i n  t h e  s t ronger  

r e s u l t  t h a t  S ( e )  c Q(B). Note t h a t  t h e  s p e c t r a l  r a d i u s  v i s  n o t  n e c e s s a r i l y  a 

cont inuous f u n c t i o n  on a Banach a lgeb ra  (see 13, Chap. 1,  5 51) .  

Some p a r t i a l  r e s u l t s  on Ques t ion  1 a r e  g i ven  i n  [ I ,  5 31. 

L e t  us now cons ide r  Ques t ion  1 i n  t h e  case t h a t  bo th  A and B a r e  C*-algebras. 

Then and S ( e )  a r e  c losed  i d e a l s  i n  A and B, r e s p e c t i v e l y ,  and so bo th  

a re  themselves C*-algebras. I f  e i s  n o t  con t inuous ,  then, by Theorem 2.5, t h e r e  

i s  a non-zero homomorphism v :  + S ( e ) .  C l e a r l y ,  S (v )  = S ( e )  and I ( v )  = I ( e ) .  

Also, ~(rl;T) i s  dense i n  S ( v ) ,  and so, by (51, S ( V )  con ta ins  a dense sub- 

a lgebra  o f  q u a s i - n i l p o t e n t s .  Thus, we have t h e  f o l l o w i n g  r e s u l t ,  p o i n t e d  o u t  t o  me 

by K j e l d  Laursen. 
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5.1. Theorem. Suppose that  there i s  a discontinuous homomorphism 

A and B are C*-algebras and e(A) = B.  Then there is a non-zero C*-algebra 

A and a dense subalgebra R such tha t  each element of 8 is a quasi-nilpotent. 

B : A  -f 6, where 

Note t h a t  B i s  n o t  j u s t  a dense subset o f  A c o n s i s t i n g  o f  q u a s i - n i l p o t e n t s ,  

b u t  a subalgebra.  No such C*-algebra A i s  known, and I hope someone can show me 

t h a t  no such a lgeb ra  can e x i s t .  

The second ques t i on  i s  t h e  f o l l o w i n g .  

Q u e s t i o n  2. For which C*-algebras A is i t  true that  each homomorphism from A 

i n t o  a Banach algebra i s  automatically continuous? 

We know t h a t  t h e  C*-algebras B ( H )  and K ( H )  belong t o  t h e  c l a s s ,  b u t  t h a t  

C(X) does n o t  belong t o  t h e  c l a s s  f o r  each i n f i n i t e  X. 

L e t  A be a C*-algebra. A r e p r e s e n t a t i o n  o f  d imension n o f  A i s  a 

*-homomorphism IT f rom A i n t o  Mn(C), t h e  a lgeb ra  o f  nxn ma t r i ces .  The 

r e p r e s e n t a t i o n  i s  i r r e d u c i b l e  i f  10) and Mn(IC) a r e  t h e  o n l y  l i n e a r  subspaces 

o f  M (C) which a r e  i n v a r i a n t  f o r  n ( A ) .  Two i r r e d u c i b l e  rep resen ta t i ons  o f  

d imension n a r e  e q u i v a l e n t  i f  t h e y  have t h e  same ke rne l .  
n 

The f o l l o w i n g  r e s u l t  i s  [ I ,  2.51. 

5.2 Theorem. Let A be a C*-algebra. Suppose tha t ,  for  some n E N ,  A has 

i n f i n i t e l y  many non-equivalent irreducible  representations of dimension 

there i s  a discontinuous homomorphism from 

n. Then 

A i n t o  a Banach algebra. 

We made t h e  guess i n  [ I 1  t h a t ,  i f  A does n o t  s a t i s f y  t h e  c o n d i t i o n  i n  

Theorem 5.2, t hen  a l l  homomorphisms f rom A a r e  cont inuous. Maybe t h i s  is  t o o  

s imp le  a con jec tu re .  

The o n l y  way I know t o  prove t h a t  homomorphisms from a C*-algebra A are  

cont inuous  i s  t o  combine t h e  methods desc r ibed  i n  5 2, above. Th is  i s  done i n  

[ I ,  0 41. We cons ide r  a c l a s s  o f  C*-algebras which we c a l l  t h e  AW*M-algebras, and 

we prove t h a t ,  i f  A i s  an AW*M-algebra, then t h e r e  i s  a d i scon t inuous  homo- 

morphism f rom A i f  and o n l y  i f  A has i n f i n i t e l y  many non-equ iva len t  i r r e d u c i b l e  

rep resen ta t i ons  o f  d imension n f o r  some n. The d e s c r i p t i o n  o f  t h e  c l a s s  o f  

AW*M-algebras i s  r a t h e r  t e c h n i c a l .  L e t  me j u s t  no te  t h e  c l a s s  con ta ins :  
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( i )  each AW*, and hence each von Neumann, a lgebra ;  ( i i )  each c losed  i d e a l  i n  an 

AW*-algebra; ( i i i )  each commutative C*-algebra. 

However, many C*-algebras a r e  n o t  o f  t h i s  c lass .  It seems l i k e l y  t h a t  a new 

idea w i l l  be necessary t o  r e s o l v e  t h e  ques t i on  f o r  these a lgebras .  

Here i s  one example o f  a c l a s s  o f  C*-algebras f o r  which t h e  answer i s  n o t  known. 

L e t  A be a s imple,  i n f i n i t e - d i m e n s i o n a l  C*-algebra w i t h o u t  i d e n t i t y ,  and l e t  

e : A  + B be a homomorphism. Then = A, b u t  we cannot conclude t h a t  I ( e )  i s  

c losed. L e t  M(A) be t h e  m u l t i p l i e r  a lgeb ra  of A .  Then has f i n i t e  

codimension i n  M(A). However, t h e r e  a r e  examples ( [301)  o f  s imp le  C*-algebras A 

such t h a t  A has f i n i t e  codimension i n  M(A). I cannot see how t o  exc lude t h e  

p o s s i b i l i t y  t h a t  A = = F, b u t  A + I ( A ) ,  i n  t h i s  example. 
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The ques t i on  o f  c o n t i n u i t y  o f  homomorphisms mapping C*-algebras 
on to  Banach a lgeb ras  i s  discussed. The developments l e a d i n g  up 
t o  E s t e r l e ' s  p o s i t i v e  s o l u t i o n  f o r  commutative C*-algebras a r e  
descr ibed.  The general  ques t i on  i s  t hen  cons idered i n  two s tages :  
one where r e s t r i c t i o n s  a r e  imposed on t h e  domain a lgeb ra  and one 
where commuta t i v i t y  i s  r e t a i n e d  i n  t h e  range. As a n a t u r a l  
consequence o f  t h i s  l a t t e r  case t h e  ex i s tence  ques t i on  f o r  
d i scon t inuous  homomorphisms w i t h  commutative range i s  discussed. 

PROLOGUE 

T h i s  i s  an  extended v e r s i o n  o f  a l e c t u r e  e n t i t l e d  "Commutative homomorphisms o f  

C*-algebras" d e l i v e r e d  a t  t h e  T h i r d  Paderborn Conference on Func t iona l  Ana lys i s .  

A t  t h e  conference t h i s  l e c t u r e  was preceded by Gar th  Da les '  widespanning survey 

o f  au tomat ic  c o n t i n u i t y  o f  homomorphisms f rom C*-algebras and I b e n e f i t e d  g r e a t l y  

f rom t h i s ,  be ing  ab le  t o  draw on concepts and r e s u l t s  a l ready  ment ioned by Dales. 

I t  seems reasonab le  t o  make an analogous approach here. There fore ,  I suggest t h a t  

i f  you, dear  reader ,  have n o t  a l ready  done so, p lease read  [81. A t  t h e  very  l e a s t ,  

t a k e  a l o o k  a t  [8] up t o  and i n c l u d i n g  theorem 1.3. 

Should t h i s  suggested s tudy  p l a n  be met w i t h  susp ic ion ,  perhaps even a s tubborn  

d e c i s i o n  n o t  t o  f o l l o w  my adv ice ,  no harm need r e s u l t :  what f o l l o w s  w i l l  be l a r g e l y  

se l fcon ta ined,  a1 b e i t  perhaps a b i t  l a c o n i c  when i t  comes t o  m o t i v a t i o n a l  remarks. 

I .  THE C(X) PROBLEM AND ITS SOLUTION. 

I n  c o n t r a s t  w i t h  t h e  r i v e r  Pader which w e l l s  f rom numerous sp r ings ,  au tomat ic  

c o n t i n u i t y  i s  g e n e r a l l y  cons idered as stemming from one source, namely Kap lansky 's  

obse rva t i on  [I71 t h a t  any a lgeb ra  epimorphism o f  C(X) i s  norm- increas ing  (some 

peop le  would t a k e  i s s u e  w i t h  t h e  s ing le -source  c la im,  w i t h  re fe rence t o  e a r l y  work 

on t h e  uniqueness o f  norm topo logy .  However, t h e  au tomat ic  c o n t i n u i t y  theo ry  
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s t a r t e d  as a s tudy  o f  commutative Banach a lgebras  and t h e  main m o t i v a t i o n  was 

c l e a r l y  Kap lansky 's  ques t i on ) .  

Kap lansky 's  r e s u l t  was t h a t  i f  C(X) i s  t h e  Banach a lgeb ra  ( w i t h  sup norm l . l x )  

o f  cont inuous complex va lued f u n c t i o n s  on t h e  compact Hausdor f f  space X and i f  

8: C(X) -t B i s  an a lgeb ra  monomorphism ( i . e .  8 i s  1-1) i n t o  t h e  Banach 

a lgebra  B then f o r  any f E C(X): 

I l @ ( f ) l l  l f l X  . 
E v i d e n t l y  t h i s  means (by t h e  open mapping theorem) t h a t  i f  0 is  s u r j e c t i v e  then 

I 1  1 1  and I - I a r e  comparabte. Th is  shows t h a t  C ( X )  has a un ique complete norm 

topo logy .  It a l s o  made Kaplansky ask t h e  ve ry  n a t u r a l  ques t i on :  can 

equipped w i t h  another  ( i  .e. i n e q u i v a l e n t ,  hence n e c e s s a r i l y  incomple te)  a lgeb ra  

norm ? 

C(X) be 

So Kaplansky's answer was f o r  t h e  case o f  a homomorphism which i s  s u r j e c t i v e  and 

1-1, 

Dropping a l s o  t h e  1-1 assumption c l e a r l y  b rought  up n o t h i n g  new: t h e r e  e x i s t s  a 

d i scon t inuous  homomorphism on C(X) 

rnonomorphism o f  C(X); i f  8:  C(X) -f B i s  d i scon t inuous ,  s imp ly  cons ide r  

8 @ i d e n t i t y :  C(X) + B (3 C(X). 

and Kap lansky 's  ques t i on  c o n s i s t e d  o f  d ropp ing  t h e  assumption o f  s u r j e c t i v i t y .  

i f  and o n l y  i f  t h e r e  i s  a d iscont inuous  

The o t h e r  p o s s i b i l i t y  was t o  r e t a i n  s u r j e c t i v i t y  and drop  I n  o t h e r  words: 

i f  0 :  C(X) -t B i s  ou r  epimorphism i s  0 n e c e s s a r i l y  con t inuous? As i t  t u r n e d  

ou t ,  i t  took  l o n g e r  t o  answer t h i s  than t o  answer Kaplansky's ques t ion .  But  t hen  

how much a t t e n t i o n  does an unposed ques t i on  o r d i n a r i l y  rece ive?  We s h a l l  r e t u r n  

t o  t h e  s u r j e c t i v e  case i n  s e c t i o n  111 b u t  f i r s t  develop some o f  t h e  genera l  t o o l s  

t h a t  a l lowed t h e  impor tan t  reduc t i ons  which e v e n t u a l l y  p e r m i t t e d  t h e  Da les -Es te r le  

s o l u t i o n s  o f  Kap lansky 's  ques t i on :  t he  r e d u c t i o n  t o  t h e  r a d i c a l  range and t h e  

pr ime ke rne l  case. 

1-1. 

Both Dales [71  and E s t e r l e  "31 answered Kap lansky 's  ques t i on  by  showing t h a t  i f  

J i s  a pr ime i d e a l  w i th  c l o s u r e  M i n  C(X) then t h e r e  i s  a monomorphism o f  

M/J i n t o  some r a d i c a l  commutative Banach a lgeb ra  R. T h e i r  answers r e q u i r e  t h e  

assumption o f  t h e  cont inuum hypothes is  ( c f .  [8,  s e c t i o n  41).  

A t  t h e  t i m e  (a round 1974) when Dales and E s t e r l e  s t a r t e d  l o o k i n g  f o r  a d iscont inuous  

homomorphism f rom C(X) i t  was known t h a t  t h e  above "M/J-into-R" s e t t i n g  was 

e x a c t l y  t h e  p lace  where d i scon t inuous  homomorphisms would have t o  be found, i f  

indeed they  ex i s ted .  

Th is  s i g n i f i c a n t  r e d u c t i o n  of  t h e  scope o f  t he  search was brought  about l a r g e l y  
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by Bade and C u r t i s  [3] ( c f .  [ 8 ,  theorem 1.31) and S i n c l a i r  1191. Almost e v e r y t h i n g  

i n  t h i s  r e d u c t i o n  can be de r i ved  from one s i n g l e  p r i n c i p l e ,  a s t a b i l i t y  r e s u l t  

about  separa t i ng  spaces. And s i n c e  t h i s  a l s o  l eads  n a t u r a l l y  t o  E s t e r l e ' s  s o l u t i o n  

[Ill o f  t h e  s u r j e c t i v i t y  problem, I shou ld  l i k e  t o  desc r ibe  t h i s  i n  some d e t a i l .  

11. STABILITY OF SEPARATING SPACES. 

Reca l l  t h a t  i f  S:  X + Y i s  a l i n e a r  map f rom t h e  Banach space X t o  t h e  Banach 

space Y then t h e  separating space o f  S i s  

~ ( s )  = { y  E Y I f o r  some sequence xn + 0 i n  X, Sxn -f y]  . 

The c losed  graph theorem t e l l s  us t h a t  S i s  con t inuous  e x a c t l y  when c ( S )  = {O}. 

If X = X o ,  if C X n l ~ ' l  i s  a sequence o f  Banach spaces and i f  

Tn : Xn + Xn-1 

i s  a sequence of con t inuous  l i n e a r  maps then 

ST1 ... Tn-lTn : X n  + Y 

has separa t i ng  spaces which we may denote 

5, :=  <(ST1 ... Tn) n = l , Z ,  ... . 

C l e a r l y  

always s a t i s f i e s  a descending cha in  c o n d i t i o n :  
5 2 c l  3 ... 2 5, 2 ... . The s u r p r i s i n g  t h i n g  i s  t h a t  such a sequence 

f i n e  s t a b i Z i t y  Zema.  With t h e  above assumptions t h e r e  i s  an i n t e g e r  N such t h a t  

T h i s  p r i n c i p l e  was brought  i n t o  au tomat ic  c o n t i n u i t y  by Johnson and S i n c l a i r  [ I 5 1  

b u t  t h e  i d e a  of t h e  p r o o f  i s  much o l d e r  [161. T h i s  v e r s i o n  i s  from [181. The p r o o f  

i s  s h o r t  and s imp le  enough t o  i n c l u d e  here .  

Proof: We need f i r s t  t h e  genera l  obse rva t i on  t h a t  i f  R:  Y + Z i s  a cont inuous  

l i n e a r  map t o  t h e  Banach space 2 then  c ( R S )  = R c ( S ) - .  The p roo f  o f  t h i s  i s  n o t  

hard;  i t  may be found i n  [21,  lemma 1.31. 

If no N can be found f o r  which cN = 5, f o r  a l l  n 2 N then, by g roup ing  

t o g e t h e r  some o f  t h e  Tn's,  

separa t i ng  spaces i s  s t r i c t l y  decreas ing :  

if necessary, we may suppose t h a t  t h e  sequence o f  
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5 * c 1  9 r2  * ... . 
L e t  Q, : Y + Y/cn be t h e  n a t u r a l  q u o t i e n t  maps (each 5, i s  a c losed  l i n e a r  

subspace o f  Y ) .  

decrease we see t h a t  QnST, ... Tm i s  d iscont inuous  f o r  m < n and cont inuous f o r  

m 2 n. 

By t h e  f i r s t  paragraph o f  t h i s  p r o o f  and t h e  assumption o f  s t r i c t  

We may as w e l l  suppose t h a t  IITmll = 1 f o r  each m; we can then s e l e c t  i n d u c t i v e l y  

(y,) ( f o r  n 2 2) such t h a t  

I l yn l l  < 2 -n  and 

n-1 
IIQnST1...Tn-l~nll 2 n + IIQnST ,... Trill + E IIQnST ,... Tp- l~p l l  . 

p=2 

00 

For  t h e  element xo = E T1 ... Tn-,yn we then have, f o r  each n 2 2, 
n=2 

CoroZZary. (Semigroup s t a b i l i t y ) ,  [211. Suppose ITnIaER+, I R a l a E R +  a r e  

semigroups o f  con t inuous  l i n e a r  ope ra to rs  on t h e  Banach spaces X and Y,  

r e s p e c t i v e l y ,  which i n t e r t w i n e  w i t h  t h e  l i n e a r  map S: X + Y, ( i . e .  RaS = STa, 
CI E $?+I. With 

we have 

pi.oof: 

lemma) t h a t  5, = [Ra<(S)l- 

Suppose f i r s t  t h a t  f o r  c e r t a i n  ci < B we have I ; ~  = cB. Then ca+n(B-a) = 5, 

f o r  n = 1,2, ... f o l l o w s  by i n d u c t i o n :  The case n = 1 i s  assumed. Since 

I t i s  n o t  d i f f i c u l t  t o  see (cf .  t h e  beg inn ing  o f  t h e  p r o o f  o f  t h e  s t a b i l i t y  

( a  E R+) .  

ca+(n+I )  ( p a )  - - [RCI+(n+l)(B-a) c(s11- 

r ( s ) l -  = [ R~-aRa+n(  B-a) 

= [RB-'ga1- = [Ra,(S)l- = 5, 

t h e  i n d u c t i v e  c l a i m  f o l l o w s .  
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Consequently, i f  y > a ,  then  t h e r e  i s  an i n t e g e r  n so t h a t  

y E [a+n(b’-a), a + ( n + l ) ( B - a ) [ ,  and hence c 3 5 

On t h e  o t h e r  hand suppose ga < w i t h  ca + cB. Choose an i n f i n i t e  s e r i e s  

XCX. w i t h  p o s i t i v e  terms and sum < a .  I f  sn = .t a .  then  5 
each n (because o the rw ise  5, = cB, by  what we have a l ready  shown). 

T h i s  i n f i n i t e  descent o f  a sequence o f  separa t i ng  spaces c o n t r a d i c t s  t h e  s t a b i l i t y  

lemma. The c o r o l l a r y  f o l l o w s .  

y - a+(n+ l ) ( f i - a )  = ‘ a  3 cy * 

n 
f o r  

sn * ‘sn+I J J = 1  3 

Corollary. ( p r i m e  ideaZ k e r n e l ) .  I f  8 :  A + B i s  an a lgeb ra  homomorphism f rom 

t h e  commutative u n i t a l  Banach a lgeb ra  A w i t h  dense range i n  t h e  Banach a lgeb ra  

B then  t h e r e  i s  a c losed  i d e a l  K 5 B so t h a t  t h e  homomorphism @ :  A + B -t B / K  

has pr ime k e r n e l .  

Proof: L e t  5 be t h e  separa t i ng  space o f  8 and l e t  

I = { a  E A I o ( a ) c  = C O } } .  

Suppose t h e  f o l l o w i n g  s i t u a t i o n  occurs :  f o r  eve ry  a E A e i t h e r  e (a) r ;  = 101 
o r  ( e ( a ) c ) -  = 5.  We then  l e t  a. be t h e  u n i t  o f  A and n o t e  t h a t  t h e  i d e a l  I 

i s  prime: w i t h  e (ab)c  = I 0 1  and e(a)r ,  + { O }  we have { O }  = [ a ( a b ) s l -  = 

[ e ( b ) e ( a ) c ] -  = (o (b )C) -  ( s i n c e  ( e ( a ) c ) -  = 5 ) .  Thus b E I ,  i f  ab E I and 

a tf I. 

I f  t h i s  s i t u a t i o n  does n o t  occur  the re  must be an element al E A f o r  which 

Now l e t  

I f  a(aal)c = { O }  o r  = ( e ( a l ) c ) -  t hen  I 1  i s  pr ime. Th is  i s  shown as we j u s t  

d i d  it. I f  t h i s  dichotomy does n o t  a r i s e  t h e r e  mustbe  a2 E A f o r  which 

t o )  * [ e ( a 2 a 1 ) c ~ -  * [ e ( a l ) c l -  . 
We may repea t  t h i s  argument, b u t  n o t  f o r e v e r :  i f  we cou ld ,  we would produce a 

sequence al ,a2,... E A f o r  which 

101 + ( e ( a  n...al)c)- 9 (e(a, -,... al)z;)- . 

T h i s  would c o n t r a d i c t  t h e  s t a b i l i t y  lemma. 

Thus we must g e t  an element,  c a l l  i t  

a r i s i n g  f rom t h e  r e p e t i t i o n  o f  t h e  above argument), f o r  which t h e  s e t  

a, E A (a, i s  t h e  p roduc t  o f  t h e  elements 
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J = {a  E A I e (aao)<  = {O}} 

i s  prime. 

I f  we l e t  K = { b  E B I bO(aO)? = { O } }  then  obv ious l y  K i s  a c losed  i d e a l  and 

i f  I$: A + B + B/K then  kerI$ = ( a  E A I O(aaO)c = (011 = J i s  prime. 

Note t h a t  phrased i n  t h i s  g e n e r a l i t y  t h e  above c o r o l l a r y  con ta ins  no c o n t i n u i t y  

c la ims.  I n  t h e  C ( X )  case t h a t  we are  p r i m a r i l y  i n t e r e s t e d  i n ,  a few a d d i t i o n a l  

observa t ions  w i l l  do. 

The nex t  r e s u l t  compresses t h e  work o f  Bade and C u r t i s  [ 3 ]  and o f  S i n c l a i r  [ I91 

i n t o  one s e t  of statements.  Here X i s  l o c a l l y  compact Hausdor f f .  

Theorem. L e t  0 :  C o ( X ) +  B be a d iscont inuous  homomorphism w i t h  dense range i n  

t h e  Banach a lgeb ra  B. Then we may assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  B i s  

a r a d i c a l  Banach a lgeb ra  w i t h  an ad jo ined  u n i t  and t h a t  0 has a pr ime ke rne l .  

Moreover, w i t h  these reduc t i ons  

f o r  every  f E c,(X) 

Proof: 

c losed  t h e n  4 i s  n o t  con t inuous .  

With t h e  n o t a t i o n  o f  t h e  p rev ious  p r o o f  i t  i s  c l e a r  t h a t  i f  J i s  no t  

If we suppose t h a t  J i s  c losed  then ( s i n c e  ( 0 1  i s  n o t  a p r ime i d e a l )  we may 

suppose t h a t  J i s  a l l  o f  C o ( X )  o r  e l s e  t h a t  J i s  a maximal modular i d e a l .  

I n  e i t h e r  case, i f  e ( J ) r ;  i s  dense i n  r, then  O(J)e(ao)r, = { O }  ( t h i s  i s  t h e  

d e f i n i t i o n  o f  J) i m p l i e s  t h a t  O(aO)r,  = { O } ,  c o n t r a r y  t o  t h e  d e f i n i t i o n  o f  a,,. 

So le(J)r ,}-  i s  a c losed  i d e a l ,  p r o p e r l y  conta ined i n  5. Thus i f  

i s  t h e  q u o t i e n t  map then 

s ( Q o 0 )  = Qr, { O l ,  i . e .  t h i s  map i s  d iscont inuous .  But a l s o  

Q &  : C o ( X )  + B/(e(J)s;)-  i s  a homomorphism w i t h  

so Qoe i s  con t inuous  on J ,  hence cont inuous .  

Th is  c o n t r a d i c t i o n  shows t h a t  3 cannot be closed. 

We have ob ta ined a d i scon t inuous  homomorphism o f  C o ( X )  w i t h  a pr ime ke rne l .  
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Obv ious ly ,  must be d i scon t inuous  on J -  which i s  a maximal modular,  hence 

c o f i n i t e  i d e a l .  Bu t  then i t  f o l l o w s  t h a t  

Moreover, i f  a E J -  and {an} c J w i t h  an -f a then 8(a-an) -f e (a )  and 

a - an + 0,  i .e .  8 (a )  E 5. It f o l l o w s  t h a t  

However, i t  i s  easy t o  see t h a t  5 i s  a r a d i c a l  a lgeb ra :  every  element must have 

zero  s p e c t r a l  r a d i u s .  

The l a s t  c l a i m  of t h i s  theorem comes f rom t h e  semigroup s t a b i l i t y  ( s i n c e  we may 

t a k e  6 = c ) ,  once we have seen t h a t  f o r  every  f E C,(X) t e ( f ) s l -  = [ e ( l f I * ) e l - :  

s i n c e  f = a l f l '  f o r  s u i t a b l e  a E C o ( X ) ,  we have t h a t  

[ e ( f ) c ~ -  2 r e ( f i ) i l -  = [ e ( i f i 2 ) c i -  = [ e ( i f 1 3 ) c 1 -  2 [ e ( i f i  & a )< ] -  = r e ( f ) r ; i -  . 
T h i s  proves t h e  Bade-Cur t i s -S inc la i r  r e s u l t .  

Algebras o f  t h e  fo rm J - / J ,  J a non-closed pr ime of  C ( X ) ,  a r e  p a r t i c u l a r l y  r i c h  

i n  known s t r u c t u r e  ( c f .  s e c t i o n  3 o f  [ 81 ) .  As I mentioned, t h i s  was t h e  s e t t i n g  

i n  which t h e  f i r s t  examples o f  d i scon t inuous  homomorphisms were found. 

What's more, f o r  t h e  ques t i on  o f  c o n t i n u i t y  o f  epimorphisms o f  C,(X) - where t h e  

answer tu rned  o u t  t o  b2 t h a t  t h e y  a re  a l l  con t inuous  [Ill - t h i s  r e d u c t i o n  i s  

perhaps even more s i g n i f i c a n t .  To unders tand how E s t e r l e ' s  s o l u t i o n  works we need 

one a d d i t i o n a l  obse rva t i on  about t h e  pr imes o f  t h e  q u o t i e n t  J - / J :  

t h e  pr imes a r e  t o t a l l y  o rdered by  t h e  usua l  i n c l u s i o n  order .  The r e a l  case i s  

c l a s s i c a l  [ I 4 1  and t h e  ex tens ion  t o  t h e  complex case i s  r o u t i n e .  

i n  t h i s  r i n g  

111. EPIMORPHISMS 

In [11 ]  was proved t h i s  r e s u l t .  The p r o o f  was cumbersorne,but l a t e r  E s t e r l e  [ I 2 1  

has g i v e n  a much s h o r t e r  s o f t  one. Th is  we can g i v e  here .  

Theorem. I f  B i s  a r a d i c a l  commutative Banach a lgeb ra  i n  which t h e r e  i s  a non- 

n i l p o t e n t  element b E (bB)-,  then t h e  pr imes o f  B a re  n o t  l i n e a r l y  o rdered 

(by  i n c l u s i o n ) .  

Proof: L e t  I = (bB) - .  A l eng thy ,  and f o r  ou r  purposes n o t  p a r t i c u l a r l y  

e n l i g h t e n i n g  i n d u c t i v e  argument f rom [ll, lemma 4.41 w i l l  produce a sequence of 

i n v e r t i b l e  elements (sn)  f rom B (B w i t h  an ad jo ined  u n i t )  f o r  which # 
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snb + b and Ils,,-'bpII -t m as n -f m ,  f o r  each p = 1,2,.. . . 

I f  we then de f i ne ,  f o r  f i x e d  i n t e g e r s  n,p: 

1 R = I ( c , d )  E 1 x 1  I 3x E 6': I I cx -x I I  + I/lldPxll < ~1 

then  R i s  obv ious l y  open. It t u r n s  ou t  t o  be a l s o  dense i n  1x1: 

n3P 

n,P 

L e t  F > 0 be g i v e n  and l e t  bx,by E I. 

There i s  no harm i n  r e p l a c i n g  y by y + ~ ,  and hence we may suppose y i n v e r t i b l e  

i n  €3'. Now choose n so  t h a t  1/2n < E and then s, so t h a t  

1 1 1  bxsm-bxsms,,,-l II = I I  bxs m -bxII < - 2n < E 

and so t h a t  

- 1  
I l (by )Psm II > 2n . 

The f i r s t  l i n e  i s  e a s i l y  ob ta ined.  The second one f o l l o w s  f rom 

II bPsm-l II < I I Y - ~ I I  I l(by)Psm-' II . 

Th is  shows t h a t  

I lb (y+s) -by I I  = Ellbll we have shown t h a t  R i s  dense i n  1x1. 

The Ba i re  ca tegory  theorem then shows t h a t  R = n;pRn,p 

R’ = { (d ,c )  I (c,d) ER} then  R’ (be ing  a homeomorphic image o f  R) must a l s o  

be a dense Gg.  A l l  i n  a l l ,  aga in  by Ba i re ,  R n R’ i s  a dense G g  s e t  i n  1x1. 

A l l  we need t o  know i s  t h a t  R n R’ and i f  

p E N (an) ,  (b,) 

IIcan-cll + I ldbn-dll + l / l l dpan l l  + l / l l cPbnI I  -t 0. Th i s  means t h a t  dp B cB' and 

cp  4 dB' ( e a s i l y  checked). Thus t h e r e  a r e  pr imes Pc, Pd o f  8' such t h a t  

c E P c x  P d  and d E Pd \ Pc . The a lgeb ra  B i s  r a d i c a l  so Pc, Pd a r e  i d e a l s  

i n  B. Th i s  proves the  theorem. 

(bxsm,by) E Rn,p and s i n c e  Ilbxsm-bxll < E, w h i l e  

n,P 

i s  a dense G g  and i f  

i s  non-empty. Thus i f  (c,d) E R n R’ 
then  we can f i n d  sequences i n  6' f o r  which 

T h i s  i s  a l l  we need f o r  E s t e r l e ' s  theorem on t h e  au tomat ic  c o n t i n u i t y  o f  

epimorphisms f rom Co(X). 

Theorem. [ I l ,  theorem 5-31. Any epimorphism o f  C,(X) on to  a Banach a lgeb ra  i s  

n e c e s s a r i l y  con t inuous .  

P ~ O O ~ :  I f  8 :  Co(X) -+ B i s  a d i scon t inuous  epimorphism then we may assume t h a t  

B i s  r a d i c a l ,  t h a t  ke ra  i s  a pr ime and t h a t  [ e ( f ) B l -  = [ a ( f ) n B l -  f o r  each 

f E C,(X) and n = l ,Z ,  ... . I f  f 6 ke re  t h e n  t h i s  means t h a t  a ( f )  i s  
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non-n i l po ten t .  A l so  6 ( f ) *  E ( e ( f ) * B ) -  

o f  B a r e  n o t  t o t a l l y  ordered. But i n  C,(X)/kere t h e  primes a r e  t o t a l l y  ordered. 

Th is  c o n t r a d i c t i o n  shows t h a t  6 cannot be d i scon t inuous .  

and t h u s  by  E s t e r l e ' s  theorem t h e  pr imes 

We a l l  know t h a t  C,(X) can be thought  o f  as a commutative C*-algebra and thus  

E s t e r l e ' s  b e a u t i f u l  s o l u t i o n  o f  t h e  epimorphism problem n a t u r a l l y  b r i n g s  up t h i s  

ques t i on :  what can be s a i d  about epimorphisms f rom genera l  C*-algebras? F i r s t  

o f  a l l ,  Kap lansky 's  o r i g i n a l  r e s u l t ,  t h a t  t h e  sup-norm on 

among a l l  a lgeb ra  norms on 

non-commutative case. T h i s  was d i scove red  by C leve land [51 who showed t h a t  i f  0 

i s  an isomorphism o f  a C*-algebra A t hen  t h e r e  i s  a cons tan t  M such t h a t  

I I x l I  _< M l l e (x ) I I  f o r  a l l  x E A. Consequently, once again,  i f  8 i s  a l s o  an 

epimorphism ( i . e .  on to  a Banach a lgeb ra )  then 0 i s  n e c e s s a r i l y  con t inuous .  

C,(X) i s  minimal 

C,(X), t u r n s  o u t  t o  have an analogue i n  t h e  genera l ,  

I f  we drop  the  1 -1  requ i rement  we a r e  l e f t  w i t h  an open problem. However, q u i t e  

a few spec ia l  cases have been s e t t l e d .  They f a l l  n a t u r a l l y  i n t o  two ba tches :  

those where a d d i t i o n a l  assumptions a re  imposed upon t h e  domain C*-algebra and 

those where r e s t r i c t i o n s  app ly  t o  t h e  range. 

The bes t ,  known r e s u l t s  f o r  domains f rom subclasses o f  C*-algebras have been 

proved r e c e n t l y  by A l b r e c h t  and Dales [ I ] .  They s tudy  a c l a s s  o f  C*-algebras, 

whose d e f i n i n g  p r o p e r t i e s  a r e  t o o  t e c h n i c a l  t o  war ran t  ment ion here  ( s u f f i c e  i t  

t o  say t h a t  t h i s  c l a s s  con ta ins  a l l  AW*-algebras and hence a l l  von Neumann a lgebras ;  

i t  a l s o  con ta ins  a l l  commutative C*-algebras),  b u t  which have a s u f f i c i e n t l y  r i c h  

s t r u c t u r e  so t h a t  a r e d u c t i o n  o f  t h e  e n t i r e  c o n t i n u i t y  ques t i on  t o  t h e  commutative 

case becomes poss ib le .  Thus, u l t i m a t e l y  t h i s  approach r e l i e s  on E s t e r l e ' s  r e s u l t .  

A t  any r a t e ,  t h e  conc lus ion  i s  t h e  same: any epimorphism f rom such a C*-algebra 

(an  AW*M-algebra) on to  a Banach a lgeb ra  i s  a u t o m a t i c a l l y  con t inuous  [ I ,  theorem 

4.121. 

I f  we drop  a l l  a d d i t i o n a l  assumptions on t h e  domain C*-algebra t h e  s imp les t  case 

t o  deal  w i t h  presumably i s  t h a t  o f  a comnuta t ive  range. And here  i t  t u r n s  o u t  t h a t  

E s t e r l e ' s  o r i g i n a l  l i n e  o f  a t t a c k  i s  s t i l l  success fu l :  An epimorphism o f  a 

C*-algebra on to  a commutative Banach a lgeb ra  i s  n e c e s s a r i l y  con t inuous .  

I n  o u t l i n e ,  t h e  s teps  i n  t h e  p r o o f  a r e  t h e  f o l l o w i n g :  Cusack 161 shows t h a t  i f  a 

C*-algebra A i s  t h e  domain o f  a d i scon t inuous  homomorphism then  t h i s  homomorphism 

may be assumed t o  have a pr ime k e r n e l  ( i n  a non-commutative a lgeb ra  A a two-sided 

i d e a l  I i s  pr ime i f  aAb 5 I i m p l i e s  t h a t  a E I o r  b E I ) .  Moreover, 

s u r j e c t i v i t y  i s  n o t  a f f e c t e d  by t h i s  a d d i t i o n a l  assumption. 

I f  t h e  c l o s u r e  

then by e s s e n t i a l l y  t h e  same method o f  p r o o f  a r e s u l t  l i k e  t h e  Bade-Cur t i s -S inc la i r  

B o f  t h e  range o f  t h e  d i scon t inuous  homomorphism i s  commutative 



228 K. B. Laursen 

theorem may be proved: B may be taken t o  be r a d i c a l  and t h e r e  i s  an non- 

n i l p o t e n t  element b f o r  which b E (bB) - .  Consequently, by E s t e r l e ,  t h e  primes 

o f  B a r e  n o t  t o t a l l y  o rdered by i n c l u s i o n .  

But i f  t h e  pr ime ke rne l  o f  t h e  d i scon t inuous  homomorphism i s  c a l l e d  P and i f  t h e  

range B i s  commutative then A / P  i s  a commutative a lgeb ra  i n  which t h e  primes 

are ordered ( t h e  s i t u a t i o n  i n  A / P  i s  s u f f i c i e n t l y  s i m i l a r  t o  t h e  C(X) case t o  

p e r m i t  analogous reason ing ) .  Thus, i f  B and A /P  a r e  a l g e b r a i c a l l y  i somorph ic  

we have once aga in  reached t h e  des i red  c o n t r a d i c t i o n ;  t h e  cons idered epimorphism 

must be cont inuous .  

I V .  HOMOMORPHISMS WITH COMMUTATIVE RANGE. 

These l a s t  observa t ions  immedia te ly  b r i n g  a q u e s t i o n  t o  mind: i f  A i s  a 

non-commutative C*-algebra then  how easy a re  homomorphisms with commutative range 
t o  come by - whether o r  n o t  they  a re  epimorphisms - - and whether o r  n o t  con t inuous? 

I f  a,b E A t hen  [a,bl = ab-ba i s  t h e  commirtator o f  a and b.  I f  8 :  A -t B 

i s  a homomorphism i n t o  t h e  commutative Banach a lgeb ra  B then c l e a r l y  e([a,b])=O, 

whatever a and b. Thus, i f  we agree t h a t  I ( A )  i s  supposed t o  denote the  

cornta tor  i d e a l  o f  A, i .e .  t h e  sma l les t  two-sided i d e a l  c o n t a i n i n g  a l l  

commutators, t hen  I ( A )  5 kere.  And converse ly ,  i f  8: A -t B i s  a homomorphism 

w i t h  I ( A )  5 ke re  then  t h e  range o f  8 i s  commutative. 

Consequently, t o  decide about t h e  ex i s tence  o f  (d i scon t inuous )  homomorphisms w i t h  

commutative range we must know about  t h e  s i z e  o f  I ( A )  i n  A.  

Here i s  an answer t o  t h i s  ex i s tence  ques t i on .  The r e s u l t  i s  new, so we i n c l u d e  a 

p r o o f .  

Theorem. L e t  A be a separab le  C*-algebra w i th  commutator i d e a l  I ( A ) .  Then 

t h e r e  e x i s t s  a d i scon t inuous  homomorphism o f  A 

i f  and o n l y  i f  I ( A )  i s  o f  i n f i n i t e  codimension i n  A. Th i s  r e s u l t  assumes t h e  

continuum hypothes is .  

i n t o  a commutative Banach a lgebra  

h o o f .  One d i r e c t i o n  i s  easy and r e q u i r e s  no s e p a r a b i l i t y  and no assumption o f  t h e  

cont inuum hypothes is :  i f  8: A .+ B i s  d i scon t inuous  t h e n  B must c o n t a i n  quas i -  

n i l p o t e n t ,  non -n i l po ten t  elements (by  S i n c l a i r ' s  work descr ibed e a r l i e r ) ,  hence t h e  

range o f  8 must be i n f i n i t e  d imens iona l .  But t hen  ker8  i s  o f  i n f i n i t e  

codimension. S ince  I ( A )  5 kere,  t h e  same c l a i m  ho lds  f o r  I ( A ) .  

Fo r  t h e  converse, cons ide r  f i r s t  t h e  p o s s i b i l i t y  t h a t  I ( A )  be closed. Then 
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A / I (A )  i s  an i n f i n i t e  dimensional  commutative C*-algebra so by Da les '  and E s t e r l e ' s  

work [7,9] t h e r e  i s  a commutative Banach a lgeb ra  and a d i scon t inuous  homomorphism 

8: A/J -f B ;  kerf3 i s  non-closed. The composi te map o f  A i n t o  B must be 

d iscont inuous ,  because t h e  q u o t i e n t  map i s  open ( i f  t h e  composi te i s  con t inuous  

i t  has a c losed  ke rne l ;  hence ke re  must be c losed) .  

We a r e  l e f t  w i t h  t h e  case o f  a non-closed commutator i d e a l  

I n  t h e  n e x t  few lemmas l e t  ?i denote t h e  sma l les t  u n i t a l  C*-algebra c o n t a i n i n g  A. 

Note t h a t  I ( A )  = 1 6 ) .  We beg in  w i t h  

I ( A ) .  

Lemma 1 .  I f  I(A) i s  n o t  c losed  then  t h e r e  i s  a non-closed pr ime P c i  

c o n t a i n i n g  I ( A ) .  

Proof: By d e f i n i t i o n  t h e  pr ime r a d i c a l  PR( I (A ) )  of I ( A )  i s  t h e  i n t e r s e c t i o n  o f  

a l l  pr imes c o n t a i n i n g  I ( A ) .  S ince  X / I ( A )  i s  commutative i t  i s  n o t  d i f f i c u l t  t o  

see t h a t  

I f  every  p r ime c o n t a i n i n g  I ( A )  i s  c l o s e d  then PR( I (A ) )  i s  c losed  and so con ta ins  

t h e  norm c l o s u r e  I ( A ) -  o f  I ( A ) .  T h i s  means t h a t  f o r  every  x E I ( A ) -  t h e r e  i s  

an i n t e g e r  n so t h a t  xn E I ( A ) .  Now, by t h e  A l l a n - S i n c l a i r  s t reng then ing  o f  

Cohen f a c t o r i z a t i o n  [ 2 ] ,  i f  a E I ( A ) -  then t h e r e  a re  elements x,yn E I ( A ) - ,  

such t h a t  a = x yn , n = 1,2, ... . Hence a E I ( A )  so t h a t  I ( A )  = I ( A ) - .  Th i s  

c o n t r a d i c t s  t h e  assumption t h a t  I ( A )  be n o t  c losed.  

n 

CoroZZary. If I ( A )  i s  n o t  c losed  then t h e r e  i s  a p r ime o f  ?i c o n t a i n i n g  I ( A )  

which i s  n o t  dense i n  x. 

Proof: L e t  P be a non-closed pr ime c o n t a i n i n g  I ( A ) .  I f  P were dense P 

would c o n t a i n  i n v e r t i b l e  elements,  hence equal  A. 

Lema 2. I f  P i s  a non-closed pr ime o f  x c o n t a i n i n g  I ( A )  then  P i s  o f  

i n f i n i t e  codimension. 

,?roof: I f  codim P < to t hen  t h e r e  i s  an i n t e g e r  n so t h a t  i f  x E ?i we can 

f i n d  s c a l a r s  al, ...,an f o r  which (x -a l )  ... (x-an) E P. Since x/P i s  comnuta t ive  

one o f  t h e  f a c t o r s  i s  i n  P (remember: P i s  p r ime) .  Thus f o r  eve ry  x E 

t h e r e  i s  ax E Q so t h a t  x-ax E P. The map x + a x  i s  l i n e a r  and consequent ly  

P i s  o f  codimension 5 1. T h i s  means t h a t  P i s  c losed.  



230 K. B. Laursen 

N 

hemu  3. With P as above, t h e  a lgebra  A/P con ta ins  an i d e a l  o f  codimension 1. 

 roof: We have seen t h a t  t h e  norm c l o s u r e  P- i s  a p roper  i d e a l  o f  x; hence 

t h e r e  i s  a p r i m i t i v e  i d e a l  M c o n t a i n i n g  P-.  The i d e a l  M/P- i s  p r i m i t i v e  i n  

A/P- [ 2 2 ,  4.1.11 (ii)], hence o f  codimension 1 (because A / P -  i s  commutative). 

But  then M/P i s  o f  codimension 1 i n  x/P. 

N N 

We now have e v e r y t h i n g  we need i n  o r d e r  t o  show t h a t  i f  A 

i s  non-closed and i f  we assume t h e  cont inuum hypothes is ,  t hen  t h e r e  i s  a 

d iscont inuous  homomorphism o f  A i n t o  a commutative Banach a lgebra .  

We may assume t h a t  A has a u n i t ,  i .e.  may cons ide r  A ( i f  0 :  A + B i s  

d iscont inuous ,  t h e n  f3 i s  a l s o  d i scon t inuous  on A) .  L e t  P be a non-closed, 

hence i n f i n i t e  codimensional  p r ime o f  A c o n t a i n i n g  I ( A ) .  The a lgeb ra  A / P  i s  

u n i t a l  and Commutative and i t  i s  an i n t e g r a l  domain. S ince  A i s  separab le  and 

s ince  we assume t h e  cont inuum hypothes is  t h e  c a r d i n a l i t y  o f  i/P i s  % . 
E s t e r l e  1101 has shown t h a t  under these circumstances A/P has an a lgeb ra  norm 

i f  and o n l y  i f  x / P  has a n o n - t r i v i a l  cha rac te r .  Thus, by lemma 3, A / P  has an 

a lgebra  norm. The canon ica l  map 7 + x/P cannot be cont inuous ,  s i n c e  P i s  n o t  

c losed.  

Th is  completes t h e  p r o o f .  

i s  separab le  and I ( A )  

N N 

N N 

N 

N 

Remark. 

i s  no t  c losed  then  i t  i s  n e c e s s a r i l y  of i n f i n i t e  codimension i n  i t s  c losu re .  

I n c i d e n t a l l y ,  no examples o f  non-closed comnutator i d e a l s  have been found ye t .  

I t  f o l l o w s  f rom the  above d i scuss ion  t h a t  i f  t h e  commutator i d e a l  I ( A )  

&xzmpZe. Here i s  a C*-algebra A w i t h  a c losed  commutator i d e a l  o f  i n f i n i t e  

codimension. Thus 
(normed) range. 

On t h e  separable i n f i n i t e  dimensional  H i l b e r t  space 1' l e t  S be t h e  s h i f t  

A i s  t h e  domain o f  d i scon t inuous  homomorphisms w i th  commutative 

s: (XI ,x2, . .  .)  + ( O , X ,  , X 2 "  ..) 

and l e t  C* (S)  be  t h e  C*-algebra generated by S. It i s  w e l l  known t h a t  S*S-SS* 

i s  t h e  p r o j e c t i o n  on t h e  f i r s t  coo rd ina te  and f r o m  t h i s  i t  f o l l o w s  t h a t  t h e  

compact ope ra to rs  C ( l  ) a re  con ta ined  i n  C*(S) .  Since S*S = SS* modulo C ( 1 2 ) ,  

t h e  element S+C(1 i s  normal i n  C*(S)/C(12) and hence C * ( S ) /  C(1') i s  s i n g l y  

generated and, i n  f a c t ,  may be i d e n t i f i e d  w i t h  t h e  space o f  con t inuous  f u n c t i o n s  

on t h e  e s s e n t i a l  spectrum of S ,  which i s  t h e  c i r c l e  group T. Since C*(S)/C(12) 

i s  commutative we conclude t h a t  I ( C * ( S ) )  5 C(12) so t h a t  I(C*(S)) i s  indeed 

o f  i n f i n i t e  codimension i n  C* (S) .  It may be shown, a c t u a l l y ,  ( c f .  e.g. [ 13 ] )  t h a t  

2 
2 

I (C*(S))  = C(12). 
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NUCLEARITY AND FUNCTION ALGEBRAS 

- A SURVEY - 

BRUNO KRAMM 

UNIVERSITY OF BAYREUTH 

5 1) Bas ic  n o t i o n s  

( 1 . 1 )  Def ini t ion:  A pair  ( A , X )  i s  called a funct ion algebra i f  

a )  X i s  a hemi-compact topological space @; 

b i  A i s  a cZosed subalgebra of y(kXl;  

c )  

(A,X)  i s  called a nuclear (resp.  Schwartz, Montel, reflex-ive) funct ion algebra, 

i f  i t  i s  a funct ion aZgebra and i f  A as a 1.c.s. i s  nuclear (resp. Schwartz, 

Montel, r e f l e x i v e ) .  

A contains the constants IT and separates the points of X .  

(1 .2 )  Remarks: 

" X  hemi-compact" means t h a t  t h e r e  e x i s t s  an exhaust ion  o f  X by compact subsets 

. . . c Kn c Kn+l c . . . , n E N , s .  t. f o r  any compact K c X t h e r e  i s  no E N w i t h  

kX denotes t h e  k-space assoc ia ted  t o  X, t h a t  i s ,  a subset U c X i s  open w . r .  t o  

kX i f f  U n K i s  open i n  K, f o r  a l l  compact K c X .  Hence ' f "kX) ( :=  t - va lued  

cont inuous  f u n c t i o n s  on kX) and A become Fr'echet a lgebras  w i t h  respec t  t o  t h e  

topo logy  o f  compact convergence on X .  

Th is  topo logy  i s  g i v e n  b y  t h e  sequence o f  seminorms 

or i n  o t h e r  words, 

A = l i m  A and, i n  p a r t i c u l a r ,  - Kn 

f (kX)  = l i m  v ( k X )  = l i m  'f(Kn) 
c Kn - 

where A stands f o r  t h e  separa ted  como le t i on  o f  A w i t h  respec t  t o  ( (  - 1 1  
Kn Kn 

. 

The w e l l  known Gel fand theo ry  f o r  u n i f o r m  Banach a lgeb ras  genera l i zes  t o  t h e  
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above introduced f u n c t i o n  algebras (see C151,[191). I n  p a r t i c u l a r ,  v i a  the Gelfand 

representat ion 

r : A -  \e(koA), f - $, $(Q) := cp(f), 

we may i d e n t i f y  A and the closed subalgebra r(A) c f(koA) ; 

topologies o f  compact convergence on X resp. UA induce the homeomorphism 

A --+ r ( A ) .  (oA := continuous spectrum o f  A endowed w i t h  the Gelfand topology) .  

By t h i s  i d e n t i f i c a t i o n  we see t h a t  (A,X) may be i n t e r p r e t e d  as a func t i on  algebra 

( r ( A ) ,  oA) on i t s  "na tu ra l "  c a r r i e r  space CIA; both spaces are l i n k e d  by the 

continuous evaluat ion map 

note t h a t  the 

j :  X - U A ,  x + ( p x ,  

w i t h  cpx(f) := f ( x ) ,  v f E A .  

We sha l l  o f ten  suppress X and r a t h e r  conceive the " f u n c t i o n  algebra A "  as the 

p a i r  (r(A),oA). Note t h a t  (r(A),oA) i s  a na tu ra l  system i n  the sense o f  R i c k a r t  

Note t h a t  a nuclear f u n c t i o n  algebra (even a r e f l e x i v e  f u n c t i o n  algebra) on a non- 

f i n i t e  space X never happens t o  be a un i form Banach algebra (although i t  i s  the 

p r o j e c t i v e  l i m i t  o f  un i form Banach algebras).See [ 191,[211. 

For a nuclear (resp. Schwartz) f u n c t i o n  algebra the above p r o j e c t i v e  1 i m i t  

representat ion can be chosen i n  such a way t h a t  the canonical r e s t r i c t i o n  operators 

( 231 1. 

A - A , n € M ,  
Kn+l Kn 

a r e  nuclear (resp. compact) operators (simply by " t h i n n i n g  o u t "  a g iven exhaustion 

... c Kn c Kn+l c 

have: 

nuclear =$ Schwartz 3 Montel =. r e f l e x i v e  - Max Mod algebra (4.2) (Recall  t h a t  a 

func t i on  algebra (A,X) i s  Montel, i f  A enjoys Montel ' s  theorem on X.) 

,.. i n  an appropr ia te way). Note t h a t  f o r  f u n c t i o n  algebras we 

Examples o f  nuc lear  func t i on  algebras 

(2.1) L e t  ( X , o )  be a (reduced) ho lomorphica l ly  separable complex a n a l y t i c  space 

(see [ I l l ) .  Then the p a i r  (8 ( X ) , X )  & a nuclear func t i on  algebra, w i t h  (7 (X) the 

algebra o f  g lobal  holomorphic funct ions on ( X , o ) ,  i . e .  8 ( X )  = Ho(X,d) .  

Axiom (b )  fo l lows from the Grauert-Remnert theorem (see [ 4  1, p. 88). Nuc lea r i t y  

f o r  O(X) i s  proved by the permanence p roper t i es  o f  nuc lear  1.c.s. ([211) and 
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u s i n g  t h e  f a c t  that a n a l y t i c  spaces can l o c a l l y  be  mode l led  as a n a l y t i c  s e t s  i n  

po lyd i sks .  One may drop  t h e  ho lomorph ica l  s e p a r a b i l i t y  c o n d i t i o n .  S t i l l  

(13(X)Y X,(J(X) ) remains a nuc lea r  f u n c t i o n  a lgeb ra .  Reca l l  t h e  equ iva lence r e l a t i o n  

x - y i f f  f ( x )  = f ( y )  v f E (I(x) . 
U ( X )  

The c a r r i e r  space X 

o f  t h e  above t y p e  a r e  c a l l e d  holomorphic a lgebras .  A s t r i c t l y  l a r g e r  c l a s s  of  

examples i s  ob ta ined  by  t a k i n g  c losed  subalgebras A c (3 (X) .  In 1191 we c o n s t r u c t  

such an a lgeb ra  A which i s  not a holomorphic a lgeb ra  (and which en joys  a l o t  o f  

f u r t h e r  c u r i o u s  p r o p e r t i e s ) .  T h i s  leads  t o  

Problem I :  Let be given a holomorphic algebra f l ( X )  and a closed subalgebra 

A c 0 ( X ) .  When is A g holomorphic algebra? 

can have r a t h e r  p e c u l i a r  p r o p e r t i e s .  Func t i on  a lgeb ras  
13(X) 

An ou ts tand ing  subc lass  o f  holomorphic a lgebras  i s  t he  c l a s s  o f  Stein a lgebras .  

A f u n c t i o n  a lgeb ra  A i s  c a l l e d  a S t e i n  a lgeb ra  i f  t h e r e  e x i s t s  a S t e i n  a n a l y t i c  

space ( X , o )  s . t .  

( 1 ( G ) ,  G a domain i n  tn, a r e  S t e i n  a lgebras ,  even i f  G i s  n o t  a S t e i n  domain ( f o r ,  

G possesses a S t e i n  envelope of holomorphy 

A i s  t o p o l o g i c a l l y  i somorph ic  t o  (3 (X ) .  Fo r  example, a l l  a lgebras  

s . t .  @ ( G )  = o(z)). 
Reca l l  t h e  Igusa-Remmert-Forster theorem: ( X , @ )  i s  a S t e i n  space i f f  

i s  a homeomorphism. Hence a S t e i n  a lgeb ra  r e c o n s t r u c t s  i t s  u n d e r l y i n g  S t e i n  space! 

I n  f a c t ,  t h e  c a t e g o r i e s  o f  S t e i n  a lgeb ras  and S t e i n  a n a l y t i c  spaces a r e  a n t i e q u i -  

v a l e n t  ( F o r s t e r ' s  theorem). Fo r  the  theo ry  o f  S t e i n  a l g e b r a s  cf .  [ 6 1, [15] , [191. 

We ment ion  a d e s c r i p t i o n  o f  S t e i n  a lgebras  wh ich  i s  p a r t i c u l a r l y  u s e f u l  f o r  f u n c t i o n  

a l g e b r a i c  reasonings: A f u n c t i o n  a lgeb ra  i s  S t e i n  i f  and o n l y  i f  i t  has holomorphic 

s t r u c t u r e  i n  a l l  p o i n t s  o f  i t s  spectrum [15] , [161 .  

There i s  a more genera l  f a c t  w i t h  a s i m i l a r  p r o o f .  L e t  A be a f u n c t i o n  a lgeb ra  

which has holomorphic s t r u c t u r e  around some cp E uA. Then t h e r e  i s  an A-convex 

neighborhood U c UA o f  cp s . t .  AU i s  a S t e i n  a lgebra ;  i n  p a r t i c u l a r  (AU,U) i s  a 

nuc lea r  f u n c t i o n  a lgeb ra .  A more d e t a i l e d  d i s c u s s i o n  o f  t h i s  c o n t e x t  i s  g i v e n  i n  

[XI. 

(2.2) L e t  E be a (DFN)-vector space and U c E be  an open subset .  Denote by 0 (U) 

t h e  a lgeb ra  o f  a l l  holomorphic f u n c t i o n s  on U, i . e .  t h e  c l a s s  o f  a l l  con t inuous  

f u n c t i o n s  on U wh ich  a r e  holomorphic when r e s t r i c t e d  t o  U n F,  f o r  a l l  a f f i n e  
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complex l i n e s  F c E. 

Then u(U) i s  a nuc lea r  (F)-space w i t h  respec t  t o  t h e  topo logy  o f  compact 

convergence on U, by t h e  wel l -known Boland-Waelbroeck theorem [ 3 1 , [ 2 6 1 .  

Hence 

(2 .2 )  a r e  d i s j o i n t  whenever dim E = -. 
( O ( U ) , U )  i s  a n u c l e a r  f u n c t i o n  algebra.Note t h a t  t he  c lasses  ( 2 . 1 )  and 

(2.3) The f o l l o w i n g  c l a s s  stems f rom a ve ry  d i f f e r e n t  area. L e t  M be a hemi- 

compact \em-manifold and P an ( h y p o - ) e l l i p t i c  system o f  f i r s t  o r d e r  PDEs on M 

hav ing  complex Y r n - c o e f f i c i e n t s .  

That i s ,  asys tem P1,...,Pm o f  f i r s t  o r d e r  p a r t i a l  d i f f e r e n t i a l  ope ra to rs  on M 

s . t .  f o r  any coo rd ina te  pa tch  xl, ..., xn on M we have: 

' k  a k P .  = 1 a j  ( x )  - , l s j c m ,  a j  E y r n ( ~ )  ; 
k = l  axk 

i t  i s  c a l l e d  e l l i p t i c  i n  x i f  t h e  e q u a l i t i e s  

k 1 a j  ( x )  tk  = 0, 5 t R "  , l < j s m ,  

imp ly  <=O. I t  i s  c a l l e d  e l l i p t i c ,  i f  i t  i s  e l l i p t i c  i n  a l l  x E M. 

The w e l l  known r e g u l a r i t y  theorem (see [ 11) s t a t e s  t h a t  any weak s o l u t i o n  

u E J ) ' (M)  o f  an e l l i p t i c  system P, 

i . e . ,  P . ( u )  = 0, k j s m  , 
J 

i s  a u t o m a t i c a l l y  i n  

c h a r a c t e r i z e  h y p o e l l i p t i c  systems).  

F o r  ( h y p o - ) e l l i p t i c  systems we denote by  X ( P ; M )  t h e  space o f  a l l  s o l u t i o n s  o f  P: 

fm(M) .  (More g e n e r a l l y  t h e  r e g u l a r i t y  theorem i s  used t o  

X(P;M) = {u E a'(M) : P . ( u )  = 0, 

= {u E Y?-(M) : p j ( u )  = 0, 

lsjsm) = 
J 

lsjsm) . 

(2.3.11 Proposition: P = ( P  I J . . . J P  I be a hypoel l ip t ic  system on M having 

f rn-coe f f ic ien ts .  (8 ( P , M ) , M )  a nuclear funct ion algebra. (Instead of 
rn - -  

xa.p;M/ X(P,M))' x ( P , M )  we should wr i te  more precisely:  

Proo f :  By f i r s t  o r d e r  o f  t h e  P .  t h e  s o l u t i o n  space i s  an a lgeb ra  o f  f u n c t i o n s  on 
J 

M. 

Now cons ide r  t h e  f o l l o w i n g  comnuta t ive  diagram: 
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s 
From t h e  f i r s t  l i n e  and t h e  c o n t i n u i t y  o f  P we conclude t h a t  

w i t h  r e s p e c t  t o  t h e  topo logy  o f  compact convergence on M, f rom t h e  second l i n e  

and t h e  r e g u l a r i t y  theorem we conclude t h a t  E(P,M) ,  a t  t h e  same t ime,  i s  

c losed  w i t h  r e s p e c t  t o  t h e  \ern-topology on M. 

Hence, by  t h e  open mapping theorem f o r  F-spaces, bo th  topo log ies  c o i n c i d e  on 

X(P,M).  Thus 

subspace o f  f -( M) , a1 so nuc lea r .  

X(P,M) i s  c losed  

and, as a c losed  
/ X(P,M) 

X(P,M) i s  a f u n c t i o n  a lgeb ra  on M 

(2.4) The a lgebras  A: o f  genera l i zed  a n a l y t i c  f u n c t i o n s  i n t roduced  by T. Tonev *) 

and g e n e r a l i z i n g  t h e  Arens-Singer concept  [ 7 I, a r e  Schwartz f u n c t i o n  a lgebras ,  p ro-  

v i d e d  v i s  s u f f i c i e n t l y  l a r g e .  I t  looks  very  l i k e l y  t h a t  they  a r e  even n u c l e a r .  

G 

Note  t h a t  j : tG - oAi 
compact. 

i s  homeo ( i .e .  a homeomorphism), hence o A ~  l o c a l l y  
G G 

More genera l l y ,  one m i g h t  c o n j e c t u r e  a p o s i t i v e  answer t o  t h e  f o l l o w i n g  

Problem II: Let A & 5 Schwartz function algebra with locally compact oA. 

- i s  A nuclear? 

I t  i s  easy t o  g i v e  counterexamples when t h e  l o c a l  compactness assumption i s  dropped 

F o r  example, t a k e  a non-nuclear ( a F S ) - v e c t o r  space E. Then 

o f  a l l  ho lomorph ic  f u n c t i o n s  on E (see  ( 2 . 2 ) ) ,  can be shown t o  be a Schwartz 

f u n c t i o n  a lgeb ra  on E w i t h o u t  O ( E )  be ing  nuc lea r .  

j : E - uU(E) i s  cont inuous  b i j e c t i v e  and i t  i s  e a s i l y  seen t h a t  u Q ( E )  cannot  

be l o c a l l y  compact. 

O ( E ) ,  t h e  a lgeb ra  

(2.5) C l e a r l y ,  a f u n c t i o n  a lgeb ra  (B,X), w i t h  X compact, never  can be nuc lea r  

(except  when X i s  a f i n i t e  s e t ) .  

B u t  t h e r e  a r e  two n a t u r a l  c o n s t r u c t i o n s  t h a t  o f ten  l e a d  f rom a Banach f u n c t i o n  

a lgeb ra  t o  a n u c l e a r  f u n c t i o n  a lgebra .  

Suppose X = oB. 

i) I f  B has a Gleason p a r t  n c OB ( c f .  [251) which i s  open and dense i n  OB 

then (B,,n) happens “ o f t e n ”  t o  be a n u c l e a r  f u n c t i o n  a lgeb ra .  
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i i )  I f  UB i s  p u r e l y  n-dimensional  ( w i t h  r e s p e c t  t o  Cheva l ley  dimension, c f .  [ 1 4 ] ) ,  

and i f  X := UB - yn-lB i s  non-empty (y 

boundary o f  B, i n t roduced  by Basener and Sibony, c f .  [14]) ,  then (Bx,X) 

i s  2 nuc lea r  f u n c t i o n  a lgebra .  As  a m a t t e r  o f  f a c t ,  X even can be g i ven  

t h e  s t r u c t u r e  of a p u r e l y  n-dimensional  t - a n a l y t i c  space s.5. B X  becomes 

-___ a c l o s e d  subalgebra of 0 ( X ) ;  t h e  p r o o f  i s  i m p l i c i t l y  con ta ined  

see a l s o  [ 1 9 ] .  I t  r e s t s  upon Basener 's  and S ibony 's  theorem [ 2 ] , [ 24 ] .  

B denotes t h e  ( n - l ) s t  S h i l o v  n -1  

-~ 

- 
i n  [ 1 4 ] ,  

(2.6) By u s i n g  permanence p r o p e r t i e s  [211 the  above c lasses  o f  examples o f t e n  can 

be en la rged cons ide rab ly .  

a )  L e t  (A,X) be a n u c l e a r  ( resp .  Schwartz)  f u n c t i o n  a lgeb ra  and A. c A  a 

c losed  subalgebra.  

) i s  a n u c l e a r  ( r e s p .  Schwartz)  f u n c t i o n  a lgebra .  
Then (Ao X/Ao 

b )  L e t  ( A . , X - )  be  n u c l e a r  ( resp .  Schwartz)  f u n c t i o n  a lgebras ,  l s j z n .  
J J  

Then 

(A1x ... xAn, X j )  and 
d i s j o i n t  

a re  nuc lea r  ( resp .  Schwartz)  f u n c t i o n  a lgebras .  

t enso r  p roduc t ) .  

The Car tes ian  p roduc t  o f  a lgebras  extends e a s i l y  t o  t h e  case o f  a 

countab le  number o f  f a c t o r s .  

( 6  = complete s l i c e  

The case o f  t a k i n g  q u o t i e n t s  must be handled c a r e f u l l y .  A f u n c t i o n  a lgeb ra  A 

i s  c a l l e d  s t r o n g l y  un i fo rm i f  f o r  a l l  un i fo rm i d e a l s  ( =  ke rne l  i d e a l s )  

Gic A, t he  a lgeb ra  A endowed w i t h  t h e  n a t u r a l  q u o t i e n t  topo logy  i s  a 

f u n c t i o n  a lgeb ra  aga in .  The S h i l o v  boundary f o r  Banach f u n c t i o n  a lgebras  

o f t e n  t u r n s  o u t  as an  o b s t a c l e  t o  s t r o n g  u n i f o r m i t y .  Fo r  example, t h e  d i s k  

a lgebra  2(.) i s  n o t  s t r o n g l y  un i fo rm (see [ 1 9 ]  f o r  a p r o o f  communicated 

t o  me by Gamelin). Bu t  n u c l e a r  o r  Schwartz f u n c t i o n  a lgebras  seem t o  be 

" o f  t en "  s t r o n g l y  un i fo rm.  

So, whenever you have a s t r o n g l y  u n i f o r m  nuc lea r  (resp. Schwartz)  f u n c t i o n  a lgebra ,  

then you may t a k e  q u o t i e n t s  w i t h  respec t  t o  u n i f o r m  i d e a l s  and you o b t a i n  aga in  

nuc lea r  (Schwartz)  f u n c t i o n  a lgebras .  (Note t h a t  t h e  q u o t i e n t  o f  a Montel space 

need n o t  be Monte l ) .  
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Problem 111 : = A  &g Schwartz func t ion  algebra with locally compact oA. Phen, 
- i s  A strongly uniform ? 

The l o c a l  compactness assumption cannot be dropped. 

Example: Take a 

By ( 2 . 2 )  A i s  a nuc lea r  f u n c t i o n  a lgeb ra  on Ym(M)'. Observe t h a t  

j : M - ofm(M) i s  homeo and o 'em(M) i s  a h u l l  f o r  A i n  oA = ' f m ( M ) '  [131. 

Thus A : =  { f  E A : f , o f - ( M )  = O }  i s  a un i fo rm i d e a l  i n  A .  

By Satz  (2 .3 )  i n  [13 ]  (wh ich  i s  a l s o  v a l i d  f o r  semi-s imple nuc lea r  F-a lgebras)  

we have 

q m - m a n i f o l d  M and p u t  A :=  d(( ' f m ( M ) ) ' ) .  

A,, Y ' e m ( M )  (as  top.  a lgeb ras ) .  

Hence A cannot  b e s t r o n g l y  un i fo rm,  f o r  f m ( M )  i s  n o t  a f u n c t i o n  a lgeb ra  (see (2 .7 ) ) .  

A word o f  warning: 

(2.7) Note t h a t  ( (em(M) ,M) ,  M a smooth man i fo ld ,  never  can be a nuc lea r  f u n c t i o n  

a lgeb ra  a l though  f m ( M )  i s  a (semi -s imp le)  nuc lea r  (F ) -a lgeb ra  o f  f u n c t i o n s .  For ,  

t h e  c l o s u r e  o f  Ym(M) w i t h  respec t  t o  t h e  topo logy  o f  compact convergence equals 

f ( M )  which i s n ' t  nuc lea r .  

F i n i t e l y  generated nuc lea r  f u n c t i o n  a lgeb ras  

I f ,  f o r  a g i ven  f u n c t i o n  a lgeb ra  A, no s p e c i f i c  c a r r i e r  space X i s  d isp layed,  

we always w i l l  unders tand UA t o  be the  c a r r i e r  space f o r  A. 

Note t h a t  none o f  t he  theorems i n  t h e  n e x t  §§ can be t r u e  i n  t h e  case o f  u n i f o r m  

Banach a lgeb ras  (except  i f  they  a r e  f i n i t e  dimensional  v e c t o r  spaces).  

Only a few statements w i l l  be proved i n  the  sequel, bu t ,  i n  any case I'll g i v e  

re fe rences  t o  t h e  l i t e r a t u r e .  ( L e t  me remark he re  t h a t  t h e  whole complex w i l l  

be worked o u t  i n  g r e a t  d e t a i l  i n  t h e  fo r thcoming  book [ 1 9 ] ) .  

(3.1) When you t r y  t o  e s t a b l i s h  a s t r u c t u r e  t h e o r y  f o r  a c e r t a i n  c l a s s  o f  o b j e c t s  

you u s u a l l y  ought  t o  s t a r t  w i t h  t h e  " f i n i t e l y  generated" ob jec ts .  

It t u r n s  o u t  t h a t  t h e  s i n g l y  generated,even Monte1 r a t h e r  than nuclear, f u n c t i o n  

a lgebras  behave, so t o  say, s e n s a t i o n a l l y  w e l l .  Bu t  u n f o r t u n a t e l y ,  n-generated 

nuc lea r  f u n c t i o n  a lgebras  ( n r 2 )  can e x h i b i t  pa tho log ies .  (Reca l l  t h a t  a f u n c t i o n  

a lgeb ra  A i s  s a i d  t o  be n-generated i f  t h e r e  a r e  fl,...,fn E A s . t .  

A = k[fl, ..., f,] 

b u t  t h e r e  a r e  no n-1  elements i n  A do ing  t h i s .  The t r i v i a l  a lgeb ra  k i s  0-generated).  
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(3.1.11 Theorem: 

having connected CIA. 
Then there i s  a simpZy connected domain G c CC 2.2. A = 
aZgebrasI.Moreo#er, G can be chosen t o  be $(oA)  and then the top algebra 

isomorphism i s  induced by f- z .  

A = Lfl& a singZy generated Montel function algebra 

f l  ( G I  ( i s0  as  top _ _ ~ _ _  

- ___ __ 

Note t h a t  t h e  assumption "5A connected" e a s i l y  can be checked by t h e  a lgeb ra  A 

i t s e l f  r a t h e r  than by i t s  spectrum. Namely, S h i l o v ' s  idempotent theorem t e l l s  us 

t h a t  oA i s  connected i f  and o n l y  i f  A has no n o n - t r i v i a l  idempotents.  

A c t u a l l y ,  we i n s e r t e d  t h i s  assumption j u s t  i n  o r d e r  t o  g i v e  a smoother f o r m u l a t i o n  

o f  t he  theorem. There i s  t h e  f o l l o w i n g  general  ve rs ion .  

( 3 . 2 . 2 )  Theorem: Let A = ifi be a singZy generated Monte2 funct ion aZgebra. 

Then ?(CIA) = U U N consis ts  o f  a t  Zeast two points ,  wi th  

- u c 6! a simply connected open subset (possibZy -1, 

- N c CC 

_ _  s . t. the a Zgebra homomorphism 

- 

g discrete  subset without cZusterpoints &t 6! (possibly  empty), 

induced & f - z ,  isomorphism 0-f topologicaZ aZgebras. 

Remark: Theorem (3.1.1) was proved i n  Goldmann [ 8 1.  Dur ing  t h i s  conference 

t h e  au tho r  l e a r n t  t h a t  t h i s  theorem (under t h e  a d d i t i o n a l  hypothes is  %A l o c a l l y  

compact") was a l s o  known by D. Vogt (Wupper ta l )  some twe lve  yea rs  ago. 

D. Vogt had even observed t h a t  t h e  Montel assumption may be rep laced  by  the  

weaker assumption "A r e f l e x i v e " .  

He t r e a t e d a l s o  t h e  case of a r a t i o n a l l y  

generated. Un fo r tuna te l y ,  Vogt had n o t  pub l i shed  h i s  p roo f .  

Since some f u r t h e r  improvements had been ob ta ined  by Goldmann we decided t o  

comprise ou r  ideas ,  theorems, and p r o o f s  i n  a j o i n t  paper [I01 which a lso  appears 

i n  these Proc. So we need n o t  reproduce a p r o o f  o f  (3.1.2) i n  t h i s  paper. 

s i n g l y  generated A r a t h e r  than s i n g l y  

- (3.2) As an a p p l i c a t i o n  o f  thm. (3.1.1) we o b t a i n  a necessary c r i t e r i o n  f o r  t h e  

Schwartz p r o p e r t y  and hence f o r  t h e  n u c l e a r i t y  p roper t y .  

CorolZary: Let IA,Xl  & Q Sckwartz funct ion algebra, say, on g connected X 

consisting of a t  Zeast two poin ts .  Then, f o r  each compact and connected K t X 
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there exists a largereompact L c X s.4. w e  have ___- 

P. 
f ( K )  c i n t  l f l L l  ) , 

&! 

IK * 
for  aZZ noneonstant f E A 

(The symbol 
A 

denotes t h e  po lynomia l  l y  convex h u l l  ) . 
82 

Proof:  L e t  f E A be a non-constant f u n c t i o n .  B[fl, as a c losed  subalgebra 

i s  a Schwartz f u n c t i o n  a lgebra .  By thm. (3.1.1) i t  i s  t o p o l o g i c a l l y  i somorph ic  t o  

o f  A ,  

n A 
o ( f ( X ) p ) ;  i n  p a r t i c u l a r ,  f (X )P  i s  a s imp ly  connected domain i n  B .  

L e t  ... c Kn c Kn+l c 

maps 

.. . be an  admiss ib le  exhaust ion  o f  X s . t .  t h e  r e s t r i c t i o n  

- AKn rn : A 
Kn+ l  

a r e  compact ope ra to rs .  

F o r  any g i ven  compact K c X t h e r e  i s  n E N s . t .  K c Kn. 

Pu t  L := Kn+l. 

S ince  rn i s  compact, we have t h e  same a s s e r t i o n  f o r  t he  r e s t r i c t i o n  map 

From t h e  second l i n e  ar row one concludes as i n  t h e  p r o o f  o f  thm.(3.1.1) t h a t  

as des i red .  

One may wonder whether o r  n o t  t h e  c r i t e r i o n  g i v e n  i n  o u r  C o r o l l a r y  m i g h t  be 

s u f f i c i e n t ,  too .  B u t  t h i s  i s  f a r  f rom be ing  so. 

F o r  ins tance,  t a k e  example (8.6) i n  [ 1 5 ] .  T h i s  i s  a f u n c t i o n  a lgeb ra  (A,8  ) 

wh ich  shares a l o t  o f  good p r o p e r t i e s  w i t h  holomorphic a lgebras  such as maximum 

2 
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modulus p r i n c i p l e ,  a n t i  symmetry, and L i o u v i l  l e  p r i n c i p l e .  

But  i t  i s  j u s t  a b i t  more than an exe rc i se  t o  show ( c f .  [ l g ] ) :  

1) A i s  n o t  a Schwartz 1.c.s.; 

2)  (A,G) s a t i s f i e s  the a s s e r t i o n  o f  t h e  above c o r o l l a r y .  

(3 .31  We sketch the construction 

(A,GI, G c C a domain, 5.2. UA i s n ' t  even ZocaZly compact. 

a two-foZd generated nuclear funct ion algebra __-___ 

Hence A cannot be  a S t e i n  a lgebra though i t  i s  a c losed  subalgebra of  a Riemann 

a1 gebra . 

Example: Choose an i n f i n i t e  subset  N c If. w i t h o u t  c l u s t e r  p o i n t  i n  If., 0 

s e t  G := B - N .  

Next choose 

A :=  C[ f , z - f ]  , the  c l o s u r e  taken w i t h  respec t  t o  compact convergence on G. 

(A,G) i s  the  d e s i r e d  example. 

N, and 

f E O(C) having N as i t s  exact  zero-set  V ( f ) .  Now p u t  

The two f u n c t i o n s  f and z - f  separate t h e  p o i n t s  o f  G (easy c a l c u l a t i o n ! ) .  

S ince A i s  a c losed  subalgebra o f  

f u n c t i o n  a1 gebra. 

U ( G )  we have t h a t  t h e  p a i r  (A,G) i s  a nuc lear  

Now take an admiss ib le  exhaust ion ... c Kn c Kn+l c ... o f  G by compact subsets.  

By a s tandard f u n c t i o n  a lgeb ra  argument ( c f .  e.g. [ E l ,  (7 .6 ) )  we have t h a t  

2 ( f ,  2 - f )  : oA -+ 0 

maps oA cont inuously  and b i j e c t i v e l y  on to  the  se tY :=  u yn w i t h  
nE N 

2 

Y con ta ins  the  p o i n t  (0,O) which does n o t  have a compact nbd i n  Y .  Note t h a t  

... c Y n  CY,,~ c ... i s  n o t  an admiss ib le  exhaust ion o f  Y w i t h  respec t  t o  t h e  

Eucl idean topology o f  Y c C2. Fo r  the  d e t a i l s  and f u r t h e r  observat ions o f  t h i s  

c o n s t r u c t i o n  we r e f e r  t h e  reader  t o  [ 191. 

We j u s t  ment ion one more a p p l i c a t i o n  o f  t h i s  example, I t  can be re fo rmu la ted  i n  

such a way t o  y i e l d  a nega t i ve  answer t o  the  f o l l o w i n g  
Problem: L e t  G c Cn be a domain o f  holomorphy and M c G be e i t h e r  a l-dimen- 

s iona l  o r  a I -codimensional  complex (hence S t e i n )  submanifold.  It i s  well-known 

t h a t  t p  i s  again a domain o f  holomorphy. But  i s  A, c g V  a submanifold ( o r ,  a t  

l e a s t ,  a complex subspace) again? 
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A 
I n  o u r  example, M F  i s n ' t  even l o c a l l y  compact. 

Our example l eads  t o  the  ou ts tand ing  

Problem I V :  

compact EA.  Then, & A  a S t e in  algebra? 

A & a f i n i t e l y  generated nuclear funct ion algebra wi th  ZocaZly 

There a r e  p o s i t i v e  r e s u l t s  i n  some p a r t i c u l a r  cases, which a re  sketched i n  [91. 

§ 4 Some p r o p e r t i e s  o f  n u c l e a r  f u n c t i o n  a lgebras  

(4 .1 )  L e t ' s  beg in  w i t h  a s imp le  obse rva t i on :  

L e t  A & a  Schwartz f u n c t i o n  a lgeb ra .  If oA i s  compact then i t  c o n s i s t s  o f  o n l y  

a f i n i t e  number o f  p o i n t s  and A i s  a f i n i t e  dimensional  v e c t o r  space. (For  A were 

Schwartz and Banach a t  t h e  same t ime ! ) .  

- 
- _ _ _ - - ~ _  

As a m a t t e r  o f  f a c t ,  a b i t  more work y i e l d s  t h e  same a s s e r t i o n  even f o r  Monte1 

f u n c t i o n  a lgeb ras  r a t h e r  than f o r  Schwartz ones. Namely, a Banach f u n c t i o n  a lgeb ra  

never  can be r e f l e x i v e  except  i n  t h e  t r i v i a l  case o f  be ing  a f i n i t e  dimensional  

v e c t o r  space (see [ 1 9 ] ) .  

A consequence o f  t h i s  f a c t  i s  t h a t  any compact a n a l y t i c  s e t  i n  ho lo rno rph ica l l y  

separab le  complex space (e.g.  i n  a S t e i n  space) c o n s i s t s  o f  o n l y  a f i n i t e  number 

o f  p o i n t s .  

_ _ _ _ _ _ _ _ _ _ _ _ _ - _ _  
-~ 

-~ 

- (4.2)  The S h i l o v  

even posses independent p o i n t s  i n  t h e  sense o f  R i c k a r t  [ 2 3 ] .  H e u r i s t i c a l l y  speaking, 

t h e  Schwartz p r o p e r t y  pushes t h e  S h i l o v  boundary o u t  t o  i n f i n i t y  ( l i k e  i n  the  

c o n s t r u c t i o n s  (2.5)) .  T h i s  f a c t  imp l i es  t h e  

boundary of  a Schwartz f u n c t i o n  a lgebra  A i s  empty; A does n o t  

Proposition: f EA & ZocalZy compact then A a Max-Mod aZgebra 2 EA, i.e. 

0 

and for  a l l  compact K c oA with K K .  

For  a p r o o f  c f .  [12],[201 

The concept o f  t h e  Basener Sibony Sh i lov -boundar ies  o f  h i g h e r  o r d e r  can be made 

mean ing fu l  i n t e r p r e t a t i o n  concern ing  t h e  

dimension o f  t h e  spectrum ( [191) .  

i n  t h i s  s e t t i n g  and y i e l d  a f r u i t f u l  

(4.3) We wish  t o  use P r o p o s i t i o n  ( 4 . 2 )  i n  o r d e r  t o  med i ta te  a b i t  on t h e  ex i s tence  
~ 
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o f  nuc lea r  f u n c t i o n  a lgebras  on hemi-compact spaces o f  r e a l  d imension 1. -~ 

(4.3.11 Proposition: There is no nuclear funct ion algebra A wi th  oA homeomorphic 

t o  B . I n  fac t ,  the nuclearity asswnptioiz may even be weakened 
__--___ 

"MonteZ". - 

Proof :  By [20 ]  we knowe t h a t  any Monte1 f u n c t i o n  a lgeb ra  w i t h  l o c a l l y  compact 

and connected spectrum i s  a maximum modulus p r i n c i p l e  a lgebra .  We may assume 

oA = R and exhaust R by 

Kn : =  [-n,n] . Hence we have 

= A  = A  . 
aKn {*n} 

But  a f u n c t i o n  a lgeb ra  on two s i n g l e t o n s  i s  n e c e s s a r i l y  isomorphic t o  t2. Thus 

2 A = l i m  A = lim t2 = E . 
t Kn c 

C o n t r a d i c t i o n  ! 
0 

14.3.2)  Proposition: There e x i s t  one-dimensional E -analytic spaces X which 

-___ admit nuclear function algebras (A,XI. 
I t  can be shown that  

For  t h e  p roo f  t ake  

ercamples never can be ZocaZly nuclear (see (4.8)). 

X : = R  u 0 a a n c t ,  
n = l  

w i t h  An := { z  t E : I z I  < n }  . 

Obv ious ly  X i s  a one-dimensional  I R - a n a l y t i c  space. Now p u t  

A := u ( t ) l x  . 

C1 e a r l y ,  t he  r e s t r i c t i o n  

i s  a t o p o l o g i c a l  isomorphism, hence (A,X) a nuc lea r  f u n c t i o n  a lgeb ra .  

Fo r  s u f f i c i e n t l y  smal l  open U c X you see immedia te ly  (e.g.  by t h e  Stone- 

WeierstraO theorem) t h a t  
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Thus A i s  n o t  loca l ly  nuclear .  (The general case i s  more involved). 

Problem V:  Does there e x i s t  a nuclear func t ion  algebra (A,X) with X homeomorphic 

t o  R ? - 

(Note t h a t  by ( 4 . 2 )  the case X = oA = IR i s  impossible ! )  

~ ( 4 . 4 )  For a Schwartz (even Montel) function algebra Gelfand topology ~~ and strong 

topology -~ on oA a r e  compactologically equivalent  [131, hence ident ical  i f  

oA i s  a k-space w.r. t o  the  Gelfand topology. 

( I n  comparison, look a t  the Banach algebra case: oB i s  compact in  the  Gelfand 

topology, b u t  OB i s  never compact i n  the  strong = metric topology (dim B = a); 

e.g.  peak points f o r  B i n  U B  become singletons in  the strong topology.) 

This f a c t  admits some appl ica t ions .  Basical ly ,  

1) function algebra reasoning usually i s  done w.r. to  the Gelfand topology, 

2 )  doing function theory in A '  i s  meaningful only w.r. t o  the strong topology 

whereas 

(note  t h a t  oA c A '  can be in te rpre ted  a s  an ana ly t ic  se t ,  [ 1 9 ]  ) .  

Hence by the above f a c t ,  these two d i f f e r e n t  working perspect ives  l i v e  on the 

uniquely topologizable c a r r i e r  space oA. 

A fur ther  l i t t l e  consequence from the above may be drawn f o r  the function 

algebra A t  

i s  the  dual group of a dense, d i s c r e t e  subgroup o f  ( R  ,+). Instead of taking 

you equally well may consider the or iginal  Arens-Singer algebra A G ,  and 

of Arens-Singer functions ( = A: with u=O, see (2.4)), whenever G 
G G 

ACG 

concentrate  on a s u f f i c i e n t l y  small connected nbd U of * of oAG, the vertex of  

the cone. 

tG and  U are  connected w.r. t o  the Gelfand topology. B u t  n o t  so w.r. t o  the 

strong topology s ince * i s  a one point Gleason par t  and  hence a s ingleton 

( s e e  [ 7 1 ,  chap V I I ) .  

Thus ne i ther  A "or ( A G ) "  Schwartz ( n o t  even Montel) function algebras!  
CG 

( 4 . 5 )  Proposition: Any Monte2 func t ion  algebra i s  a n t i s y m e t r i e .  

Recall t h a t  A is said t o  be antisyrrunetric i f  f E A and 7 E A 

conjugate) implies  f = const. 

(7 = eomplex 

Proof: I t ' s  no loss  of genera l i ty  to  assume t h a t  CIA i s  connected. 
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- 
Now suppose t h e r e  i s  a non-cons tan t  f E A s . t .  f E A, too .  Consider the  

c losed  subalgebra o f  A which i s  a l s o  Monte l .  By thm. (3.1.1) t h e r e  i s  a 

s imp ly  connected domain G c t s . t .  

~ [ f l  = ( ) ( G I  ( t o p  a l g .  i s o ) .  

The Stone-WeierstraB thm. now y i e l d s  

Bu t  

Thus we found t h e  c losed  non-Monte1 subalgebra t[f,T] o f  A, c o n t r a d i c t i n g  i t s  

Montel p r o p e r t y  ! 

Hence such an f cannot e x i s t .  

( G )  i s  f a r  f rom be ing  Monte l .  

___ (4.6)  L i k e  i n  complex a n a l y s i s  o f  severa l  v a r i a b l e s ,  t h e r e  i s  a p r i n c i p l e  of 
s e m i c o n t i n u i t y  o f  f i b r e  dimensions for mappings 

- 

..., Fn) : oA - tn, f .  E A,  3 

more p r e c i s e l y ,  f o r  each cp E UA t h e r e  i s  a nbd U c oA o f  cp s . t .  

"-1 A 
dim ?-'(?($)) 5 dim f ( f (cp) ) ,  v JI E U.  

$ cp 

Here, A i s  supposed t o  be a s t r o n g l y  un i fo rm ( s . ( 2 . 6 ) )  Schwartz f u n c t i o n  a lgeb ra  

having l o c a l l y  compact uA. A p r o o f  i s  found i n  [121. 

I n  complex a n a l y s i s  t h i s  theorem a c t u a l l y  r e s t s  upon t h e  Weiers t raB theorem. 

Note t h a t  i n  ou r  s e t t i n g  t h i s  l o c a l  t heo ry  i s  n o t  a t  a l l  a v a i l a b l e .  So we had 

t o  develop comple te ly  new and independent p roo fs .  

__ (4.7)  Now we quote a n i c e  c h a r a c t e r i z a t i o n  of n u c l e a r i t y  f o r  f u n c t i o n  a lgebras  

on "good" c a r r i e r  spaces. Th is  goes i n  terms o f  t h e  ex i s tence  o f  c e r t a i n  volume 

i n t e g r a l  formulae. The c r i t e r i o n  i s  due t o  P ie tsch  1221; as a m a t t e r  o f  f a c t ,  

he proved it, more g e n e r a l l y , f o r  f u n c t i o n  spaces. ( A  f u n c t i o n  space i s  a t h i n g  

e x a c t l y  as i n  (1.1) when you rep lace  t h e  word "a lgeb ra "  by "space" (meaning 

" v e c t o r  space" ) ) .  

Theorem: Let (A,XI a function algebra. Assume t h a t  X has a countabZe 
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basis  t o r  i t s  Lopology.  (*I 
Then A i s  nuclear i f  and only i f  the following holds: 

1 )  there ex i s t s  g pos i t ive  Radon measure p on X ;  

2) f o r  each compact K c X there e x i s t s  a larger compact L c X 

and p-bounded funct ion k : K x L --+ 5, 5.5. 

___-  
~ -~ 

~- 
g v-measurable 

~~ 

31 f ( x l  = IL f ( y )k (x , y )du (y I ,  V T t K ,  V f E A . 

We do n o t  reproduce the  p r o o f  here .  Note t h a t  t h e  i n t e g r a l  r e p r e s e n t a t i o n  3 )  

immedia te ly  y i e l d s  t h e  Schwartz p r o p e r t y  o f  A ,  f o r  t he  r e s t r i c t i o n  map 

r : AL -+ AK 

r i s  even nuc lea r .  

g i ven  by the  i n t e g r a l  i s  compact. A b i t  more a n a l y s i s  shows t h a t  

By t h e  a lgebra  p r o p e r t y  o f  A we have f o r  a l l  f , g  6 AL and a l l  x E K : 

So, i n  a c t u a l  s i t u a t i o n s ,  t h e  q u a l i t y  o f  t h e  ke rne l  f u n c t i o n  k o f t e n  can be 

improved cons ide rab ly .  

(4.8) 
Definition: A funct ion algebra IA ,XI  i s  called local ly  nuclear (resp.  local ly  

Schwartzl i f  there i s  a basis  

compact open subsets)  s. t .  the local izat ions AU are nuclear (resp.  Schwartz), 

f o r  aZZ u E 8 . 

for  the topology of X (consis t ing of hemi- 

I n  many ins tances  t h e  hemi-compactness c o n d i t i o n  i s  a u t o m a t i c a l l y  s a t i s f i e d ,  

e.g.  when A i s  separab le  and X i s  l o c a l l y  compact . 
Th is  n o t i o n  i n t e n s i f i e s  t h e  n o t i o n  o f  n u c l e a r i t y  ( resp .  Schwar tz i t y )  : 

( 4 . 8 . 1 )  Lemma: 3 IA,X/ +a locally nuclear (resp.  local ly  Schwartz) funct ion 

algebra then it  is nuclear 
______ 

Schwartz). ___-_____ 

Proo f :  Consider t h e  a lgeb ra  

Th is  i s  a nuc lea r  ( resp .  Schwartz)  1 .c .s .  w i  

Now observe t h a t  t h e  mapping 

h respec t  t o  t h e  p roduc t  topo logy  

' - 'No te  t h a t  t h i s  c o u n t a b i l i t y  c o n d i t i o n  f o r  t h e  topo logy  o f  X i m p l i e s  t h e  l o c a l  
compactness o f  X .  C f .  Goldmann-Kramm-Vogt [ l o ] ,  Lemma (4 .8) .  
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i s  an  embedding of A as a closed subspace of A1. Hence A i s  a nuclear ( resp .  

Schwartz) 1 . c . s .  . 

An useful reformulation of ou r  notion i s  given by 

(4.8.21 Proposition: A function algebra (A,XI & local ly  nuclear iresp.  locallg 

Schwartz) i f f  for each compact K c X and each (hemi-compact) p&l U Q K & X 

there i s  a larger compact L c U 5.2. the res t r i c t ion  9 

AL - AK i s  nuclear (resp.  compact) . 

Moreover, is X @ local ly  corrpact then t h i s  i s  equivalent t o  the f a c t  that  the 

re s t r i c t ion  A - A ~  i s  nuclear (resp. compact) whenever K c LO.  

For  a proof use the argument given in (4 .8 .1)  and apply i t  t o  ( A U , U )  . 

(4 .8 .3)  All the standard examples ( 2 . 1 ) , ( 2 . 2 ) , ( 2 . 3 )  - a r e  a l so  _ _ _ ~  loca l ly  nuclear. 

I t ' s  very l i k e l y  t h a t  the examples in  ( 2 . 4 )  a r e  l o c a l l y  Schwartz (may be even 

loca l ly  nuc lear ) ,  i f  v i s  l a rge  enough. 

I'm aware of no case (A,oA) where t h i s  i s  not s o .  So l e t ' s  formulate t h i s  as  our 

Problem VI:  Let A @ a nuclear (resp.  Schwartz) funct ion algebra. Then, i s  A 

necessarily local ly  nuclear (resp.  local23 Schwartz) on oA ? 

I t  i s  easy to  give negative examples ( A , X )  with X * oA;  e.g. take example (4.3.2) :  

f o r  s u f f i c i e n t l y  small open U c X you obtain A" = 

Schwartz. We c o l l e c t  some ra ther  s t rong propert ies  of loca l ly  nuclear funct ion 

algebras in the next two theorems. 

t ( U )  which c l e a r l y  i s n ' t  

14.8.41 Theorem: 

compact X. 

1 )  

IA,X) & a local lg  Schwartz funct ion algebra on Q locaZly 

For each x E X there ex i s t s  a Mbd U c X 2 x g . t .  for  a l l  nbds W c U 0-f x 
and all f E A we have: _ _  
PI, 0 * f l "  0 .  

(Weak iden t i t y  theorem). 

For X = oA we have: oA i s  local ly  connected. 2 )  
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1 )  A i s  separab le  s i n c e  i t ' s  Schwartz. From t h i s  and t h e  l o c a l  compactness 

assumption on X one can conc lude t h a t  X i s  f i r s t  coun tab le .  

So, f o r  ou r  g i ven  x € X choose a countab le  nbd bas i s  

of open subsets  s a t i s f y i n g  untl c Un. 

Hence the  r e s t r i c t i o n s  A - A a r e  compact ope ra to rs .  

'n 'n+ 1 

Th is  y i e l d s  the  s t r i c t  l i m  topo logy  on 

. . .  3 un 2 Untl 3 ... 

- 
Ax : =  l i m  A 

--+ n 'n 

which t h e r e f o r e  i s  Hausdor f f  [ 5 I. 
Now i n t r o d u c e  t h e  i d e a l s  @ : =  { f  E A : f = 0) and 

oi_:= { f  E A : ( f ) x  E Ax i s  t h e  zero-germ) 

l'n 

T r i v i a l l y  t h e  a n  a r e  c losed;  a i s  c losed,  too ,  s ince  

t h e  i d e a l  { ( 0 ) x }  i s  c losed  (Hausdor f f  p r o p e r t y  o f  Ax);  

t h e  map A - Ax, f -+ ( f ) x ,  i s  con t inuous .  

Obv ious ly  we have 

. .. csl coz ntl c ... c 01 = u 6tn . 
n 

S ince  a l l  these i d e a l s  a r e  F-spaces we may app ly  B a i r e ' s  theorem. 

Hence t h e r e  i s  an index  no E N s . t .  

U : =  U i s  t h e  nbd o f  x w i t h  t h e  d e s i r e d  p r o p e r t i e s .  

2 )  Thm.6 i n  [171. 

(4.8.5) By 

measures on K.  
( K ) ,  K c X compact, we denote the  Banach space o f  complex Radon 

Theorem (Existence ef reproducing boundary 

- Let  A be a local l2  nuclear funct ion algebra on the local ly  compact 

Let U c UA be an open re la t i ve l y  compact subset. 

Then there e x i s t s  an A -rnorphic map 

in tegrals )  : 

spec t rm  oA. 

- 

U _ _ ~ _ _ _ -  
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"AU-morphic" means : 

1) p i s  continuous; 

2 )  f o r  a l l  J, ( a u ) '  we have:  

This notion general izes  holomorphic measure-valued maps t o  our s e t t i n g .  The 

integral  formula of our  theorem may be regarded as a general Cauchy-Weil integral  

formula. For the proof we r e f e r  the reader to  [ 1 7 ] .  

Regrettably, a t  t h i s  time the  author has f a l l e n  s ick very seriously. 
So the paper could n o t  be f in i shed .  T h e  reader i s  referred t o  the forthcoming 

book [ I91 . 

NOTE. 

B. Kramm died on October 1 1 ,  1983. See the e d i t o r i a l  comment in  the preface. 
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I n t r o d u c t i o n  

I n  t h e  p resen t  n o t e  we s tudy  s i n g l y  generated and s i n g l y  r a t i o n a l l y  generated 

F rgche t  f u n c t i o n  a lgeb ras  (A,X) on a hernicompact k-space ( resp .  l o c a l l y  compact 

0-compact space) X ,  which a r e  r e f l e x i v e  as t o p o l o g i c a l  v e c t o r  spaces. By use o f  

a decomposi t ion w i t h  respec t  t o  t h e i r  Gleason p a r t s  we can reduce t h e  i n v e s t i g a -  

t i o n  t o  t h e  case o f  a connected spectrum oA. We show t h a t  i n  t h i s  case A i s  e i t h e r  

t r i v i a l  o r  i somorph ic  t o  t h e  a lgeb ra  8(U) o f  holomorphic f u n c t i o n s  on a connected 

open subset  U c C which i n  the  s i n g l y  genera ted  case can be assumed t o  be e i t h e r  

C o r  D := i z  E C : 1zI < 1). 

T h i s  g i v e s  on one hand a c l a s s i f i c a t i o n  o f  these a lgebras ,  on t h e  o t h e r  hand 

i t  can be cons idered as a c h a r a c t e r i z a t i o n  o f  a lgebras  o f  type  8 ( U ) .  There a r e  

va r ious  o t h e r  c h a r a c t e r i z a t i o n s  o f  @(U). Rudin [ 11 ( resp .  Meyers [l 1) proved, 

t h a t  f o r  a f u n c t i o n  a lgeb ra  (A,U), c o n t a i n i n g  t h e  po lynomia ls  and w i t h  spectrum 

U, t h e  f o l l o w i n g  c o n d i t i o n s  a re  e q u i v a l e n t :  

i )  A = B ( u )  

i i )  
i i i )  A i s  a Monte1 a lgebra .  

Arens [l] showed t h a t  a f u n c t i o n  a lgeb ra  which i s  r a t i o n a l l y  s i n g l y  generated by 

z and wh ich  has a cont inuous  d e r i v a t i o n  D such t h a t  Dz = 1 and such t h a t  

A i s  a maximum modulus a lgeb ra  

where ro,rl, ... i s  a sequence o f  p o s i t i v e  r e a l s ,  must be t o p o l o g i c a l l y  and a lge -  

b r a i c a l l y  i somorph ic  t o  b ( U )  w i t h  some open subset  U c C. I n  Theorem (4.1.)  we 

a l s o  c h a r a c t e r i z e  a lgebras  o f  t ype  B(U) as those s i n g l y  r a t i o n a l l y  generated 

f u n c t i o n  a lgebras  which have l o c a l l y  compact (and connected) spectrum and s a t i s f y  

t h e  maximum modul us p r i n c i p l e .  

I n  t h e  r e s t  of t h e  paper we a r e  concerned w i t h  p r o p e r t i e s  o f  r e f l e x i v e  a lgebras  
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( resp .  maximum modulus a lgeb ras ) .  I t  i s  w e l l  known t h a t  Gleason p a r t s  a r e  impor tan t  

t o  answer t h e  ques t i on  whether t h e r e  e x i s t s  a n a l y t i c  s t r u c t u r e  i n  t h e  spectrum. 

I n  s e c t i o n  2 we prove t h a t  r e f l e x i v e  f u n c t i o n  a lgebras  have " b i g "  Gleason p a r t s ,  

i .e .  i f  (A,oA) i s  r e f l e x i v e  then t h e  Gleason p a r t s  a r e  e x a c t l y  t h e  connected 

components o f  CIA. 

I n  s e c t i o n  5 we examine t h e  range o f  elements o f  a r e f l e x i v e  f u n c t i o n  a lgebra .  

I n  p a r t i c u l a r  we show t h a t  if (A,oA) i s  a r e f l e x i v e  f u n c t i o n  a lgeb ra  w i t h  connected 

spectrum and f E A i s  a non cons tan t  f u n c t i o n ,  t h e n  f (oA)  has p o s i t i v e  p lane 

Lebesgue measure. I n  s e c t i o n  6 we prove a weak i d e n t i t y  theorem f o r  c e r t a i n  p o i n t s  
x E X, where (A,X) i s  a maximum modulus a lgebra .  

1. Pre l  i m i n a r i e s  

(1.1) For  bas i c  concepts and n o t a t i o n s  we r e f e r  t o  t h e  survey  a r t i c l e  [3] o f  

B. Kramm i n  t h i s  same volume. A f u n c t i o n  a lgeb ra  i s  a c losed  separa t i ng  sub- 

a lgeb ra  o f  t h e  Fr i t che t  a lgeb ra  C(X) o f  con t inuous  f u n c t i o n s  on a hemicompact 

k-space X (e.g. a l o c a l l y  compact o-compact space X). C(X) i s  always equipped 

w i t h  the  c.0.- topology. A fundamental system o f  seminorms i s  g i v e n  by llflln = 

sup { / f ( x ) /  : 
Kn c Kn+l, Kn compact f o r  eve ry  n and f o r  eve ry  compact K c X t h e r e  i s  n w i t h  

K c Kn. The s e t  UA o f  a l l  con t inuous  m u l t i p l i c a t i v e  f u n c t i o n a l s  on A equipped 

w i t h  t h e  weak - topo logy  i s  c a l l e d  t h e  spectrum o f  A.  I f  K i s  a compact s e t  i n  

t h e  p lane we cons ide r  t h e  f o l l o w i n g  a lgeb ras :  

P(K) := { f  E C(K) : f can be approximated u n i f o r m l y  on K by po lynomia l s } ,  

R(K) := i f  E C(K) : f can be approximated u n i f o r m l y  on K by r a t i o n a l  f u n c t i o n s  

xEKnl,n=1,2 ,... where (Kn)n i s  an admiss ib le  exhaus t ion  o f  X, i . e .  

4i 

w i t h  po les  o f f  K}.  

We s t a t e  some w e l l  known f a c t s  (see f o r  i ns tance  S tou t  [I] o r  Gamelin [I] ) .  The 

spectrum uR(K) o f  R(K) can be i d e n t i f i e d  w i t h  K, oP(K) can be n a t u r a l l y  i d e n t i f i e d  

w i t h  t h e  po lynomia l l y  convex h u l l  K. The t o p o l o g i c a l  boundary o f  K i s  t h e  S h i l o v  

boundary f o r  R(K), and t h e  S h i l o v  boundary f o r  P(K) i s  t h e  t o p o l o g i c a l  boundary 

o f  K. Moreover eve ry  p o i n t  o f  yP(K) ( S h i l o v  boundary f o r  P(K) )  i s  a peak p o i n t  

f o r  P(K), i . e .  f o r  every  x E yP(K) t h e r e  e x i s t s  f E P(K) w i t h  f ( x )  = 1 and 

J f ( y ) l <  1 f o r  a l l  y E K\ {x } .  I n  genera l  t h e  same i s  n o t  t r u e  f o r  R(K), b u t  o f  

course  we have yR(K) = where xR(K) := { x  E K : x i s  peak p o i n t  f o r  R(K) I .  

- 

- 

___ (1.2) L e t  (A,oA) be a s i n g l y  r a t i o n a l l y  generated f u n c t i o n  a lgeb ra  w i t h  genera t i ng  

element f, K c K,+l c ... be an admiss ib le  A-convex exhaust ion  o f  oA, then  

f : Kn + f ( K  ) =: K i s  a homeomorphism, Pr 

p l e t e d  i n  t h e  norm 11 . Il.i<- 

N N  - 3 
( t h e  r e s t r i c t i o n  a lgeb ra  A - com- 

n n Kn IKn 
) i s  i somorph ic  t o  R(Kn) and A i s  t o p o l o g i c a l l y  and 

n 
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a l g e b r a i c a l l y  i somorph ic  t o  @ R(Kn). t h e  p r o j e c t i v e  l i m i t  w i t h  respec t  t o  t h e  

n a t u r a l  r e s t r i c t i o n  mappings. I f  (A,uA) i s  s i n g l y  generated we have i n  a d d i t i o n  

t h a t  Kn i s  p o l y n o m i a l l y  convex f o r  a l l  n c IN and t h e r e f o r e  R(Kn) = P(K,). 

-- ( 1 . 3 )  I n  t h i s  paper we cons ide r  r e f l e x i v e  f u n c t i o n  a lgebras ,  i . e .  f u n c t i o n  a l g e -  

b ras  f o r  which A"=A o r  e q u i v a l e n t l y  and more r e l e v a n t  f o r  ou r  work:every bounded 

subset i s  weakly r e l a t i v e l y  compact. Note t h a t  eve ry  Montel  f u n c t i o n  a lgeb ra  i s  

r e f l e x i v e .  A f u n c t i o n  a lgeb ra  (A,X) i s  s a i d  t o  be Montel i f  i t  i s  a Montel space 

as a t o p o l o g i c a l  l i n e a r  space ( i . e .  i f  eve ry  bounded subset o f  A i s  r e l a t i v e l y  

compact i n  A). 

2. Gleason p a r t s  f o r  r e f l e x i v e  f u n c t i o n  a lgebras  

I n  [2] , Thm. 7 . 2  Kramm shows t h e  f o l l o w i n g :  L e t  A be a s t r o n g l y  nuc lea r  f u n c t i o n  

a lgeb ra  w i t h  l o c a l l y  compact spectrum oA, such t h a t  a l l  open subsets  o f  oA a r e  

hemicompact. Then t h e  Gleason p a r t s  f o r  A a r e  e x a c t l y  t h e  connected components 

o f  OA (wh ich  a re  a l l  open).  

We s h a l l  p rove  t h e  same r e s u l t  f o r  r e f l e x i v e  f u n c t i o n  a lgeb ras  (A,X). 

(2.1) D e f i n i t i o n :  Let (A,X) be a funct ion aZgebra and Kn c Kn+l c ... an admissible 

exhaustion of X. We say tha t  X , y  E X belong t o  the same Gleason part (X-y) i f  

there e x i s t s  n E IN such that  x and y belong t o  the  same Gleason part  of 

AKn ( x  Y ) *  

Reca l l  t h a t  x ; y i f  sup { I f ( x ) - f ( y ) I  : f E A, JlfllKn 5 l} < 2, which i s  e q u i v a l e n t  

t o  sup { ( f ( x ) l  : Ilf)IKn 5 1, f ( y )  = 0, f E A}  < 1 (see S t o u t  [l] ( 1 6 . 1 ) ) .  

Remark: "-" i s  an  equ iva lence r e l a t i o n .  The t r a n s i t i v i t y  i s  e a s i l y  seen, namely 

f rom x 

( 2 . 2 )  Theorem: Let (A,X) be a r e f l e x i v e  func t ion  algebra, then the Gleason par ts  

f o r  A are open. 

y f o l l o w s  x nyp y f o r  a l l  p E IN. 

-: We argue i n d i r e c t l y .  Suppose t h e r e  e x i s t s  a p o i n t  x E X such t h a t  t h e  

equ iva lence c l a s s  [x] := { y  E X : x - y }  i s  n o t  an open subset o f  X .  Then i n  eve ry  

neighbourhood U o f  X t h e r e  i s  a yu c U w i t h  yu I [x] which means y 4 x f o r  a l l  

n E IN . There fo re  f o r  each U o f  t h e  neighbourhood f i l t e r  ?& o f  x and each n we 

f i n d  a f u n c t i o n  fn c A w i t h  I/f 11 . Since A 

i s  r e f l e x i v e  and t h e  sequence ( f n ) n  i s  bounded we g e t  a f u n c t i o n  f E A w i t h  

I l f  ]IKn 5 1 f o r  a l l  n E N ,  f (y,) = 0 and f ( x )  = 1. 

Now f o r  every  f i n i t e  subset M c 

u n  

U U U 1 
n U  

c 1, f ( y  ) = 0 and f:(x) 2 1 - 

U 
n i n  - 

U U U 

U we d e f i n e  t h e  f u n c t i o n  gM :=  n 
U?M 

f . The gM, 



256 H. Goldmann, B. Kramm and D. Vogt 

where t h e  M's a r e  d i r e c t e d  by i n c l u s i o n ,  a r e  a bounded n e t  i n  t h e  r e f l e x i v e  space A 

which t h e r e f o r e  has a subnet converg ing  t o  some g C A  ( K e l l e y  [l] , p. 136).  

Since g ( y  ) = 0 f o r  a l l  U E 

Th is  i s  a c o n t r a d i c t i o n .  

and g ( x )  = 1 t h e  f u n c t i o n  g i s  n o t  con t inuous .  U 

(2.3) C o r o l l a r y :  I f  ( A , c r A )  i s  a re f l ex i ve  funct ion algebra, then the Gleason parts 

are exactly the connected components of uA.  

Proof: I n  (2.2) we showed t h a t  f o r  eve ry  x c UA t h e  s e t  [x] i s  clopen. Assume [ x ]  
i s  n o t  connected, then t h e r e  i s  a c lopen  nonempty p roper  subset  M c [XI. By 

S h i l o v ' s  idempotent theorem, which i s  a l s o  v a l i d  f o r  f u n c t i o n  a lgebras  (see 

Kramm [l], ( 7 . 2 ) ) ,  xM l i e s  i n  A .  Th is  i s  a c o n t r a d i c t i o n .  

3. The maximum modulus p r i n c i p l e  f o r  r e f l e x i v e  f u n c t i o n  a lgebras  

L e t  ( A , X )  be a f u n c t i o n  a lgebra .  

( 3 . 1 )  D e f i n i t i o n :  ( A , X )  s a t i s f i e s  the m m i m m  modulus principle ,  i f  f o r  every 

compact subset K c X without isolated points the Shilov boundary of A K  is 
contained i n  the topological boundary of K. 

(3 .2 )  D e f i n i t i o n :  A compact subset S c X i s  said t o  be a local peak s e t  of A ,  i f  

there is a neighbourhood U of S and an element f E A such that  f ( x )  = 1 for  

x E S and I f ( x ) l  < 1 f o r  x C U.S. 

Meyers [l] proved t h e  f o l l o w i n g  r e s u l t s  ( P r o p o s i t i o n  1 and C o r o l l a r y  1) f o r  

Monte1 a lgebras .  H i s  p r o o f s  need o n l y  r e f l e x i v i t y ,  i . e .  t h e  f a c t  t h a t  bounded 

s e t s  a r e  r e l a t i v e l y  weakly compact. 

- (3.3)  Let ( A , X )  be a funct ion aZgebra on a local ly  compact space X .  I f  A i s  

re f lex ive ,  then every locaZ peak s e t  o f  A in oA i s  clopen i n  oA. 

(3 .4 )  Let ( A , X )  be a funct ion algebra on a local ly  compact and connected space 

I f  A i s  re f lex ive  then A i s  a maximum modulus algebra on uA. 

4. A c h a r a c t e r i s a t i o n  theorem f o r  s i n g l y  r a t i o n a l l y  generated r e f l e x i v e  ( resp .  

maximum modulus) f u n c t i o n  a lgebras  

(4 .1 )  Theorem: Let (A,uA) be a s ingly  rat ional ly  generated maximwn modulus algebra 

with connected and local ly  compact spectrum oA and generating element f. 

Then e i ther  A = (c or f ( u A )  i s  an open subset of the complex plane and A i s  

topologically and algebraically isomorphic t o  fl( f (  C I A ) ) ,  the holomorphic 

functions on f ( u A ) .  

prooS: If A + (c then  uA c o n t a i n s  a t  l e a s t  two p o i n t s .  L e t  tn c tn+l c . . .  be an 
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admiss ib le  A-convex exhaus t ion  o f  uA, t hen  A is  t o p o l o g i c a l l y  and a l g e b r a i c a l l y  

i somorph ic  t o *  R(Kn), w i t h  Kn := f ( F n ) .  

Now l e t  cp be an a r b i t r a r y  p o i n t  o f  oA .  There e x i s t s  no E N such t h a t  K 

compact neighbourhood o f  9 .  (A,uA) i s  a maximum modulus a lgebra ,  t h e r e f o r e  

N 

i s  a 
n0 

From Gamelin [l] p. l o  we l e a r n  t h a t  t h e  t o p o l o g i c a l  boundary aKn 

i n  f (yA- 

ncn\l n c N  

Remark: I f  CIA i s  n o t  connected, A i s  t o p o l o g i c a l l y  and a l g e b r a i c a l l y  i somorph ic  t o  

V ( G )  xC(N) ,  w i t h  an open subset G c B ( p o s s i b l y  empty) and an a t  most countab le  

subset N c B ( p o s s i b l y  empty), wh ich  has no c l u s t e r  p o i n t  and s a t i s f i e s  E n  N = 0. 

i s  con ta ined  

and we have 
0 

) ,  f i s  i n j e c t i v e ,  hence f(cp) i s  an i n t e r i o r  p o i n t  o f  Kn 
0 

KnO 
U K = U E n .  

(4 .2 )  C o r o l l a r y :  If (A,oA) - urider the assumptions of (4.1) - is singly generated, 
t h e n  A is topoZogicalZy and algebraically isomorphic to either B o r  & ( D )  o r  

& ( E l .  

w: If A i s  s i n g l y  generated and n o n t r i v i a l ,  then eve ry  Kn ( d e f i n e d  as i n  t h e  

p r o o f  above) i s  p o l y n o m i a l l y  convex and f ( o A )  i s  t h e r e f o r e  a p o l y n o m i a l l y  convex 

open s e t .  By a p p l i c a t i o n  o f  t he  Riemann mapping theorem one completes t h e  

p r o o f .  

( 4 . 3 )  The f o l l o w i n g  example shows t h a t  t h e  assumption of  l o c a l  compactness 

i n  (4.2) and (4.1) i s  necessary:  For  a l l  n c N we p u t  K, := i z  E Ic : / z /  c 1 - $ 
U { z  E IR : D 5 z 2 1). Then a l l  compacta Kn a r e  p o l y n o m i a l l y  convex. We cons ide r  

t h e  a lgeb ra  A :=  JIIJ P(Kn). 

We have AK = P(Kn), f o r  a l l  n < N , thus  OA = U UAK = UKn = D U i l l ,  because 
n n n  

a l l  Kn a r e  A-convex, and Kn c Kn+l c 

(see Kramm [ l ]  , ( 6 . 8 ) ) .  

1 

. . . i s  an  admiss ib le  exhaust ion  o f  d 

The Gel fand topo logy  on D U { l}  i s  f i n e r  than t h e  induced euc l i dean  topo logy  ( f o r  

eve ry  y E OA s e t s  o f  t h e  fo rm 

N 

f l ,  ... , fn E A, E > 0 a r e  a b a s i s  o f  open neighbourhoods o f  y ) ,  hence every  

compact subset K o f  OA i s  a l s o  a compact subset o f  t h e  p lane.  Moreover on K bo th  

t o p o l o g i e s  a r e  e q u i v a l e n t ,  t h e r e f o r e  UA i s  connected. 

I f  f i s  an a r b i t r a r y  element o f  A,  then  f 

immedia te ly  t h a t  A i s  a maximum modulus a lgeb ra .  

:=  { x  E D U {l} : I f i ( y )  - f i ( x ) l  < 6 , i=l, ... ,n), 
fl' - * .  ' fn,",Y 

i s  holomorphic on D and i t  f o l l o w s  
I D  
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The i d e n t i t y  map f ( z )  = z generates A b u t  f ( D  U { l} )  i s  n o t  open. It i s  easy t o  

show t h a t  t h e  p o i n t  1 E UA has no compact neighbourhood. 

From (3 .4 )  we l e a r n  t h a t  ( 4 . 1 )  and (4 .2 )  a r e  a l s o  v a l i d  f o r  r e f l e x i v e  f u n c t i o n  

a lgebras .  Moreover we show t h a t  f o r  s i n g l y  generated r e f l e x i v e  f u n c t i o n  a lgeb ras  

t h e  assumption of l o c a l  compactness can be dropped. 

(4 .4 )  Lemma: If (A,uA) is a s ingly  generated re f l ex i ve  funct ion algebra, then UA is 
ZocaZZy compact. 

Proof: We use t h e  n o t a t i o n s  o f  t h e  p r o o f s  above. Assume t h e r e  i s  a cp E UA w i t h o u t  

compact neighbourhood. We may assume cp E K1, t hen  we have x :=  f(cp) E aKn = xP(Kn) 

f o r  a l l  n E IV. 

- 
1 w " 

Now we choose cor respond ing  peak f u n c t i o n s  fn c P(Kn) w i t h  /Ifn/lKn.Un = < -  2n , 

f o r  a l l  n c IV , where Un 3 Un+l 3 ,. . i s  an open neighbourhoodbasis of x i n  a. 
By approx imat ing  t h e  peak f u n c t i o n s ,  we ge t  a sequence (pn)n o f  po lynomia ls  w i t h  

1) IIP,ll 5 7 5 

Kn 

The sequence ( p n o f ) ,  i s  bounded i n  A and converges p o i n t w i s e  t o  t h e  c h a r a c t e r i s -  

t i c  f u n c t i o n  x Because A i s  r e f l e x i v e  x i s  i n  A and Q i s  t h e r e f o r e  an i s o -  

l a t e d  p o i n t  o f  oA. Th is  c o n t r a d i c t s  ou r  assumption on Q -  

i v } '  t l p i  

We re fo rmu la te  (4.2) f o r  r e f l e x i v e  f u n c t i o n  a lgebras  I 

(4.5) Theorem: Let ( A , d )  be a singZy generated re f zex ive  function algebra with 

connected spec t rm  oA arid A f t .  Then A is topoZogical2.y and algebraically iso- 

morphic e i ther  t o  0 ( D )  or t o  b(E). 

We do n o t  know i f  an analogue t o  (4.4) ho lds  i n  t h e  s i n g l y  r a t i o n a l l y  genera ted  

case. I n  t h i s  case K i s  n o t n e c e s s a r i l y  p o l y n o m i a l l y  convex and aKn need n o t  con- 

s i s t  o n l y  o f  peak p o i n t s  of  R(K). Hence we need i n f o r m a t i o n  on t h e  behav iour  o f  

t h e  S h i l o v  boundar ies y A- 

(4 .6 )  Lemma: Let A be re f lex ive ,  AT5 and UA connected, l e t  X s a t i s f y  the f i r s t  

axiom of countabi l i ty ,  then l i m  i n f  y A" = Q . 

prooS: We have t o  prove t h a t  n yA- = 0 f o r  a l l  no .  Assume t h e r e  i s  
n?no Kn 

n 

- 
. (Kn)n  now denotes an admiss ib le  exhaus t ion  o f  X. 

Kn 

n Kn 
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x E n&, y % . L e t  Urn, m = 1,2, . . .  be a base f o r  t h e  neighbourhood system o f  X .  

F o r  eve ry  n 2 n 

(1) I g n ( y )  5 2-" f o r  y F K,--u~ . 

We d i s t i n g u i s h  two cases: F i r s t  we assume t h e r e  i s  a subsequence (4, )k such t h a t  

Ign  

bounded i n  A and converges p o i n t w i s e  t o  t h e  c h a r a c t e r i s t i c  f u n c t i o n  X 

A i s  r e f l e x i v e  t h i s  i m p l i e s  x 

I n  t h e  o t h e r  case we have n1 such t h a t  l g n ( x ) l  < 1 f o r  a l l  n z nl .  We may assume 

nl P 3 and 0 5 g,(x) 5 4-n f o r  n z n l .  S t a r t i n g  w i t h  nl we determine i n d u c t i v e l y  

a subsequence. L e t  nl, . . .  , nk be chosen. We choose nk+l > nk so l a r g e  t h a t  

o n  
t h e r e  i s  g, E A w i t h  lIgnll := llg 11- = 1 and 

n Kn 0 

( x ) ]  = 1 f o r  a l l  k.  Then t h e  sequence Fk := / g ( x ) ,  k = !,Z, ... i s  
k qnk 'k 

. Since 
t x l  

6 A ,  which c o n t r a d i c t s  ou r  assumption. i X I  

m 
We p u t  

f, = c 
k = l  "k ' 

e. 

F o r  any k t h e r e  i s  xnk E Knk fl Unk such t h a t  ( g  

J z m  
(xn  ) I  = 1. We o b t a i n  f o r  

'k k 

j -1 m 
I f m ( x n . ) l  2 1 - 2 lg, ( x n . ) l  - 2 l gn  (X,J 

J k = l  k J k = j + l  k J 

j -1 m 
2 1 - 2 2-nk - 2 z-nk , 3 

k = l  k = j + l  - 4  * 

The second i n e q u a l i t y  f o l l o w s  f rom (1) and ( Z ) ,  t h e  t h i r d  f rom n l  2 3. 

Moreover we have f o r  a l l  m 

F o r  y c Kn and a l l  m we have 
j 

because i n  t h e  second sum t h e r e  i s  a t  most one te rm g r e a t e r  t h a n  2-nk and 

t h i s  one i s  l e s s  o r  equal  t o  1. 
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Consequently t h e  sequence ( f m ) m  i s  bounded i n  A, hence i t  has a weak c l u s t e r  p o i n t  

f E A. Fo r  f we have: I f ( x n . ) l  2 3/4 f o r  a l l  j ,  I f ( x ) l  5 1/3. Since ( x  
J 

verges t o  x t h i s  c o n t r a d i c t s  t h e  c o n t i n u i t y  of  f. 

For X = OA t h e  f o l l o w i n g  theorem i s  an immediate consequence o f  (3.4) and (4.1). 

) .  con- 
nj J 

(4 .7 )  Theorem: Let (A,X) be a s ingly  rat ional ly  generated re f l ex i ve  funct ion 

algebra with connected spectrum oA on a local ly  compact space X .  Let f be a 

generating element. Then e i ther  A = Ic or f ( o ( A ) )  i s  an open subset of the eomplex 

plane and A i s  topologically and algebraically isomorphic t o  @ ( f ( o A ) ) .  

Proof: Since A i s  separa t ing ,  f i s  i n j e c t i v e ,  hence X s a t i s f i e s  t h e  f i r s t  axiom 

of c o u n t a b i l i t y .  Because of  (4 .6 )  we may assume t h e  Kn chosen i n  such a way t h a t  

y A- fl y AT 

frA- n fyA- 

N 

= 0. T h i s  i m p l i e s  ( c f .  t h e  p r o o f  o f  (4 .1 ) )  t h a t  aKn n aKn+l c 

= 0, where Kn = f ( K n ) .  Hence Kn c Kn+l . 
Kn n t l  N 0 

Kn Kn+ l  

C l e a r l y  (4.7) i m p l i e s  t h a t  A has l o c a l l y  compact spectrum. To compare the  

assumptions i n  (4.6) and ( 4 . 7 )  i t  i s  u s e f u l  t o  have 

(4.8) Lemma: I f  X i s  hemicompact and s a t i s f i e s  the f i r s t  axiom of countabi l i ty  

then it is local ly  compact. 

m': L e t  Kn c Kn+l c . . .  be an admiss ib le  exhaus t ion  o f  X .  Assume t h e r e  e x i s t s  

a p o i n t  x E X w i t h o u t  compact neighbourhood. L e t  Un 3 Untl 3 ... be a countab le  

b a s i s  f o r  t he  neighbourhoods o f  x. Now choose f o r  eve ry  n E lN a p o i n t  X,E 

then K := { x n  : n E N }  U [ x )  i s  compact, b u t  t h e r e  i s  no n E N w i t h  K c Kn . 
T h i s  i s  a c o n t r a d i c t i o n .  

Un\ Kn, 

(4.9) I n  (4.2) we showed t h a t  eve ry  s i n g l y  generated maximum modulus a lgeb ra  
w i t h  l o c a l l y  compact spectrum i s  a S t e i n  a lgeb ra  and has f o r  t h a t  reason ana- 

l y t i c  s t r u c t u r e  a t  any p o i n t  o f  i t s  spectrum. Now i t  i s  n a t u r a l  t o  ask whether 

t h e  same i s  t r u e  f o r  f i n i t e l y  generated maximum modulus a lgebras .  We s h a l l  g i v e  

a counterexample even i n  t h e  doub ly  genera ted  case. 

S to lzenberg  [l] cons t ruc ted  a compact subset X o f  t h e  t o p o l o g i c a l  boundary 

o f  t h e  u n i t  b i c y l i n d e r  B i n  E such t h a t  t h e  p o l y n o m i a l l y  convex h u l l  X does 

n o t  c a r r y  a n a l y t i c  s t r u c t u r e  a t  any p o i n t  o f  

Fo r  eve ry  n E H d e f i n e  Kn :=  ; n { z  E l2 : I z I  c 1- -1 and cons ide r  t h e  a lgeb ra  

A := l i m  P(Kn) where P(Kn) := i f  c C(Kn)  : f can be approximated u n i f o r m l y  

on Kn by po lynomia l s } .  Every Kn i s  p o l y n o m i a l l y  convex and i t  i s  easy t o  check 

2 * 

and ? \ X  i s  n o t  empty. 

1 
n 

c- 
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A 
t h a t  OA = X-aB and t h a t  t he  Ge l fand topo logy  and t h e  induced euc l i dean  topo logy  

a r e  e q u i v a l e n t  on oA. The re fo re  CJA i s  connected and l o c a l l y  compact. 

Now l e t  U be a r e l a t i v e  compact open subset o f  CTA, then  U i s  a l s o  a r e l a t i v e  

compact open subset o f  2 and f rom R o s s i ' s  l o c a l  maximum modulus p r i n c i p l e  f o l l o w s  

t h a t  a l l  po lynomia ls  a t t a i n  t h e i r  maximum modulus on U l U  (see Rossi [l] , ( 6 . 1 ) ) .  

A i s  t h e r e f o r e  a maximum modulus a lgeb ra .  

(4.10) Goldmann [l] (5 .5 )  has ob ta ined  an example o f  a doubly generated Montel 

f u n c t i o n  a lgebra ,  which does n o t  have a n a l y t i c  s t r u c t u r e  a t  eve ry  p o i n t  o f  i t s  

spectrum. 

The c r u c i a l  p o i n t  i n  t h i s  example i s  t h a t  UA i s  n o t  l o c a l l y  compact. By now we 

do n o t  know any example o f  a f i n i t e l y  generated Montel f u n c t i o n  a lgeb ra  w i t h  

l o c a l l y  compact spectrum which i s  n o t  a S t e i n  a lgebra .  

5.  The range o f  t h e  elements o f  a r e f l e x i v e  f u n c t i o n  a lgeb ra  

I n  t h i s  s e c t i o n  we cons ide r  - f o r  r e f l e x i v e  f u n c t i o n  a lgeb ras  - t h e  range o f  non 

cons tan t  f u n c t i o n s .  F i r s t  we prove a d e n s i t y  p r o p e r t y .  By X we denote t h e  Lebesgue 

measure i n  t h e  p lane .  We p u t  D(x,fi) :=  { z  E B : I z - x I  < 61. 

(5 .1 )  Theorem: Let (A,oA) be a refZezive funct ion algebra w i t h  connected s p e c t m  

oA. If f E A is not constant, then 

f o r  a12 y E uA. In  p a r t i c u l a r ,  

f o r  a12 y E UA and f o r  a12 6,D. 

f ( a A )  n D ( f ( y ) , 6 )  has p o s i t i v e  Lebesgue measure, 

proos: L e t  Kn c Kn+l c . . .  be an admiss ib le  A-convex exhaust ion  o f  uA. Then by t h e  

o p e r a t i o n a l  c a l c u l u s  - which i s  a l s o  v a l i d  f o r  f u n c t i o n  a lgebras  (see Kramm [I] 

( 7 . 1 ) )  -* R ( f ( K n ) )  can be cons idered as a c losed  subalgebra o f  A, f o r  eve ry  

f E A .  L e t  B denote t h e  c l o s u r e  i n 2  R ( f ( T n ) )  o f  t h e  s e t  o f  a l l  r a t i o n a l  

f u n c t i o n s  w i t h  p o l e s  o u t s i d e  o f  f ( u ( A ) ) .  Then B i s  a r e f l e x i v e  f u n c t i o n  a lgeb ra .  

By p o i n t  e v a l u a t i o n  ( resp .  cp t- cp(z) where z i s  t h e  i d e n t i t y  map i n  C )  we can 

i d e n t i f y  aB w i t h  f ( o ( A ) ) .  

We denote by Ln t h e  B-convex h u l l  o f  f ( z n ) .  S ince  t h e  Ge l fand topo logy  on 

OB = f ( o ( A ) )  i s  f i n e r  t han  t h e  induced euc l i dean  topo logy ,  every  

s e t  i n  Ic. L e t  V be a bounded component o f  B%L,, then B-  convex i t y  i m p l i e s  t h a t  

V n ( B l f ( a A ) )  i s  n o t  empty. Hence B 

N 

Ln i s  a compact 

= R(Ln) and consequent ly  B = ;lim R(Ln) .  
Ln 
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I f  t h e r e  i s  a p o i n t  y t UA such t h a t  (*) i s  n o t  v a l i d ,  then 

M L n  n D( f (Y196) )  
1 i m  < 1  
LO X( D(f(Y) 3s) 1 

fo r  a l l  n E IN. From t h i s  f o l l o w s  t h a t  f ( y )  i s  a peak p o i n t  f o r  every  a lgebra  

R(Ln) (see S tou t  ill (26 .12) ) .  L i k e  i n  t h e  p r o o f  o f  (4 .4 )  we a r e  now a b l e  t o  

show t h a t  xEf(y)lEB.Because UA i s  connected, t h i s  i m p l i e s  t h a t  f i s  cons tan t  

which c o n t r a d i c t s  o u r  assumption. 

We c a l l  a s e t  X c p o l y n o m i a l l y  convex i f  f o r  every  compact subset K c X t h e  po ly -  

n o m i a l l y  convex h u l l  K i s  con ta ined  i n  X. The p o l y n o m i a l l y  convex h u l l  X o f  an 

a r b i t r a r y  s e t  X c i s  t h e  i n t e r s e c t i o n  o f  a l l  p o l y n o m i a l l y  convex s e t s  Y con- 

t a i n i n g  X .  

- - 

(5 .2)  Theorem: Let (A,X) be a re f l ex i ve  funct ion algebra on a connected space X .  

Then for  every non constant funct ion f E A 

domain i n  C. 

A 
f ( X )  i s  a (polynomiabzy convex) 

N N  

prooS: L e t  Kn 

f E A  

Lemma (4.4) and Theorem (4.1) p rove  t h e  a s s e r t i o n .  

Kn+l c . .. be an admiss ib le  exhaust ion  o f  uA. Then f o r  every  
4 fi P( f (K , ) )= f i  P ( f (  K,)) i s  a s i n g l y  generated r e f l e x i v e  f u n c t i o n  a lgebra .  

6. A weak i d e n t i t y  theorem f o r  maximum modulus a lgebras  

( 6 . 1 )  D e f i n i t i o n :  A funct ion algebra (A,X) s a t i s f i e s  the weak iden t i t y  theorem i n  

a point x E X, if there ex i s t s  a neighbourhood U of X, such tha t  every funct ion 

f C A, which vanishes on some neighbourhood V of X, a l s o  vanishes on U. 

I n  h i s  survey a r t i c l e  [ 3 ]  Kramm proves a weak i d e n t i t y  theorem f o r  s t r o n g l y  nuc lea r  

f u n c t i o n  a lgebras .  We s h a l l  p rove  a s i m i l a r  r e s u l t  i n  t h e  case o f  maximum modulus 

algebras.  I n  ou r  ve rs ion  a neighbourhood U i n  which eve ry  f u n c t i o n  must van ish  i s  

g i ven  e x p l i c i t l y .  

We s h a l l  use t h e  f o l l o w i n g  r e s u l t  o f  G l i cksberg  ( G l i c k s b e r g ' s  lemma; see Gamelin 

[1J p. 39 ) :  L e t  (A,K) be a (Banach) f u n c t i o n  a lgeb ra  on a compact s e t  K ,  and l e t  

U be a non-empty open subset o f  K .  Every f u n c t i o n  f E A which vanishes on U a l s o  

vanishes on aA\(K\U), where K-U denotes t h e  A-convex h u l l  o f  K'-U i n  oA. 
A n 

(6 .2 )  Theorem: Let (A,X) be a maximwn moduZus algebra. I f  there e x i s t s  a compact 

neighbourhood K of x and a funct ion f C A with { f - l ( O ) }  n K = { x }  then A s a t i s f i e s  

i n  x the weak iden t i t y  theorem. 
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Froof: By assumption we have 6 := m p & K l f ( ~ ) l  > 0. The subset t $ E K : \f($)lz6/4} 
i s  compact and con ta ined  i n  t h e  i n t e r i o r  o f  K.  We d e f i n e  V := {$  E K : l f ( $ ) 1 4 / 4 1 .  

We choose an a r b i t r a r y  p o i n t  q0 € V (qo  + X )  and s e t  a := f ( $ o ) .  Then O<la1<6/4. 

For  t h e  f u n c t i o n  g : =  f - e  we have 

2 )  { j ,  E K : I g ( $ ) l  5 la\} = :  K '  i s  a compact subset  o f  t h e  i n t e r i o r  o f  K 

S ince  A i s  a maximum modulus a lgeb ra  t h e  S h i l o v  boundary yAKl i s  conta ined i n  t h e  

t o p o l o g i c a l  boundary and t h e r e f o r e  g (yAK, )  c g ( a K ' )  c { z  E Cr. : / z I  = l u l l .  

L e t  W c OA be an a r b i t r a r y  neighbourhood o f  x, t hen  g(yAK1\W) i s  p o l y n o m i a l l y  

convex, s ince  - u + g(yAKl'W). Thus we f i n d  a po lynomia l  w i t h  

1 )  {g - l ( -a ) l  n K = 

3)  g N 0 )  = 0 -  

I P f O ) l  ' llpll g(YAKl \W)*  

Fo r  p o g  E A t h i s  means 

l p o g  1 ' I ~ P O g ~ l  Y A K , \ W  

Hence $o i s  n o t  i n  t h e  AK,-convex h u l l  of yAKl'W. Because o f  G l i c k s b e r g ' s  lemma 

eve ry  f u n c t i o n  h E A which vanishes on W must a l s o  van ish  i n  q0. Since q0 was an 

a r b i t r a r y  p o i n t  o f  V we a r e  done. 

Remark: The p r o o f  shows, t h a t  f o r  compact K, x E K and f E A w i t h  f ( x )  = 0 and 
c f ; l o l  n aK = B every  f u n c t i o n  h E A, which vanishes on some neighbourhood W of 

{ f - ' ( O ) }  n K, a l s o  vanishes on V .  
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INTRODUCTION 

S. Dineen asks in [6 ]  the following question: "If E is a 

subspace of a locally convex space G, when can every holomorphic 

function on E be extended to a holomorphic function on G ? I t .  

There are essentially two distinct cases of this problem: 

(1) E is a dense subspace of G; ( 2 )  E is a closed subspace 

of G. 

Case (1) is the holomorphic analogue of finding the comple- 

tion of a locally convex space and was discussed by Dineen, 

Hirschowitz, Noverraz, and others. Case (2) concerns an attempt to 

find a holomorphic Hahn-Banach theorem. We shall deal with this 

latter case. P. Boland proved in [4] that, if F is a closed sub- 

space of a dual G of a nuclear Fre’chet space, then every holomor- 

phic function on F has an extension to a holomorphic function on 

G. This was the first general positive answer to the question. 

Afterwards Colombeau and Mujica gave in [5] another proof for this 

result. Using ideas of Theorem 4.5 of [ 12]*)and Theorem 4.1 of [ 51 
it is possible to find an example of a dual G of a Fre’chet Schwartz 

space which is not nuclear (but is Hilbertian) where Bolandls asser- 

tion is still true. This shows that nuclearity is not necessary 

for extending all holomorphic functions in the case of (DF)-spaces. 

For metrizable spaces Vogt and Meise give in [ll] an example of a 

nuclear Fre’chet space G where the holomorphic Hahn-Banach theorem 

is not valid. 

The case of Banach spaces was studied first by A r o n  and 

Berner [Z] and Aron [l] . It is known that the holomorphic Hahn- 

Banach theorem is not valid in the general case of a Banach space, 

even in the case G = E" . For instance, if E = c and G = E" = A m ,  

there exist holomorphic mappings f: c -t V which can not be extend- 

ed to L, as a holomorphic mapping (see [ 7 ]  , 4.42). A r o n  and Berner 
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proved in [2 ]  that a holomorphic function f: c -+ C can be ex- 

tended to a holomorphic function on c, if and only if f is 

bounded on every bounded subset of c0. Therefore it is reasonable 

to look for suitable "rich" classes of holomorphic mappings on E. 

Aron and Berner considered in [ 2 ]  the problem of extending an ana- 

lytic mapping defined on an open subset U of a closed subspace E 

of a Banach space G to an analytic mapping defined on an open 

neighborhood of U in G .  Their general approach is to extend to 

the whole space G the n-homogeneous polynomials d̂"f (y) defined 

on E, and then use local Taylor representations to extend the 

analytic function f locally. It is necessary to show that the 

local extensions are Ilcoherent in the overlaps". This can be done if 

there is a linear and continuous mapping extending polynomials on E 

to polynomials on G .  Clearly it is desirable to find types of ho- 

1 omorphy e l  and El2 such that there is a unique extension opera- 

tor H ~ , ( E )  -+ E I ~ ~ ( G ) .  

This note was motivated by these facts. We will consider some 

special classes of n-homogeneous polynomials on E and will extend m e  

elements of these classes to n-homogeneous polynomials on EN. More- 

over, we will characterize the space of the extended polynomials on 

E", and will show that the extension mapping is linear, continuous 

and, in some sense, unique. 

The proofs of the results contained in $ 2  are due to K.Floret 

and are much more simple than my original ones. They also improve 

my original results in the sense that they work also in the case: 

E metrizable and in the case: E’ distinguished and metrizable. 

I gratefully acknowledge his communicating these results to me 

and hisallowing me to include them here. Special thanks are due 

also to R .  Aron for stimulating and helpful discussions concerning 

this work. 

B 

Part of this paper was written when I visited theuniversities 
of Oldenburg and Paderborn (West Germany) on the basis of the 

CNPq/GMD agreement. I thank these Institutions forthe support I was 
given. 

NOTATION 

Let E be a locally convex space. For all n E IN, X(%) 
is the space of all continuous n-linear mappings from En into K. 

The space P ( % )  of all continuous n-homogeneous polynomials on E 
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is defined by 
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P ( % )  := (2: x E E W  A(x, ..., x) E !K I A E X(%)}. 

We consider in L ( % )  the topology B of the uniform con- 

vergence on the bounded subsets of En; and in P ( % )  the topo- 

l o g y  B of the uniform convergence on the bounded subsets of E. 

The polarization formula establishes a topological isomorphism bet- 

ween p ( % ) B  and the space Z S ( % ) B  of the symmetric continuous 

n-linear mappings from E~ into IK. 

It is well known that if E is a Banach space, p i % ) ,  is 

a Banach space normed by 

also complete if E is metrizable or if E is a bornological 

(DF)-space (since in these cases n-linear mappings which are bound- 

ed on bounded sets are continuous; see Lemma 6 for the (DF)-case). 

c) sup{ Ii(x) I : 1 )  xi1 S 11 . b(%)B is 

F o r  other notations and basic results we refer to the book 

of Dineen "71. 

$1: Let E be a locally convex space. The space of continuous 

n-homogeneous polynomials of finite type, denoted by 

the subspace of P(%)  (rpn: x E E H (cp(x))" I cp E E ' ]  . 
Note that all the elements of PA%) are weak continuous. The 

closure of P f ( % )  in P(%)B is denoted by pc(%). For  details 

we refer to Gupta r 9 ] ,  

bf ("E) , is 

spanned by 

We define now: 

and 

clearly p points n o w  at the uniform convergence on all bounded 

subsets of ( E ' ) '  . 
B B  

Note also that all the elements of P~+(?E/~) are weak*-con- 

t inuous . 
LEMMA 1. If E is a Banach space and n E N, then there exists 

for every P E pc(%) a unique extension ? E PC*(?EN). The oper- 

ator defined by TnP := P has the following properties: 
- 

(1) ))T,J) = 1 for all n E N; 

( 2 )  Tn is an isomorphism from Pc(?E) onto Pc+(%"); 



268 L.A. Moraes 

PROOF. For each cp E E� for every x E E� . 
Clearly G € (E” , U ( E N  ,E� ) ) ‘ .  Every P = 1 cpi is u(E,E�)-c~~- 

tinuous and since E is u(E� ,E�)-dense in E� it has at most one 

o(E� ,E�)-continuous extension P to E�, obviously P := C 6;. 
Moreover, since the unit ball of E is o(E�,E�)-dense in the unit 

ball of E ” ,  the extension mapping P H  P is a linear surjective 

isometry. Since Pc(%) and PC*(%�) are Banach spaces, it can 

be extended to an surjective isometry 

define G(x) := x p )  
n 

i=l 

?. - P  

i=l 

M 

Now for all cp E E�, y E E and k E IN, 0 s k s m: 

m-k -k - 
jkTm(epm)(Y) = k!(Z)(G(Y)) cp - 

m 
= Tkrk! ( k )  (~I(Y))�-~ cpkl = TkZk(cpm) (Y) . 

Since the operators Tk, Tm and P zkP(y) are all con- 

tinuous and linear and since the span of polynomials of the form 

cp is dense in Pc(%), the statement (3) is proved as well. n 

REMARK 2. If F is a Banach space and we define bc(%,F) := 

:= pf(%) 8 F, 

closure in P(%�,F)B, Lemma 1 can be proved by taking PC(%,F) 

and PC* (%” ,F) instead of P c ( % )  and Pc+(nE� ) respectively. 

closure in P(%;F), ; pC,(�E� ,F) := P~++(%//) 8 F , 

PROPOSITION 3 .  Let E be a strict inductive limit of Banach spaces 

Ek. Then for every P E bc(%) there is a unique extension 

h E Pc*(%�). The operator 

Tn: Pc(%) -t P,*(%�) 
?. 

P H  P 

is a surjective isomorphism. 

PROOF. First observe that whenever F is a subspace of G the 

definitions (approximating the polynomials by �elementary� poly- 

nomials C cpy) imply that the following diagram (all mappings 
P 

i=l 
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being the respective restriction mappings) 

is well-defined and commutative. 

Now take E = ind E strict inductive limit of Banach 
k (  k-c 

spaces Ek); by [8] p. 86 the limit of the strict inductive se- 
quence (EL) is E� . 

0 

F o r  P E bc(%) define Pk := P E PC(nEk) (by ( * ) )  and - IEk 
take the unique extension Pk E P,+(?E;(c) of Pk. Then, again by 

(*) and the uniqueness of the extension 

- 
and the following definition of an extension P of P is possible: 

Since every hounded set B c E� is bounded in some Banach- 
B 

space EL, the Hahn-Banach theorem implies that on B the poly- 

nomial ? (which is actually Fk) can be uniformly approximated 

by C (pi with (pi E E�. Since the extension operators on all 

steps Ek are surjective linear isometries it follows that 

P n  

i=l 

Tn: Pc(%) -t PC+(%�) 

P H ?  

is a surjective isomorphism. 1 

$ 2 :  For a locally convex space E we define 

(”E) := {P E P ( % ) :  P is U(E,E�)-uniformly 
p w u  IB 

continuous for every B c E hounded) 

( ? E N )  := {P E P ( % ” ) :  p is u(E/�,E�)-uniformly I BOO w*u 
continuous for every B c E bounded] 

P-(%) # P ( % ) ,  We note that even in the case of Banach 

spaces. To s h o w  this, take the fdowing example from [ 3 ] :  if w e  
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m 

define P(x) := C X: for all x = (x,) E d 2  I it is clear that 

P E P( &,)\P-( t 2 )  since the canonical basis vectors (e ) in f,2 
2 *n= 

n 
tend to zero weakly but P(en) = 1 for all n. 

If E is a Banach space Theorem 2 . 9  of [ 31 shows that 

wu (%) = ( P  E P ( % )  : PIB is o(E,E�)-continuous 
for every B c E bounded). 

We intend to construct extension mappings 

To do this, we define 

ga(�E) := {A: E~ + K I n-linear] 

2 (”E) := [A E La(%) I for every B c E bounded, 
a,- 

n A is uniformly continuous on (B,u(E,E�)) 1 .  I Bn 

Then the following result holds: 

PROPOSITION 4. Let E be a locally convex space. Then for every 

(5) there is a unique x E Xa(%� ) such that for every * ‘  �a,wu 
B bounded in E the restriction of A to (Boo,U(E� ,E�))n is 

uniformly continuous. Moreover 

-. 

SUP IA(x)I = SUP lx(x)l 
xEBn xE (Boo)n 

f o r  all bounded subsets B c E and the mappillg 

Tn: a,- (”E) + Xa(�E�) - 
A H  A 

- 
is linear and injective. If A E X (”E) is symmetric A is 

symmetric as well. 

PROOF. Take A E Ca,- (“El. Since uniformly continuous functions 

on dense subsets of uniform spaces have a unique uniformly contin- 

uous extension to the whole space and for a given absolutely convex 

bounded set B c E the set Bn is dense in (Boo,U(E�,E�))n there 

is a unique uniformly continuous function xE on (Boo)n which 

at- 

. By the uniqueness of extensions 
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. .  
whenever B c C and this shows that 

defines ann-linear map on = (u ( B o o  I B c E bounded and 

absolutely convex} ) . n 

The other statements are obvious by the density and the 

uniqueness o f  the extension. 

Obviously, if E is normed then A E xa,,,(%) is norm- - 
continuous if and only if A is norm-continuous and 

IIAll = IIZII * 

Since there is a 1-1 correspondence A between symmetric 

n-linear mappings and n-homogeneous polynomials, the definition 

. - . A  

T ~ A  := (T,A)~ 

gives the 

COROLLARY 5. If E is a normed space then there is an isomorphism 

(onto) 

such that 

F o r  the proof of (2) take a symmetric continuous 

A E .cat,,(%); then 

m nn 

This extension result can also be generalized to other cases. 

We shall use the following 

LEMMA 6 .  Let El, ..., E be bornological (DF)-spaces. Then every 

n-linear mapping on which is bounded on bounded sets 

is continuous. 

n 
El x . . . ~  En 

PROOF. We prove this lemma by induction: For n = 1 it is obvious. 
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So assume it is true for n-1, take A: El x...x En -t K as stated 

A(.,-.,x3 ,..., x ):EIXE + and fix 

-t tK is hypocontinuous since for B 1 c  El bounded, the set 

Ex2 E E2 : IA(b,x2,x3 ,..., xn)l s 1 for all b E B1} is absolutely 

convex and absorbs bounded sets and is therefore a neighborhood in 

E~ (same reasoning for B~ c E ~ ) .  Since El and E2 are ( D F ) -  

spaces A(.;.,x3, ..., x n ) is continuous and A1: (El Bn E2)xE3 x 
x...~ En -t K is well defined. Note that El Qn E2 is a bornolo- 

gical (DF)-space (see [lo] 15.5.4 (b)). 

(x3, ..., xn) € E3 x...x En. Then 2 n 

A1 To apply the induction-hypothesis we have to show that 

is bounded on bounded sets: For B c El@,, E2 bounded there are 

B1 c El and B c E2 such that B c -) (see e.g. the proof 

of [lo] 15.6.2). Whence if 
2 

B3 c E3 ,. . . ,B 
Al(B1B3, tBn) C A1 (T(B1@B2),B3,. ,Bn) C Al(l?(Bl@B2) ,B3,--.,Bn) 

c En n are bounded 

(since A1(-,x3, ..., xn) is always continuous) and 

A1(r(B1@B2),B3,. . . ,Bn) c rA(B1,B2,B3,. . . ,Bn) 
PROPOSITION 7. Let E be a locally convex space such that 

which is bounded. 

(a) E i  is distinguished metrizable, or 

(b) E is a strict inductive limit of Banach spaces, or 

(c) E is metrizable. 

Then, for every n E N there is a unique isomorphism (onto) 

= P for all P E pm(nE)  

n n 
(2) sup I (?nP) (x) I L 3 sup IP(x) 1 for all bounded and 

X E B O O  x� B 

absolutely convex subsets B c E. 

A # .  

PROOF. As before we shall define TnA := (TnA)^ for every 

A E L-(E). 

whenever A is continuous. 

So all we have to show is that is continuous, 

(a) If E' is distinguished and metrizable, the second dual 
B 

EN is a bornological (DF)-space such that all bounded sets are 

equicontinuous whence contained in some Boo with B c E bounded. 
6 
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This implies that for every continuous 

sion x given by Proposition 4 is bounded on bounded sets and 
therefore continuous by Lemma 6. 

A E Say- (%) its exten- 

Ek (b) If E is the strict inductive limit of Banach spaces 

then (by [8] , p. 86) E� is also a strict inductive limit of 

Banach spaces , in particular barrelled, whence E� is distinguished 

- and clearly metrizable. So (b) is a special case of (a). 

B 

B 

(c) If E is metrizable and A E .Cay-(%) is continuous, 

then the extension A ,  given by Proposition 4, is bounded on sets 
of the form Boo where B c E is bounded. Since zero-sequences 

in the strong dual of a (DF)-space are equicontinuous, this implies 

that x is bounded on zero-sequences in (E;)�. Since this latter 

space is metrizable, this easily implies that x is continuous in 

- 

zero and so continuous. I 
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*'NOTE. 

S e c t i o n  4 of [ I 2 1  h a s  been s e p a r a t e d  from t h e  rest  of t h i s  p r e p r i n t .  

Hence Theorem 4 . 5  of [ I 2 1  w i l l  appear  as Theorem 6 of t h e  f o l l o w i n g  

a r t i c l e  : 

Meise, R .  and Vogt, D .  - Extens ion  of e n t i r e  f u n c t i o n s  on 

n u c l e a r  l o c a l l y  convex s p a c e s .  P r e p r i n t  ( 1 9 8 3 ) .  
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A G E N E R A L I Z A T I O N  O F  A T H E O R E M  O F  K E L D Y S  
R e i n h a r d  M e n n i c k e n  a n d  M a n f r e d  M o l l e r  

N a t u r w i s s e n s c h a f t l i c h e  F a k u l t a t  I 
- M a t h e m a t i k  - 
8 4 0 0  R e g e n s b u r g  

L e t  U b e  a n  o p e n  s u b s e t  o f  E ,  pEU, E a n d  F B a n a c h  s p a c e s  a n d  T b e  a 

h o l o m o r p h i c  o p e r a t o r  f u n c t i o n  o n  U w i t h  v a l u e s  i n  L ( E , F ) .  S u p p o s e  

t h a t  t h e  n u l l s p a c e  N ( T ( u ) )  i s  f i n i t e - d i m e n s i o n a l  , t h a t  T- '  e x i s t s  

o n  U\Iu}  a n d  t h a t  t h e  s i n g u l a r i t y  o f  T - l  a t  u i s  a p o l e  o f  p o s i t i v e  

o r d e r .  U n d e r  t h e s e  a s s u m p t i o n s  t h e  o p e r a t o r s  i n  t h e  s i n g u l a r  p a r t  o f  

T - l  a t  

o f  e i g e n v e c t o r s  a n d  a s s o c i a t e d  v e c t o r s  o f  T a n d  T ' ,  w h e r e  T '  i s  t h e  

a d j o i n t  o p e r a t o r  f u n c t i o n  o f  T. T h e  e i g e n v e c t o r s  a n d  t h e  a s s o c i a t e d  

v e c t o r s  b e l o n g i n g  t o  t h e s e  c a n o n i c a l  s y s t e m s  f u l f i l l  c e r t a i n  b i -  

o r t h o g o n a l  r e l a t i o n s h i p s .  

a r e  f i n i t e - d i m e n s i o n a l  a n d  r e p r e s e n t a b l e  b y  c a n o n i c a l  s y s t e m s  

I f  U i s  a d o m a i n ,  T i s  a h o l o m o r p h i c  F r e d h o l m  o p e r a t o r  f u n c t i o n  a n d  

T ( X o )  i s  b i j e c t i v e  f o r  some h o E U ,  t h e n  o ( T )  i s  a d i s c r e t e  s u b s e t  o f  

U a n d  T - l  i s  a m e r o m o r p h i c  f u n c t i o n  w i t h  p o l e s  a t  a l l  p o i n t s  o f  a ( T ) .  

T h e r e f o r e ,  u n d e r  t h e s e  s t r o n g e r  c o n d i t i o n s  o n  U a n d  T ,  t h e  a b o v e  

m e n t i o n e d  a s s u m p t i o n s  o n  T - l  a r e  f u l f i l l e d  a p r i o r i  i f ,  w i t h o u t  a n y  

l o s s  o f  g e n e r a l i t y ,  we s u b s t i t u t e  U by ( U ~ o ( T ) ) u f ~ I .  T i s  F r e d h o l m -  

v a l u e d  i f  E = F a n d  T ( X )  = i d E + K ( h )  w h e r e  K ( h )  i s  a c o m p a c t  o p e r a t o r  

i n  E f o r  XEU. F o r  o p e r a t o r  f u n c t i o n s  o f  t h i s  t y p e ,  a c t i n g  i n  a H i l b e r t  

s p a c e ,  t h e  a b o v e  s t a t e d  r e p r e s e n t a t i o n  t h e o r e m  i s  d u e  t o  K e l d y ? ,  c f .  

[81 ,  [ 9 1 .  

I n  [ 3 1  G o h b e r g  a n d  S i g a l  e s t a b l i s h e d  a f a c t o r i z a t i o n  t h e o r e m  f o r  

m e r o m o r p h i c  o p e r a t o r  f u n c t i o n s .  As a n  a p p l i c a t i o n  t h e y  p r o v e d  K e l d y z ' s  

r e p r e s e n t a t i o n  t h e o r e m  ( a p a r t  f r o m  t h e  b i o r t h o g o n a l i t y  r e l a t i o n s h i p s  

f o r  t h e  e i g e n v e c t o r s  a n d  a s s o c i a t e d  v e c t o r s )  f o r  h o l o m o r p h i c  F r e d h o l m  

o p e r a t o r  f u n c t i o n s .  I n s t e a d  o f  e i g e n v e c t o r s  a n d  a s s o c i a t e d  v e c t o r s ,  

G o h b e r g  a n d  S i g a l  u s e d  t h e  n o t i o n  o f  r o o t  f u n c t i o n s ,  w h i c h  c o n s i d e r -  

a b l y  s i m p l i f i e d  t h e  f o r m u l a s  a n d  made t h e  t h e o r e m  a s  w e l l  a s  i t s  

p r o o f  m o r e  t r a n s p a r e n t .  
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I n  [ 1 2 1  t h e  a u t h o r s  g a v e  a d i r e c t  p r o o f  o f  Ke1dy;'s r e p r e s e n t a t i o n  

t h e o r e m ,  w h i c h  t h e y  s t a t e d  i n  t h e  s i m p l e r  n o t a t i o n  o f  r o o t  f u n c t i o n s  

a s  w e l l  as  i n  t h e  o r i g i n a l  f o r m  w i t h  r e s p e c t  t o  e i g e n v e c t o r s  a n d  

a s s o c i a t e d  v e c t o r s .  

I n  t h e  p r e s e n t  p a p e r  t h e  a u t h o r s  g i v e  a g e n e r a l i z a t i o n  o f  Ke1dy;'s 

t h e o r e m  f o r  h o l o m o r p h i c  o p e r a t o r  f u n c t i o n s  a c t i n g  b e t w e e n  F r @ c h e t  

s p a c e s  E a n d  F .  The  p r o o f  o f  t h i s  g e n e r a l i z a t i o n  i s  c l o s e l y  r e l a t e d  

t o  t h e  a u t h o r s '  B a n a c h  s p a c e  p r o o f  i n  t 1 2 1  w h i c h ,  f o r t u n a t e l y ,  d i d  

n o t  make  u s e  o f  G o h b e r g  a n d  S i g a l ' s  f a c t o r i z a t i o n  t h e o r e m ;  a t h e o r e m  

o f  t h i s  t y p e  i s  n o t  ( y e t )  a v a i l a b l e  f o r  o p e r a t o r  f u n c t i o n s  a c t i n g  i n  

F r G c h e t  s p a c e s .  

R e p r e s e n t d t i o n  t h e o r e m s  c o n c e r n i n g  t h e  l o c a l  a n a l y t i c  s t r u c t u r e  o f  

t h e  r e s o l v e n t  T-l a r e  f u n d a m e n t a l  f o r  e x p a n s i o n s  i n  s e r i e s  o f  e i g e n -  

v e c t o r s  a n d  a s s o c i a t e d  v e c t o r s ;  t h e y  h a v e  i m p o r t a n t  a p p l i c a t i o n s  t o  

b o u n d a r y  e i g e n v a l u e  p r o b l e m s ,  a s  t h e y  y i e l d  r e p r e s e n t a t i o n s  o f  t h e  

s i n g u l a r  p a r t  o f  t h e  G r e e n  f u n c t i o n s  i n  t e r m s  o f  e i g e n v e c t o r s  a n d  

a s s o c i a t e d  v e c t o r s .  T h e  t h e o r e m  p r o v e d  i n  t h i s  p a p e r  a l l o w s  a p p l i -  

c a t i o n s  t o  e i g e n v a l u e  p r o b l e m s  f o r  d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  

c o m p l e x  d o m a i n  o f  w h i c h  we b r i e f l y  t r e a t  a n  e x a m p l e  i n  t h e  f i n a l  

s e c t i o n .  

1. H o l o m o r p h i c  o p e r a t o r  f u n c t i o n s  i n  F - s p a c e s  

L e t  E a n d  F b e  F r ' e c h e t  s p a c e s  a n d  L ( E , F )  b e  t h e  v e c t o r  s p a c e  o f  a l l  

c o n t i n u o u s  l i n e a r  o p e r a t o r s  f r o m  E i n t o  F .  I f  AEL(E ,F ) ,  N ( A )  d e n o t e s  

i t s  n u l l s p a c e  a n d  R ( A )  i t s  r a n g e .  A i s  c a l l e d  a F r e d h o l m  o p e r a t o r  i f  

b o t h  i t s  n u l l i t y  n u l ( A )  : =  d i m  N ( A )  a n d  i t s  d e f i c i e n c y  d e f ( A )  :=  

c o d i m  R ( A )  a r e  f i n i t e .  $ ( E , F )  d e n o t e s  t h e  s e t  o f  a l l  F r e d h o l m  o p e r a -  

t o r s  f r o m  E i n t o  F .  W e  s e t  

f o r  y C E  a n d  v E F ' ,  a n d  s t a t e  t h a t  t h e  t e n s o r  p r o d u c t  y e v  b e l o n g s  t o  

L ( F , E ) .  

L e t  U b e  a n  o p e n  s u b s e t  o f  C a n d  X :  U + E .  X i s  c a l l e d  h o l o m o r p h i c  

i f  i t  i s  d i f f e r e n t i a b l e  i n  U ,  w h i c h  i s  e q u i v a l e n t  t o  t h e  f a c t  t h a t  f o r  

e a c h  pEU t h e r e  a r e  x , E E ( l  E N ) ,  s u c h  t h a t  
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w h e r e  t h e  s e r i e s  c o n v e r g e s  i n  E f o r  a l l  X i n  some n e i g h b o r h o o d  of  p. 

X i s  h o l o m o r p h i c  i f f  i t  i s  w e a k l y  h o l o m o r p h i c  w h i c h  means t h a t  t h e  

f u n c t i o n  < X ( . ) , x ' >  : U + 6 i s  h o l o m o r p h i c  f o r  a l l  x ' E E ' .  ( C f .  K a b a l l o  

[ 7 1 ,  c h a p .  I a n d  Uss [ 1 4 ] ,  p .  149.) We d e n o t e  b y  H(U ,E)  t h e  s e t  o f  a l l  

h o l o m o r p h i c  f u n c t i o n s  f r o m  U i n t o  E .  

I f  B i s  a b o u n d e d  s u b s e t  o f  E a n d  q i s  a c o n t i n u o u s  s e m i n o r m  o n  F 

t h e n  

d e f i n e s  a s e m i n o r m  o n  l ( E , F ) .  L b ( E , F )  d e n o t e s  t h e  s p a c e  L ( E , F )  

e q u i p p e d  w i t h  t h e  H a u s d o r f f  l o c a l l y  c o n v e x  t o p o l o g y  g e n e r a t e d  b y  t h e  

s e t  o f  a l l  s e m i n o r m s  p 

An o p e r a t o r  f u n c t i o n  T :  U -* L ( E , F )  i s  c a l l e d  h o l o m o r p h i c  i f  i t  i s  

d i f f e r e n t i a b l e  a s  a f u n c t i o n  f r o m  U i n t o  L b ( E , F ) .  T h i s  p r o p e r t y  i s  

e q u i v a l e n t  t o  t h e  f a c t  t h a t  f o r  e a c h  pEU t h e r e  a r e  T , ( p ) ) E L ( E , F ) ( l E I N )  

s u c h  t h a t  

B $ 9 '  

w h e r e  t h e  s e r i e s  c o n v e r g e s  i n  L b ( E , F )  f o r  a l l  A i n  some n e i g h b o r h o o d  

o f  1 ~ .  T i s  h o l o m o r p h i c  i f f  T i s  w e a k l y  h o l o m o r p h i c  w h i c h  means t h a t  

t h e  f u n c t i o n  < T ( . ) x , y ' >  : U -, E i s  h o l o m o r p h i c  f o r  a l l  xEE a n d  y ' E F ' .  

( C f .  K a b a l l o  [ 7 1 a n d  Uss  [ 1 4  I . )  I f  T E H ( U , L ( E , F ) ) ,  i . e .  T i s  h o l o -  

m o r p h i c ,  t h e n  T i s  i n d e f i n i t e l y  d i f f e r e n t i a b l e  w i t h  t h e  1 - t h  d e r i -  

v a t i v e  ~ ( l ) ( p )  = 1 ! ~ , ( p ) .  

L e t  T E H ( U , L ( E , F ) )  a n d  S E H ( U , L ( G , E ) )  w h e r e  a l s o  G i s  some F r @ c h e t  

s p a c e .  I t  i s  e a s y  t o  p r o v e  t h a t  TSEH(U,L (G,F ) )  a n d  

1 

k = 0  
( T S ) l ( p )  = ' T k ( p ) S 1 - k ( p )  ( 1  �IN). ( 1 . 3 )  

I t  f o l l o w s  t h a t  TX i s  h o l o m o r p h i c  if T E H ( U , L ( E , F ) )  a n d  XEH(U,E) .  X i s  

c a l l e d  a r o o t  function o f  T a t  p if X ( p )  + 0 a n d  ( T X ) ( p )  = 0 .  I f  X 

i s  a r o o t  f u n c t i o n  o f  T a t  p ,  t h e n  v ( X )  d e n o t e s  t h e  o r d e r  o f  t h e  z e r o  

o f  TX a t  p a n d  i s  c a l l e d  t h e  m u l t i p l i c i t y  o f  X ( w i t h  r e s p e c t  t o  T 

a t  p). A s y s t e m  { X 1 , X  2 , . . . , X r l  o f  r o o t  f u n c t i o n s  o f  T a t  p i s  c a l l e d  

a c a n o n i c a l  system o f  root f u n c t i o n s  (CSRF)  if 
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a n d  f o r  a l l  j € { l , Z ,  . . . ,  r l  

v ( X . )  i s  t h e  maximum o f  a l l  v ( X )  w h e r e  X v a r i e s  i n  t h e  s e t  
( 1 . 5 )  J 
o f  r o o t  f u n c t i o n s  o f  T a t  u s u c h  t h a t  

X ( u ) E N ( T ( u ) )  ' s p a n  { X l ( v )  ,. . . , X j - l ( u l l  

I t  i s  e a s y  t o  show t h a t  t h e r e  i s  a CSRF o f  T a t  p i f  i )  t h e  n u l l i t y  

n u 1  T ( u )  i s  f i n i t e  a n d  i i )  t h e  i n v e r s e  o p e r a t o r  f u n c t i o n  T - l  b e l o n g s  

t o  H(U\Ipl,L(F,E)) a n d  h a s  a p o l e  o f  o r d e r  s z l a t  p ( w h i c h  means 

t h a t  ( . - p ) ' T - l  i s  h o l o m o r p h i c  i n  U a n d  d i f f e r e n t  f r o m  z e r o  a t  p). 

An o r d e r e d  s e t  I x o , x  l , . . . , xh l  c E i s  c a l l e d  a c h a i n  of an e i g e n v e c t o r  

and a s s o c i a t e d  v e c t o r s  (CEAV)  o f  T a t  p i f  

1 h 

1 =o 
x : =  ,I (.-p) x 1  

i s  a r o o t  f u n c t i o n  o f  T a t  p w i t h  v ( X )  - > h t l .  We d e n o t e  b y  V ( x o )  t h e  

maximum o f  a l l  v ( X )  w h e r e  X i s  a r o o t  f u n c t i o n  o f  T a t  p w i t h  X ( u ) = x 0 .  

C o n v e r s e l y ,  if X i s  a r o o t  f u n c t i o n  o f  T a t  p, v ( X )  - z h + l  a n d  X i s  

e x p a n d e d  i n  a s e r i e s  o f  t h e  f o r m  ( 1 . 1 )  t h e n  t h e  T a y l o r  c o e f f i c i e n t s  

x o , . . . , ~ h  f o r m  a CEAV. 

A s y s t e m  { x l ( J ) :  1 5  j 5 r ,  0 - < 1 - j  < m -11 i s  c a l l e d  a c a n o n i c a l  sys ten i  

of e i g e n v e c t o r s  and a s s o c i a t e d  v e c t o r s  (CSEAV) o f  T a t  p i f  

{ x ( J ) :  1 - < j 5 r }  i s  a b a s i s  o f  N ( T ( p ) ) ,  

{ x ( J ) , x ( j )  0 ' . " ' X m . - 1  ( J )  I i s  a C E A V  o f  T a t  1.I ( j = l , z  , . . . ,  r ) ,  

( 1 . 6 )  0 

( 1 . 7 )  

( 1 . 8 )  _ -  

1 
J 

- v ( x L J ) )  = s u p  { V ( x o ) :  ~ ~ E N ( T ( p ) ) ~ s p a n { x ~ ~ ) : k < j } }  ( I < k < r ) .  

I f  we d e f i n e  

t h e n  a s y s t e m  { X I ' ) :  1 5  j 5 r ,  0 - < 1 - j  < m - 11 i s  a C S E A V  o f  T a t  

iff { X . :  1 < j 5 r l  i s  a CSRF o f  T a t  p w i t h  u(X. )  = m .  ( j = 1 , 2  ,..., r ) .  
J -  J J 

p ( T )  : =  { X E U :  T ( X )  b i j e c t i v e }  i s  c a l l e d  t h e  r e s o l v e n t  s e t  o f  

T E H ( U , L ( E , F ) ) ,  o ( T )  : =  U \ p ( T )  i t s  s p e c t r u m  a n d  0 ( T ) : =  { h E U : n u l  T(h)+O} 
i t s  p o i n t  s p e c t r u m .  T h e  i n v e r s e  o p e r a t o r  f u n c t i o :  T - l ,  t h e  r e s o l v e n t  

o f  T ,  i s  d e f i n e d  p o i n t w i s e  b y  T - l ( h )  : =  ( T ( X ) ) - l  ( X E p ( T ) ) .  
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I f  E a n d  F a r e  B a n a c h  s p a c e s  t h e n  p ( T )  i s  a n  o p e n  s u b s e t  o f  U a n d  

T - ' E H ( p ( T ) , L ( F , E ) ) .  I f ,  i n  a d d i t i o n ,  U i s  c o n n e c t e d ,  i . e .  a d o m a i n  

i n  1, T ( X ) E $ ( E , F )  f o r  a l l  XEU a n d  p ( T )  * 0 t h e n  o ( T )  i s  a d i s c r e t e  

s u b s e t  o f  U ,  u ( T )  = u p ( T ) ,  a n d  T - l  i s  m e r o m o r p h i c  a n d  h a s  p o l e s  a t  

a l l  p o i n t s  o f  a ( T )  ( c f .  Gramsch  151  o r  B a r t  [ZI). 

S i m i l a r  s t a t e m e n t s  d o  n o t  h o l d  when E a n d  F a r e  F r e c h e t  s p a c e s .  

P i e t s c h  [ 1 3 1 ,  p .  3 5 5 ,  g a v e  a s i m p l e  e x a m p l e  w h i c h  shows t h a t  p ( T )  i s  

n o t  n e c e s s a r i l y  o p e n .  Even  i f  p ( T )  i s  a n  o p e n  s e t  i t  c a n  h a p p e n  t h a t  

T - l  i s  n o t  h o l o m o r p h i c  on p ( T ) ,  a n  a s s e r t i o n  w h i c h  i s  p r o v e d  b y  t h e  

f o l 1  o w i n g  

( 1 . 9 )  E x a m p l e .  E = {yECm(IR):  v i E I N  

o f  t h e  F r e c h e t  s p a c e  C"(IR) a n d  t h e r e f o r e  a l s o  a F r e c h e t  s p a c e .  L e t  

T ( h ) y  = y t X y '  f o r  y E E .  O b v i o u s l y  T E H ( t , L ( E ) )  a n d  p ( T )  = 1. I f  X =+ 0 

a n d  gEE t h e n  

~ ( ~ ~ ( 0 )  = 01 i s  a c l o s e d  s u b s p a c e  

L e t  g ( x )  = e x p ( -  ) if x E I R \ I O l  a n d  g ( 0 )  = 0 .  T h e  f u n c t i o n  g b e l o n g s  

t o  E a n d  C : =  i n f I g ' ( x ) :  x E [ l , Z I l  0 .  We s e t  B = i g }  a n d  q ( y )  = l y ( 3 ) I  

f o r  yEE. We i n f e r  t h a t  

7 

-_ 
> Ce + -  i f  X < 0 a n d  A -+ 0 - 

w h i c h  means t h a t  t h e  o p e r a t o r  f u n c t i o n  T - l  i s  n o t  c o n t i n u o u s  a n d  t h u s  

n o t  h o l o m o r p h i c  a t  0 .  

T h e  a b o v e  c i t e d  e x a m p l e  o f  P i e t s c h  a l s o  shows t h a t  t h e  B a n a c h  s p a c e  

s t a t e m e n t s  o n  t h e  d i s c r e t e n e s s  o f  u ( T )  a n d  t h e  m e r o m o r p h y  o f  T - '  do  

n o t  h o l d  i n  F r e c h e t  s p a c e s .  C o n c e r n i n g  some p o s i t i v e  r e s u l t s  o f  t h i s  

k i n d  we r e f e r  t o  K a b a l l o  [ 7 ] ,  c h .  I ,  a n d  M e n n i c k e n  Ill], s e c .  3 . 3 .  

2 .  M a i n  r e s u l t s .  

L e t  E1,E2,F1,F2 b e  F r e c h e t  s p a c e s .  Assume t h a t  (E1,E2)  a n d  (F1 ,Fz )  

a r e  d u a l  p a i r s  w i t h  r e g a r d  t o  b i l i n e a r  f o r m s  c , > o n  E 1 x E 2  o r  F1xFz 

r e s p e c t i v e l y .  T h e  b i l i n e a r  f o r m s  a r e  s u p p o s e d  t o  b e  s e p a r a t e l y  

c o n t i n u o u s  s o  t h a t  e a c h  o f  t h e  F r e c h e t  s p a c e s  u n d e r  s t u d y  c a n  b e  

i d e n t i f i e d  w i t h  a s u b s p a c e  o f  t h e  d u a l  o f  t h e  s e c o n d  s p a c e  w i t h  w h i c h  
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i t  f o r m s  t h e  d u a l  p a i r .  I n  t h i s  s e n s e ,  f o r  e x a m p l e ,  E 2  i s  a s u b s p a c e  

o f  E i .  

( 2 . 1 )  P r o p o s i t i o n .  L e t  N b e  a f i n i t e - d i m e n s i o n a l  s u b s p a c e  o f  El a n d  

{x l ,x  2 , . . . , x k l  b e  a b a s i s  o f  N .  S u p p o s e  t h a t  AEL(F1,E1) a n d  t h a t  

R ( A ) c N  a n d  R ( A ' I  ) c F 2  w h e r e  A ' I  d e n o t e s  t h e  r e s t r i c t i o n  o f  t h e  
E2 E2 

a d j o i n t  o p e r a t o r  A '  t o  E 2 .  

T h e n  t h e r e  a r e  vl, . . . ,  v k  E F 2  s u c h  t h a t  

k 
A = 1 X .  v . .  

1 

P r o o f .  S i n c e  (E1,E2)  i s  a d u a l  p a i r  we c a n  c h o o s e  x ! € E 2  s u c h  t h a t  

< x . , x f >  = 6 .  f o r  i , j  = 1 , 2 ,  . . . ,  k .  D e f i n e  v . =  A ' x ! ;  b y  a s s u m p t i o n  

v . E F 2 .  B e c a u s e  R ( A )  c N we h a v e  

J 

1 J  1j j .  J 
J 

k 

i =1 

w i t h  a i ( y ) E E .  We c o n c l u d e  t h a t  

AY = a i ( Y ) X i  ( Y E F )  

< Y , v . >  = < y , A ' x ! >  = <Ay,x;> = a j ( y )  
J J 

whence  

k k 
Ay = 1 <y,vi  >x i  = 1 (x i@vi ) ( y ) .  

i=l i =1 

( 2 . 2 )  P r o p o s i t i o n .  Assume t h a t  Xi€H(U,E1) a n d  Z iEH(U\ {p l ,F2)  

i € { 1 , 2 ,  . . . ,  r l .  S u p p o s e  t h a t  Xl(p) , . . . ,  X r ( p )  a r e  l i n e a r l y  i n d e p e n d e n t  

a n d  t h a t  t h e  Zi h a v e  ( a t  m o s t )  a p o l e  a t  1 ~ .  

We a s s e r t  t h a t  Zi€H(U,F2) f o r  a l l  i € { 1 , 2 ,  . . . ,  r }  i f  

f o r  

r 
1 Xi@Zi€H(U,L(F1 ,E l ) ) .  
i = 1  

a s s u m p t i o n  t h e  

X ( A )  

i s  h o l o m o r p h i c  

(X-u 

P r o o f .  Choose  t h e  s m a l l e s t n a t u r a l  

Zi :=  (.-u) Zi a r e  h o l o m o r p h i c  i n  
S 4 

f u n c t i o n  

r 

i=l 
.- .-  x <Y,Z i (X)>  x 

i n  U .  S i n c e  

number  s ,  s u c h  t h a t  a l l  t h e  f u n c t i o n s  

U.  S u p p o s e  t h a t  s 2 1. L e t  y�F1. By 
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a n d  s 2 1, we i n f e r  

a n d  f u r t h e r ,  b y  t h e  l i n e a r  i n d e p e n d e n c e  o f  t h e  X i ( p ) ,  

4 

<Y.Z i ( !4>  = 0 

A 

f o r  a l l  i € { 1 , 2 ,  . . . ,  r } .  A s  y i s  a r b i t r a r y  i n  F1, a l l  Z i ( p )  v a n i s h ,  

w h i c h  c o n t r a d i c t s  t h e  m i n i m a l i t y  o f  s .  

F r o m  now o n  we assume t h a t  TEH(U,L (E1 ,F1) ) ,  T * E H ( U , L ( F 2 , E 2 ) )  a n d  t h a t  

t h e s e  t w o  o p e r a t o r  f u n c t i o n s  a r e  a d j o i n t  t o  e a c h  o t h e r  i n  t h e  f o l -  

l o w i n g  s e n s e :  

< T ( X ) x , y ’ >  = < x , T * ( X ) y ’ >  

f o r  a l l  xEE1 ,y ’EF2  a n d  XEU. 

(2.3) Lemma. L e t  pEo(T). Suppose  t h a t  T - l E H ( U k { p } , L ( F l , E , ~ )  and 
-1 T *  E H ( U ~ { ~ J I , L ( E ~ , F ~ ) ) .  Assume t h a t  t h e  s i n g u l a r i t y  o f  T at 1-1 is 

a p o l e .  L e t  { X ,  , . . . ,  X r 3  be  a CSRF o f  T a t  p .  

( j = l ,  . . . ,  r ) .  

We s e t  m . : =  v ( X . )  
J J 

Then t h e r e  a r e  p o Z y n o m i a l s  V . :  6 + F 2  of d e g r e e  Zess  t h a n  m .  and an 

o p e r a t o r  f u n c t i o n  DEH(U,L(F1,E1) ) ,  s u c h  t h a t  
J J 

f o r  a l l  X E U k { v } .  She V a r e  u n i q u e Z y  d e t e r m i n e d  by t h e  s y s t e m  
j 

{ X  l , . . . ’ x r l .  

i V 1 ,  . . . ,  V,} is a CSRF o f  T* a t  p , v ( V . )  = m 

r e  Za t i  ons  h i p s  

and t h e  b i o r t h o g o n a Z  
J j 

(1  5 h 5 mi,  0 5 1 5  m .  - 1, 15 i , j  - < r )  
J 

h o l d  u h e r e  

P r o o f .  A t  f i r s t  we p r o v e  t h e  f o l l o w i n g  a s s e r t i o n :  
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( 2 . 7 )  L e t  s be t h e  p o l e  o r d e r  o f  T - '  a t  u. F o r  K = 0 , 1 ,  . . .  ,s t h e r e  

a r e  p o l y n o m i a l s  VF : C -t F 2  o f  d e g r e e  l e s s  t h a n  m 

o r d e r  o f  

s u c h  t h a t  t h e  p o l e  
J j 

a t  p d o e s  n o t  e x c e e d  S - K .  

F o r  K = 0 ( 2 . 7 )  h o l d s  i f  we s e t  V ?  = 0 ( j = 1 ,  . . . ,  r ) .  Assume t h a t  ( 2 . 7 )  

i s  f u l f i l l e d  f o r  some 0 < K < s .  We s e t  
J 

- 

r -n 1 03 

A ( h )  : =  1 (A-u) A l : =  T - ' ( X ) -  1 ( A - u )  j X j ( X ) @ V J ( X )  
l = - S + K  j = l  

( 2 . 9 )  

( w h e r e  t h e  e x p a n s i o n  i s  v a l i d  i n  some n e i g h b o r h o o d  o f  11). T h e  f u n c -  

t i o n s  (.-u) 
we c o n c l u d e  t h a t  TA i s  h o l o m o r p h i c  a t  u. L e t  x E R ( A -  )\{03. C h o o s e  

some yEFl s u c h  t h a t  x = A-S+Ky a n d  d e f i n e  X ( X ) : =  (X-u) 
X i s  a r o o t  f u n c t i o n  o f  T a t  1-1 w i t h  X ( u )  = x a n d  v ( X )  > s - K .  T h i s  

p r o v e s  t h a t  R ( A - s + K )  c L S e K  w h e r e  

-rn. 
J T X .  a r e  h o l o m o r p h i c  a t  1~ s i n c e  m .  = v ( X j ) .  F r o m  ( 2 . 9 )  

J J 

S + K S - K  
A ( X ) y  ( X E U ) .  

- 

: =  { X ( p ) :  X r o o t  f u n c t i o n  o f  T a t  1 ~ ,  V ( X ) > S - K }  - u 101 .  
L S - K  

S i n c e  {X l , .  . , X r l  i s  a C S R F  o f  T a t  1~ we c o n c l u d e  t h a t  

L S - K  = s p a n I X j ( u ) :  m .  > S - K I  J -  

I t  i s  e a s y  t o  show t h a t  T - l ( X ) ' I E  , i . e .  t h e  r e s t r i c t i o n  t o  E 2  o f  

t h e  a d j o i n t  o p e r a t o r  o f  T - l ( X ) ,  i$ e q u a l  t o  T * - l ( X )  f o r  a l l  h E U \ ( u } .  

T h e r e f o r e ,  a n d  b e c a u s e  V K ( A ) E F 2  f o r  a l l  jE{l,2, . . . ,  r l ,  t h e  m a p p i n g  

X -+ A ( X ) ' l E 2  d e f i n e s  a h o l o m o r p h i c  o p e r a t o r  f u n c t i o n  on  U-{pl w i t h  

v a l u e s  i n  L ( E 2 , F 2 ) .  F r o m  t h i s  we i n f e r  t h a t  R ( A ' 1  

1 

A = A - S + K ,  y i e l d s  

J 

) c F 2  f o r  a l l  

- s + K .  P r o p o s i t i o n  ( 2 . 1 ) ,  a p p l i e d  w i t h  r e s p e c t  t o  N = L S - K  a n d  
E 2  

r 

( 2 . 1 0 )  

T h e  V ? + l  : C -t F 

a n d  ( 2 . 1 0 )  we c o n c l u d e  t h a t  

a r e  p o l y n o m i a l s  o f  d e g r e e  l e s s  t h a n  m F r o m  ( 2 . 8 )  
J 2 j '  
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w h i c h  shows  t h a t  ( 2 . 7 )  h o l d s  f o r  ~ + 1 .  

T h e  e x i s t e n c e  o f  t h e  r e p r e s e n t a t i o n  ( 2 . 6 )  i s  c l e a r  w i t h  V .  . =  V s .  T O  

p r o v e  t h e  u n i q u e n e s s  o f  t h e  V we s u p p o s e  t h a t  
J '  J 

j 
r - m .  N 

T - l ( X )  = I: ( A - p )  X j ( X )  @ V j ( h ) + D ( h )  
j =1 

N N 

w h e r e  t h e  V . :  C + F2 a r e  p o l y n o m i a l s  o f  d e g r e e  l e s s  t h a n  m .  a n d  D i s  

h o l o m o r p h i c  i n  U .  I t  f o l l o w s  t h a t  
J J 

r - m  N N 

w h i c h  means t h a t  t h e  f u n c t i o n  o n  t h e  l e f t  s i d e  i s  h o l o m o r p h i c  i n  U .  
B y  p r o p o s i t i o n  ( 2 . 2 )  we i n f e r  t h a t  a l l  t h e  (.-p) 

m o r p h i c  a t  p .  S i n c e  V 

m . ,  we o b t a i n  V . - V  = 0 f o r  j E I 1 , 2  , . . . ,  r l .  
J J J  

N e x t  we p r o v e  t h e  b i o r t h o g o n a l i t y  r e l a t i o n s h i p s  ( 2 . 5 ) :  To  t h i s  p u r -  

p o s e  we m u l t i p l y  ( 2 . 4 )  b y  T ( x )  f r o m  t h e  r i g h t ,  w h i c h  y i e l d s  

( 2 . 1 1 )  i d  = I: ( A - u )  X j ( X )  B ( T * V j ) ( A ) + ( D T ) ( X ) ,  

b e c a u s e  T ( A ) ' I  = T * ( X )  ( A E U ) .  F r o m  ( 2 . 1 1 )  t h e  e q u a t i o n  

- m  j 
( V . - v . )  a r e  h o l o -  

J J  
a n d  v .  a r e  p o l y n o m i a l s  o f  d e g r e e  l e s s  t h a n  

J 

r - m .  

j=1 

F2 

r - m  
X i ( X )  = 1 ( A - v )  j < X i ( A ) , ( T * V j ) ( X ) >  X j ( X ) + ( D T X i ) ( X )  

j = l  

i s  i m m e d i a t e .  TXi, a n d  t h u s  D T X i  h a s  a z e r o  o f  o r d e r  mi a t  p ,  w h e n c e  

t h e  f u n c t i o n  

- m .  - m  
1 

r 
Z X . { ( . - U )  (&..-<(.-p) j T X i , V . > ) I  

j = 1  J 1 J  J 

i s  h o l o m o r p h i c  i n  U .  Once m o r e  we a p p l y  p r o p o s i t i o n  (2.2), t h i s  t i m e  

w i t h  E 2  = C, a n d  c o n c l u d e  t h a t  t h e  f u n c t i o n s  

- m .  -m 
( . - v )  1 ( 6 i j  - < ( . - P I  j TXi ,V j> )  

= ( . - p )  J ( S . .  -<(.-p) TXi,V.>) ( i  , j = 1 , 2 , .  . . ,r) i - m .  -m 

1 J  J 
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i ' a r e  h o l o m o r p h i c  i n  p .  H e n c e ,  i f  1 c h < m - -  

h a s  a z e r o  o f  o r d e r  n o t  l e s s  t h a n  m a t  p ,  w h i c h  p r o v e s  ( 2 . 5 ) .  

F i n a l l y  we show t h a t  { V  l , . . . , V r }  i s  a CSRF o f  T* a t  p w i t h  v ( V . )  = m . 
F o r  h = mi t h e  b i o r t h o g o n a l  r e l a t i o n s h i p  ( 2 . 5 )  r e d u c e s  t o  

j 

3 j *  

whence  t h e  v e c t o r s  V l (p )  , . . . ,  V r ( p )  a r e  l i n e a r l y  i n d e p e n d e n t  a n d  a t  

l e a s t  d i f f e r e n t  f r o m  z e r o .  S i n c e  t h e  o p e r a t o r  f u n c t i o n  DT i s  h o l o -  

m o r p h i c  i n  U ,  we i n f e r  f r o m  ( 2 . 1 1 )  b y  a n o t h e r  a p p l i c a t i o n  o f  p r o p o -  

s i t i o n  ( 2 . 2 )  t h a t  t h e  f u n c t i o n s  

-m 
( . - p )  j , *v j  ( j = 1 , 2  , . . . ,  r )  

a r e  h o l o m o r p h i c  i n  U ,  w h i c h  i m p l i e s  t h a t  t h e  V .  a r e  r o o t  f u n c t i o n s  

o f  T* a t  p w i t h  v ( V . )  

L e t  V b e  a n  a r b i t r a r y  r o o t  f u n c t i o n  o f  T *  a t  1-1. We m u l t i p l y  ( 2 . 4 )  b y  

T ( h )  f r o m  t h e  l e f t ,  f o r m  t h e  a d j o i n t  o f  b o t h  s i d e s  o f  t h e  r e s u l t i n g  

e q u a t i o n  a n d  o b t a i n  

( 2 . 1 3 )  i d F l  = 1 ( A - p )  V j ( A )  B ( T X j ) ( X ) + ( D I T ' ) ( A ) ,  

w h i c h  l e a d s  t o  

J 

' mj. J -  

r -m . 

1 j = 1  

r - m .  
< y , V ( X ) >  = ( A - p )  - - - J < T X j ( A ) , V ( A ) >  < y , V j ( X ) >  + < D ( X ) y , ( T * V ) ( X ) >  

j = 1  

f o r  a r b i t r a r y  yEF1. S i n c e  D ( . ) y  i s  h o l o m o r p h i c  a t  

t h e r e ,  t h e  e q u a t i o n  

a n d  T*V v a n i s h e s  

r -m . 

h o l d s .  H e n c e  

w h i c h  p r o v e s  t h a t  { V l ( p )  ,..., V r ( p ) l  i s  a b a s i s  o f  N(T*(p)). 

L e t  1 - < k 5 r a n d  V ( p ) P  spanIV1(u),...,Vk-l(u)}. F r o m  ( 2 . 1 4 )  we c o n -  
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c l u d e  t h a t  t h e r e  i s  some j - > k s u c h  t h a t  

-in . 
< X j ( ~ ) , ( ( . - u )  J T * V ) ( ~ ) >  * 0 ,  

w h i c h  i m p l i e s  t h a t  v ( V )  5 m j  5 m k  5 v ( V k ) .  I t  f o l l o w s  t h a t  v ( V k )  = m k  

i s  t h e  max imum o f  a l l  v ( V )  w h e r e  V v a r i e s  i n  t h e  s e t  o f  a l l  r o o t  

f u n c t i o n s  o f  T *  a t  p ,  s u c h  t h a t  

We s u p p l e m e n t  lemma ( 2 . 3 )  b y  t h e  f o l l o w i n g  

N 

( 2 . 1 5 )  Remark .  L e t  p , u E U  a n d  u + i. S u p p o s e  t h a t  X i s  a r o o t  f u n c t i o n  

o f  T a t  u ,  a n d  t h a t  V i s  a r o o t  f u n c t i o n  o f  T*  a t  i. S e t  

n h ( X )  = ( X - U ) - ~ ( T X ) ( X )  f o r  X E U  a n d  1 - -  < h < v ( X ) .  T h e n  

( 2 . 1 0 )  

f o r  a l l  1 h < v ( X )  a n d  0 < 1 < v ( V )  - I 

P r o o f .  S i n c e  ( . - u )  i s  h o l o m o r p h i c  a t  11, t h e  f u n c t i o n  

- -  - -  

- h  . 

<nh,V> = < (  . - V ) - ~ X , T * V >  

h a s  a z e r o  o f  o r d e r  n o t  l e s s  t h a n  v ( V )  t h e r e .  

A s i m i l a r  a r g u m e n t  y i e l d s  t h e  

( 2 . 1 7 )  R e m a r k .  L e t  ZEH(U,E1). I n  ( 2 . 5 )  we may s u b s t i t u t e  r l ih b y  

( . - p ) - h T ( X i + (  .-11) h Z )  

a n d  i n  ( 2 . 1 6 )  nh b y  

( . - P ) - ~ T ( X + (  . - u )  h Z ) .  

The  f o l l o w i n g  r e s u l t  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  lemma ( 2 . 3 )  a n d  

t h e  r e m a r k s  ( 2 . 1 5 )  a n d  ( 2 . 1 7 ) .  

( 2 . 1 8 )  T h e o r e m .  Assume t h a t  a ( T )  i s  a d i s c r e t e  s u b s e t  of U, t h a t  T - '  

and T * - ~  a r e  hozornorphic i n  ~\o(~),and t h a t  t h e  s i n g u l a r i t i e s  of T - '  
a r e  p o l e s .  For  each  p € u ( T )  l e t  

l x ( j )  : 1 5  j 5 r ( p ) ,  o c 1 < m . ( p ) - 1 }  be  a C S E A V  of  T at p. 
1 3 u  - - J  
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Then t h e r e  a r e  s y s t e m s  

( 2 . 1 9 )  

s u c h  t h a t  

{ v ( J )  : 1 5  j 5 r ( p ) ,  o 5 1 5 m . ( p )  - 11 c F~ 
I ,)1 J 

r ( u )  j 
m m j  (11) - k  

, ( j )  ( j )  
( 2 . 2 0 )  S P ( T - l , p ) ( X )  = j = l  I: k = l  t ( A - ! J ) - k  1 I: =o  1 , ~  @ v m j ( v ) - l - k , v ,  

where 

C S E A V  of T* a t  p and is u n i q u e l y  d e t e r m i n e d  b y  t h e  C S E A V  of T a t  p .  

The b i o r t h o g o n a l  r e l a t i o n s h i p s  

S P ( T - ’ , ~ )  d e n o t e s  t h e  s i n g u l a r  p a r t  of T - ~  a t  p .  (2.19) is a 

hoZd where 

We o n l y  have t o  prove ( 2 . 2 0 ) .  We o m i t  t h e  i n d e x  p ,  u s e  t h e  n o t a t i o n s  

o f  s e c t i o n  1 and c o n c l u d e  f rom ( 2 . 4 )  

S P ( T - l , p )  = 
-m . r 

j = l  
SP( t (.-ll) J X j @ V j , P )  

3 .  A n  a p p l i c a t i o n .  

In  t h i s  s e c t i o n  we s t u d y  an a p p l i c a t i o n  t o  e i g e n v a l u e  p r o b l e m s  f o r  

d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  complex domain i n  which  a l l  t h e  assump-  

t i o n s  made i n  t h e o r e m  ( 2 . 1 8 ) ,  a r e  f u l f i l l e d  i n  a n a t u r a l  way.Wewould  

l i k e  t o  p o i n t  o u t  t h a t  t h e  e i g e n v a l u e  p r o b l e m s  c o n s i d e r e d  h e r e  a r e  

c l o s e l y  r e l a t e d  t o  t h e  t h e o r y  o f  s p e c i a l  f u n c t i o n s ,  and t h a t  t h e  

t h e o r e m  ( 2 . 1 8 )  i s  t h e  s t a r t i n g - p o i n t  f o r  a l a r g e  number o f  b i o r t h o g o -  
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n a l  e x p a n s i o n s  o f  h o l o m o r p h i c  f u n c t i o n s  i n t o  s e r i e s  o f  s p e c i a l  f u n c -  

t i o n s ,  c f .  K r i m m e r  [ l o ] .  

L e t  S b e  a s i m p l y  c o n n e c t e d  d o m a i n  i n  C w h i c h  we assume t o  b e  2 ~ -  

p e r i o d i c ,  i . e .  zES i f f  z+2nES. L e t  V E C  a n d  d e f i n e  

P v  : =  I f E H ( S )  : vzES  f ( z + 2 n )  = e z n i v f ( z ) 1 .  

Pv i s  a c l o s e d  s u b s p a c e  o f  t h e  F r e c h e t  s p a c e  H ( S ) ,  a n d  h e n c e  a l s o  a 

F r e c h e t  s p a c e .  F o r  f E P v  a n d  gEP-" we s e t  

( 3 . 1 )  < f , g >  : =  I f ( z ) g ( z ) d z  
Y 

w h e r e  y i s  a r e c t i f i a b l e  a r c  i n  S f r o m  a f i x e d  z o  t o  zo+2n. O b v i o u s l y  

t h e  i n t e g r a l  i s  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  z o  a n d  t h e  a r c  y .  

( 3 . 2 )  P r o p o s i t i o n .  ( P v ,  P - v )  i s  a d u a l  p a i r  w i t h  r e s p e c t  t o  < , > ,  

w h i c h  i s  c o n t i n u o u s  i n  b o t h  c o m p o n e n t s .  

We o n l y  h a v e  t o  show t h a t  t h e  b i l i n e a r  f o r m  ( 3 . 1 )  i s  d e f i n i t e .  F o r  

t h i s  p u r p o s e  we p r o v e :  

( 3 . 3 )  T h e  s e t  3 : =  {eiz : zES}  i s  a d o m a i n  o f  c o n n e c t i v i t y  2. 

P r o o f .  3 i s  t h e  i m a g e  o f  a c o n n e c t e d  s e t  u n d e r  a c o n t i n u o u s  m a p p i n g ,  

i s  a c l o s e d  r e c t i f i a b l e  c u r v e ,  a n d  t h e  w i n d i n g  n u m b e r  o f  w i t h  r e -  

s p e c t  t o  0 i s  1. As O$S^ we i n f e r  t h a t  ? i s  n o t  s i m p l y  c o n n e c t e d .  

a n d  h e n c e  ? i s  c o n n e c t e d .  T h e  a r c  9 : [ 0 , 1 1  + s  ̂ d e f i n e d  b y  ? ( t ) = e  i Y ( t )  

S u p p o s e  ^s i s  n o t  a d o m a i n  o f  c o n n e c t i v i t y  2. T h e n  t h e r e  a r e  t h r e e  

p a i r w i s e  d i s j o i n t  n o n e m p t y  c o m p a c t  s u b s e t s  A 1 , A 2 , A 3  o f  t ,  s u c h  t h a t  

OEA1,mEA2 a n d  c\ŝ  = A1uA2uA3. T h e  s e t s  B1 = I z E Q :  eiz€A u A 2 1  a n d  

B3 = I z € C :  eizEA3} a r e  c l o s e d  d i s j o i n t  s u b s e t s  o f  d w i t h  B1uB3  = b S .  

A s  B 1 U B 3 U { m }  = T-S i s  c o n n e c t e d ,  B 3  c a n n o t  h a v e  a b o u n d e d  c o m p o n e n t .  

As A 3  i s  b o u n d e d  away f r o m  0 a n d  00, t h e r e  a r e  t w o  p o i n t s  zl,z2ES s u c h  

t h a t  / z l l  < i n f  I I I m  z /  : z E B 3 }  a n d  1 z 2 [  > s u p  I I I m  z I  

c h o o s e  a J o r d a n  a r c  yl: [ 0 , 1 1  -, C \ B 3  w h i c h  m e e t s  t h e  l i n e s  

I m  z = I m  z ( i = 1 , 2 )  o n l y  i n  t h e  e n d p o i n t s  z1  a n d  z2. L e t  k E I N ;  i 
y ( t )  = y l ( l - t ) + 2 k n  d e f i n e s  a n  a r c  y 2  : [ 0 , 1 1  +. C\B3 .  I f  k i s  l a r g e  

e n o u g h ,  t h e n  y1 a n d  y2 t o g e t h e r  w i t h  t h e  l i n e s  z 2 , z 2 + 2 k ~  a n d  zl+2kn,zl 

f o r m  a J o r d a n  c u r v e  i n  C \ B 3  w h i c h  h a s  p o i n t s  o f  B 3  i n  i t s  i n t e r i o r ,  

a c o n t r a d i c t i o n  t o  t h e  f a c t  t h a t  B 3  d o e s  n o t  h a v e  b o u n d e d  c o m p o n e n t s .  

1 

: z E B 3 } .  We 

2 
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I t  i s  s u f f i c i e n t  t o  p r o v e  t h e  d e f i n i t e n e s s  o f  ( 3 . 1 )  i n  t h e  c a s e  v=O.  

L e t  f E P o  a n d  s u p p o s e  t h a t  < f , g >  = 0 f o r  a l l  gEPo.  I t  f o l l o w s  t h a t  

? ( w ) $ ( w ) d w  = 0 
Y 

f o r  a l l  $ E H ( ? ) ,  w h e r e  f^(eiz) = f ( z )  f o r  a l l  zES a n d  h a s  b e e n  d e -  

f i n e d  i n  t h e  p r o o f  o f  ( 3 . 3 ) .  S i n c e  S i s  a d o m a i n  o f  c o n n e c t i v i t y  2 

we c a n  assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  S i s  a n  a n n u l u s  a r o u n d  

0 ( c f .  A h l f o r s  [ l l ,  p .  2 4 7 ) .  We c o n c l u d e  t h a t  

A 

h 

" n  
f ( w ) w  dw = 0 ( n E Z ) ,  

Y 

whence  f = 0 a s  f E H ( S ) .  
A A A  

L e t  n E I N \ I O l  a n d  p . E H ( S x C )  f o r  j = O  , . . . , n - 1 .  We assume t h a t  t h e  

f u n c t i o n s  p . ( . , X )  a r e  2 n - p e r i o d i c  f o r  e a c h  A�&. F o r  f € P v  we s e t  
J 

J 

a n d  s t a t e  t h a t  T E H ( C , L ( P V , P v ) ) .  I t  i s  w e l l - k n o w n  t h a t  u ( T )  = u ( T )  

a n d  t h a t  e i t h e r  u ( T )  = C or a ( T )  i s  a d i s c r e t e  s u b s e t  o f  & .  F o r  t h e  

f o l l o w i n g  we assume t h a t  u ( T )  + C .  

P 

L e t  Y ( z , A )  b e  a f u n d a m e n t a l  m a t r i x  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  

T ( A ) f  = 0 w i t h  Y ( z o , X )  = I .  We know t h a t  YEH(SXC,M,(&)) .  I t  f o l l o w s ,  

c f .  K r i m m e r  [ l o ] ,  t h a t  h € u ( T )  i f f  t h e  m a t r i x  

2 T i V I  - Y(zo+2 lT ,A)  
M Y ( x )  : =  

i s  n o t  i n v e r t i b l e ,  a n d  t h a t  

( 3 . 4 )  ( T - ' ( A ) g ) ( z )  : =  I Gln(z,E;A)g(<)dg ( z E S )  

f o r  a l l  A E p ( T ) .  I n  ( 3 . 4 )  Gln(z,C;h) d e n o t e s  t h e  e l e m e n t  w i t h  i n d e x  

( 1  , n )  o f  t h e  " G r e e n  m a t r i x "  

Z + 2 T  

Z 

G ( z  ,<;A) = Y ( z + Z n  ,X)M"(A)Y ( 5  * A ) - ' ,  
Y 

a n d  t h e  i n t e g r a t i o n  i s  c a r r i e d  o u t  a l o n g  a r e c t i f i a b l e  a r c  i n  S .  

A c c o r d i n g  t o  ( 3 . 4 ) ,  T - '  b e l o n g s  t o  H ( p ( T ) , L ( P V , P V ) )  a n d  h a s  p o l e s  a t  

a l l  p o i n t s  o f  o ( T ) .  

The  o p e r a t o r  T * ( A )  d e f i n e d  b y  
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i s  t h e  “ a d j o i n t ”  o p e r a t o r  o f  T ( X )  w i t h  r e s p e c t  t o  t h e  d u a l  p a i r s  

(E1,E2)  = ( F 1 , F 2 )  = ( P V , P - v ) .  I t  i s  e a s y  t o  show t h a t  a ( T * )  = o ( T ) .  

S i n c e  T* h a s  t h e  same f o r m  a s  T, we h a v e  T * E H ( E , L ( P - ~ , P - , ) )  a n d  

E H ( P ( T ) , L ( P - ~ , P - ~ ) ) .  T h u s  a l l  a s s u m p t i o n s  o f  t h e o r e m  ( 2 . 1 8 )  a r e  

f u l f i l l e d  i n  t h i s  c a s e .  

T *  - 1 

R e f e r e n c e s  

1 1 1  A h l f o r s ,  L . ,  C o m p l e x  a n a l y s i s ,  2 n d  e d . ,  (Mc G r a w - H i l l ,  New Y o r k ,  

1 9 6 6 ) .  

[ 2 1  B a r t ,  H . ,  M e r o m o r p h i c  o p e r a t o r  v a l u e d  f u n c t i o n s  ( M a t h e m a t i c a l  

c e n t r e  t r a c t s  4 4 ,  A m s t e r d a m ,  1 9 7 3 ) .  
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M a t h .  U S S R  Sb. 1 3  ( 1 9 7 1 )  6 0 3 - 6 2 5 .  
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A r m j a n .  S S R . ,  S e r .  M a t .  6 ( 1 9 7 1 ) ,  n o .  2 - 3 ,  1 6 0 - 1 8 1  ( R u s s i a n ) .  

[ 5 1  G r a m s c h ,  B . ,  M e r o r n o r p h i e  i n  d e r  T h e o r i e  d e r  F r e d h o l m o p e r a t o r e n  

m i t  Anwendungen  a u f  e l l i p t i s c h e  D i f f e r e n t i a l o p e r a t o r e n ,  M a t h .  

Ann.  1 8 8  ( 1 9 7 0 )  9 7 - 1 1 2 .  

[ 6 1  Gramsch ,  B.,  O b e r  a n a l y t i s c h e  O p e r a t o r f u n k t i o n e n  u n d  I n d e x -  

b e r e c h n u n g ,  S t u d .  M a t h .  3 8  ( 1 9 7 0 )  3 1 3 - 3 1 7 .  

1 7 1  K a b a l l o ,  W . ,  H o l o m o r p h e  S e r n i f r e d h o l m - O p e r a t o r f u n k t i o n e n  i n  

l o k a l k o n v e x e n  Raumen. D i p l o m a r b e i t ,  U n i v e r s i t a t  K a i s e r s l a u t e r n  

( J u n e  1 9 7 3 ) .  

[ 8 1  Keldy;, M . V . ,  On t h e  e i g e n v a l u e s  a n d  e i g e n f u n c t i o n s  o f  c e r t a i n  

c l a s s e s  o f  n o n s e l f a d j o i n t  e q u a t i o n s ,  D o k l .  A k a d .  Nauk S S R  77  

( 1 9 5 1 )  1 1 - 1 4  ( R u s s i a n ) .  

[ 9 1  K e l d y x ,  M . V . ,  O n  t h e  c o m p l e t e n e s s  o f  e i g e n f u n c t i o n s  o f  some 

c l a s s e s  o f  n o n s e l f a d j o i n t  l i n e a r  o p e r a t o r s ,  U s p e h i  M a t .  Nauk 
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THE THEOREM OF BOCHNER-SCHWARTZ-GODEMENT FOR GENERALISED GELFAND PAIRS 

Er ik  G.F. Thomas 

Un ive r s i ty  of  Groninqen 

In t roduc t ion  

Four i e r  a n a l y s i s  on t h e  c i rc le  T is  e s s e n t i a l l y  concerned wi th  t h e  decompo- 

s i t i o n  

of LL i n t o  minimal t r a n s l a t i o n  i n v a r i a n t  subspaces.  S i m i l a r l y ,  Four i e r  a n a l y s i s  

on IR i s  concerned with t h e  decomposition 

( 2 )  

i n t o  minimal t r a n s l a t i o n  i n v a r i a n t  subspaces,  n o t  of L 2 ,  which has  no such 

minimal i n v a r i a n t  subspaces,  b u t  of an a p p r o p r i a t e  l a r g e r  space ,  e.q.  S ' ( IR) .  

More g e n e r a l l y ,  l e t  X be  a Cm-manifold on which a L i e  qroup G acts t r a n s -  

ldh 
L 2 ( I R )  =I @ [ e 2 ~ i X .  

i t i v e l y  from t h e  l e f t  ( t hen  i f  p E X  and Go = { q E G  : q p = p )  one may a s  usua l  

i d e n t i f y  X with G / G O ) .  The group G a l s o  a c t s  n a t u r a l l y ,  by ' t r a n s l a t i o n '  on the 

space D ( X )  = C ( X I  and on t h e  space of d i s t r i b u t i o n s  D’ ( X )  . m 

I f  t h e  space X posses ses  a G - i n v a r i a n t  p o s i t i v e  Radon measure dx,  t h e  space 
2 

L (X,dx) is  a H i l b e r t  space con t inuous ly  embedded i n  D ' ( X )  

L 2 ( X )  4 D’ ( X )  

and i n v a r i a n t  under t r a n s l a t i o n  ( i .e.  t h e  se t  L2 is i n v a r i a n t  and t h e  restric- 

t i o n s  of t h e  t r a n s l a t i o n  o p e r a t o r s  t o  L~ are u n i t a r y ) .  

Consider more g e n e r a l l y  t h e  s e t  Hi lb  ( D ' ( X ) )  of a l l  G - i n v a r i a n t  H i l b e r t  sub- 
G 

spaces  H 4 D ' ( X ) . W e  s h a l l  be  concerned with t h e  decomposition of such a space 

i n t o  minimal ( i . e .  i r r e d u c i b l e )  i n v a r i a n t  subspaces of D ' ( x )  : 

( 3 )  H = l  H A  & ( A )  
fB 

analogous t o  (1) and ( 2 )  . 
To make t h i s  more p r e c i s e  w e  make use  of  t h e  f a c t  t ha t  t h e  set Hilb ( D ' ( X ) )  is  

G 
i n  b i j e c t i v e  correspondance wi th  t h e  se t  TG of d i s t r i b u t i o n s  KED' (XxX)  which 

are of p o s i t i v e  t y p e  : 

< K  , 4 @ > 2 0  v 4 E D ( X )  



292 E. G. F. Thomas 

and which are invariant under the diagonal action of G : (x,y) + (gx,gy). In this 

correspondance the distribtion K associated with the space H is the Schwartz 

reproducing kernel of H. The minimal invariant spaces correspond to the extreme 

generators of the convex cone r 
G’ 

The existence of deconpositons such as (3) has been known for some time. In 

general there are infinitely many ways to do such a decomposition ( e . g .  if X = G  

acts on itself from the left and is noncommutative). 

The success of classical Fourier analysis associated with the decomposition 
2niXx 

( 2 ) ,  however, is mainly due to the fact that the functions e are eigen- 

functions of the operators D ' ( l R )  + D ' ( I R )  which commute with translations. This 

is closely related to the fact that in ( 2 )  the representing measure is uniquely 

determined, i.e. only one decomposition is possible. 

In the case of a general homogeneous space we shall also be concerned with the 

situation in which the decomposition is unique, or equivalently, where the 

decomposition 

( 4 )  K = J  K X  dm(A) 

of a G-invariant kernel of positive type into extreme kernels is unique. By 

making use of the theory of integral representation one can show that this 

uniqueness is equivalent to TG being a lattice cone. 

In the classical examples of (4) associated with the names of Herglotz, 

Bochner, Weil, Raikov, Schwartz, Godement and others, one has this type of unique- 

ness. In these cases the stability subgroup Go is compact. If G 

can be shown that rG is a lattice if and only if (G,G ) is a Gelfand pair, i.e. 
the convolution algebra L (Go\G/G ) of L1 functions on G, bi-invariant under G 

is commutative. The extreme kernels then correspond to the positive definite 

spherical functions. 

is compact it 
0 

0 1 
0’ 0 

In this talk we shall also discuss recent progress in the case where the 

stability subgroup Go is not compact, in which case we shall propose several 

equivalent definitions of ’Gelfand pair’ to replace the classical definition 

which becomes inoperative (L (G \G/G ) being (0)). We shall also show that the 

classical sufficient condition which implies that (G,G ) is a Gelfand pair, 

namely the existence of an appropriate symmetry, can, in modified form, still 

be used in the general case. 

1 
0 0  

0 

1. Hilbert subspaces of D’ (X) 

We recall the basic facts from L .Schwartz’s theory of Hilbert subspaces of 
OD 

the space D’(X), where X is a C -manifold [ 81 [9 ] .  

A Hilbert subspace of D’(X) is a linear subspace H of D’(X) equipped with an 
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inner  product which makes it i n t o  a Hi lber t  space, and such t h a t  the  inclusion 

H C=+ D’ ( X )  

J 

i s  continuous. 

The sum H I  + H 2  of two Hi lber t  subspaces i t s e l f  i s  a Hilber t  subspace i f  it i s  

equipped with t h e  norm f o r  which the map s : H  

i . e .  the  quot ien t  map H I  x H ~ / ~ ~ ~ ( ~ )  + H 1  + H 2  i s  an isometry. (Here H1xH2 has the  

usual  Hi lber t  space norm). I f  s is  one-to-one, hence an isometric isomorphism,the 

sum is s a i d  t o  be d i r e c t ,  and w e  wr i te  H 1 
H n H , =  (0). 

xH2 + H 1  + H 2  is  a p a r t i a l  isometry, 
1 

@ H 2 .  This occurs i f  and only i f  

1 
For any Hi lber t  subspace H c D ' ( X )  and any number a20, one def ines  the Hi lber t  

subspace aH t o  be (0) i f  u = O ,  and t o  be the  l i n e a r  space H with the  inner  pro- 

duct  

1 
(h11h2)aH = - a (h 1 Ih 2 ) H 

i f  a>O. 

An order  r e l a t i o n  i s  defined on the  s e t  of Hi lber t  subspaces as  follows: 

H < H  W B  C B  
1 - 2  1 2 

where B .  i s  the  closed u n i t  b a l l  of H . .  

F ina l ly ,  given any Hi lber t  space H and a continuous l i n e a r  map u : H + D ' ( X )  the  

image space u(H) becomes a Hi lber t  subspace i f  it i s  equipped with t h e  norm 

which makes u a p a r t i a l  isometry, i . e .  t h e  quot ien t  map an isometry. The image 

u(H) is always considered t o  be a Hi lber t  space i n  t h i s  way. 

(Examples: H + H 2  = s ( H 1  x H 2 ) ,  a H  is  the image of H under the  map h +a1'2h). I n  

p a r t i c u l a r ,  i f  u : D’ (X) +D’ ( X )  i s  a continuous l i n e a r  map and H i s  a Hilber t  

subspace of D’, u(H) i s  another Hi lber t  subspace. I f  t h e  r e s t r i c t i o n  u / ~  is one- 

to-one it i s  an isometr ic  isomorphism of  H onto u(H) . 

1 

W e  denote Hilb(D')  the  s e t  of a l l  Hi lber t  subspaces of D’ (X) . 
The Schwartz reproducing kernel  of a Hi lber t  subspace H Ft D’ i s  t h e  d i s t r i b u -  

I 
t i o n  KED'(XxX) ,  def ined,  v i a  t h e  kernel  theorem, by the equation 

(5) K((P B T) = ( j*v l j*$)H 

j*  being the ad jo in t  map defined by the  equation 

(6 )  (hlj*cp) = <jh,cp> 

where f o r  convenience w e  have p u t  

( 7 )  <f,cp> = f ( c p )  
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when f E D ' ( X ) ,  c P E D ( X ) .  The d i s t r i b u t i o n  K is a kernel  of pos i t ive  type : 

( 8 )  K((P hb 2 0  V 9 E D ( X ) .  

We denote r the s e t  of a l l  d i s t r i b u t i o n s  K E D ' ( X x X )  which s a t i s f y  ( 8 ) .  I t  i s  a 

closed convex cone of D ' ( X x X ) ,  which i s  proper i . e .  I ' n  - r =  ( 0 ) .  

We are now i n  a pos i t ion  t o  state L .Schwartz's fundamental r e s u l t  concer- 

ning Hilber t  subspacesand t h e i r  reproducing kernels  : 

Proposition 1 The correspondence H + K  which assoc ia tes  with each Hilber t  sub- 

space of D’(X) i t s  reproducing kernel ,  i s  a b i j e c t i o n  between Hilb(D')  and r .  
Moreover : 

1. I f  K .  is  the reproducing kernel  of Hi, i = 1 , 2 ,  K + K  

kernel  of H + H  

2 .  I f  K is the reproducing kernel  of H ,  a K  is t h e  reproducing kernel  o f  aH. 

3 .  H < H  i f  and only i f  K1 I K 2  ( i . e .  K - K 1  E r )  

4 .  If u : D ' ( X )  + D ' ( X )  is a continuous l i n e a r  map and H has kernel  K ,  the  space 

u(H) has the  kernel  u ( K )  defined by 

(9) 

where u* :D(X) + D ( X )  is defined by 

is  the  reproducing 
1 2  

1 2 '  

1 -  2 2 

u ( K )  (cp f2 $)  =K(u*CP f2 u*$) 

(10) < u f , c p >  = <f,U*cp> 

2 .  In tegra ls  of Hilber t  subspaces 

Let u s  now define i n t e g r a l s  of Hi lber t  subspaces, i n  p a r t  following [ E l .  L e t  

S be a topological  Hausdorff space, and l e t  m be  a Radon measure on S , ( i . e .  a 

loca l ly  f i n i t e  inner  regular  Bore1 measure). 

A family ( H s ) s E s  of Hilber t  subspaces of D ' ( X )  is s a i d  t o  be m-measurable 

i s  p -measurable, equivalent ly  : s + K s ( q 3  B J I )  is if t h e  corresponding map s + K  

m -measurable f o r  a l l  cp,$ E D ( X )  ( c f .  [lg thm 1 ) .  

Given an m-measurable family of Hi lber t  subspaces ( H  ) s E s ,  a f i e l d  

f ( . ) = (f ( s )  E S  E Il H is  s a i d  t o  be  measurable i f  the  vector  funct ion 

s + f ( s )  E D ' ( X )  is  m-measurable, equivalent ly  :weakly m-measurable. 
S E S  

I t  can be shown t h a t  the  map s + 1 1  f (s) 1 1  is  measurable and t h a t  the  space 
2 2  

L = L  (m,{H },D’) of equivalence c lasses  of square in tegrable  f i e l d s ,  equipped 

with the  norm 

(11) 1 1  f (  . ) 1 1  = (111 f(s) 1 1  dm(s) )  , 

is a Hi lber t  space. 

2 1 /2  
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In  f a c t ,  

measurable family of Hi lber t  spaces i n  the  sense of von Neumann and Dixmier [ 2 ] .  

( H s ) s E S ,  together  with the  family of m-measurable f i e l d s  is  a 

The family ( H s ) s E s  i s  sa id  t o  be m-summable i f  it is  measurable and i f  

I Ks(Q P G)dm(s) < +m 

f o r  a l l  W E D .  There then e x i s t s  a d i s t r i b u t i o n  K E  r such t h a t  

K(cp P + )  =I Ks(W hd i )dm(s)  VQ,+ E D .  

If H is  t h e  Hi lber t  space whose reproducing kernel  is  K, we wr i te  symbolically 

( 1 2 )  H = I  H dm(s) .  

Similar ly  we def ine f o r  every measurable subset  A C S ,  

H =I H dm(s). 
A A s  

Fina l ly ,  a funct ion f : S +D’ ( X )  i s  s a i d  t o  be m - summable i f  the i n t e g r a l  

J f ( s ) d m ( s )  e x i s t s  i n  D O  ( x ) ,  equivalent ly  s + < f ( s )  ,Q> i s  m-summable f o r  

every c p E D ( x )  ( c f .  [ I E l ) .  

Proposi t ion 3 

D’ (X) , and l e t  

Let ( H  ) s E s  be an m-summahle family of Hilber t  subspaces of 

H = I  H s d m ( s )  

Then we have : 

1. Every square in tegrable  f i e l d  i s  an m - summable map f : S +D’ . 
2.  I f  @If ( . ) I  =I f ( s ) d m ( s ) ,  the  map 0 : L2 +D’ i s  l i n e a r  and continuous. 

3. H = @ ( L  ) .  

For the proof w e  r e f e r  to  Schwartz [ a ] .  

2 

The i n t e g r a l  ( 1 2 )  i s  s a i d  t o  be d i r e c t ,  and wr i t ten  

( 1 3 )  H =I" H dm(s) 

i f  the  map 0 : L2 + H  is  one-to-one, hence an isometr ic  isomorphism. This happens 

i f  and only i f  H A n H  = O  f o r  any two d i s j o i n t  B o r e 1  s e t s ,  A and B ( d i s j o i n t  

compact sets is  not  enough). 
B 

We s h a l l  descr ibe t h e  s i t u a t i o n  more f u l l y  i n  t h i s  case : 

Proposi t ion 4 

1. Every element f E H  has  a unique decomposition f ( - )  E L  such t h a t ,  i n  D ' ( X ) ,  

I f  H =I@ H dm(s) we have the following : 
2 

( 1 4 )  f =I f ( s ) d m ( s )  

and every f ( . )  E L L  gives  r i s e  i n  t h i s  way t o  an element f E H .  

2 .  One has  t h e  'continuous Pythagoras theorem' : 
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2 
(15) 1 1  f l l  =I 1 1  f ( s )  1 1  dm(s) .  

3. The space HA is a closed subspace of H ,  i t s  norm being inher i ted  from H. The 

orthogonal pro jec t ion  PA from H onto H is  given by : 
A 

P f =IA f ( s ) d m ( s ) .  
A 

(16) 

For A n B  = 0  H and HB a r e  orthogonal subspaces of H. 
A 

The proof of t h i s  is q u i t e  obvious i f  one r e a l i z e s  t h a t  HA i s  the  image under 

Q of the  space of f i e l d s  i n  L 2 ,  vanishing off  A. 

Remark 

equal t o  the s e t  of diagonal operators  T 

(17) T u f = l  c p ( t ) f ( t ) d m ( t ) .  

The van Neumann algebra A generated by the  pro jec t ions  PA is prec ise ly  

f o r  cpELm(m) 
cp ' 

Thus t h e  decomposition (13) i s  c a l l e d  the diagonal isat ion of the von Neumann 

algebra A .  In a c e r t a i n  prec ise  sense it depends only on H and A ,  and not on S 

and m (c f .  [ l d ) .  

B 
Proposition 5 

measure. Conversely, i f  H is a Hi lber t  subspace of D ' ( X ) ,  and P is an m-continu- 

ous s p e c t r a l  measure there  e x i s t s  an e s s e n t i a l l y  unique m-summable family of 

Hilber t  subspaces ( H  ) such t h a t ,  i f  H = P  H ,  one has H = J H dm(s) .  

Moreover the  i n t e g r a l  i s  d i r e c t  : 

I f  H =I H dm(s) , t h e  map A +PA is an m - continuous s p e c t r a l  

s S E S  A A  A A s  

H = J Q  Hs dm(s) .  

This can be proved i n  many ways. The b e s t  is  t o  regard it a s  a Radon Nikodym 

theorem f o r  t h e  vector  valued measure A + H  EHilb(D')  

statement of the  proposi t ion i s  obvious s ince H n H  = (0) f o r  A n B = @ .  

(or  A + K A  ET). The l a s t  
A 

A B  

Corollary 6 Every commutative von Neumann algebra,  ac t ing  on a Hil-bert subspace 

of D’(X), may be diagonalised i n  Hi lb(D ' ) .  

Corollary 7 

of Hi lber t  subspaces we have 

I f  To i s  a closed convex cone i n  r ,  Hilb ( D ' )  the  corresponding s e t  0 

H EHilbo(D')VA w H EHilb ( D ' )  m a .a .s  
A 0 

3. G - i n v a r i a n t  spaces 

Let u s  now assume X=G/G where G i s  a Lie group, G a closed subgroup. Then 
0 

O -1 
G acts on D(X) by u(g)cp(x) =cpP(g X I ,  and on D’ (XI by 
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-1 
< u ( g ) f , Q >  = < f , u ( g  )cp> 

If we assume, as we s h a l l ,  t h a t  X has a G - i n v a r i a n t  Radon measure dx, the  

spaces D and LL (X,dx)are  considered as  subspaces of D’ ( X )  : 

and the  ac t ion  of G on D or  L’ coincides with the  r e s t r i c t i o n  t o  those spaces of 

t h e  ac t ion  on D '  . 
We denote Hilb (D’) the  s e t  of a l l  Hi lber t  subspaces of D ' ( X )  which a r e  inva- 

G 
r i a n t  under G ,  i . e .  f o r  which 

(18) u(g)H = H  Vg E G .  

For each H EHilb (D’) t h e  map g + u ( g ) , H  i s  a continuous uni ta ry  representat ion 

of G i n  t h e  usual  sense. We denote G / H  = { u ( g ) / H , g  € G I  
G 

We denote TG the  closed convex subcone of T composed of the  kernels  K E T  for  

which 

(19) K ( u ( g ) Q  f4 u(g)$) = K ( W  f2 $1 V g E G  

i .e .  which a r e  invar ian t  under t h e  diagonal ac t ion  (x ,y)  + (gx,gy) on XxX. Then 

by Corollary 2 ,  H i s  G - i n v a r i a n t  i f  and only i f  i t s  reproducing kernel  belongs 

to  rG. 

Proposition 8 The space H is  minimal invar ian t  ( i . e .  it contains no closed 

invar ian t  subspaces) i f  and only i f  i t s  kernel  K l i e s  on an extreme ray of the  

cone TG,  i . e .  : 

O < K '  < K ,  K '  E T G  * K '  = n K .  

For the proof we r e f e r  t o  [91 p.71, or  [ld. 

Now it i s  a f a c t  t h a t  there  a r e  ac tua l ly  plenty of minimal invar ian t  spaces 

(T i s  t h e  closed convex h u l l  of i t s  extreme r a y s ) .  
G 
This can be expressed more prec ise ly  as follows : l e t  e x t ( r  ) be the  union of 

G 
t h e  extreme rays of  TG. Let So be a sec t ion  of ext(T 

0 ,  and having prec ise ly  one poin t  on each extreme ray. A sec t ion  is  s a i d  t o  be 

admissible i f  t h e  funct ion equal t o  1 on  So and homogeneous of degree 1 ,  is uni- 

v e r s a l l y  measurable. Such admissible sec t ions  always e x i s t ,  i n  p r a c t i c e  one can 

o f t e n  f ind  Souslin sections,which a r e  always admissible. An admissible parame- 

t r i s a t i o n  of e x t ( r  ) is  a continuous one-to-one map s + K  € e x t ( T  ) such t h a t  t h e  

image is an admissible sec t ion  and the  inverse map i s  universa l ly  measurable 

(e .g .  S = S  with t h e  i d e n t i t y ) .  

i . e .  a set not containing 
G 

G G 

0 
Then w e  have 
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Proposition 9 

Hilbert subspace corresponding to K . Then, for every HEHilb (D’) there exists 
a Radon measure m on S such that 

(19) 

Let s + K  be an admissible parametrisation ofextiTG),let Hsbe the 

G 

H = I@ HS dm(s) . 
This result, except for the fixed parametrisation independent of H, has been 

obtained by L. Schwartz [lo] and K. Maurin [ 7 ] .  

The proof of proposition 9 is obtained by diagonalising a maximal commutative 

C* algebra commuting with the action of G in H, 

Then by Mautmer’s theorem the G -invariant component spaces are a.a irreducible. 

The fixed parametrisation can then be obtained by the techniques of [Id. 

(corollary 6 and 7, with ro=rG). 

We shall need proposition 9 only for the precise formulation of the results 

in the next paragraph where we discuss the uniqueness of the representing 

measure m in (19). 

4. Main results 

Theorem A The following are equivalent : 

1. If HI and H2 are minimal G-invariant Hilbert subspaces of O ' ( X )  which are 

not proportional (i.e. which differ as linear subspaces) the irreducible repre- 

sentations GI HI and GI H2 are inequivalent. 

2. If H is any G -invariant Hilbert subspace of D’ (X) , the commutant (GIH) ' is 
abelian. 

3. The convex cone TG of all G-invariant positive kernels on X x X  is a lattice 

cone. 

4. For every KETG there exists a unique Radon measure m on S such that 

K = I  K dm(s). 

5. For every G-invariant Hilbert subspace H 4 D’(X) there exists a unique Ra- 

don measure m on S such that 

@ 
H = I  HS dm(s). 

5 ' .  In particular, there is a unique Radon measure ds on S such that 

L2(X) =I @ HS ds . 

Definition If the properties 1. to 5. are satisfied we say that (G,X) is multi- 

plicity free. 

Remark On an earlier occasion we have shown that conditions 1. to 5. are equi- 

valent under the (superfluous) assumption that G be of type I. 
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Before g iv ing  a proof of  theorem A w e  s t a t e  some r e l a t e d  r e s u l t s .  

I n  t h e  nex t  s ta tement  w e  l e t  G '  s t and  f o r  t h e  a lgeb ra  of a l l  continuous 

l i n e a r  o p e r a t o r s  v : D ' ( X )  + D ' ( X )  which commute wi th  t h e  a c t i o n  of G : 

v u ( g )  = u ( g ) v  VgEG. 

Theorem B L e t  ( G , X )  be m u l t i p l i c i t y  f r e e .  Then w e  have t h e  fol lowing:  

6 .  Every minimal G - i n v a r i a n t  H i l b e r t  subspace H ct D ' ( X )  is  an eigenspace f o r  

t h e  o p e r a t o r s  v E G '  

vf = X f  Vf E H  

where h = X (v,H).  

7. The a l g e b r a  G '  is commutative. In p a r t i c u l a r  : 

7 ' .  Any t w o  i n v a r i a n t  d i f f e r e n t i a l  o p e r a t o r s  commute. 

Proof o f  6 .  and 7. L e t  v E G ’  and l e t  H be  a minimal i n v a r i a n t  space.  If 

v(H) = ( 0 )  6.  i s  obvious wi th  A = O .  I f  v(H) $ 0  we have u ( g ) v ( H )  = v u ( g ) H = v ( H ) ,  

and so v(H) i s  i n v a r i a n t ,  v be ing  i n t e r t w i n i n g  between t h e  a c t i o n  of G i n  H and 

i n  v ( H ) .  H being i r r e d u c i b l e  t h e  k e r n e l  of v/ is  ( 0 )  and so v : H -f v(H) i S  a n  

H 
isomorphism. By cond i t ion  1.  v(H) =aH f o r  some a .  But then  by S c h u r ' s  lemma v/  

must be  a m u l t i p l e  of t h e  i d e n t i t y .  L e t  f E L  . Then i n  D '  w e  have 

H 

2 

f =I f ( s ) d s  

wi th  f ( s )  E H s .  

I f  v,wEG' w e  have i n  D’ 

vf  = ~ v k ( s ) l d s = ~  A ( v , s ) f ( s ) d s  

where A(v,s) is  t h e  eigenvalue o f  v/  . 
"S 

wvf =I w A ( v , s ) f ( s ) d s  

= I  X ( v , s ) w [ f ( s ) l d s  

= I A ( v ,  s )  A (w  , s )  f ( s )  d s  

=vwf. 

2 
Now L be ing  a dense subspace of D ' ,  wv =vw. 

Remark If t h e  s t a b i l i t y  subgroup Go is compact, it can be shown t h a t  conversely 

6 . imp l i e s  1. t o  5. and t h a t  7 . implies  1 .  t o  5 .  If G is  connected even 71 imp l i e s  

I. to  5. Th i s  e x p l a i n s  a s t a t emen t  i n  the i n t r o d u c t i o n .  ( c f .  [ l l ] ) .  

Theorem C L e t  ( G , X )  be m u l t i p l i c i t y  f r e e .  L e t  H C D ' ( X )  be any G - i n v a r i a n t  

H i l b e r t  subspace (e.g.  L (X,dx) ) .  
2 
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8. Let (T,D ) be any closed operator in H commuting with the action of G. Then T 
T is normal. 

9. Let (T,D ) be any densely defined symmetric operator in H, commuting with the 

action of G. Then T is essentially selfadjoint. 

10. Let T 

T 

and T2 be as in 8. then T1 and T2 strongly commute. 
1 

Example If X admits a G-invariant pseudo Riemannian structure, the Laplace 

Beltrami operator A ,  defined on O(X) is essentially selfadjoint in L (X). 2 

-1 Proof of Theorem C and C =T(I +T*T)-’ are boun- 

ded operators commuting with G. Thus (GIH) ' being an abelian * algebra, they are 
normal, they commute, and have commuting spectral resolutions. From this it is 

easy to deduce that T has a spectral resolution, i.e. T is normal. 

9.: The closure of T is a normal symmetric operator, hence selfadjoint. Alter- 

natively: TheCayleytransform U of the closure of T is a partial isometry such 

that the operators UU* and U*U are the projections on the defect spaces 

Ker(T*f iI) . But since U belongs to (GIH) ' ,  UU* = U * U ,  hence Ker(T* + i I) = 

Ker (T* - i I) = (0)  . 
10.: The spectral resolutions of T1 and T2 belongs to (GIH)’, hence they commute. 

8. : The operators B = (I + T*T) 

I 

The following three theorems allow one to show that (G,X) is multiplicity 

free in certain cases : 

Theorem D 

is a subgroup of G2. Then if (G1,X) is multiplicity free, so is (G2,X). 

Let G1 and G2 be two groups acting differentiably on X, such that GI 

Proof 

the smaller commutant is also abelian. 

Let H be G2 invariant. Then H is GI invariant and (G 1H) ' C (G1 IH) ' . Thus 
~ 2 

Examples 

a) Let X = lRn G 

invariant spaces are one-dimensional and so they are, up to a factor, the one 

dimensional spaces spanned by the characters x+e . Since two different 
characters give inequivalent representations (G1,X) is multiplicity free. The 

invariant operators are the operators of convolution with a distribution of 

compact support, in particular the differential operators with constant coeffi 

cients, and the eiX" are of course common eigenvectors for those. 

= lRn acting by translation. Then G 
1 1 

being abelian the minimal 

ix-y 
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b) Let G 

form x-+ Ax tb, with A a Lorentz transformation. 

be the Poincare group i.e. the group of transformations of lRn of the 
2 

Then, by theorem D, (G ,X) is also multiplicity free. The minimal invariant 

spaces yield inequivalent representations of the Poincare group. They are eigen- 

spaces of the Klein -Gordon operator, (the Laplace Beltrami operator for the 

Einstein metric), a fact extensively remarked upon by L. Schwartz [91. 

c) More generally, if G is a semi-direct product of an abelian group N and a 

group of Haar measure preserving automorphisms of N, then (G,N) is multiplicity 

free. For more details we refer to F. Klamer [51 .  

2 

Theorem E 

unitary) for all G -invariant H (or minimal G -invariant H )  the pair (G,X) is 

multiplicity free. 

Let J : D ’ ( X )  +D’(X) be an anti-automorphism. If J H = H  ( i . e .  J/H anti 

Proof If the minimal invariant spaces are invariant under J ,  so are the others, 

for instance by proposition 9.  Let H be G - invariant, and let A = (GI H) ' . The 
restriction - J = J / H  is an anti-unitary operator in H by hypothesis. If A is a 

positive operator in A the kernel K1 defined by 

K1 (cp P G) = (A]*cpl I*$) 

is the reproducing kernel of a G-invariant space H1 c, H .  Since J H = H I  it fol- 

lows that J A 
1 

= A .  Thus for any A � A  we have 

A* = J  A J-', - -  

the operator J being antilinear. Thus if A,BEA, we have (AB)* =A*B*, the 

’wrong’ equation, i.e. A is commutative. (This of course has a close connection 

with the argument of Lichnerowicz in [ 6 1 ) .  

Examples 

a) Let X = G  be a unimodular Lie group,G=G xGo acting from the left and right 0 0 

which defines a left action of G on X. G-invariant Hilbert subspaces H ct D’(X) 

are simply called bi- invariant. The reproducing kernels of bi-invariant spaces 

are of the form 

K(cp hb 7) = <T,G * $ >  

2 where T is a central positive definite distribution (6 if H = L  (X)). Then since 

T = T  it is easily seen that H = H  for every bi-invariant ncDi(G ) .  Thus by theo- 

rem E ( G  x G o ,  G ) is multiplicity free. In the case of type I groups the exis- 

tence and uniqueness of the decomposition of L (G into minimal bi-invariant 
0 

N u 

0 

2 
0 0 
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spaces (property 4.  o r  5 . )  gives  a new proof of the  exis tence and uniqueness of 

Plancherel measure ( c f .  151).  
b )  Let X=U(p,q ; IF) /U( l ; IF)  x U ( p - l , q ; F ) ,  IF= 1R, 4 or  El, be one of the  hyper- 

b o l i c  spaces analysed by J. Faraut i n  [ 3 ] .  Then with t h e  methods introduced by 

Faraut it i s  easy t o  show t h a t  every G - i n v a r i a n t  d i s t r i b u t i o n  on X x X  is  symme- 

t r i c .  Since the reproducing kernels  of G - i n v a r i a n t  Hi lber t  subspaces a l s o  have 

the  Hermitian symmetry they a r e  r e a l .  Consequently i n  t h i s  case H =if f o r  every 

G- invar ian t  Hi lber t  subspace of D’ ( X ) ,  and so by theorem E, ( G , X )  i s  m u l t i p l i c i t y  

f r e e .  

Let u s  f i n a l l y  s t a t e  the  theorem which explains  the terminology i n  the  t i t l e .  

Theorem F Let X = G /  , G being a compact subgroup. Then ( G , X )  is  m u l t i p l i c i t y  

f r e e  i f  and only i f  ( G , G  ) is a Gelfand p a i r ,  i .e .  t h e  convolution subalgebra 

of L ( G )  composed of the  funct ions which a r e  l e f t  and r i g h t  G 

abel ian.  

Go O 

0 
- per iodic ,  is  

1 

Consequently, if (G,G/  ) i s  m u l t i p l i c i t y  f r e e  we a l s o  r e f e r  t o  ( G , G  ) a s  a 0 
GO 

general ised Gelfand p a i r .  

of r i g h t  
2 2 

Proof of Theorem F: W e  may i d e n t i f y  L (X,dx) with the  space L ( G ) .  
rG0 

G -per iodic  LL functions on G. The algebra L' 

function on G a c t s  on I? 

of l e f t  and r i g h t  Go -per iodic  
0 GO'GO 

by convolution from the  r i g h t ,  the  funct ion being 
rGn 

uniquely determined by thg corresponding operator .  These convolution operators  

commute with l e f t  t r a n s l a t i o n s ,  and it can be shown t h a t  ac tua l ly  

they generate the  von Neumann algebra ( G I L  ) I .  Similar  descr ipt ions hold f o r  the  

o ther  commutants ( G I H )  ' 

commutant i s  generated by these convolutions operators  (with t h e  help of the  

Segal-Godement commutativity theorem) i s  too long w e  r e s o r t  t o  the following : 

and so (G,G~) is a Gelfand I f  (G ,x )  i s  m u l t i p l i c i t y  f r e e  ( G I L  ) I is  d e l i a n ,  

p a i r .  On the  o ther  hand, if ( G , G  ) is  a Gelfand p a i r ,  it is known t h a t  the ex- 

treme kernels  a r e  t h e  spher ica l  funct ions of p o s i t i v e  type ( they form a Souslin 

sec t ion  of e x t ( r  ) )  and it i s  known t-hat they y i e l d  inequivalent  i r reducib le  

representat ions.  Thus condition 1. of theorem A i s  s a t i s f i e d .  

2 

i n  theorem A .  Since the  proof of the  f a c t  t h a t  the 

2 

0 

G 

Remark 

Gelfand p a i r  i f  and only i f  the  algebra of G - i n v a r i a n t  d i f f e r e n t i a l  operators  i s  

commutative h i .  On the  other  hand A .  Lichnerowicz [ 6 ]  and S.  Helgason have shown 

t h a t  on a pseudo-Riemannian symmetric space t h e  algebra of invar ian t  d i f f e r e n t i a l  

If G is connected and Go is compact it can be shown t h a t  (G,G ) is a 
0 



Theorem of Bochner-Schwartz-Godement 303 

operators is commutative. One may wonder therefore if such a pseudo-Riemannian 

space is multiplicity free. The first proof that this is not the case, known to 

the author, has been communicated to him by G. van Dijk, who has shown that 

(SOo(l,n),SOo(l,n-l)) is not a generalised Gelfand pair for n>l (111). 

5. Proof of Theorem A 

1. * 2 .  (proof without measure theoretic details). Let A 1  be maximal commutative 

algebra in the commutant ( G I H ) '  of the operators u(g) IH, g E G .  Let V E  ( G I H ) '  be 

any unitary operator, and let A 2  = V  A 1  V-l. Let P(l) and P(2) be the correspon- 

ding spectral measures, defined on the Bore1 sets of the spectrum S of A1 and A2. 

Then PA’) = V  PA1)V-l. Let m be a positive measure on S equivalent to P ( l )  and to 

be the diagonalisations of A 1  and A 2  (corollary 

spaces H(i) are G - invariant almost everywhere, 

are almost all irreducible (minimal invariant). 

(cf. [21) : 

V = J  V dm(s) 

6). Then by corollary 7 the 

and by Mautner’s theorem they 

Now the operator V decomposes 

where V 

A l s o  it can be shown that V intertwines the action of G on H(’) and on Hs . 
Thus condition 1. implies tEat H(2) = a ( s ) H A 1 )  for a.a.s, and zy Schur’s lemma 

V =A(s)IS, with I A ( s )  l 2  =a(s), ;or a.a.s. This implies V is a diagonal opera- 

tor, i.e. V € A 1 .  Thus A 1  = (GI H) ' , which proves that the commutant is commutative. 
2. * 3.This implication has been proved in [lj- 
3. * 4. This follows from the general theory of integral representation [12][ld. 
4. * 5. The existence of the direct integral decomposition follows from proposi- 
tion 9. Thus the existence and uniqueness follows a fortiori from 4. 

5. * 1. This argument has also been given before 151. If H and H2 are minimal 

invariant their intersection H = H nH2, with the norm 1 1  h(1 
invariant and H (Hi. Therefore K IKi, so the Ki being extremal K mush be zero. 

: H ( l )  + H ( 2 )  is unitary. 
s s  

(2) 

2 
= )I  hi/ + 1 )  hll is 

HZ 1 H n 

1 
Thus H1nH2 = ( 0 )  and the sum H 1 + H 2  is direct. If the representations of G in H 

and H2 are equivalent one easily constructs two other minimal invariant spaces 

H i  and Hi such that H + H 2  =Hi + H i .  This contradicts the assumption of unique- 

ness in 5. 
1 

6. Closing remark : much of the above is valid in the more general situation 

where D ' ( X )  is rep lacedbyaloca l lyconvex space, E , together with a representation 
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G+GL(E). For instance E might be a space of vector valued distributions (cf. 

[91) and it might happen that only a subgroup of G is generated by diffeomor- 

phisms of X, as seems to happen in theoretical physics. 
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MULTIPLICATION AND CONVOLUTION OPERATORS BETWEEN SPACES OF 
DISTRIBUTIONS 

Peter Dierolf 
Fachbereich IV - Mathematik 

der Universitat Trier 

Multiplication (convolution) operators between spaces 
of distributions are continuous linear maps which on 
the subspace a act as multiplication (convolution). 
In section one we fix our notation and recall some 
basic facts from distribution theory. ’The historical 
background of o u r  topic and some connections with 
different branches of analysis are indicated in sec- 
tion two. In section three we develop to some extent 
a theory of the spaces @lyi(E,F) and @ t ( E , F )  of 
multiplication operators and convolution operators 
from E to F,respectively. These general results 
are used in section four to work out some examples, 
whereas some further results are mentioned in section 
five . 

1 .  NOTATION AND DEFINITIONS 

For spaces of functions and distributions, as well as for general 
locally convex spaces we use the standard notation of HORVATH[31] 
and SCHWARTZL601. The symbol R always stands for an arbitrary 
open subset of Bn. For T E a ( G ) '  and Y E  e ( Q )  the product 

T-pED(n ) ' is defined by 

<T.Y ,y> :=<T,y*Y />  ( y € a ( Q ) ) .  
For TEa( Xin) ' and Y E  ( En) the convolution TSc(pEa)( Bn)9 

is defined by 

<T*cCp,Y> :=<T,F*Y> ( ? E D (  IR")), 
where F(x):=lp(-x) ( x E B n ) ,  and y * y  is the usual convolution. 
We actually have T*YEe( Rn) 
map 
T�a)( Fin) ' .  Thus the transpose (TIt: e (  En)’ -j ( IRn) ' is de- 
fined and continuous. We define T*S:={?It(S) (TEa( IR’)’, 
S E  @ (  I R n ) ' ) ,  i.e. <T*S ,Y> = < S , ? * p >  =<T,&~J> , where the 
reflection on a( Bin)’ is defined by < ? , p >  :=<T,F) 

(yea(  Rn), T C a ) (  B n ) ' ) ,  and the 
'p Cj T*’p , is continuous for all { T I  : a( IRn)* &( En) 

( p e a (  Bn)). 
The FOURIER transformation J :  y( Bn) + y( IRn) is defined by 
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We use the same symbol to denote the FOURIER transformation on 
y( En)’, which is defined by 

< F ( T ) , ( P >  :=<T,F(cp I >  ( T E Y (  IR")’, p e Y (  IRn)). 
Moreover, the restrictions of 3: y( Rn)’----tY( Rn)’ to various 
subspaces of y (  Rn)’ will also be denoted by J. By Th we de- 
note the translation operator on a( IR"), Th(’p ) (x) : =  y(x-h) (henn, 

hEIRn). 
The basic properties of the above operations as described in 

SCHWARTZt60, Ch. V, Ch. VI, Ch. VII]will be used without specific 
references. We also use a notation introduced by L. SCHWARTZ (e.g. 

[59, p. 21): exp(2Wi2.y) denotes the function x~ exp(2Vix.y), 

By Lo(Q) we denote the space of all (equivalence classes of) 

p e a (  mn)), and on nn)’, <Zh(~),y> :=<T#r-h(y)> ( T E ~ (  IR~)’, 

?(-;) denotes the function . . . etc. 

LEBESGUE measurable functions on c IRn provided with the (non 

locally convex) complete metrizable topology of convergence in 
measure on all subsets of finite measure (BOURBAKICS, p. 191, ffJ). 
By Co(Q) 
infinity. Let E be any subset of a’. We put 

we denote the space of continuous functions vanishing at 

Eloc:=(S €aot; S " p  E E 

E :={T3cp; T E E ,  ?�a], and 

( y € a  ) I ,  
E ~ ~ ~ ~ : = { T E  E; S U ~ ~ ( T )  is compact], 

E:=LT;  TEE]. 
reg" 

Let E and F be locally convex spaces. By L(E,F) we denote 

the space of all continuous linear maps A:E+F. If it is neces- 
sary to mention the topology W of the locally convex space E, we 

write (E,%) o r  Ea. By Ls(E,F) and Lb(E,F) we denote the space 
L(E,F) provided with the topology of pointwise convergence, and the 
topology of uniform convergence on all bounded subsets of El respec- 
tively. 

We now give the precise definition for multiplication operators 
and convolution operators between spaces of distributions. 

(1 .I ) Definition (SCHWARTZ[59, p. 691). Let E and F be locally 
convex spaces of distributions on , and let E be normal (HORVATH 
[jl, p. 319, Def. 3 3 ) .  A distribution S E a ( ( R ) '  is called a multi- 

plication operator ( o r  multiplier) from E into F if there exists 
a continuous linear map [S]:E+F such that [ S ] ( c p )  = S - p  holds 
f o r  all y E  a(Q)C E. By 
plication operators from E into F. 

gM(E,F) we denote the space of all multi- 

The definition o f  a convolution operator is similar. 
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(1.2) Definition (SCHWARTZr58, exp. no 11],[59, p. 721). Let E and 
F be locally convex spaces of distributions on En, and let E be 
normal. A distribution S E a( B�)� is called a convolution operator 
(or convolutor) from E into F if there exists a continuous linear 
map { S ) : E + F  such that { S ] ( ( p )  = S X P  holds for all (p€a( Bn) 
C E. By ( t lb (E,F)  
from E i n t o  F. 

we denote the space of all convolution operators 

If E = F we write OM(E) and @b(E) instead of OM(E,E) and 
~;(E,E), respectively. 

By definition, the spaces oM(E,F) and @i(E,F) can be consid- 
ered as subspaces of a’ and as subspaces of L(E,F). Since the con- 

tinuous linear maps [S] :E+ F and {S] :E+ F are uniquely de- 
termined by the distribution S and vice versa, we usually do not 
distinguish between the continuous linear maps and their generating 

distributions. 
Before we start the investigation of these spaces in section three, 

we want to present a few motivations as well as some indications of 
the historical development of the subject. 

2. MOTIVATIONS AND SOME HISTORICAL REMARKS 

The theory of multiplication and convolution operators has its ori- 
gin in the following problem: 

1 (2.1) Let X be a subspace of L ( T ) ,  where T denotes the one 

dimensional torus. What are the conditions a sequence (ck;kEa!) in 
C must satify such that for all f e z  the sequence 

7 

kl(3(f)):=(ck- r(f)(k);ke a) 
is the FOURIER transform of some function g � z ?  

Under suitable restrictions, c = (ck;k� m )  will be the FOURIER 
transform of a measure p on T, and we will have 

i.e. aM(!3=(’X?)) is the space of all those sequences c=(ck;kEZ), 
and 
lution operators. 

in 1923. Let %If(T),  & c ( T ) ,  and e(v)  denote the space of func- 
tions f : T +  6 which are of bounded variation, absolutely contin- 
uous, and continuous, respectively. One of the main results of FEKETE 

is @~(L�(T))= ~ ; ( L ~ ( T ) ) =  o~(33~(r r ) )=0; : ica~( . i r ) t=~; : (   TI). 

S t i l l  earlier, results on individual multipliers were obtained by 

[cI(J(f))= F(g)=?(/CL*f)= C?(p)l( F(f)) (fez), 

) =: s-’ ( 8, (F(%))  ) is the corresponding space of convo- 

In the above generality the problem was first treated by FEKETE[18] 
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YOUNG[79, 801 in 1913, MAZURKIEWICZ[49], STEINHAUSC67, p. 217 ffJ in 

1915, and problem (2.1) was also investigated by STEIWHAUS[68, p. 2101, 
SZIDON[70], BOCHNER[4], KACZMARZ,MARCINKIEWICZ[36J, and MARCINKIEWICZ 

(441. We refer to HEWITT, ROSS[27, sections 35, 36 and p. 4127, 
EDWARDSCl6, Ch. 167, ZYGMUNDr82, Ch. IV, $ 1 1  and p. 3781, LARSENlbl], 
and STEIN, WEISSC66, p. 257 ff] for further results and references. 

We note the following aspect of the above problem (2.1): The 

spaces 
multiplier 

y(Lp) are still not too well understood. Thus every special 
f E 8 , ( 3  (Lp) ) extends our knowledge on the richness of 

J(LP). 
Already the result of FEKETE shows some special features of the 

spaces oM(E,F) and @b(E,F). 

- The spaces OM(E,F) and @b(E,F) are not too sensitive with re- 

- Dual spaces often have the same spaces of multiplication (convo- 
spect to a change in the arguments E and F. 

lution) operators. 
- If the FOURIER transformation is defined on E and on F ,  it pro- 
vides a linear isomorphism between db(E,F) and @,(F(E) , F ( F ) ) .  

(2.2) Summation problems. Suppose we are given the FOURIER transform 
F(f) of a function f E  L p (  IRn) with p �  [I, a). To recover f 
from 3(f) we could proceed as follows: Let m  EL^:^^( IRn)  be con- 
tinuous at O�lRn, and suppose m(O)=l. For p >  0 we put Mg(m)(x):= 

m(g.x) and we define an operator Tp in (say) L2( IRn) by 

thus TS=J-’o [Mf(m)lor = { g l o  Mp(m)]. Using s-? Mp =f-n-MpoF-l 
we obtain 

Observing that SPn/p-Ms is an isometry in Lp( Bn) ( f >  0), we there- 

fore obtain that TP is the conjugation of {F-�(m)] by the Lp- 
isometry - My:= f n/p. MS ( f r o ) .  Thus, if TI ={3-�(m)) has an ex- 
tension to a continuous linear operator 1, :LP( IR~)-LP( n n ) ,  we 
obtain Tp(f)-f (f-0) (cf. STEIN165, p. 94 and p. 991). 

results on the summability of multiple FOURIER series, such as 

- 

3(Tp(f)):=Mf(m)* F(f) (f�L2n LP,Q> 01, 

i3-I.M (m)]= M 1 13 0lF-I (m)]0 Mp=(Mp)-l0{g (m))oMp. 

- 
Via the POISSON summation formula results of the above type imply 

f . : = >  3(f)(k).exp(ZVik*$) + f (j -a) 
Ikll,cj 

in LP(Tn) (p� (1, a))). Here m is the characteristic function of 

the 
p. 993). FEFFERMANC171 proved that if m equals the characteristic 
function of the I-JI2-unit ball in IRn, the operator {F-l(m)) is 

J*d,-unit ball in IRn (cf. STEIN,WEISS[66, p. 260 ff], STEINC65, 
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unbounded on Lp( Rn) for n>l and p # 2, whereas it was known 
for a long time that the corresponding operator for the II*IICD-unit 

ball in Rn is bounded in Lp( Rn) for all p E  ( 1 ,  C D )  (STEINC65, 

p. 99, 4.11 , SCHWARTZ[57]). 
The spaces ob(Lr,Ls) were investigated in detail by HORMANDER 

[30]. Nevertheless a complete description of these spaces seems still 
to be unknown. 

(2.3) Let P ( 3 )  be a homogeneous elliptic partial differential op- 

erator of order k and let a E W z  satisfy lgl = k .  The fact that 
^xoc/P(?) is a multiplier on J(Lp) for all p �(I, C D )  yields the 

a priori estimate 

- 

I18*fIlp C ApllP(B) (f)llp (f € ak( Rn)) 
(cf. STEIN[65, p. 771). The existence of bounded rational functions 
which are multipliers on no 
LITTMAN, McCARTHY, RIVIBRE[421. A continuation of this path ultimate- 
ly leads to the theory of pseudo differential operators (TAYLOR[71]). 

F(Lp) (pr~ [I , C D ) )  was proved by 

We now mention shortly several other applications. 

(2.4) The KoTHE function space A defined by a subspace E of 
TQ) Lloc (DIEUDONN&[14]) is just (PM(E,L1 ( Q ) ) .  In particular, the 
space Sar( IR") of absolutely regular tempered distributions on IRn 
coincides with OM(Y,L ) (cf. [ 9 ,  lo]). 
(2.5) The transformation of coordinates in (say) the SOBOLEV spaces 
W m S P  

(ADAMStl, p. 631, PALAISr52, p. 311, WLOKAt76, p .  8 0 1 ) .  Similarly, 
the study of so called superposition operators (or NEMITSKY operators) 
on SOBOLEV spaces leads to the investigation of multiplication oper- 

ators on these spaces (MARCUS, MIZEL1451, PALAIS152, p. 312). 

(2.6) Let A be a closed densely defined operator in L2( IRn) which 
commutes with all translations. Then A is (normal and) unitarily 
equivalent via FOURIER transform to a multiplication operator (cf. 
the lecture of E. THOMAS in this volume; a proof was given indepen- 
dently by J. VOIGT, unpublished). More general, by the spectral re- 
presentation theorem, the normal operators on a HILBERT space are 

exactly the operators which are unitarily equivalent to a multiplica- 
tion operator on some L ~ .  

(2.7) The definition of convolvability for two distributions S, T 
in 
ization, multiplication, and convolution: 

S,T 6 a( Bn) ' 

1 

- 
leads inevitably to the multiplier problem for these spaces 

I_ 

- a( TIn)’ given by CHEVALLEYC6, p. 1121 in 1950 connects regular- 

are convolvable: ( S * ( p  ) *  (?*y) E L1 ( Fin) for all 
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p , y a  B�). 
(2.8) In problems of mathematical physics it is often important to 
know on which spaces potentials or fundamental solutions of partial 
differential operators act continuously via convolution (HORVATH[33, 
34],ORTNER[50,51], MALGRANGE143, p.288, Thm. I], WLADIMIROV[75, 5227). 

We finally mention that characterizations of distribution spaces 
by their regularizations, e.g. T � a �  ( Rn)* T3tc�Lp( TR�) for 

all a( IR�) (SCHWARTZC60, p.201]), and the fundamental approxi- 

mation procedure by �cutting and regularization� (SCHWARTZC59, p.71 

81) also fall into the scope of o u r  subject. 

LP 

3. GENERAL RESULTS ON THE SPACES OM(E,F) and @ b ( E , F )  

The following observations are obvious but nevertheless very use- 

ful. 

(3.1) (a) If E,F,G, and H are spaces of distributions, E,G normal, 
the continuous inclusions 
- 

G U E  and F-H 

imply 

b @ M ( G , F )  ,+ 

‘3 OM(E,H) 
 OM(^,^) G @ M ( G , H )  v 

and the corresponding inclusions for . 
(b) For every subspace HcOM(E,F) we have the bilinear map 

HX E d  F, (S,T)c+[S](T). It, often happens that this bilinear map 
is separately continuous. From cyl(T) = T*(P (TEE,(pEa=H) we 

then obtain E OM(H,F). 

*6 

Another fundamental tool is the following: 

(3.2) Suppose we have a continuous injection H C - , F  and we know 
[S](E) c H for all SE#M(E,F) (or ( S ] ( E )  C H for all S E @ b ( E , F ) ) .  

In many cases a closed graph theorem is available for the pair (E,H) 
which then yields the continuity of LS1:E-H for all SEOM(E,F) 
and thus OM(E,F) = oM(E,H) (or @b(E,F) = @h(E,H)). More general, 
a space of distributions H is said to have property (C) if for eve- 
ry barrelled space E and every continuous linear map A:E+a� 
the inclusion A(E)c H implies the continuity of A:E -H (cf. 
SHIRAISHIC62, p. 221). In loc. cit. it is shown that many spaces of 
distributions have property (C) . In particular, H has property (C) 
if 3 is strictly dense in (H�,G(H�,H)) (SHIRAISHIC63, p. 1761). 

- (3.3) For S € @ , ( E , F )  the map [Slt:(F�, Z(F�,F)) -(E�, Z ( E ’ , E ) )  

- 
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is continuous. If F is normal, then (F�,T(F�,F)) is normal too, 

and we obtain 

E<cs l t ( (Cp)  $ W > E  = F8<?9[�](Y)>F = ,$? *�*w>,#= ,$‘Y yew>,= 
,y& for all ( ~ , w ~ D ( ( S Z ) .  

[�It( ‘p) = S * c p €  E ’  
;a 
Thus 
flM(E,F)c @,(F+,E$) and OM(E,F) = aM(F+,E+) if E is a MACKEY 
space, i.e. (E,R) = (E,Z(E,E�)). Moreover we obtain 

OM(E,F) ( F ) l o c  0 (E�Iloc 

for all y € E ( Q ) .  This implies 

if E and F are normal. 

In the calculations, the above inclusion yields local regularity 
oiq(E,F�), e.g.: 8,(2�,a�) = @,(a , a )  C: results for the elements of 

@ M ( B ’ , P ’ )  =@,(XI ,Z) 1 = e ( a )  = O M ( . % , g  1, and 

f l  (a)loc = & .  By SCHWARTZC60,p. 1197 we thus obtain l o c  = (3�) 

t(R) c OM(~,a�) for all normal spaces E. 

Another example is the following: @M(Lcomp,;b�) 1 

= LZC+ oM(L;omp,a�) = OM(L 1 ,a ’ )  = U M ( L  1 1  �Lloc) =oM(Lloc�a�) 1 

= 0 M (L1 locYL:oc) = Lloc� 

C (a�),oc f l  (Ll:c)loc = 

= 

03 

We note the corresponding results for convolution operators. 

(3.4) Let S € O b ( E , F )  and let F be a normal space. - 
E ;({s3t!(p)9y>E = $y9(Sf(y)7F = ,$d‘p9””v/>,, =a<s9+”y>p = 

=a<5*y,yb for all ~ , ~ ‘ E z I (  I R ~ ) .  

Thus 
o;(E,F)�c @b(F+,E;) and @b(E,F)y = @b(FG,E&) if E is a MACKEY 

space. Moreover we obtain 

{SIt(p) = z*ccp E E� for all ?€a( Bn). This implies 

@k(E,F)reg c F n (E�)� , i.e. 

for all s~@;(E:,F), (pea( IR�). 
S*y E F A  (E�)� 

In the calculations the above inclusion yields growth conditions 
for the elements of @b(E,F), e.g.: (Pb(e,a�)regc a ’ n  ( & ’ ) “ =  t �  
* o p , a v  c ec Illn)* + ( D b ( €  ,a’) = ( P p , , z )  1 = o p ’ , = o ’ )  = 

= t( illn)�, and 
e( i l ln)’  c OL(E,~�) for all normal spaces E .  

By (3.1) we thus obtain @ (  illn)� = @b(P�,a�) c @)b(Lloc,a�) 1 

~ S ~ ~ e P . ; o ~ ~  = ob(tE,ap) = e (  Illn)� = s p , e , .  
The inclusions (3.4) can also be used to prove a representation 
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theorem for d b ( E , F )  by the s o  called parametrix method. 

(3.5) Example @b(u). Let y z (  Bn) denote the BANACH space of all 
continuous functions f such that (1 + 121 2)mf E C o (  an). By K we 

denote the closed unit ball in IR". Now let T€@b(Y' )  = @;(y) 
and let m E m 0  be given. Then {T]:aK( IRn)+Yz( Rn) is contin- 
uous for all m € l N o .  Therefore,for every memo there exists p = 

p(m)OINo such that IT] has a continuous extension {T]:aE+yi. 
According to SCHWARTZ[60, p. b7 and p. 1911 there exist k=k(m,p), 

such that 4 = Akf - f .  We thus ob- 

S 2k) in yz( IRn): T = a"f,. 
laCl 2k 

2 -m Using the inequality (ltlx-y( ) Q 2m(1+~x12)-m(l+ly12)m (x,y c IRn, 
mEmo)  

plies T*$'G y (  Rn) ( ( p E a (  Bn)) and that {TI: a( IR") +y( IRn) 
is continuous with respect to the topology induced by 

it is easy to verify that the above necessary condition im- 

Y (  ELn) on 

P( Bn). 
(3.6) If there exists a continuous inclusion F go( IRn), the re- 
lation <?,?> = ( ? ) c + ) ( o )  = ( T * ~ ) ( o )  = < s , T * ~ >  (C~E=O(IR"), 
T�P( En)’; cf. SCHWARTZ[60, p .  167/168]) shows @ b ( E , F )  C ( E ' ) Y .  

We give a simple application of this inclusion which is due to 
MALGRANGEI43, p .  289/290]. It is easy to prove @~(L~omp,Lloc) C 

c @;(Wmy2comp,Wm~210c) 

2 

for all m e m o .  By SOBOLEV’s theorem we have 

Wmp2 ( Bn)4g0( Rn) for 2m > n. We thus obtain d~(Lcomp,L~oc) 2 loc 
W-m,2 ( R ~ )  for 2m > n. loc 

(3.7) Remark. At the end of the lecture in Paderborn, E. THOMAS asked 

the above inclusion is strict. By (3.2) we obtain ~~(Lcomp,Lloc)C 

@;(X ,&); the inclusion @i(x ,A) C @~(L~omp,L~oc) was proved 
by GAUDRYC23, p. 47&, Thm.5], and independently by E. THOMAS (unpub- 
lished). 

for a description of @~(Lcomp,L~oc). 2 In l o c .  cit. MALGHANGE notes that 
2 2 

The above results explain to some extent why the spaces OM(E,F) 
and 
"arguments" E and F. 

- C haracqeri~ation-theorems. 

O i ( E , F )  are not too sensitive with respect to changes in the 

Right from the definition we obtain 
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OM(E,F) = L(E,F)noM(n ,I)’) 

@Ib(E,F) = L(E,F)n @;(a> ,a> ' ) .  
and 

It is thus sufficient to have characterizations for o,(a,a') and 

@;(a, , a ' )  as subspaces of L(2) , a ' ) ,  
(3.8) Theorem ([9,p. 4 8 1 ) .  For a linear map A:a(R)- a(Q)' 
the following are equivalent: 

(a) AeLrpI = [ ~ J D A  for all ?€ n(Q). 
(b) There exists a unique S E a > ( n ) '  such that A(?) = S o y  for 

all Y E  D(Q). 
Proof. (a)+ ( b ) :  We first show that A is a local operator. Let 
Y / E ~ ( G )  and let U be an arbitrary open neighbourhood of supp(y). 
We choose cpED(Q)  such that supp(cp) C U and ~ ( x )  = 1 for 
all x E  supp(y). By (a) we have A(Y) = A(T*’Y ) =(iP-A(y) which 

implies supp(A(I)v)) C supp(Cp)C U. This shows supp(A(y)) c supp(y) 
for all y €  a(R). Now let (yj; jelN) be a partition of unity in 
a((R) such that (supp(vV.;);jEIN) is locally finite. Since A is 

’ J  
a local operator, the sequence ( >: A(yj) ;kElN)  is convergent in 

is k 

(D(Q)’,B(a’,a)). We define S:= 2’A(yj). For every 'p' a(Q) 
j E l N  

there is a finite subset J of lN such that y a y j  = 0 for all 
j # J .  We thus obtain 

(b)* (a) is obvious. 

The corresponding theorem for i?i is well known (SCHWARTZr60, 

p .  197/1987). 

(3.9) Theorem. For a continuous linear map 
the following are equivalent: 
(a) Y h o A  = AoTh for all h�lRn. 

(b) @’eA = Aef’ 

( d )  There exists a unique S E a( Rn)’ such that A( y )  = S W Y  for 

A :  a( IR") _C j[>( Bn)’ 

for all &�IN:. 
( c )  A O C ~ ~  = ((~IOA for all 'p e nn). 

all Y E  a( IR"). 
We note the following consequences. 
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(3.10) Corollary. (a) OM(E,F) and @ t ( E , F )  are closed subspaces of 

Ls(E,F). 
(b) Let H be a normal space of distributions and suppose a((R)c 
t OM(E) n D M ( F ) .  Then 
a(Q)C OM(E) implies that @,(E) is a subalgebra of L ( E ) .  

(c) Let H be a normal space of distributions and suppose a(  Rn)C 
C Q&(E) C]b(F). Then O&(E,F)O @ b ( H , E )  O b ( H , F ) .  In particular, 
a( Bn) @b(E) implies that Ob(E) is a subalgebra of L(E). 

Proof. (a) Let A:E- F be linear and continuous and let ( S , ; L E I )  

be a net in O M ( E , F )  such that lim[SL1(T) = A(T) (TEE) holds 

with respect to the topology of F. For all y,y,y € a(=) we 
then obtain 

O M ( E , F ) n u M ( H , E )  C OM(H,F). In particular, 

LEI 

< A ( 'p * ) - 'p - A ( y )  ,? > = lim b,l( p * 

LEI LEI 
- ylim r S L ] ( ' p  ,q> 

according to ( 3 . 8 ) ,  and thus A �  D M ( E , F ) .  

The proof for @ b ( E , F )  is similar. 

(b) Let A E OM(E,F) and B E OM(H,E). Then AoB:H + F is linear 
and continuous. The inclusion a(n)c oM(E) n a M ( F )  implies the 

continuity of the maps AeCcpTJ , L(P10A:E + F 
A ( E < p J ( R ) )  = [ y ] ( A ( R ) )  holds for all R E E ,  < p E n ( ( R ) .  Now let 

y , y ~ a ( ( R ) .  We obtain 

A (  ([(p JOB) (y)) = A( [y](B(y))) = 

Therefore 

(7' a (R)). Thus 

( A O B ) ~ C ~ ~  (3") = A((B°Cy3)(y)) = 

(A(B(Y/))) = [ y 7 0 ( A o B )  (y). 
AoB) D ( R )  E (PM(a ,a ' 1, and we obtain A o B  E O M ( H , F ) .  

The proof of (c) is similar. 

- I n v a r i a n c e - u n d e r - d ~ f ~ e ~ e ~ t ~ a ~ i ~ n - a ~ d - m ~ l ~ i ~ l ~ e ~ t ~ o n .  

Q.11) Suppose @sL(E) and a&�L(F) for a l l  &EX:. If 
SEO~(E,F), the relation m j s 1  = aj-[s] - [sl0aj (j=l,. . . ,n) on 

a(=) shows that [ a j S ] :  2>(=) F has a continuous extension 
[Q,S]:E- F (j=l, ..., n). We thus obtain aaoM(E,F):=[acCS; S E  

EO~(E,F)] c o~(E,F) for all %�IN:. 

This elementary observation already enables us to compute 

(3.12) Example o , ( y ' ) .  By (3.3) we know @,(y’) = o , ( y ) C  

( t €  o,(Y).  Y E  y ) .  Let Wk:=( l+ lx l  ~ 2 k  ) 

( k E Z ? ,  xEIRn), and let B be a bounded subset of L OD( IRn,Wk). 

Then there exists y �  y( IR") such that If IS y for all f E B 

(cf. CHEVALLEYr6, p .  127 ,  Lemma ( 3 . 6 ) ] ) ,  which implies 

OM( y' ). 

e( B"). A routine approximation argument shows [ 7 3 ( ? )  = 7 -  7 
2 E o, (Y) ,  denote 

k E X o  

f I C l T * l y l  
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for all f E B. Since 

continuity of [TI : 
m e m o  and C > O  such that H7.f 11,s C\IWmf 11, holds for all 

f-I L 0°( En, w,) 
k E m o  

is metrizable, we obtain the 

L 0°( IRn,Wk) + L 0°( 33"). Thus there exists 
k E m o  

f E  0 L O 0 (  IRn,Wk). Using a suitable approximate unit ( e j ; j € IN)  in 
k f m -  

U 

D(  IR") we obtain ’j’w-(m+l)- W-(mtl) ( j - c o )  in L ~ (  I R ~ , W ~ ) .  

This shows ~ - ~ - ( m + l ) E L m (  IR"). By (3.11) we thus obtain: 
OL V ? E O ~ ( Y " )  = O , ( Y )  V OLEIN: 3 rn(ccl ) E N :   LO_^(, j a   EL^( R"). 

It is nearly obvious that this necessary condition is also sufficient. 

- (3.13) Let Y E  e ( n )  satisfy r r p l E L ( E )  or [ y J E L ( F ) .  If 
S € oM(E,F), the relation [(p.S] = [ r p ) [ S ]  = [S]o[y] 

shows that [ T -  S] : a>(n) + F 
[g?.S]:E + F. We thus obtain 

on a((R) 
has a continuous extension 

TpOM(E,F) C OM(E,F). 

For S E Y( En)’ we have F ( 8 " S )  = (2Ti^x)w*F(S). Taking into 
account the intimate relation between and (P, via FOURIER 
transform, we might expect a result similar to (3.11) for and 
the multiplication by polynomials. 

(3.141 Suppose [pal�L(E) and [ " x l € L ( F )  for all oL.6lNt. If 

S E @t(E,F) 
on a (  IRn) (cf. SCHWARTZC60, p. 169, (VI,h;l5)]) shows that 

{^xjS]:"( Rn)+F has a continuous extension (̂ x.S]:E --f F 
(j=l,.. .,n). We thus obtain %Ob(E,F) C Ob(E,F) ( & 5 € l N t ) .  

the relation { a j S ]  = [ 2 . ] o { S ]  - {S]o [n . I  ( j = l ,  ..., n) 
J J 

J 

(3.15) Let a&€ L(E) or a*�L(F) ((%Em:) be satisfied. If 

S € Oi(E,F) the relation { a a S ]  = gao{S] = {S]oa'Y. on a (  En) 
shows"that 
{’aaS]:E-F. We thus obtain @’@i(E,F)c @;(E,F) (&�IN:). 

(3.16) Inclusions for the supports. In general we don’t know how 

[S] or {S) acts on elements T of E. If we suppose that to every 
T E E  and to every uniform neighbourhood U of supp(T) there exists 

a sequence ( Y j ; j € l N )  in such that supp(yj)CU (j�nV) and 
pj+T ( j + m )  in E (e.g. if E has the approximation property 
with respect to cutting and regularization in the sense of SCHWARTZ 
1 5 9 ,  p . 7 / 8 ] ) ,  it is easy to prove the inclusions one would expect, 

(a" S 3 :  a( Rn) ---f F has a continuous extension 
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- PolnLwLse action-of the gpgratgrg -[S]- and -IS], 
As we already noted above, in general the action of the operators 

[S] and {S] on elements T E E \ a  can only be described by an 

approximation procedure. If E and F are subspaces of Lloc, then 
the following observation often enables us to conclude that every 
IS7 E oM(E,F) acts by pointwise a.e. multiplication on elements 

of 

1 

E. (Observe that under the above hypothesis QM(E,F)c Lloc 1 by 
(3.31.) 

p(3.17)* For all TELo(Q) the linear map [?I :Lo(R)- Lo(=), 
Eq](f):=T*f, has closed graph and is thus continuous. 

In more general situations we shall need a concept to multiply 

two individual distributions. There is a vast amount of articles on 
this topic. We only mention KoNIG[39], BREMERMANN,DURAND[3], FUCHS- 
STEINERr 221, KELLERr381 , GONZALEZ DOMINGUEZ[ 241, AMBROSE[2], KAMIfiSKI 1373 
and COLOMBEAU[7]. 

Here we use a concept which was introduced by ITAN0135, p. 1613. 

A sequence will be called a special &-sequence if there 
exists Y E  a(  R"), 0, IIYII, = 1 ,  and a sequence (Jk;k€IN) of 
positive numbers tending to zero such that 

(xEIRn, B E l N ) .  

(3.18) Definition (ITANOC35, p. 1611). Let S, T�a(R)’. The multi- 

plicative product S O T  of S and T exists if for every special 
6 -sequence (9  k;kEIN)  the sequence (S* (T%Fk) ; k E W )  is G(n' ,a)- 
convergent and the limit does not depend on the particular choice of 
the special 

(f k;kETN) 

Qk(x) = 2kn y(x/Ak) 

&-sequence. If these conditions are satisfied, we put 
SOT:= lim S - ( T % P k ) .  

k+a, 

For E c  a(n) '  we define 
E~:=CTEZIT)(R)?; SOT exists for all SEE]. 

If # lRn, the above definition needs some explanation. Let K 

be a compact subset of Q .  Since supp(Pk)+{O] ( k + a , ) ,  there 
exists ko = ko(K)EIN such that K - supp(p k ) C  holds for all 
k S k o .  On aK(Q) the linear form T*Pk is then defined by 

<T*Pk,Y/> : = < T ,  svkJcY> 
generated by the 
Thus, although T*Sk is not defined on all of R we can investi- 

(7' aK(Q), kkko(K)) for all K G  Q .  

( ?kL-EaK((R), k & k o ) ,  and is actually 
&(R)-function T;Wqk(x) := (T, 9 ,(x-$))) (XE k , k &  ko).  

gate the convergence of the sequences <s '  (T*yk) ,?P>=<s, (T*f k)')b> 

We refer to ITAN01351 for two other equivalent formulations 
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of (3.18) as well as a throughout discussion of the product defined 

therein. 
In view of (3.2)we restrict our investigation to the pointwise ac- 

tion of operators [ S ] € @ M ( E , n ’ )  on elements of E, i.e. we only 
consider the special case F:= p ( n ) ’ .  For a= IRn the next propo- 

sition was proved by ITANOr35, p.1721. 

(3.19) Proposition.For every normal barrelled space E of distribu- 
tions on we have 

EM, oM(E,a’) and [SI(T) = S O T  ( S E E M ,  TEE). 

S E E M .  It follows immediately from (3.18) that Proof. Let S O T  = 

S a y  holds for all y€a(Q) .  Since (a(R)�,R(a>�,a)) is the 
projective limit of the spaces (a>K(n)�,B(ai,2)K)) ( K G R )  (cf. 
FLORET, WLOKAC20, p .  1451). it suffices to prove the continuity of 
T- S O T  as a map from E to aK(R)’ for ever K ~ R .  Let 
( g k ; k E I N )  be a fixed special&-sequence and let K t Z Q  be given. 
Then there exists L G Q  such that K c : .  For x � i  and k. ) ,ko(L)  

the map is defined and infinitely 

differentiable. Moreover, the map T M T*Sk is continuous from 
a(R)’  to g ( t ) .  Therefore the maps T Sm(T*Pk) (k,  k o ( L ) )  

are continuous from a((R)’ into DK(Q)’ ,  thus in particular from 
E into a,(R)’.  Now the barrelledness of E implies that the 
pointwise limit 

k+co from E into BK(Q)’ .  

(3.20) Under suitable hypotheses on E also the converse inclusion 
can be proved. For instance, if R = IRn and E has the approxi- 
mation property with respect to cutting and regularization, we have 

x w T * P ~ ( x )  :=<T, q,(x-;)> 

T b  S O T  = lirn S*(T.WQk) is continuous as a map 

OM(E,n ’ ) C  EM (SHIRAISHI, ITANOC64, p. 2321). 

To describe the corresponding situation for convolution operators 
we first recall the definition of convolution for distributions of 
L. SCHWARTZ. Let 
provided with its natural FRPCHET space topology. The dual 
is the space of so called integrable distributions, and is denoted 

%(n):={y€ @(R); a&pECo(R) (a� IN:)] be 

3( IR�)� 

( IRn) in SCHWARTZC60, p. 2003. It can be shown that the bidual 

%( IRn)II 
{ ( p E g (  IRn); aoLyELco( En) (oS;EINE)]. Therefore an integral can 

be defined for the elements T € % (  Rn)� by 

is in a natural way isomorphic to the space s( IRn):= 
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We refer to SCHWARTZC58, expos& no 211 and DIEROLF, VOIGT[13] for 
details. Observe that the above notions are a direct generalization 
of the notion of an integrable measure (HORVATHr31, p. 3457). The 
same is true for the following definition. 

(3.21) Definition (SCHWARTZ[58. expos6 no 221,159, p. 1 3 1 1 ) .  Two dis- 
tributions S,T E a(  Rn) are convolvable if for every ‘p 6 2) ( Rn) 
we have 
the convolution 

( p ( G + $ )  (SQT) E 3( 1Rzn)�. If this condition is satisfied, 
S* T E a( lRn) ’ is defined by 

( ? € a (  IRn)). For EcD(IRn)� we define 

E�:= IT ~ ~ 1 9 ;  S*T exists for all SEE]. 

We refer to HORVATHL321, SHIRAISHI[62], ROIDER[55] and DIEROLF, 
VOIGTfl21 for a detailed treatment of this notion. Here we only men- 
tion that SKIRAISBIb27 proved - among other results - that Definition 
( 3 . 2 1 )  is equivalent to the definition of CHEVALLEY which was men- 

tioned in (2.7). 
The relation between EC and &)L(E,a�) is described in the 

following theorem which is more satisfactory than (3.19). 

( 3 . 2 2 )  Theorem. Let E be a normal barrelled space of distributions 

on IRn. Then 
(a) EcC @;(E,a�) and {S](T) = SjCT (SEEC, TEE). 

(b) The inclusion (E:’)“C Ec implies U;(E,D�) = E c  = 

= {S€a( I?�)�; z*(p€  E ’  

Proof. (a) is proved in YOSHINAGA, OGATA[78, p. 20, Thm. 3 ( Z ) ] .  

(b) By Thm. 2 of HIRATAC28, p.  921 we obtain Ec = ( S € a (  IRn)�; 

B * c p &  E� ( y E a (  nin))]. For  S E @ b ( E , a ’ )  we have Z * ( p  € E� 

( ‘ p E  a( En)) 
clusion follows from (a). 

(YPEa( En))]. 

C by (3.4). Thus ( P b ( E , B ’ ) c E  , and the converse in- 

We mention that for most of the usual spaces of distributions E 
on lRn the �C-dual� Ec was determined by YOSHINAGA, OGATAc78, p.  

22, Thm. 57. 

- The FOERIER exghange-fgr;ula, 

the sense of ( 3 . 2 1 ) ,  there is no reason f o r  the distribution S * T  

to be tempered. Therefore, if one wants to extend the classical 
FOURIER exchange formula T ( f * g )  = .?(f). F(g) (f,gCL�) to tern- 
pered distributions, one needs a notion of convolvability which is 

If two tempered distributions S,T E y (  IRn)� are convolvable in 
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more restrictive than (3.21). The following definition was first 
given by HIRATA, OGATAE29, p. 1 4 8 1  in a formulation similar to (2.7) 
(cf. also LIZ]). 

(3.23) Definition (SHIRAISHI[62, p. 26/28]). Two tempered distribu- 
tions S,T E y (  Bn)� are So�-convolvable if for every jD� y( Rn) 
we have 
the Y�-convolution S Q T  E Y( En) ’ is defined by 

y(2t;) (S8T) € & IR2n)�. If this condition is satisfied, 

<S@T,(P> :=<(p(;+$)(S@T),l> (CpeY( Rn)). 

Now a generalization of the FOURIER exchange formula is given by 
the following proposition. 

( 3 . 2 4 )  Proposition. Let S,T E y( IR�) * be Y�-convolvable. Then the 
product 3 ( S ) O  3(T) exists in the sense of (3.18), and we have 
T ( S @ T )  = Y ( S ) O  F(T). 

The above proposition was first proved by HIRATA, OGATAr29, p.1511, 
where even a more restrictive notion of the product was used (cf. 

also SHIRAISHI, ITANOt64, p. 230, Rem. 27). 
In some cases, Proposition (3.24) can be used to connect the 

spaces O b ( E , F )  and OM.I(y(E),F(F)) as indicated in (2.1). It 
would however be desirable to have simple notions of !!?�-convolution 
and Y�-product adapted to each other in such a way that also the 

converse of (3.24) holds, i.e. the existence of S O T  in an 50�- 
sense should imply the existence of J ( S ) %  3(T) in an Y�-sense. 
Several versions of such a theorem were recently given by KAMImSKI 

[ 3 7 ,  p. 901. 

- Topological prgbl-ems, 

in mind. On the one hand the spaces OM(E,F) and @ b ( E , F )  are sub- 

spaces of L(E,F). Thus there are (at least) two natural topologies 
on OM(E,F) and O b ( E , F ) ,  namely as  n O I V I ( E 9 F )  and ?, n o M ( E , F ) ,  

where 8, and 3, denote the topology of L s ( E , F )  and Lb(E,F), 
respectively. On the other hand o M ( E , F )  and @ b ( E , F )  are spaces 
o f  distributions and as such they usually have a natural locally 
convex topology 7 , which is suggested by their structure. Moreover, 
this structure usually reflects in a strong sense the structure of 
the spaces E and F.  F o r  instance, we may represent y (  Rn) as 
the intersection of a decreasing sequence (H-; pETN) of BANACH 

Here we only indicate by some examples the type ofproblems we have 

spaces, Y(  I R ~ )  = n H ~ .  We then have 

n u oN(Hp,Hq). Since P M ( H p , H q )  has a natural BANACH space 

oM(+�) = o M ( n  H ~ )  = 
P e m  PEN 

q € m  pfEm 
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topology, the topology 7 suggested by the above representation is 
the topology of a countable projective limit of LB-spaces.(This is 
also true for the representation of @ , ( y )  which follows from 
(3.12). ) It was shown by GROTHENDIECK[25, Part 11, p. 130 ff] that 

as f l  o,(Y)  = ab n o , q ( Y )  =:%, and that ( @ v I ( Y ) , % )  is a com- 
plete nuclear bornological space whose dual is a nuclear LF-space. 
SHAW-YING T I E N t b l l  proved that % coincides with t h e  above defined 

topology 7. The corresponding result for o b ( x ; )  was proved by 
ZIELEiNY[81] . According to GROTHENDIECK[ZS, Part 11, p. 981. the 
space Lb(E, g )  
space @ = OM(@ ) the topologies ab and Fs both induce the 
natural FRBCHET space topology o f  

On the other hand, it can be shown that 3, n O M ( 6  ( R ) )  3 
7, n O , ( % ( n ) )  if R 

is a rather queer one. Nevertheless, on the sub- 

E(Q). 

is not quasibounded (cf.[13, p. 78/79]). 

4 .  CALCULATION OF SOME EXAMPLES 

(4.1) Let fi +Q =&clRn, p,q E [I, a), and put = - - - I .  Then 
9 P  

9, P 

q 4 P  
O,(L~,L~) = , and [h](f)=h.f (f ELP,hEOlq(LP,Lq)). - { ::;*) for 
Moreover 

for q s p .  

Proof. By (3.3) we have 

@,(Lp,Lq) = { h E  Lyoc(R); h-f E Lq(R) (f E LP(R) ) ]  

a)M(~Pomp,~:oc) = OM(~P,~yoc) = O ) M ( ~ ~ o c j ~ ~ o c )  = L’ loc (R)  

o,(LP,Lq)c Lyoc(R), whereas (3.17) implies 

and (f) = 

h - f  (f € Lp, h�@,(Lp,Lq)). If there exists hEOM(LP,Lq) {O], we 

obtain Lp(K)C Lq(K) for some K C  with rneas(K) > 0, and thus 

q s p .  F o r  q s  p, the inclusion Lr(R) C o,(Lp,Lq) f o l l o w s  from 

HOLDER’S inequality. If p = q, an appeal to LEBESGUE’s differentia- 
tion theorem (STEINt65, p .  51) shows Ih(x)lp* u[hlHP a.e. on R ,  

1 1 - -  i.e. OM(Lp) = La. Now let q < p ,  hE@,(LP,Lq) and put = 

= 1 t 1. Then we have h.f*g6L1 for all f E L P ,  gELS. Since the 

map LPxLS+Lt, ( f , g ) w f . g ,  is surjective, we obtain h . k E L 1  

for all k 6 L t ,  which implies h E  (Lt)’ = L’. The proof of the other 
equalities is similar. 

( 4 . 2 )  A suitable modification of the proof given in (3.12) shows 

9’ 

E p s  

- 
o,(Y,L1) = u L 1 ( I R " 9 0 _ m )  = {hELloc; h*lp�L1 (YEY)] 

mElN 
and 
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( 4 . 3 )  Let l , c q ~ p < m  and let O < M l S M 2 S  . . .  and O < N , d N , S  ... 
be two sequences in eo(n ) .  We provide E:= u LP(R - 

i fW 
F:= u L q ( G , N i l  ) with their natural LB-spack topolog 

k€IN 

I d  
MY4 ) and 

J 

es. Then 

In particular, for Sar( IR�) := aM(Y,L1) we obtain OM(Sar( Bn)) = 

= u L o o (  IR�, w-k). 
k E  DJ 

1 

h E  OM(E,F) 

Proof. As in ( 4 . 1 )  we conclude @,(E,F)cLloc(Q) and OM(E,F) = 

= {hEL:oc; h - f  E F  (fEE)]. Let be given. By Thm. A of 
GROTHENDIECKc25, Part I, p .  161, for every j�lN there exists kElN 

such that h.fELq(G,Nk,�) 
h-(g.M.).Nil� Lq(R) for all gELP(G). By (4.1) this implies 

h-M:Nk1 E Lr(R). The other inclusion is a direct consequence of the 
definition of the topologies on E and F. 

for all fELp(R,MJ1), i.e. 

J 

J 

( 4 . 4 )  Let R = h C R n ,  r(x):= dist(x,lQ) 
if = IR�, aFd put p ( x ) : =  min{r(x).l], p k ( x ) : = ( y  ( x ) ) ~  (xE., 

if Q #  Fin, r ( x ) : =  1 

B((R) ={cpEe(R); ~ c c ( p € C o ( 5 ; ! )  (&�IN:)] be pro- 
its natural FRECHET space topology. Then we have 

= { Y E  E(R);  V a t w z  ~ ~ E D J : ~ ~ ~ * ; Y / G  L~(R)] 

Proof. We only prove the first equality, since this proof can be mod- 
ified to yield the second statement. Moreover, since the results for 
R = IR� are nearly obvious, we only treat the case # lR�. We 
need some results from [13,  Sect. 4 1 .  It follows from [ 1 3 ,  Prop. 
(4 .611 that $(n) = {y E g(G2); p-ia‘y E C o ( Q )  (a� lN:,mEINo)] 
holds, and that the semi-norms y I[ y-m a”? a, (mEWo, a�W:) 
generate the natural FRRCHET space topology on s ( R ) .  Moreover, by 
[13, ( 4 . 3 ) ]  there exists a sequence ( ~ ~ ; k E m )  in a(R) such that 
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(a) ~ ~ 3 0   EN). 

(b) V K g Q  3 k(K)ElN V x E K ,  k & k ( K ) :  T k ( x )  = 1 .  
(c) v / a E E  3 Cd>O v x € Q ,  B E W :  l a a L q k ( x ) l  SCdr(x)- la! . 

hold. Using the above representation of 3(=) we obtain { . . . I  c 
C @,(%(n)). Now let y€flq;8(G))  be given. Then e (n ) ,  
and “)P]((p) = y”ip ( Y E  BB(R)). We first choose f1 E B( IR�) 
such that fl(x) = 1 (r(x)21) and fl(x) = 0 (r(x) <I/?-) hold. 
Then yk :=  T k *  (fllQ) (BEIN)  is a bounded sequence in %(n). 
Thus there exists C 1 > O  such that I W x ) . j P , ( x ) /  S C1 (x�Q ,BEIN)  

holds. This implies I?V(x)l S C1 for all x € Q  satisfying r(x)+ I .  

Now we choose f 2 E  8( En) such that f 2 ( x )  = 1 (r(x)S I ) ,  

j 2 ( x )  = 0 (r(x)> 3 / 2 )  hold. Since 11 i, is a continuous norm on 
3(n) there exist mEm and C 2 > 0  such that 11 y s  74, 
QC2smax{llp-ma OL C p I I , ;  l%lS m 3  ( p E 5 ( R ) )  holds. By ;:= - (0, co) we denote the regularized boundary distance (STEIN 
[65, p. 171, Thm. 21). We define 
the estimate (c) for ( T k ;  k E W )  and the estimates for ? (STEIN. 
loc. cit), we obtain 

shows y( f ,(G). L (To carry out these estimates, it is 
convenient to use the results of FRAENKELr211 o r  19, p. 1261.) 
Taking the two estimates together we obtain 9;WEL ,(R). Now an 
appeal to (3.11) finishes the proof. 

yk:=( f 2 ] R ) *  ‘?lk.Yrn ( B E N ) .  Using 

sup{lI~-;aOL~kl(ao; l X l S  m, k E i N ] <  a, which 

We would like to point out that the original description of 

didn�t give any hint for the weight functions Q m ( m E m )  occuring 

in the description of 

&(n) 

a,(% (Q) ) . 
The above result can also be proved by a method similar to (3.12). 

One then uses the fact that to every bounded subset of 

mElN 

If (x)l* ( x )  a.e. on holds for all f E B, and the inclusion 

L ,(Q, y-m) there exists ‘)PE6(R)l1 (sic!) such that 

Now we shall calculate some spaces of convolution operators. The 
following result is implicitly contained in SCHWARTZt60, p. 192 ff]. 

(4.5) Cj~!Lcomp�L;oc) 1 = @;:(Lcomp� %) = o;:(Jc,L~c) = o p ,  € 0 )  = 

=A( IR�) . 
Proof. Let p �  A( Rn). Then {PI: €( Rn)* -+ D( Bn)� is contin- 
uous and 
holds for all f € LcOmp. Therefore 

{,&](f) =p%f 
1 

in the sense of convolution of measures 

(LLomp) C Lloc (cf. DIEUDONNE 
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[15, p .  2621)  and / u E ~ ~ ( L ~ ~ ~ ~ , L ~ ~ ~ )  1 

s i o n  L l o c -  y i e l d s  @ ~ ( L c o m p , L ~ o c )  1 C o b ( L : o m p , & ) .  N o w  l e t  

f o l l o w s  by a c l o s e d  g r a p h  theo -  

1 
rem. We t h u s  proved  A( En) C ~ ~ ( L c o m p , L ~ o c ) .  The c o n t i n u o u s  i n c l u -  

T E @ i ( L L o m p , & )  be g i v e n .  From XC @b(I /cL.  e o )  we i n f e r  t h a t  f o r  

e v e r y  y�% t h e  map f *( (T*f)%ly  = ( T + f y ) i t  f i s  c o n t i n u o u s  

from ~i~~~ i n t o  g o .  T h e r e f o r e  f - (T* '$b )+$? (O)  = < T * Y , f )  
1 1 a, 

i s  a c o n t i n u o u s  l i n e a r  form on L c o m p y  i . e .  T * Y E ( L c o m p ) '  = L L o c  
f o r  a l l  y € x .  T h i s  shows ~ ~ ( L c o m p , & )  1 C @b(x,Lzc). L e t  

S E @b(x , L z c ) .  A s i m p l e  a p p r o x i m a t i o n  a rgument  shows 

f o r  a l l  

S * YylE t 
y E x ,  which i n  t u r n  i m p l i e s  S E ob(x ,eo) ,  i . e .  

@ b ( K , L z c ) C  @b(3(.,go). F i n a l l y  we o b t a i n  

= J% by ( 3 . 6 1 ,  

@ b ( ~ , e 0 ) c ( ~ ' ) " =  

( 4 . 6 )  We p r o v i d e  t h e  space  

s t r i c t  t o p o l o g y  7 which i s  g e n e r a t e d  by t h e  semi-norms f H I I f . ~ B a ,  

( ' p € C o (  IR")). We n o t e  t h a t  a"= Y(Cb,&' )  
2 . 6 1 ) .  The s p a c e s  &I ( I R n )  and L a , (  IR") a r e  p r o v i d e d  w i t h  t h e  

M A C K E Y  t o p o l o g i e s  r (  , C o )  and 2 ( L  OD,L ) , r e s p e c t i v e l y . W e  have  

Cb( Bn) :=  go( Bn) l l  L a,( En) w i t h  t h e  - 
(CONWAYL8, p .  4.78, Thm. 

1 

( p ' ( L 1 )  = @ ' ( C  ) = a;(& ' )  = c9;(cb) = C ? b ( L a , )  = vu 1 ( I R n )  

@ ~ ( L ~ ~ ~ ~ , L ~ )  1 = O ~ ( L '  , L ~ )  = L ~ (  nn) 

C c o  
and 

( P  E ( 1 ,  d). 
P r o o f .  By DIEUDONNB[15, p .  2651 we o b t a i n  A1C o;(Co) and 

,Ad C o b ( L  ) .  By ( 3 . 4 )  and ( 3 . 6 )  we t h u s  o b t a i n  C o b ( C o )  = 

a;(& ' )  and o;(Co) C ( C A )  = A .  T h e r e f o r e  & = ot(Co) = 

@;(&I) .  Now l e t  T E @b(L ) .  Then t h e r e  e x i s t s  C > O  such  t h a t  

f i T * c p y v S C ' I I T i l v  = C'upll, B n ) ) ,  where I I - u v  d e n o t e s  t h e  

v a r i a t i o n  norm on 4’. L e t  ( q k ; k E I N )  be  a s p e c i a l  6 - sequence  as 

d e s c r i b e d b e f o r e  ( 3 . 1 8 ) .  Then T + 6 f k -  T (k--+a,)  i n  a(  En) '  

and Ilqklll = 1 ( k e k ) .  S i n c e  { p e & ' ;  ~ ~ , U ~ ~ v S C ]  i s  G(d,l,Co)- 

compact ,  we t h u s  o b t a i n  T E  A'. T h e r e f o r e  @b(L ) = @ b ( L  = 

1 

V 1 I 

1 

1 

( Fin) . The p roof  o f  Q b ( L c o m p  ' , L P )  = I D ~ ( L ~ , L P )  C = L P (  IR") 

( p E ( 1 , c o J )  i s  s i m i l a r .  (We n o t e  i n  p a s s i n g  t h a t  t h e  above method 

can  a l s o  be u s e d  t o  p rove  t h a t  even  t h e  

" c o n v o l u t i o n  o p e r a t o r s "  on c o i n c i d e  w i t h  & I .  ) 

1 a( ,& ,Co) -con t inuous  

By ( 3 . 6 )  we o b t a i n  @ h ( C , )  C ( C i ) y  = &I. Now l e t  p~ 4'. From 
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DIEUDONNE [IS, p. 2651 we infer 
mains to show the continuity of I/u1:cb+cb. Since cb is a 

MACKEY space, it is sufficient to prove the 
continuity o f  

/.LjCfECb (fECb). Therefore it re- 

G ( C b , d )  - G(Cb,A1)- 
{ , 4 3  . Let F �  4’ .  By FUBINI�s theorem we have 

</IL)Cf,V> = <f,p*V) . Now F * Y  E implies the 
1 G(C,,& )-continuity of f ct < ~ J C  f,v> ( V E  A�). 

(4.7) We provide the space B( IR�) = % (  IR�)� (cf. [13]) with the 

MACKEY topology 2(3 ,% ’ )  (cf. [Ill). Then 

Proof. Since 6 is a normal barrelled space we obtain C 

C , a ’ )  by (3.22a). From C @i!Co) we obtain awp E 

€ o b ( % )  (CLCEm:, ,UE&,’), and thus 8�Cob(~)c8c by the 

representation theorem for 
(3.22b) implies 

( y € n  ) ]  = @b(n,Ay).  If we can use the para- 
metrix method (cf. (3.5)) to prove 
blc.&c = @;(%,a�) = {  . . . I  = @ b ( D  , 3 ’ )C  5 ’ .  As noted above 
3� c C?)b(g). By (3.1) and (3.6) we obtain O b ( 5 )  C ?;(& , € )  C 

cg�, which implies 
= @ 6 ( @ ’ , 8 * ) ,  whereas @b(ai)C o b ( % ) c  3� = 3� follows from 
(3.4) and (3.6). Thus 

%( IR�)� (HORVATH[31, p. 3471). Thus 
3� = ab($,a’) = { S E a (  IRn)�; s * ( p € $ ’  

S E@E(a,3’) 
S € 8 ’ .  Until now we have proved 

4’ = f b ( & )  = @b($k ) = o b ( B , e )  = 

A ’  c a b ( & ) =  o L ( S i )  = 0 ; ( 3 ) ~ 2 ’ .  By 

the above mentioned representation theorem for 
parametrix method we obtain the following characterization 

B ’ ,  (4.6), and the 

such that T = > a�f,, which finally yields @;(a, ,L1) = 3’ .  
ltcl s m 

5. FURTHER RESULTS. 

In this section we mention some other results which could not be 

presented in detail. 

J5.1) Characterizations of the spaces @lvI(L:,L;) and @M(Wm�P,Wm�l) 

(m >, 1, p E (1, a)) on IRn by means of capacities have been proved by 
MAZJA, sAPOhIKOVA[48](cf. also [46 , 4 7 1 ) .  Earlier results are due 
to STRICHARTZ[691. Multiplication operators on spaces of BESOV-HARDY- 

SOBOLEV type were investigated by TRIEBELC72, 731. 

(5.2) The spaces OM(%;) and o b ( x ; )  and their topologies were 
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characterized by YOSHINAGAC771 and ZIELEZNY[81] (cf. also HASUMI[26]) 
whereas the spaces ob(3c;) (p>l) were characterized by SAMPSON, 

ZIELEZNY[56]. 

- (5.3) In a recent paper POORNIMA[53] showed @b(Wm9P) = ob(Lp), 

O;(LI,Wm*P) = wm,p (pE(1, a)), @;(Ll,Wm,l) = {fELI; P f € d  

( I & . (  S m)], and proved some results on @b(Wm�,L1) and 6;(Wm�). 
Convolution operators on spaces o f  BESOV-HARDY-SOBOLEV type were in- 
vestigated by TRIEBEL[74]. 

(5.4) In 191 and [lo] we studied the space 

ular tempered distributions on 
LF-space topology given by Sr = u (H nLiOc), where !f” = 

= u H is a representation of !f” as an inductive limit of 
memo -m 

HILBERT spaces (cf. KUFERAILO]). The following result is proved in 

19, p.  551: 

Sr = Y ’  fl LlOc of reg- - 
Rn. The topology of this space is the 

memo -m 

= { h E  L1:c; kf m E B  3 k e r n ,  h, E y P k ,  h2 ELcomp: CD h = hl+h2]. 

(5.5) The following interesting approach was invented by FIGA- 
TALAMANCACI 91 and RIEFFELr541. Most spaces of distributions are mul- 
tiplication modules and/or convolution modules over the algebra a. 
But then the multiplication (convolution) operators are exactly the 

continuous module homomorphisms, i. e. 

- 

OM( E, F )  = Horna( E,F) and 

@b(E,F) = Homa(E,F), where the module operations are multiplication 
and convolution, respectively. Every representation theorem for 
Homp(E,F), e.g. of the type 
for BANACH-A-modules, gives a representation of OMJI(E,F) ( &�b(E,F)) 

as the dual of some module tensor product. There is a good chance to 
realize these duals again as spaces of distributions on R ( Rn). 

HomA(E,F�) = (EQAF)�, which is valid 

This program has been carried out by RIEFFEL[54] for BANACH-L 1 (G)- 

modules over a locally compact group G. To our knowledge a corre- 
sponding theory for spaces of distributions has not been worked out 
up to now. 

We close this paper with the following remark. Our impression is 
that the simpler the structure of the spaces E and F, the harder 
is the computation of the spaces PM(E,F) and @b(E,F). (The ex- 
ample (4.1) is exceptional.) If for instance E and F are F- 
spaces or LF-spaces, the gap between necessary and sufficient condi- 
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tions for TEOM(E,F) 
"pushed to infinity". 

in terms of the step spaces can often be 
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STRUCTURE OF CLOSED LINEAR TRANSLATION INVARIANT SUBSPACES 

OF A(E) AND KERNELS OF ANALYTIC CONVOLUTION OPERATORS 

Reinho ld  Meise 

Mathematisches I n s t i  t u t  d e r  U n i v e r s i t a t  Dusse ldor f  

L e t  A ( t )  denote t h e  v e c t o r  space o f  a l l  e n t i r e  f u n c t i o n s  on t, endowed w i t h  t h e  

compact-open topo logy .  Every cont inuous  l i n e a r  f u n c t i o n a l  p on A ( t )  induces a 

cont inuous  l i n e a r  map T on A ( E )  by 
1-I 

Tp( f )  : z H i p W , f ( Z + w )  > , f E A ( E ) .  

These opera to rs  a r e  c a l l e d  c o n v o l u t i o n  o p e r a t o r s  and can a l s o  be regarded as 

d i f f e r e n t i a l  ope ra to rs  o f  i n f i n i t e  o r d e r  w i t h  cons tan t  c o e f f i c i e n t s .  From t h i s  

p o i n t  o f  view, t h e  s t r u c t u r e  o f  k e r  T has a l ready  been i n v e s t i g a t e d  by R i t t  [ I81 

i n  1917. A f i r s t  answer t o  the  more general  ques t i on  about  the  s t r u c t u r e  o f  t h e  

c losed  l i n e a r  t r a n s l a t i o n  i n v a r i a n t  subspaces of A(E) was g i ven  by Schwartz [19] .  

Concerning t h e  r e p r e s e n t a t i o n  o f  t h e  elements o f  k e r  T by exponent ia l  monomials, 

Gel fond [91, Dickson [ 4 1  and Ehrenpre is  [81 showed t h a t ,  f o r  every  c o n v o l u t i o n  

o p e r a t o r  T on A ( t ) ,  k e r  T has a f i n i t e  dimensional  decomposi t ion f o r  which t h e  

f i n i t e  dimensional  b l o c k s  a r e  spanned by exponen t ia l  po lynomia ls .  

The aim o f  t he  p resen t  n o t e  i s  t o  r e p o r t  on some progress  concern ing  t h e  s tudy  o f  

such ques t i ons  wh ich  has been made by t h e  work o f  Be rens te in  and T a y l o r  [11,[21, 

Tay lo r  [211, t h e  au tho r  [ I51 and Meise and Schwerdtfeger [161. Even though t h e  

r e s u l t s  a r e  r a t h e r  genera l ,  we r e s t r i c t  o u r  a t t e n t i o n  here  t o  t h e  spec ia l  s i t u a -  

t i o n  i n t roduced  above s i n c e  t h i s  a l l ows  a c l e a r  e x p o s i t i o n  o f  t h e  i deas  w i t h o u t  

t o o  many t e c h n i c a l i t i e s .  Fo r  a more general  survey  on p a r t  o f  t h i s  work (up  t o  

1980) we r e f e r  t o  t h e  a r t i c l e  o f  Be rens te in  and Tay lo r  [31. 

T h i s  r e p o r t  i s  d i v i d e d  i n  th ree  sec t i ons .  I n  t h e  f i r s t  one, we i n t r o d u c e  t h e  con- 

v o l u t i o n  opera to rs  on A ( t )  and show t h a t  t he  ques t i on  on t h e  s t r u c t u r e  o f  t h e  c l o -  

sed l i n e a r  t r a n s l a t i o n  i n v a r i a n t  subspaces o f  A(C) i s  e q u i v a l e n t  - up t o  d u a l i t y  - t o  

t h e  s t r u c t u r e  o f  t h e  q u o t i e n t s  o f  t he  space E x p ( t )  o f  e n t i r e  f u n c t i o n s  o f  exponen- 

t i a l  t ype  by i t s  c losed  i d e a l s .  I n  s e c t i o n  2 we e x p l a i n  how a r e s u l t  o f  Schwartz 

[ I91 on c losed  i d e a l s  i n  Exp(E) and the  minimum modulus theorem, toge the r  w i t h  

t h e  approach o f  Be rens te in  and Tay lo r  [ I ] ,  l e a d  t o  a f a i r l y  e x p l i c i t  model 

Exp(E) / I ,  where I i s  a c losed  non-zero i d e a l  w i t h  i n f i n i t e  codimension. Then 

we desc r ibe  i n  s e c t i o n  3 how an obse rva t i on  o f  t h e  au tho r  [I51 can be used t o  

d e r i v e  from t h i s  model t h e  f o l l o w i n g  r e s u l t :  Every i n f i n i t e  dimensional  c losed  

v 

u 

1-I 1-I 

f o r  
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l i n e a r  p roper  subspace W o f  A ( & )  which i s  t r a n s l a t i o n  i n v a r i a n t  has a Schauder 

b a s i s  c o n s i s t i n g  o f  exponen t ia l  po lynomia ls .  With respec t  t o  t h i s  b a s i s  W i s  i s o -  

morphic t o  a n u c l e a r  power s e r i e s  space o f  i n f i n i t e  type .  W i s  a complemented sub- 

space o f  A ( 6 ) .  S ince  t h i s  a p p l i e s , i n  p a r t i c u l a r , t o  t h e  ke rne ls  o f  convo lu t i on  ope- 

r a t o r s ,  i t  shows t h a t  t h e  f i n i t e  dimensional  decomposi t ion o f  k e r  T mentioned 

above a c t u a l l y  comes f r o m  group ing  a c e r t a i n  Schauder bas i s .  The model o f  

Exp(lC)/I ob ta ined  so f a r  i s  t hen  a p p l i e d  t o  d e r i v e , f o r  a c e r t a i n  c l a s s  o f  convolu- 

t i o n  opera to rs  T 

b a s i s  of  k e r  T u* 

1-1 

a necessary c o n d i t i o n  t h a t  t h e  exponent ia l  monomials fo rm a 
1-1� 

Concluding we use t h i s  c o n d i t i o n  t o  g e t  some examples. 

1. INTRODUCTION AND FORMULATION OF THE PROBLEM 

1.1 CONVOLUTION OPERATORS ON A(&)  

By A(E) we denote the  space o f  a l l  e n t i r e  f u n c t i o n s  on &endowed w i t h  t h e  usual  

compact-open topo logy .  The s t r o n g  dual  o f  A(E) w i l l  be denoted by A(E)L; i t s  e l e -  

ments w i l l  be c a l l e d  a n a l y t i c  f u n c t i o n a l s .  

I f  1.1 i s  an a n a l y t i c  f u n c t i o n a l ,  then i t  i s  easy t o  check t h a t  1-1 induces a con- 

t i nuous  l i n e a r  o p e r a t o r  T on A(E) by t h e  f o l l o w i n g  d e f i n i t i o n  

(1) 

These opera to rs  a re  c a l l e d  c o n v o l u t i o n  opera to rs .  They can a l s o  be c h a r a c t e r i z e d  

as those cont inuous  l i n e a r  ope ra to rs  on A(E) wh ich  commute w i t h  a l l  t h e  t r a n s l a -  

t i o n  opera to rs  T~ : f -  f ( .+a ) ,  a E 6 .  I f  f E A ( t )  has t h e  T a y l o r  expansion 

f ( z )  = 

1-1 

TU(f) : Z H  i u w , f ( z + w )  > , ~ € 6 ,  fEA( (C) .  

CD 

1 f,zn and i f  we p u t  pn := < u,zn > , n E  N o ,  t hen  one can show t h a t , f o r  
n=o 

a l l  ~ € 6 ,  

T ( f ) t z l  = 

Hence every  c o n v o l u t i o n  

1-1 ( 2 )  

o p e r a t o r  can be regarded as a d i f f e r e n t i a l  o p e r a t o r  o f  

i n f i n i t e  o rde r  w i t h  cons tan t  c o e f f i c i e n t s .  

1 .2 THE CONVOLUTION ALGEBRA (A(E)tj,*) AND THE FOURIER-BOREL ISOMORPHISM 

If )J. and v a r e  a n a l y t i c  f u n c t i o n a l s ,  we d e f i n e  t h e i r  c o n v o l u t i o n  p roduc t  

p * v E A ( I C ) ’  by 

(1) 
m n! 

< p*v,f > := n=o 1 fn(kJ=n W ’ k V j ) ’  

m 

:= < v,zn > . 
7 vn where f ( z )  = 1 fnzn and un := < u,zn > 

t h a t  (A(E)L,*) i s  a commutative l o c a l l y  convex a lgeb ra  w i t h  

n=o 
It i s  easy t o  

u n i t  and t h a t  

check 
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( 2 )  < p*v , f  > A ( t )  = < v @ v , P  >A(C2) 9 

where ? : (z,w) b f ( z + w ) .  

I n  o r d e r  t o  remark t h a t  t h e  a lgeb ra  A(&); i s  i somorph ic  t o  an a l g e b r a o f  f unc t i ons ,  

we p u t  

Exp(C) = { f € A ( E )  1 t h e r e  e x i s t s  A > O  w i t h  sup I f ( z ) l e - A l z l  <m> 

Z€E 

and endow Exp(E) w i t h  i t s  n a t u r a l  i n d u c t i v e  l i m i t  topo logy .  I t  i s  easy t o  see 

t h a t  Exp(E) i s  a commutative l o c a l l y  convex a lgeb ra  w i t h  u n i t  and t h a t  the  

"Four ie r -Bore l "  map F : A ( t ) t ;  + E x p ( t ) ,  d e f i n e d  by 

(3) F(u . ) [z l  := .: uw,eZW > , z € E ,  p€EA(L);, 

i s  a t o p o l o g i c a l  a lgeb ra  isomorphism. Obv ious ly  we have f o r  a l l  z € E  

( 4 )  

1.3 THE PROBLEM 

Our aim i s  t o  g e t  a s a t i s f a c t o r y  d e s c r i p t i o n  o f  t he  ke rne l  o f  a g i ven  c o n v o l u t i o n  

o p e r a t o r  T I n  t h e  s p e c i a l  case t h a t  T i s  a d i f f e r e n t i a l  ope ra to r ,  everybody u’ u. 
knows how t o  do t h i s .  In t h e  more general  s i t u a t i o n , t h e  same method a l s o  p rov ides  

c e r t a i n  elements i n  k e r  T We i n t r o d u c e  t h e  f o l l o w i n g  n o t a t i o n :  

I f  p E A ( ( C ) ' ,  u+O, i s  g iven ,  then we p u t  V(u) := I a E K  I F ( u ) [ a l  = 01. 

For  a €  V ( p ) ,  we denote by ma t h e  mu1 t i p l i c i t y  o f  t h e  zero  a o f  F(u) .  Hence we have 

F ( p ) ( J ) ( a )  = 0 f o r  O 5 j < m a  and F (p )  

denote by E t h e  s o - c a l l e d  exponen t ia l  monomials 

u- 

(ma) 
( a ) * O .  F o r  a € V ( u )  and O < j < m a  we 

j ,a 
j az Ej,a : Z H  z e 

From 1.2(3),we g e t  f o r  a l l  z E K  and a l l  k € N o  

( 1 )  

Th is  i m p l i e s  f o r  a € V ( u )  and O _ c j < m a  t h a t  

. 

F ( ~ ) ( ~ ) [ z l  = <pw,wkeZW > . 

and hence E .  E k e r  T,. Note t h a t  

E := I E .  
J ,a 

I a E V ( u ) ,  O _ < j < m a }  J ,a 
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i s  a f ree  se t .  The f u n c t i o n s  i n  span(E) a re  c a l l e d  exponen t ia l  s o l u t i o n s  ( o r  ex- 

p o n e n t i a l  po lynomia ls )  o f  t he  c o n v o l u t i o n  opera to r  T 

We remark t h a t , f o r  every  f E span(E) ( resp .  k e r  T ) and every  a E E, t he  f u n c t i o n  

s a ( f )  i s  aga in  i n  span ( E )  ( resp .  k e r  TP), i . e .  span(E) and k e r  T 

i n v a r i a n t  l i n e a r  subspaces o f  A(E). Hence we have t h e  f o l l o w i n g  two n a t u r a l  

ques t i ons  : 

( a )  Is i t  p o s s i b l e  t o  o b t a i n  a l l  elements o f  k e r  T f rom t h e  exponen t ia l  mono- 

O r  more genera l l y :  

( b )  How can one desc r ibe  the  s t r u c t u r e  o f  t he  c l o s e d  l i n e a r  t r a n s l a t i o n  i n v a r i a n t  

u 
a r e  t r a n s l a t i o n  u 

u 
m i a l s  by a c e r t a i n  procedure? 

subspaces o f  A ( t ) ?  

I t  i s  c l a s s i c a l  t o  a t t a c k  these ques t ions  by a p p l y i n g  d u a l i t y  t heo ry  t o  ge t  a 

d i f f e r e n t  i n t e r p r e t a t i o n .  As t h e  f i r s t  obse rva t i on ,  we no te  t h a t  every  convolu- 

t i o n  opera to r  i s  t h e  a d j o i n t  o f  a m u l t i p l i c a t i o n  opera to r .  

1.4 LEMMA. For p E A ( E ) '  define M 

tM = T if we i den t i f y  ( A ( E ) L ) '  with A(C). 

PROOF. For  j E N o ,  l e t  c( j )  denote t h e  a n a l y t i c  f u n c t i o n a l  s a t i s f y i n g  

< c ( j ) , z n  > = 6 

: A(C)t; + A((C)L by Mu(v) := p * v  . Then u 

u u  

f o r  a l l  n E N o .  Then i t  f o l l o w s  f rom 1.2(1) t h a t  f o r  
j ,n 

m 

f : z + 1 fnzn we have 
n=o 

< tMu( f ) ,c ( j )  > = < f ,Mu(E(j ) )  > = < f , p * & ( j )  > = 

By 1.1(2), t h i s  i m p l i e s  

t and hence M = Tu. u 

1.5 PROPOSITION. Let W be a cZosed 'linear subspace of A ( C ) .  Then W i s  trans'lation 

invariant  i f  and onZy if W 

PROOF. Assume t h a t  W i s  t r a n s l a t i o n  i n v a r i a n t .  Since, f o r  every  f E A ( E ) ,  we have 

I is an idea2 i n  the convo'lution a'lgebra ( A ( E ) b , * ) .  

l i m  
h+a 

= f '  i n  the  topo logy  o f  A((C) ,  we see t h a t  f E W  i m p l i e s  t h a t  
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I f ( n )  i s  i n  W f o r  a l l  n €  Il. Hence we g e t  f o r  each pEW 

f ( z )  = 1 

and each f E W  w i t h  

OD 

fnzn, t h a t  f o r  a l l  n E  No, 
n=o 

By l . Z ( l ) ,  i t  f o l l o w s  t h a t , f o r  each v E A ( ( C ) ' ,  

Hence W' i s  a c losed  i d e a l  i n  (A(E)t j ,*) .  

To prove t h e  converse, l e t  us assume t h a t  W' i s  an i d e a l  i n  A ( E ) .  Then we g e t  f rom 

1.4 t h a t , f o r  a l l  PEW', a l l  f € W  and a l l  a € [ ,  

0 = < u*6,,f > = < M6 ( u ) , f  > = < p,T6 ( f )  > = < u , ~ ~ ( f )  > . 
a a 

Hence t a ( f )  i s  i n  Wu = W f o r  a l l  a c t ,  i . e .  W i s  t r a n s l a t i o n  i n v a r i a n t .  

1.6 REFORMULATION OF THE PROBLEM 

Since A ( C )  i s  a n u c l e a r  Fr6chet  space, wel l -known d u a l i t y  r e s u l t s  show t h a t , f o r  

each c losed  l i n e a r  subspace W o f  A(&), 
W = W u = (A(&)L/WL)b, 

(1) 

( 2 )  w (EXP(E)/F(W')~;. 

App ly ing  t h e  Four ie r -Bore1 isomorphism, we g e t  

Hence i t  f o l l o w s  f rom 1.5 t h a t  - up t o  t h e  computat ion o f  a dual  space - q u e s t i o n  

1.3(b) i s  e q u i v a l e n t  t o  de te rm in ing  t h e  q u o t i e n t  o f  t h e  a lgeb ra  Exp(C) by a c l o s e d  

i d e a l .  I n  case t h a t  W = k e r  T , it f o l l o w s  f rom 1.4 t h a t  F(W') = F ( I m ( M ) , w h i c h  

i s  t h e  c l o s u r e  o f  t he  p r i n c i p a l  i d e a l  F(u).Exp(O).  
u FL 

I n  t h e  n e x t  sect ion,we s h a l l  see t h a t  t h i s  r e f o r m u l a t i o n  has t h e  advantage t h a t  

we can app ly  r e s u l t s  f r o m  complex a n a l y s i s  t o  s tudy  t h e  q u o t i e n t  spaces Exp(&) / I ,  

where I i s  a c losed  i d e a l  i n  Exp(C). 

2. THE M A I N  TOOLS 

I n  o r d e r  t o  d e r i v e  a f a i r l y  e x p l i c i t  d e s c r i p t i o n  o f  Exp((C)/ I  f o r  a l l  c l o s e d  i d e a l s  

I i n  Exp(lC), we use some ( r a t h e r  s p e c i a l )  p r o p e r t i e s  o f  t h e  i d e a l s  and t h e  
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elements o f  Exp(lC) which we w i l l  now r e c a l l .  

2.1 LOCALIZATION OF IDEALS 

For  a € & ,  we denote by 0, the  r i n g  o f  germs o f  holomorphic f u n c t i o n s  a t  a .  I f  I 

i s  an i d e a l  i n  Exp(lC), t hen  1, denotes the  i d e a l  generated by the  canon ica l  image 

of  I i n  6,. The l o c a l i z a t i o n  Iloc o f  t h e  i d e a l  I i s  d e f i n e d  as 

Iloc = I f E E x p ( & )  I [ f l a E I a  f o r  a l l  a c t ) ,  

where [fl, denotes t h e  germ o f  f a t  a.  I t  i s  easy t o  check t h a t  Iloc i s  a c losed  

i d e a l  i n  Exp((C) wh ich  con ta ins  I .  

Since every  non-zero i d e a l  i n  6, i s  o f  t h e  fo rm [(z-a)]:Ia f o r  a s u i t a b l e  

m � N o ,  t h e  non-zero l o c a l i z e d  i d e a l s  I = Iloc a r e  comp le te l y  determined by t h e  

s e t  V(1) :=  { a € &  I m a > O }  and t h e  numbers ma, a E V ( 1 ) .  As an example, l e t  us l o o k  

a t  the  i d e a l  I ( f  l,...,fn) generated by fl, ..., fn i n  Exp((C). F o r  i t s  l o c a l i z a t i o n  

I loc(f  l,...,fn), i t  i s  easy t o  see t h a t  

a 

V(Iloc(f ly...,fn)) = { a € ( C  1 f . ( a )  = 0 f o r  l < j < n )  

and t h a t  ma equa ls  the  minimum o f  t he  o r d e r  o f  t h e  zeros o f  t h e  f u n c t i o n s  f .  a t  a 

I n  t h e  f o l l o w i n g  theorem we s t a t e  t h e  s p e c i a l  p r o p e r t y  o f  t h e  i d e a l s  i n  Exp(&) 

wh ich  we a re  go ing  t o  use. The theorem i s  due t o  Schwartz 1191 and Ehrenpre is  

[7 ] ;  f o r  a proof, we r e f e r  t o  [71, s e c t .  6, o r  t o  K e l l e h e r  and T a y l o r  [Ill, where 

r a t h e r  general  ex tens ions  o f  t h i s  r e s u l t  a r e  p resented .  

J 

J 

2.2 THEOREM. a )  Every closed ideal  i n  Exp(lC) i s  local ized.  

b )  For every c2osed idea2 I i n  Exp(lC), there e x i s t  fl,f2EExp((C) such that  

1 = I l o c ( f l ’ f 2 ) .  

Besides Theorem 2.2, we s h a l l  use t h e  f o l l o w i n g  p r o p e r t y  o f  t h e  non-zero func- 

t i o n s  i n  Exp(C), which can be d e r i v e d  f r o m  t h e  minimum modulus theorem (see e.g. 

Lev i  n [131, I ,58). 

2.3 PROPOSITION. For every f E E x p ( & ) ,  f + 0  

with Zn < rn < 2”’ such that ,  f o r  a l l  large 

i n f  l f ( r n e  i t  

t € [  0,2nI 

there e z i s t  E > O ,  C > O  and ( rn)nEN 

n E IN, we have 

1 2  Ee . 
- C r n  

Using some f u n c t i o n a l  ana lys i s ,  i t  i s  easy t o  conclude, f rom t h i s  p roper t y ,  t h e  

f o l l o w i n g  c l a s s i c a l  r e s u l t  on a n a l y t i c  c o n v o l u t i o n  opera tors ,  due t o  Ehrenpre is  

[ 7 ]  and Malgrange [141; i t  a l ready  g i ves  a p a r t i a l  answer t o  1 .3 (a ) .  

2.4 PROPOSITION. a )  Every principal idea2 i n  Exp(E) i s  d o s e d .  

b )  Every mn-zero convolution operator T, i s  sur jec t ive ,  and the  eccponentia2 
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solutions of T 

P r o o f .  a )  We may assume I = f Exp(ll;), where f * O .  Since IcIloc and s i n c e  IlOc i s  

c losed,  i t  s u f f i c e s  t o  show IloccI; t o  p rove t h i s ,  l e t  g€ I l oc  be g iven.  The con- 

s i d e r a t i o n s  i n  2.1 show t h a t  g = h - f  f o r  some hEA(lC).  Obviously,  i t  s u f f i c e s  t o  

show h E E x p ( E ) .  A t  t h i s  p o i n t ,  we remark t h a t ,  f rom 2 . 3  and g E E x p ( t ) ,  we o b t a i n  

p o s i t i v e  numbers D and M such t h a t  

are dense i n  k e r  T 
1* u’ 

i t  -Dm sup I h ( r n e  ) I  e 5 M f o r  a l l  l a r g e  n E N .  
t € [  0,2n I 

T h i s  and t h e  es t ima te  on rn g i v e n  i n  2.3, toge the r  w i t h  an a p p l i c a t i o n  o f  t h e  

maximum p r i n c i p l e  t o  t h e  annulus { z E E  1 r < I z I  < r  1 ,  showthathE.Exp(C) .  n -  - n + l  
b )  Since t h e  Four ie r -Bore1 t rans fo rm i s  a t o p o l o g i c a l  a lgeb ra  isomorphism, we g e t  

f rom 1.4 and p a r t  a )  t h a t  T = M i s  i n j e c t i v e  and t h a t  i m  T = i m  M i s  c losed.  

Hence t h e  s u r j e c t i v i t y  o f  T 
and Schwartz (see Horvh th  [103,p. 3 0 8 ) .  

By t h e  Hahn-Banach theorem, the  l i n e a r  subspace E o f  t h e  exponent ia l  s o l u t i o n s  o f  

T i s  dense i n  k e r  T iff EL = ( k e r n  T )I. Since i m  T = i m  M i s  c losed,  i t  

s u f f i c e s  t o p r o v e  E c i m  M . so l e t  vEE* .  Then, f o r  a l l  a E V ( p )  = V ( F ( p ) )  and 

t t 

i s  a consequence o f  a c l a s s i c a l  r e s u l t  o f  Dieudonng 
P u  v I-t 

v 

t 
u v v I v. u 

v' 
O 5 j < m a ,  

and t h i s  shows F(v) E I l oc (F (v )Exp( t ) )  = F (u )Exp( t ) .  Hence t h e r e  e x i s t s  A € A ( C ) '  

w i t h  v = p * h  = M ( A ) ,  i . e .  v E i m  M = E l .  

Now we a r e  ready t o  ske tch  how t o  o b t a i n  a f a i r l y  e x p l i c i t  model f o r  Exp(lC)/I, 

f o l l o w i n g  t h e  approach o f  Be rens te in  and T a y l o r  [I]; i t  s u f f i c e s  t o  cons ide r  t h e  

c losed  non-zero i d e a l s  I o f  Exp(O) which a r e  o f  i n f i n i t e  codimension. 

I-t FL 

2.5 THE STRUCTURE OF Exp((C)/I 

L e t  I 

f i n e  p : Exp(C) + T 
be a c losed  i d e a l  i n  Exp(D) which i s  d i f f e r e n t  f rom (01  and Exp((C). We de- 

Oa/Ia by p ( f )  := ([fla+Ia)aEV,I). I t  i s  easy t o  see t h a t  
aEV( I ) 

k e r  P = Iloc and s i n c e  I = Iloc by 2 . 2 ,  t h i s  g i v e s  k e r  p = I .  A t  t h i s  p o i n t  t h e  

s t r u c t u r e  o f  Exp (E) / I  w i l l  be c l e a r  i f  i m  p, as a l o c a l l y  convex space, i s  

descr ibed i n  such a way t h a t  p : Exp(lC) + i m  p i s  a t o p o l o g i c a l  homomorphism. We 

w i l l  do t h i s  i n  seve ra l  s teps .  

(1) The s l o w l y  decreas ing  p roper t y  

By 2.2b), we have I = Iloc(fl,f2), where we can assume f l * O .  I n  view o f  2.4b), 
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we s h a l l  assume from now on t h a t  V(1) i s  i n f i n i t e .  Because o f  2.3, we can choose 

c > O ,  C > O  and B > O  such t h a t  

( i )  each component S o f  

2 2 2 
S(fl,f2;c,C) := { Z E ~  I I f l ( z ) I  + I f 2 ( z ) I  < (t exp( -  C l z l ) )  1 

i s  bounded and s a t i s f i e s  diam S < - B s u p l z l  and, 
ZES 

( i i )  such t h a t  f o r  each component S o f  S(fl,f2;E,C), 

s u p l z l  < B ( i n f l z 1 )  + B. 
ZES ZES 

As we s h a l l  see l a t e r ,  t h i s  i s  t h e  a p p r o p r i a t e  ex tens ion  o f  t h e  s l o w l y  decreas ing  

c o n d i t i o n  o f  Be rens te in  and T a y l o r  [ I ] ,  p. 130. 

( 2 )  L a b e l i n g  t h e  components o f  S(fl,f2;c,C) 

By o u r  assumption, V(1) i s  an i n f i n i t e  d i s c r e t e  subset o f  Ic con ta ined i n  

S(fl,f2;c,C). Hence ( i )  o f  (1) i m p l i e s  t h a t  S(fl,f2;c,C) has i n f i n i t e l y  many com- 

ponents S w i t h  S n V( I )  + g. We l a b e l  these components by n a t u r a l  numbers i n  such a 

way t h a t  t h e  sequence a, d e f i n e d  by  a := sup I z I ,  i s  non-decreasing. 
j ZES. 

J 

( 3 )  The Banach spaces (E.,II II . )  

L e t  Am(S;) denote the  space o f  a l l  bounded ho lomorph ic  f u n c t i o n s  on S ; ,  endowed 

J J  

J J 

w i t h  thenorm II II : f sup I f ( z ) l .  Pu t  E .  :=  T ba/Ia and d e f i n e  

pj : Am(Sj)+Ej by p j ( g )  := ( [g la+Ia)aES;nv(I) .  I t  i s  easy t o  see t h a t  p .  i s  su r -  

J aEs .nv ( I )  
J 

ZES . 
J 

J 
J 

j e c t i v e .  Hence we can endow E .  w i t h  t h e  cor respond ing  q u o t i e n t  norm, i . e .  w i t h  t h e  

norm 
J 

(4 )  The spaces k ( y , F )  

L e t  IF = (F.,U II .) 

s i n g  unbounded sequence o f  non-negat ive r e a l  numbers. Then we d e f i n e  

be a sequence o f  Banach spaces and l e t  y denote an i nc rea -  
J J j E N  

cn -AY j 
k(y# IF}  := I x E T  F .  I t h e r e  e x i s t s  A > O  such t h a t  sup Ilx.ll . e  < m) 

j=1 J j c N  J 

and endow k(y,F)  w i t h  i t s  n a t u r a l  i n d u c t i v e  l i m i t  t opo logy .  

I f  dim F .  < f o r  a l l  j E N  t h e n  i t  i s  easy t o  check t h a t  k(y,lF) i s  a (DFS) -  

space, i .e. the  s t r o n g  dua l  o f  a Frkchet-Schwartz space. 

( 5 )  The semi - loca l  i n t e r p o l a t i o n  theorem 

L e t  g denote a holomorphic f u n c t i o n  on S(flyf2;e,C) such t h a t ,  f o r  some B > O ,  

J 
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s u p I l g ( z ) l e  -'Iz' 1 zES(fl,f2;c,C)l < m. Then t h e r e  e x i s t s  GEExp(E)  w i t h  

[g], - [ G l a E I a  f o r  a l l  a E V ( 1 ) .  

Fo r  a p r o o f  o f  t h i s  r e s u l t  we r e f e r  t o  Be rens te in  and Tay lo r  [ l ] ,  p .  120. 

( 6 )  The map p : Exp((C) -+ k (a ,E)  

L e t  I = (E., I l  I1 . )  denote the  sequence o f  f i n i t e  d imens iona l  Banach spaces 

i n t r o d u c e d  i n  ( 3 ) ,  and l e t  a denote t h e  sequence in t roduced  i n  ( 2 ) .  I f ,  f o r  some 

p o s i t i v e  numbers A and D,f€Exp((C) s a t i s f i e s  t h e  es t ima te  I f ( z ) l  5 AeDIZl  f o r  a l l  

z E t ,  then, by t h e  d e f i n i t i o n  o f  a, 

J J j E N  

Da. 
I l f lSjI l < Ae f o r  a l l  j E N , whence 

A"(S,.) - 

A t  t h i s  p o i n t  t h e  map p de f ined  a t  t h e  beg inn ing  can be cons idered as a map o f  

Exp(E) i n t o  k ( a , E ) ,  g i v e n  by  p ( f )  = ( p . ( f l S . ) ) .  Moreover, t h e  above e s t i -  

mates show t h a t  p i s  cont inuous. S ince  E x p ( t )  and k(a,lE) a r e  (DFS)-spaces, t h e  

open mapping theorem f o r  (LF)-spaces a p p l i e s ,  and p i s  an open map i f f  i t  i s  

s u r j e c t i v e .  

To prove the  s u r j e c t i v i t y  o f  p, l e t  x = ( x . ) .  E k ( a , I )  be g iven.  Then t h e r e  

J J J E N '  

J J E N  
-Da. 

e x i s t  A,D>O w i th  sup IIx.II .e - J  5 A. By t h e  d e f i n i t i o n  o f  II IIj and by ( i i )  of  
j € N  

( l ) ,  t h i s  i m p l i e s  t h e  ex i s tence  o f  g .EAm(S. )  such t h a t  p . ( g . )  = x .  and 
J J J J  J 

Hence t h e  f u n c t i o n  g€A(S(fl,f2;c,C)), d e f i n e d  by g l S .  = g .  f o r  j E N  and g lS  = 0 

for t he  components S o f  S(fl,f2;c,C) w i t h  S n V ( 1 )  = 8 ,  s a t i s f i e s  t h e  hypotheses o f  

t h e  semi - loca l  i n t e r p o l a t i o n  theorem ( 5 )  and, by ( 5 ) ,  t h e r e  i s  G E E x p ( t )  w i t h  

p ( G )  = x. 

Thus, we have a l ready  sketched t h e  p r o o f  o f  t h e  f o l l o w i n g  r e s u l t :  

J J  

2.6 THEOREM. Let  I be a 

sion. Then Exp((C)/I i s  isomorphic t o  k ( a , E )  . 
non-zero cZosed idea2 of Exp(E) with infinite codimen- 

I n  o r d e r  t o  d e r i v e  more i n f o r m a t i o n  f rom Theorem 2.6, Be rens te in  and T a y l o r  [ I ]  

used Newton i n t e r p o l a t i o n  t o  i n t r o d u c e  e q u i v a l e n t  norms Ill Ill. on t h e  spaces E . ,  
J J 

I n  t h i s  way, t hey  ob ta ined  a r e p r e s e n t a t i o n  o f  Exp((C)/I as a space o f  s c a l a r  se- 

quences. Bu t  t he  norms 1 1 1  I l l .  a r e  computed by d i v i d e d  d i f f e r e n c e s  and, u s i n g  t h i s  

r e p r e s e n t a t i o n , i t  i s  d i f f i c u l t  t o  d i s c o v e r  s p e c i a l  s t r u c t u r a l  p r o p e r t i e s .  That  

Exp (E) / I  r e a l l y  has a v e r y  s p e c i a l  s t r u c t u r e  f o l l o w s  f rom a remark o f  t he  au tho r  

[ I 5 1  wh ich  w i l l  be desc r ibed  i n  t h e  n e x t  sec t i on .  

J 
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3. SOLUTION OF THE PROBLEM 

I f  we want t o  d e r i v e  t h e  s o l u t i o n  o f  t h e  problem posed i n  1.3 f rom the  r e s u l t s  

p resented  i n  s e c t i o n  2, we need some more p repara t i ons .  

3.1 POWER SERIES SPACES OF INFINITE TYPE 

L e t  y be an i n c r e a s i n g  unbounded sequence o f  non-negat ive r e a l  numbers, and l e t  

F = (Fj,II l j ) j E N  be a sequence o f  Banach spaces. Fo r  l _ < p < m ,  we d e f i n e  the  

spaces A:(~,F) by 

Obviously,  A:(y,IF) i s  a Frechet  space under t h e  canon ica l  norm system ( K ~ , ~ ) ~ , ~ .  

If ( f j , I I  Ifj) = ( E , l = l )  f o r  a l l  

AC(y) i s  c a l l e d  a power s e r i e s  

Grothendi  eck-P ie tsch  c r i t e r i o n  

o n l y  i f  sup log(J+1) < . I f  

P,qE [I,-). 
j E m  yj 

- 
j E N , t h e n  we w r i t e  AE(y) i n s t e a d  o f  AL(y,IF) . 
space o f  i n f i n i t e  type. We remark t h a t ,  by t h e  

(see P i e t s c h  [171,6.1), AL(y) i s  n u c l e a r  i f  and 

# ( y )  i s  nuc lea r ,  t hen  AL(y) = A:(y) f o r  a l l  

By t h e  work o f  Dubinsky [51, Vogt [221,[231 and Vogt and Wagner [241,[251, t h e  

( s t a b l e )  nuc lea r  power s e r i e s  spaces o f  i n f i n i t e  t ype  a r e  a c l a s s  o f  Fr i t che t  

spaces t h e  s t r u c t u r a l  p r o p e r t i e s  o f  which a re  ve ry  w e l l  understood. We w i l l  make 

use o f  t h i s  f a c t  l a t e r  on. 

3.2 CONSTRUCTION OF A SCHAUDER BASIS 

L e t  W*A(E) denote a c losed  l i n e a r  subspace o f  A(E) wh ich  i s  t r a n s l a t i o n  i n v a r i -  

a n t  and i n f i n i t e  d imens iona l .  By 1.5 and 1.2, I :=  F(WL) i s  a c losed  i d e a l  i n  

E x p ( t )  o f  i n f i n i t e  codimension. By 2.2, I = Iloc(fl,f2) f o r  a p p r o p r i a t e  

flyf2 E Exp(E),fl 

t a t i o n  i n t roduced  i n  2.5, we d e f i n e  now, f o r  a l l  a E V ( 1 )  and O<k<ma,  elements 

e EW, t E I and yk ,aE k (a ,E)  i n  t h e  f o l l o w i n g  way: 

(1) ek,a : z c1 &zkeaz, z ~ t  

( 2 )  tk,a : f w & f ( k ) ( a ) ,  f E E x p ( E )  

( 3 )  y k y a  has germ 0 a t  eve ry  b E V ( I ) ,  b + a ,  and a t  a i t  i s  t h e  germ [ ( z - a )  la. 

0. Hence a l l  t h e  hypotheses o f  2.5 a r e  s a t i s f i e d .  Us ing  t h e  no- 

I 
k,a k ,a 

k 

C lea r l y ,  t 

I = F ( d ) ,  we have tF(I*)  = Wu = W .  Because o f  

belongs t o  1'. S ince  F : A(E) '  + Exp(E) i s  an isomorphism and 
k y a  
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f o r  a l l  u E A ( E ) ' ,  we g e t  

t 
( 4 )  F(tk,a) = ek,a' 

and hence e EW. Obvious ly  y E E .  i f  a E V ( 1 ) n S .  and i f  we i d e n t i f y  E .  w i t h  

i t s  canon ica l  image i n  k(a,iE) . 
Next,  i d e n t i f y i n g  Exp((C)/I w i t h  k (a ,E )  

as ( E x p ( C ) / I ) '  w i t h  I',it i s  immediate t h a t  

( 5 1  

I n  [IS], i t  i s  shown t h a t  one can f i n d  a H i l b e r t  norm I 1  on E . ,  j E  P I ,  such t h a t ,  

w i t h  : =  ( E j , l I j ) j E N J  t h e  l o c a l l y  convex space k (a ,E )  i s  i d e n t i c a l  w i t h  

2 

k ,a k,a J J J 

(by  t h e  map g i ven  by Theorem 2 .6)  as w e l l  

tl ,b(Yk,a) = '1 ,k6a,b' 

j J  

m -Aaj 2 1/2 
k (a,y) = { X E T  E .  1 t h e r e  e x i s t s  A > O  : { l ( l x j l j e  ) ) <a) 

j=1 J 

under i t s  n a t u r a l  i n d u c t i v e  l i m i t  topo logy .  P u t t i n g  

F j  :=  span{ t  I 0 5 k < m a ,  a E V ( I ) n S j ) c I  I , 
k,a 

i t  f o l l o w s  f rom ( 5 ) ,  and f rom t h e  remark t h a t  1 O i k < m a ,  a E V ( 1 ) n S . l  i s  a 
3 

b a s i s  o f  E ., t h a t  F .  can be i n t e r p r e t e d  as t h e  dual  of  t h e  H i l b e r t  space ( E . , I  I . ) .  
J J J J  

I f  we denote by 1 1 ;  t h e  dual  norm o f  ( E . , I I  . ) ,  then ( F . , l I  . )  i s  a H i l b e r t  space, 

we remark t h a t ,  by Theorem 2.6, t h e  map 
J J  J J  J 

too .  Now l e t  IF :=  (Fj , l  I . ) .  
J JEN 

0 

d e f i n e d  by 

(Sj 1 j E N )  
m 

f l  : =  1 < c . , f  > , fEExp( (C) ,  
j=1 J 

I g ives  an isomorphism between A,(a,F) and I . 
As we have exp la ined  i n  [15l ,one can now g e t  a b a s i s  i n  Am(a,F) i n  t h e  f o l l o w i n g  

n .  
way: Choose an or thonormal  b a s i s  (hk,j)k:l i n  ( F j , l I j )  ( n .  :=  dim F .  = dim E . )  

f o r  each j E N and i d e n t i f y  hk,j w i t h  i t s  canon ica l  image i n  Am(a,F) . Then 

( (hk ,  j ) k = l ) j E N  
which  i s  ob ta ined  by r e p e a t i n g  each number a .  n . - t imes  and i f  we w r i t e  t h e  e l e -  

2 

J J J 
2 

2 j i s  an abso lu te  b a s i s  i n  Am(a,E). I f  we denote by 0 t h e  sequence 
n 

J J  

j 2 2 n 2 
merits of  Am(0) as ((Ck,j)k=l)jEN, then t h e  map A : A ~ ( O )  +Am(a,F)  , de f ined  by 

n .  n .  m J  

A ( ( ( S k , j ) k J l ) j t l N )  :=  j E l  z lSk , jhk , j y  

i s  an isomorphism. 

O f  course, we can assume t h a t  t h e  orthonormal b a s i s  (hk,j)kzl o f  (F j , l  I . )  i s  ob- 

t a i n e d  f rom t h e  bas i s  {tk,a I 0 5 k < ma, a E V( I )  n S j }  by Gram-Schmidt orthonorma- 

l i z a t i o n .  S ince  

n .  

J 

t F g i v e s  an isomorphism f rom I* t o  W and s i n c e  ( 4 )  h o l d s ,  we have 
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sketched t h e  complete proof of  t h e  f o l l o w i n g  theorem answering ques t i on  1 .3 (b ) :  

3.3 THEOREM. Let W be a proper closed l inear subspace of A(E) which i s  translu- 

t i on  invariant and i n f i n i t e  dimensional. Then W has a Schauder basis consisting 

of exponential polynomials with respect to  which W i s  isomorphic to  a nuclear 

power series space of i n f i n i t e  type. 

I n  t h e  s p e c i a l  case W = k e r  TU,p*O, t h e  cons ide ra t i ons  i n  3.2 g i v e  t h e  f o l l o w i n g  

r e s u l t  which,up t o  a c e r t a i n  extent,answers ques t i on  1 .3 (a )  and which improves 

p rev ious  rep resen ta t i on  theorems o f  Dickson 141, Gel f o n d  [91 and Ehrenpre is  [81 

(see a l s o  Berens te in  and Tay lo r  111, Thm. 9) .  

3.4 THEOREM. Let T 

i s  i n f i n i t e  dimensional. Then there e x i s t  a par t i t ion  (Vj)jcN of V(F(p) ) ,  Zinear 

combinations f 15 k 5 n . :=  1 (ma - l ) ,  of the functions 

IzleaZ I 0 5 1 < ma,a E V . I  fo r  each j E IN, and an exponent sequence a such that the 

fo llowing holds : 

For every family 5 = ((sk,j)kil)jEN of compZex numbers which s a t i s f i e s  

be a non-zero convolution operator on A(E) for  which k e r  T v U 

j 
k J ’  J aEV 

J 

n .  

n .  

j=1 k = l  

w J  ra . 
1 ( 1 I S ~ , ~ I ) ~  J < m for  a22 r > O ,  the series 

converges nomally t o  an element of k e r  T 
presentation of t h i s  type. In particular, k e r  T 

ser ies  space o f  i n f i n i t e  type. 

To show t h a t  t h e  s t r u c t u r a l  p r o p e r t i e s  d e r i v e d  so f a r  have f u r t h e r  i m p l i c a t i o n s ,  

we now i n d i c a t e  how they  can be used, t oge the r  w i t h  t h e  s p l i t t i n g  theorem o f  

Vogt [22 ]  and an obse rva t i on  o f  [151, t o  g i v e  a new p r o o f  o f  t h e  f o l l o w i n g  r e s u l t  

which, by 1.5, i s  e q u i v a l e n t  t o  Tay lo r  [211, thm. 5.1.  

and every f c k e r  T has a unique re- 
P’ v 

i s  isomorphic t o  a nuclear power 
tr 

3.5 THEOREM. Every closed l inear translation invariant subspace W of A(E) i s  com- 

plemented. In  particular, every non-zero convolution operator on A (  E )  has a 

complemented kerne 2. 

Sketch of  t h e  p roo f .  I f  W = k e r  T 
then  W i s  complemented whenever dim W<m. But  i f  dim W = m, then  2.4b) shows t h a t  

we have t h e  f o l l o w i n g  e x a c t  sequence o f  Frgchet  spaces 

(*I 
By Theorem 3.4, W i s  a power s e r i e s  space o f  i n f i n i t e  type .  S ince  A(E)=Am(n), 

where u. i s  a non-zero c o n v o l u t i o n  opera to r ,  
1-1� 

T i 0 -> W -> A ( & )  -%+ A ( t )  -> 0. 

1 
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t h e  sequence ( * )  s p l i t s  by Vogt [221, t h m .  7 . 1 ;  hence W i s  complemented. I f  W i s  

an a r b i t r a r y  t rans la t ion  invar ian t  closed l i n e a r  subspace, then we may assume 

W + A ( L I ; )  and dim W = m. From 2.2b), i t  follows t h a t  there  e x i s t  non-zero ana ly t ic  

funct ionals  p and v with W = (ker  T ) n (ker  T v ) ,  and consequently 

W = ker(T lker T ) .  By the  previous argument, ker T i s  complemented. Hence W i s  

complemented i f  ker  (TVlker T ) i s  complemented i n  ker T B u t  t h i s  follows from 

the  s t r u c t u r e  of ker T as described in  3.2 and a n  elementary lemma. For  d e t a i l s ,  

we r e f e r  t o  [151. 

Remark. a )  Results on t h e  s t r u c t u r e  of the  closed l i n e a r  t rans la t ion  invar ian t  

subspaces ( resp.  the kernels  of convolution opera tors )  analogous t o  those given 

i n  the  theorems 3 .3 ,  3 .4  and 3.5 can a l s o  be obtained f o r  Frechet spaces A of 

e n t i r e  funct ions d i f f e r e n t  from A ( E ) .  This has been demonstrated i n  [ I 5 1  and, 

more general ly ,  i n  Meise and Schwerdtfeger [161. 

b )  A d i f f e r e n t  proof of the  f a c t  t h a t  every non-zero convolution operator  T on 
A ( t )  has a complemented kernel was given by Schwerdtfeger [201 .  He used r e s u l t s  

of Gelfond [91 and Dickson [41 t o  show t h a t  ker T 

s u f f i c i e n t  f o r  the  appl icat ion of the s p l i t t i n g  theorem of Vogt [221. 

The answer t o  question 1 .3(a)  which we have given in  Theorem 3.4 i s  not y e t  com- 

p l e t e ,  s ince i t  does n o t  exclude t h a t  already the  exponential monomials 

CzkeaZ I 05 k < m a ,  a E v(F(1-1)))  form a Schauder bas i s  of ker TU f o r  every convolu- 

t ion  operator  T on  A ( E ) .  However, as c l a s s i c a l  r e s u l t s  of Leont'ev [ I 2 1  ind ica te  

t h i s  i s  n o t  true in  general. To conclude, l e t  us show now how the model of ker T 
1-1 

obtained so f a r  can be  used to  der ive a simple necessary condition which leads t o  

examples of convolution operators  T f o r  which the exponential monomials do not 
I-r 

form a Schauder basis  of ker T 

3.6 D E D U C T I O N  OF A NECESSARY C O N D I T I O N  

Let T be a non-zero convolution operator  on A(t)  f o r  which ker T i s  i n f i n i t e  

dimensional and f o r  which the exponential monomials IzkeaZ 1 0 5 k <ma,aE V(F(u))I  

form a Schauder basis of ker T We p u t  W = ker T I = F ( p ) E x p ( t )  and use the 
1-I. 1-I’ 

notation introduced i n  2 . 5  and 3.2.  I n  3.2, we have indicated t h a t ,  by F, ker T 

i s  isomorphic t o  Am(a,IF) . Hence i t  follows from 3 . 2 ( 4 )  t h a t  

{tk,a 1 O < k < m a , a E V ( F ( u ) ) l  i s  a Schauder basis  of Ai(a,F). Again in  3.2 we have 

remarked t h a t  k ( a , E )  = k ( a , E )  and, by the same arguments, we get  

Am(a,F) = Am(a,E’) , where E’ = ( ( E j , U  l l j ) t ; ) j E . n u .  I t  i s  easy t o  check t h a t ,  by 

1-I 

V 1-1 1-I 

!J 1-I’ 

u 

1-I 

has property (n), which i s  v 

IJ 

1-I. 

1-I 1-I 

t 
1-I 2 

2 "  

2 1 

(yjijCw > := 1 < xj ,yj  > ., the space k(a,IE) = k ( a , E " )  i s  the 
< ( X j i j E N  j E N  J 

1 dual space of Am(a,E’) . Hence 3 .2(5)  implies t h a t ,  with respect  t o  t h i s  dua l i ty ,  

the system I Y ~ , ~ }  i s  the  system of c o e f f i c i e n t  funct ionals  of t h e b a s i s  {tk,a}. 
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We c la im:  

-Da. 
(1) There e x i s t s  D > O  such t h a t  sup sup sup I l t  II Illy J < m, 

jEMaEVi o<k<ma k 'a  J kyal lJe 

where V .  : =  V ( F ( p ) ) n S j .  
J 

I n  o rde r  t o  p rove  t h i s  c la im,  we f i r s t  remark t h a t ,  because o f  t h e  n u c l e a r i t y  o f  

A=(a,F) = Am(a,H’) and t h e  b a s i s  theorem of Dynin and M i t y a g i n  [ 6 ] , I t  1 i s  an 

abso lu te  bas i s .  Argu ing  by  c o n t r a d i c t i o n ,  we assume t h a t  ( 1 )  does n o t  h o l d .  Then, 

f o r  every  n E N  t h e r e  e x i s t  j ( n ) , a ( n ) E V .  and O < k ( n ) < m  w i t h  

2 1 
k ,a 

J ( n )  a ( n )  
> exp(2na. I' tk ( n )  ,a( n)"; ( n )  llYk (n )  ,a ( n ) "  j ( n )  - 

J ( n )  E j  ( n )  

J ( n ) ) .  

Wi thout  l o s s  o f  g e n e r a l i t y  we can assume t h a t  ( j ( n ) ) n E M  i s  s t r i c t l y  i n c r e a s i n g .  

Next, f o r  each n E N , we choose x .  

" tk(n),a(n) l l ; (n)  = tk (n ) ,a (n) (x j (n ) ) .  Then we de f ine  YET E .  by 

Y j ( n )  ' j ( n )  J ( n )  j n€N 
1 

easy t o  check t h a t  y € A m ( a , E ' ) .  Since we have 

w i t h  I I x  j (n ) l l j (n )  = 1 and 

jcn\i J 

exp( -na .  ) f o r  a l l  n € N  and y = 0 f o r  a l l  J E W  U { j ( n ) } .  It i s  

I tk(  n )  , a ( n ) ( Y ) l  "o , l (Yk (n )  ,a( n )  ) = t  k ( n )  , a ( n ) ( Y j (  n )  ) I lYk(n) , a ( n ) " j ( n )  

= I' t k (n )  , a (n ) " j (n ) l lYk (  n )  ,a( n ) " j (  n jexp ( - " j (n )  ) e x p ( n a j ( n ) )  

f o r  each n E  N , t h e  syst.em { t  

Now l e t  us assume t h a t ,  i n  a d d i t i o n  t o  t h e  hypotheses made so  f a r ,  we a l s o  have 

t h e  f o l l o w i n g :  

(2 )  There e x i s t s  E > O  such t h a t  sup (diam S . )  j e  

1 cannot be  an abso lu te  bas i s .  
k ,a 

m -Ea. 
< m, where m .  :=max (ma- l ) .  

J J aEV. 
J jCN 

k 
We no te  t h a t ,  f o r  t h e  func t i ons  Q ~ , ~  : z H ( z - a )  ( 0 5  k <ma,a€Vj ) ,  we have 

= tk,a(Pj(qk,a))  _< 11 tk,al$ IIPj('pk,a)ll j 5 l ltk,alli"'pk,a I1 Am(sj) 

k 5 l l t k , J l j  max( l , (d iam S . )  ) .  
J 

Hence ( 2 )  i m p l i e s  t h e  ex i s tence  o f  E > O  w i t h  

Ea . 
i n f  i n f  i n f  I I t k , a ~ ~ j  e > 0; 
j E N  aEV. o<k<ma 

J 

t oge the r  w i t h  (1) , t h i s  gives:  
-Fa. 

(3) There e x i s t s  F > O  such t h a t  sup sup sup llyk,all je < m. 

j E N  aEV. 05k<ma J 
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Hence B := {yk,a 1 O _ < k < m a , a ~ V ( F ( u ) ) I  i s  a bounded subset  o f  k (a ,E )  . S ince 

p : Exp(E) -+ k ( a , E )  i s  a s u r j e c t i v e  t o p o l o g i c a l  homomorphism by 2 . 5 ( 6 ) ,  t h e r e  

e x i s t s  a bounded s e t  M i n  Exp(E) w i t h  p(M) = B and consequent ly:  

( 4 )  There e x i s t s  F > O  such t h a t  f o r  each aEV(F(1-1)) and each O 5 k < m a  one can 

- F l z l  < ~. 
f i n d  f k ,aEExp(E)  w i t h  p ( f k , a )  = yk,a and 

SUP sup sup1 f k , a ( z ) l e  
aEV(F(p) )  O5k<ma zEE 

Now we have proved t h e  f o l l o w i n g  p r o p o s i t i o n :  

3.7 PROPOSITION. Let T 

k e r  T i s  i n f i n i t e  dimensiorzaZ and which has the foIZowing property: 

denote a non-zero convoZution operator on A ( E )  for  which 
1-1 

u 
Tkere e x i s t  posit ive numbers t, C and E such that,  for  every component S o f  

I z E C  1 I F ( u ) [ z ] l  < ~ e ~ l ~ l l  w i t h  Sf lV (F (u ) )+P) ,  we have 

(d iam S )  'exp(- E sup I z l )  5 E, where mS := maxima-1 I a E S n V ( F ( u ) ) I .  

Then, i f  the exponentiaZ monomiaZs I zkeaZ I 0 _< k < ma ,a E V(F(p ) )  I form u Schauder 

basis of k e r  T assertion 3.614)  hoZds. 

Remark. a )  From t h e  es t ima tes  no ted  i n  2 . 5 ( 1 ) ,  i t  f o l l o w s  e a s i l y  t h a t  t h e  hypo- 

t h e s i s  ( * )  i n  3.7 i s  s a t i s f i e d  whenever sup{ma 1 a E V ( F ( u ) ) I  < -. 
b )  I t  i s  p o s s i b l e  t o  show t h a t  3 .6 (4)  i s  e q u i v a l e n t  t o  t h e  f a c t  t h a t  t h e  m u l t i -  

p l i c i t y  v a r i e t y  o f  t h e  i d e a l  F(p)Exp(lC) i s  an i n t e r p o l a t i n g  v a r i e t y  i n  t h e  no ta-  

t i o n  o f  Be rens te in  and Tay lo r  [ I ] .  I n  v iew o f  t h i s ,  i t  f o l l o w s  f rom Berens te in  

and T a y l o r  [I  I, thm. 4, and some a d d i t i o n a l  c o n s i d e r a t i o n s  tha t ,  under t h e  hypo- 

theses o f  3.7, t h e  f o l l o w i n g  a s s e r t i o n s  a r e  e q u i v a l e n t :  

( i )  
( i i )  3 .6 (4)  ho lds ;  

* 
m 

ZES 

1-1’ 

1 

The exponen t ia l  monomials fo rm a Schauder bas i s  o f  k e r  T . u= 

The necessary c o n d i t i o n  g i ven  i n  3.7 l o o k s  r a t h e r  compl icated; however, i t  i s  

easy t o  d e r i v e  t h e  f o l l o w i n g  s imp le  e x p l i c i t  c o n d i t i o n  f rom it. 

3.8 COROLLARY. Let T 

hypotheses o f  Proposition 3.7. I f  the exponentiaZ monomiaZs 

{zkeaz I 0 5  k <ma,aE V ( F ( p ) ) I  form a Sckauder basis of k e r  T 

F > 0 such that i n f  

denote a convoZution operator on A(L) which sa t i s f i e s  the u 

then there e r i s t s  
1-1’ 

d i s  t ( a ,  V (  F (u ) ) \ {a i )eF 'a  I > 0. 
aEV(F(II.1 1 

PROOF. From 3.7 we g e t  a p o s i t i v e  number F such t h a t ,  f o r  each a E V ( F ( u ) ) ,  t h e r e  

e x i s t s  fa EExp(E)  w i t h  t h e  p r o p e r t i e s  sup sup I f a ( z ) l e - F l z l j A < ~ ,  f a ( a )  = 1 
aEV( F ( p ) )  zEE 
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and f a ( b )  = 0 f o r  a l l  b E V ( F ( p ) ) \ { a } .  Now f i x  a E V ( F ( p ) )  and choose bEV(F(1-I)) 

w i t h  I b - a i  = d i s t ( a , V ( F ( u ) ) L { a } ) .  W i thou t  l o s s  o f  g e n e r a l i t y ,  we can assume 

I b - a 1  < 1. L e t t i n g  D denote t h e  u n i t  d i s k ,  we d e f i n e  g :  D+E by g(w) : = f b ( a t w ) .  
la+'' = AeFeFlal .  Now t h e  Then we have g (0 )  = fb (a)  = 0 and IIgll 

Schwarz 

5 A sup e 

lemma i m p l i e s  I g ( w ) l  5 lw lAeFeFla ' ,  and hence 

Am( ) I W l < l  

F F  1 = f b ( b )  = g ( b - a )  5 I b - a l A e  e a l  
9 

whence t h e  des i red  c o n d i t i o n .  

F i n a l l y  we show how C o r o l l a r y  3.8 can be used t o  c o n s t r u c t  examples o f  convo lu -  

t i o n  opera to rs  T f o r  wh ich  t h e  exponen t ia l  monomials do n o t  f o rm a Schauder 
1-I 

bas is .  Th i s  i s  done by j i g g l i n g  t h e  zeros  o f  c e r t a i n  f u n c t i o n s  (see Berens te in  

and T a y l o r  [I I ,  p .  120). 

3.9 EXAMPLE. L e t  fEExp(K.) be a f u n c t i o n  f o r  which V ( f )  i s  i n f i n i t e  and f o r  which 

Zk 2 
ma = 2 f o r  a11 a E V ( f ) ,  e.g. f ( z )  = ( 1 m) . Label  t h e  elements o f  V ( f )  by  

k=o 

(ak)kEM i n  such a way t h a t  ( l a k l ) k E m  i s  non-decreasing. Next, choose a 

sequence ( E ~ ) ~ ~ ~  o f  complex numbers w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  

1 ( '1 ('k)kEN EAmOO(IakI), 

( 2 )  l e k l  > 0 f o r  a l l  k E N ,  
m 

( 4 )  V ( f )  n (ak+ckm) = {ak}  

and p u t  g : z I+ f ( z )  T 
k = l  k 

g def ines an e n t i r e  f u n c t i o n  and, i n  v iew o f  o u r  cho ice ,  i t  i s  n o t  d i f f i c u l t  t o  

show t h a t  gEExp(B) .  Obviously,  V(g) = V ( f ) U { a k + E k  j k € N } ,  and every  zero o f  g 

i s  s imp le .  Hence i t  f o l l o w s  f rom ( 1 )  and C o r o l l a r y  3.8 t h a t  t h e  exponent ia l  mono- 

m i a l s  do n o t  fo rm a Schauder b a s i s  i n  k e r  T 

By Example 3.9, i t  i s  c l e a r  t h a t ,  as a genera l  answer t o  ques t i on  1 .3 (a ) ,  

Theorem 3 .4  i s  op t ima l .  

2 
m z - (ak tck )  

z-ak f o r  Z E  E \ V ( f ) .  Since ma = 2 f o r  a l l  k E  M , 

2 

-1 i f  we p u t  1-1 := F ( 9 ) .  II 
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1 
The p resen t  a r t i c l e  i s  m a i n l y  concerned w i t h  t h e  d e r i v e d  f u n c t o r s  Ex t  (E,.) o f  

t h e  f u n c t o r s  L(E,.), E f i x e d ,  a c t i n g  f rom t h e  ca tegory  o f  Frechet  spaces t o  

t h e  ca tegory  o f  l i n e a r  spaces (see Palamodov [17] ) ,  w i t h  c o n d i t i o n s  f o r  

E x t  (E,F) = 0 (see [31]) and t h e i r  a p p l i c a t i o n s .  E x t  (E,F) = 0 means t h a t  a l l  

exac t  sequences 0 --* F + G --* E + 0 s p l i t  ( c f .  Thm. 1 .8 . ) .  

1 1 

I n  a f i r s t  s e c t i o n  we g i v e  a s h o r t  i n t r o d u c t i o n  t o  t h e  theo ry  o f  t h e  f u n c t o r s  

E x t  (E,.) ( c f .  
1 f o r  E x t  (E,F) and t h e  connect ing  maps i n  case E o r  F i s  nuc lea r .  The necessary 

resp .  s u f f i c i e n t  c o n d i t i o n s  f o r  E x t  (E,F) = 0 (Thm. 1 .9 . )  a re  p resented  w i t h o u t  

p r o o f  (s .  [31]). I n s t e a d  we g i v e  i n  $2 a d i r e c t  p r o o f  f o r  E x t  ( s , s )  = 0 which 

leads  v i a  the  permanence p r o p e r t i e s  d e r i v e d  i n  $ 1 d i r e c t l y  t o  t h e  s p l i t t i n g  

theorem f o r  exac t  sequences 0 + F + G + E + 0 where F i s  a q u o t i e n t  and E a 

subspace o f  s ( c f .  1231, 1341, 11243 ) .  The d e s c r i p t i o n  o f  t h e  c lasses  

E x t  (E,s) = 0 and E x t  (s,F) = 0 g i ven  i n  Thm. 2.5. shows t h e  s t r o n g  connect ion  

between t h e  theo ry  o f  E x t  ( - , a )  and the  s t r u c t u r e  t h e o r y  o f  nuc lea r  Frechet  

spaces as developed f o r  t h e  case o f  s i n  [23] and [34]. 

1 , c31.) w i t h  spec ia l  emphasis on t h e  concre te  rep resen ta t i ons  

1 

1 

1 1 

1 

I n  $ 3 we prove by use o f  t h e  p r o p e r t i e s  o f  Ext'(w,.) and a lemma f rom [293 

(Lemma 2.1. i n  t h e  p resen t  paper )  t h a t  a h y p o e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  

ope ra to r  on IR" w i t h  cons tan t  c o e f f i c i e n t s  has no r i g h t  i n v e r s e  i n  Cm(Q), 

Q c Din open (see [34 w i t h  a d i f f e r e n t  p r o o f ) .  Th i s  extends a r e s u l t  o f  

Grothendieck on e l l i p t i c  ope ra to rs .  

I n  $ 4 we show how t h e  knowledge o f  c o n d i t i o n s  f o r  E x t  (E,F) = 0 can be used f o r  

t h e  i n v e s t i g a t i o n  o f  t o p o l o g i c a l  p r o p e r t i e s  ( b a r r e l l e d n e s s  e t c . )  o f  spaces 

Ei 
11, $ 4 ) .  I n  p a r t i c u l a r  we g i v e  i n  Thm. 4.9. a complete bas i s  f r e e  d e s c r i p t i o n  

o f  t h e  c lasses  {E;Lb(E,F,) b a r r e l l e d }  and { F  : Lb(Eo,F) b a r r e l l e d }  i f  Eo o r  Fo 

i s  a power s e r i e s  space s a t i s f y i n g  a s t a b i l i t y  c o n d i t i o n ,  so ex tend ing  t h e  

r e s u l t s  o f  Grothendieck l o c .  c i t . .  We a l s o  g i v e  a s o l u t i o n  f o r  t h e  problem o f  

c l a s s i f i c a t i o n  o f  complex man i fo lds  V acco rd ing  t o  t o p o l o g i c a l  p r o p e r t i e s  (he re  

1 

F '2 Lb(E,F), E,F F rgche t  spaces, one o f  them n u c l e a r  ( c f .  Grothendieck [ 8 ] ,  
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barrelledness of Lb(E,F))as proposed in Grothendieck [81, 11, p. 128, a t  l ea s t  i f  

V i s  a Stein manifold. A more direct  and systematic treatment i s  contained in 1331. 

In 5 4 we make use of the resu l t s  of [31], 5 4 and 5 5 on E x t  ( E , F )  = 0 which are 

based on (S1) and ( S 2 ) .  The proofs are rather complicated so we do n o t  present 

them here. Instead we use in the final sectionconditions (S1) and (S2)  t o  investi-  

gate which spaces E or F can occur in a nontrivial way in the relation E x t  ( E , F ) = O .  

These are essentially the countably normed spaces E (more precise: the spaces E 

satisfying a condition ( D N  ) )  and the quasinormable spaces F .  A special role play 

the spaces F which are quojections or do n o t  sa t i s fy  the condition (*) of Bellenot- 

Dubinsky [3] .  Some resu l t s  of !j 5 are strongly related t o  the resu l t s  of "1. 
0. We will use standard notation of the theory o f  locally convex spaces a s  in 

[12] , 1201. For nuclear spaces we refer t o  [8 ] ,  [19], for sequence spaces to  

[ 5 ]  

Throughout  the paper E,F,G,H always denote locally convex Frechet spaces, over 

IK = R or  E, 1 )  I l l  c 11 1 1 2  5 

l inear space of continuous l inear maps from E t o  F. On the dual space E'=L(E,IK) 

of E we consider the dual (RtU{t-)-valued) norms 

1 
* * 

* * 
1 

cp 

and fo r  concepts of homological algebra t o  1151 and p 5 ] .  

... a fundamental system of seminorms. L ( E , F )  i s  the 

IIyIlk = SUP \y(X))  : X E, Ilxl/k 5 1). 

* We p u t  
El; := { y  C El : lIyl/k 4 t m) . 

A Frechet space E i s  said t o  have property ( D N )  (resp. ( Q ) )  i f  there ex is t s  a 

fundamental system of seminorms such that I1 l l k - 5  II 1 tk - l  / I  I Ik+l  (resp. II Ilk 
2 *2 

5 

II II for  a l l  k (see [24  1341 POI ) .  

A nuclear Frgchet space i s  isomorphic t o  a subspace of s i f f  i t  has property (DN) 

( s .  [23]), i t  i s  isomorphic t o  a quotient space of s i f f  i t  has property (a), 
(s .  [ 3 4 ) .  s denotes the nuclear Frschet space of a l l  rapidly decreasing sequences: 

k 
S = { X  = (x1,x2, ... ) : [lx/lk = 4 l x j l  j < + m for  a l l  k }  . 

J 

be an in f in i t e  matrix such tha t  0 5 a j ,k5a j ,k+ l ,  
j . k ) j  ,k  More generally l e t  A = ( a  

sup a > 0 for a l l  j and k .  Then we define 
k j , k  

Equipped with the i r  respective seminorms ( 1 1  
are called Kothe sequence spaces. They are nuclear i f f  for  every k there i s  p such 
t h a t  (with = 0)  : 

E N  these are Frechet spaces. They 

0 
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a 
2 j,k < + m  (Gro thend ieck-P ie tsch  c r i t e r i o n ) .  a .  
j J,k+P 

I n  t h i s  case we have h ( A )  = hm(A) ,  and v i c e  versa .  

I f  aj,k = okJ w i t h  sequences 0 c 

then  h ( A )  ( resp .  h m ( A ) )  i s  c a l l e d  power s e r i e s  space and denoted by n r ( a ) ( r e s p .  

!,;(a)). I t  depends o n l y  on r and the  sequence a. For  f i x e d  a a l l  spaces Ar(a) 

( resp .  n F ( a ) )  w i t h  r < + - are  isomorph ic .  There fore  we can r e s t r i c t  o u r  a t t e n t i o n  

t o  t h e  cases r = 1, + m .  n l ( a )  i s  c a l l e d  power s e r i e s  space o f  f i n i t e  type ,  !,_(a) 

o f  i n f i n i t e  t ype .  Power s e r i e s  spaces o f  f i n i t e  type  

never  be isomorph ic .  

By w := lK’ we denote t h e  p roduc t  o f  coun tab ly  many cop ies  of  t h e  s c a l a r  f i e l d ,  

by # ( V )  t h e  n u c l e a r  F rkche t  space o f  holomorphic f u n c t i o n s  on a complex mani- 

f o l d  V .  

a. 

p1 < 
o2 < ... ~r and a = (a.). : a 1 5 a 2  s ... f+ - ,  

J J  

and o f  i n f i n i t e  type  can 

1. I n  t h i s  f i r s t  s e c t i o n  we p resen t  some bas ic  f a c t s  on t h e  d e r i v e d  f u n c t o r s  
k Ex t  (E,.),k = O , l ,  ..., o f  t h e  f u n c t o r  L (E , . ) .  A l l  t hese  f u n c t o r s  a r e  cons idered 

t o  a c t  f rom t h e  ca tegory  o f  F rkche t  spaces t o  t h e  ca tegory  o f  l i n e a r  spaces 

ove r  lK = IR o r  a. E denotes a f i x e d  F r6che t  space. 

We do n o t  g i v e  a c o n s t r u c t i o n  f o r  these f u n c t o r s  b u t  t a k e  t h e i r  ex i s tence  as 

g ran ted  by homological  a lgeb ra  (see Palamodov [17]). I n s t e a d  we take  an 

ax iomat i c  approach, i . e .  we s t a t e  p r o p e r t i e s  o f  these f u n c t o r s  and t h i s  w i l l  be 

t h e  o n l y  i n f o r m a t i o n  wh ich  we w i l l  use. 

k The func to rs  Ex t  (E,.) have the  f o l l o w i n g  p r o p e r t i e s :  

(0 )  Ex to(E, * )  = L(E;) 

( I )  
L q  

To eve ry  s h o r t  exac t  sequence 0 + F + G --f H + 0 t h e r e  a re  assigned 

maps 

such t h a t  

0 + L(E,F) L L(E,G)- L(E,H)- E x t  ( E , F ) L  Ex t  ( E , G ) - - +  Ex t  

k k + l  tik : Ex t  (E,H) + Ex t  (E,F), k = 0,1, ... 
* q* €io 1 1 1 q l  

i s  exac t  and depends f u n c t o r i a l l y  on t h e  s h o r t  exac t  sequence. 

k (11) For  eve ry  i n j e c t i v e  space I we have E x t  (E , I )  = 0 f o r  k = 1,2, ... . 
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We used (and w i l l  use) t h e  f o l l o w i n g  n o t a t i o n s :  c p O A  = :Ay (pkA i s  t h e  map 

assigned t o  A by t h e  f u n c t o r s  E x t  (E,.), k = 1,2, ... . A space I i s  c a l l e d  

i n j e c t i v e  i f  f o r  each space E, each c losed  subspace Eo c E ,  and each cp c L ( E o , I )  

t h e r e  e x i s t s  an ex tens ion  9 c L(E , I ) .  Examples o f  i n j e c t i v e  spaces a r e  t h e  

spaces lm(M) ,  M an  index  se t ,  and t h e i r  p roduc ts .  

k 

I f  F i s  a Frechet  space then an exac t  sequence 

I k  i n j e c t i v e  f o r  a l l  k, i s  c a l l e d  an i n j e c t i v e  r e s o l u t i o n .  

k 
We can use any i n j e c t i v e  r e s o l u t i o n  o f  F t o  c a l c u l a t e  t h e  space Ex t  (E,F), as 

the f o l l o w i n g  p r o p o s i t i o n  shows. The p r o o f  i s  s tandard .  I n  f a c t  u s u a l l y  one uses 

i n j e c t i v e  r e s o l u t i o n s  t o  p rove  t h e  ex i s tence  o f  f u n c t o r s  Ex t  ( E , . )  w i t h  t h e  

p r o p e r t i e s  descr ibed above. 

k 

Lo L1 
1.1. P r o p o s i t i o n :  If 0 + F + I - 11- I 2  -t . .. is an injective resolut ion,  

0 

for k = 1,2, ... . 

proos: We p u t  Zo = F ,  Zk = ke r  L~ = 

k = 0,1, ... a s h o r t  exac t  sequence 

Lk 
0 + Zk - I zk+l + k 

i m  L ~ - ~  f o r  k = 1,2, ... and o b t a i n  f o r  each 

0 

which leads  by ( I )  and (111)  t o  a l ong  exac t  sequence 

0 + L(E,Zk) --t L (E , Ik ) -  L(E,Zk+l) + E x t  ( E , Z k )  + 0 + Ex t  (EyZk+l) 

+ Ex t  (E,Zk) + 

S ince  L(E,Zk+l) = k e r  L ~ + ~  t h i s  g i ves  us f o r  a l l  k = 0,1,2, ... , j 

* 
Lk 1 1 

2 
* 

* 1 Ex t  (E,Zk) '2' k e r  L ; + ~  / i m  L~ 

Extj(E,Zk+l) ExtJ+'(E,Zk) . 

Combining these equat ions  and u s i n g  Zo = F we o b t a i n  

k 1 E x t  (E,F) 2 E x t  (E,Zk-l) k e r  L; / i m  L L - ~  
f o r  k = 1,2, ... . 

+ 

0 + ... . 
= 1,2, . . .  : 

I t  can e a s i l y  be seen t h a t  eve ry  Banach space F has an i n j e c t i v e  r e s o l u t i o n  o f  

Banach spaces. We need o n l y  t o  know t h a t  every  Banach space X can be n a t u r a l l y  

imbedded i n t o  l " (Bo)  where Bo i s  t h e  u n i t  b a l l  i n  X ' .  We app ly  t h i s  t o  F and p u t  
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I. = l " (Bo) ,  t hen  t o  I o / F  and o b t a i n  11, e t c .  . 

1 . 2 .  C o r o l l a r y :  If E is nuclear and 

then E x t  (E,F) = 0 for k = 1,2, ,.. k 

~ Proof: We app ly  t h e  above descr ibed 

i n j e c t i v e  r e s o l u t i o n  o f  t h e  fo rm 

j n l a l  

j 
o + n F .  --t n ~j 

j J j  
n 
j 

0 

F = F .  is a product of Banaeh spaces F . ,  
J J  J 

353 

procedure s e p a r a t e l y  t o  t h e  F .  and o b t a i n  an 
J 

where t h e  IJk a r e  Banach spaces. 

From t h e  p r o p e r t i e s  o f  a nuc lea r  space ( s .  Grothendieck [83 , I I , §  3, nO1) and Prop. 

1.1. we conclude t h e  a s s e r t i o n .  

The preced ing  remark i s  ve ry  u s e f u l  as one sees f rom t h e  f o l l o w i n g  lemma which i s  

con ta ined  i n  [ln Thm. 5 . 2  ( o r  Cor. 5 .1 . )  and a p r o o f  o f  which can be found i n  

[3u (Lemma 1 . 1 . ) .  We need t h e  f o l l o w i n g  n o t a t i o n :  

A p r o j e c t i v e  spectrum P ~ , ~  : F1 + Fk (1 2 k )  of  Banach spaces i s  c a l l e d  a 

fundamental system o f  Banach spaces f o r  t h e  FrPchet  space F i f  

( i )  
( i i )  f o r  every  k t h e r e  i s  an 1 2 k such t h a t  pk F i s  dense i n  p1 ,k F1, where 

F = l i m  p r o j  Fk 

pk : F + Fk denotes t h e  canon ica l  map. 

1 . 3 .  Lemma: If P , , ~  : F1 + Fk is a fundumenta2 system of Banaeh spuces for  F 

then the sequence ("eanonieal resolut ion")  

* ( P k + l , k  ' k + l  - 'k)k . --+ ( P ~ x ) ~  and q : ( x ~ ) ~  is exact, where L : x 

T h i s  y i e l d s  as an i m e d i a t e  consequence (see [ 3 q ,  Thm. 1 . 2 . ;  c f .  [16], 7 .1 . ,  

[17] , p -  51) : 

1.4. Theorem: If E o r  F is nucZear then Ex t  (E,F) = 0 for  k 2 2. k 

Proof: I f  F i s  nuc lea r ,  then F has a fundamental system o f  Banach spaces i s o -  

morphic t o  1". Hence t h e  Fk i n  Lemma 1 . 3 .  can be chosen i n j e c t i v e ,  which means 

t h a t  t h e  s h o r t  exac t  sequence i n  Lemma 1 . 3 .  i s  an i n j e c t i v e  r e s o l u t i o n  o f  l e n g t h  1 .  

The a s s e r t i o n  f o l l o w s  f r o m  Prop. 1.1. 

I f  E i s  n u c l e a r  then we choose any fundamental system o f  Banach spaces and 
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app ly  ( I )  t o  t h e  canon ica l  r e s o l u t i o n  (see 1.3.) .  We o b t a i n  

k ... + 0 -+ 0 -+ E x t  (E,F) + 0 + 0 ... 

f o r  k = 2,3, ... . The zeros  come f rom Cor. 1 .2.  . 

From Thm. 1.4. we o b t a i n  a permanence p roper t y :  

1.5. C o r o l l a r y :  

then also Extl(E,Fo) = 0 .  

M: L e t  q : F + Fo be t h e  q u o t i e n t  map, G := k e r  q.  Then (I) a p p l i e d  t o  t h e  

s h o r t  e x a c t  sequence 

1 If E o r  F i s  nuclear, E x t  (E,F) = 0 and Fo a quotient of F, 

O + G + F + F  - + O  
0 

g i v e s  

1 1 2 ... -+ E x t  (E,F) + E x t  (E,Fo) 7- Ex t  (E,G) + ... . 

The f i r s t  term i s  zero  by assumption, t h e  t h i r d  by 1.4., hence a l s o  t h e  m idd le  

term. 

Our nex t  t ask  i s  t o  g e t  more i n f o r m a t i o n  on Ex t  (E,F) i n  case one o f  t h e  spaces 

i s  nuc lea r .  

1 

1.6. Theorem: 

F, l e t  E o r  F be nuclear. Then 

Let $ =  {Fk, pl,k} be a fundamental system of Banach spaces f o r  

1 E x t  (E,F) 2r1 L(E,Fk) / B ( E , 3 )  
k 

where 

B ( E , F )  = { ( A k ) k  c n L(EyFk)  : ZI(Bk)k E rI L(E,Fk) such t h a t  
k k 

Ak = Pk+l,k Bk+l  - Bk f o r  a l l  k). 

t o  t h e  canon ica l  r e s o l u t i o n  (see 1.3.) .  We proos: I f  E i s  nuc lea r  we app ly  ( I  

o b t a i n  
q" 

. . . + n L(E,Fk) - n L 

where t h e  zero  comes f rom Cor. 1 .2  

k k 

6’ 1 E,Fk) - Ext (E,F) + 0 + . . .  

I f  F i s  nuc lea r  and p 

we can f i n d  a fundamental system 

maps qk : FL -+ Fk such t h a t  

: F1 -+ Fk i s  any fundamental system o f  Banach spaces then 
1 Y k  

po : FY + F i  o f  i n j e c t i v e  Banach spaces and 
1 ,k 
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i s  commutative. 

Hence we o b t a i n  a comnuta t ive  diagram 

where cp i s  induced by t h e  q k .  We app ly  ( I )  t o  t h i s  diagram and o b t a i n  
Q 0 

. .. + n L(E,Fk) - n L(E,Fk) + Ext  (E,F) + ... q 6 1 

FQ / i d  

So 1 
0 

1." 
... + n  L ( E , F i ) L n  L(E,Fi)-  E x t  (E,F) + 0 

k k 

The zero  comes f rom (11 ) .  Obv ious ly  t h e  a s s e r t i o n  f o l l o w s  f rom t h i s  diagram. 

From Thm. 1.6. aga in  we o b t a i n  a permanence p r o p e r t y :  

1.7. C o r o l l a r y :  If E or F is nuclear, E x t  1 (E,F) = 0 and Eo a closed subspace of E, 

then Extl(Eo,F) = 0 .  

proos: We choose a fundamental system o f  Banach spaces f o r  F which f o r  n u c l e a r  

F we assume t o  c o n s i s t  

r e s t r i c t i o n  maps Rk : L(E,Fk) -+ L(Eo,Fk) a re  s u r j e c t i v e  f o r  a l l  k 

see [8],11,93). The R k  induce t h e  map R i n  t h e  f o l l o w i n g  diagram. R i s  s u r j e c t i v e .  

o f  i n j e c t i v e  Banach spaces. Hence i n  b o t h  cases t h e  

( f o r  E nuc lea r  

1 R 
0 = E x t  1 (E,F) L(E,Fk) / B ( E , F ) - n  L(Eo,Fk) / B(E,,,.3) Ex t  (Eo,F) 

k k 

Th is  shows t h e  a s s e r t i o n .  

I n  t h e  f o l l o w i n g  p a r t  o f  t h i s  s e c t i o n  we want t o  e x p l a i n ,  what i n  terms o f  t h e  

conc re te  r e p r e s e n t a t i o n  o f  1.6.  (and 1.4.) Ex t  (E,F) resp .  t h e  l o n g  exac t  

sequence ( I )  "means". L e t  us remark t h a t  t h e  isomorphism which we used i n  1.6.  i s  

1 
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i n  a canon ica l  way determined by t h e  fundamental system o f  Banach spaces. I t  i s  

induced by t h e  6’ assigned t o  t h e  canon ica l  r e s o l u t i o n  (see 1 . 3 . ) .  I n  t h e  f o l l o w i n g  

d i scuss ion  we w i l l  always t a l k  about  t h i s  isomorphism. 

L e t  0 --f F - G -f H + 0 be an exac t  sequence. We assume t h a t  e i t h e r  E o r  F,G 

and H a r e  nuc lea r .  L e t  5,  3 , b be fundamental systems o f  Banach spaces such t h a t  

f o r  every  k we have an exac t  sequence o f  Banach spaces 

L q  

Lk  'k 0 + Fk -f G k -  Hk + 0 

and such t h a t  f o r  a l l  1 > k t h e  diagram 

L q  
0 - F - G - H  + O  

4 L1 J 9 1  .1 
1 ' O  0 - F - G  - t i  1 1 

4 Lk qk  4 
0 --t F k - +  Gk - Hk + 0 

i s  commutative. We can o b t a i n  such fundamental systems e.g. by t a k i n g  for fi? t h e  

Banach spaces generated by a fundamental system o f  seminorms on G and f o r  5 and 

@ t h e  Banach spaces generated by t h e  induced resp .  coinduced fundamental systems 

o f  seminorms on F reso .  H. 

We have t h e  f o l l o w i n g  s i t u a t i o n  

1 
+ Ex t  (E,H) - 0 

q1 
1 

L 
Sor Ex t  1 (E ,F) t Ext'(E,G) 

It? Q I l ?  I It? / 

0 
L(E,H) \ 

n L(E,Fk)/B(E,F)-  n L(E,Gk)/B(E,J)- n L(E,Hk)/B(E,*) + 0 
k k k 

1 where D,I,Q denote t h e  maps induced by means o f  t h e  isomorphisms f rom F o ,  L ' ,  q 

We want t o  descr ibe  these maps. 

. 

We app ly  t h e r e f o r e  ( I )  columnwise t o  t h e  f o l l o w i n g  diagram: 

0 0 0 
J 

F - G - H  9 J . L  J 

5. 
0 

.1 J 
0 0 
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where t h e  columns a r e  canon ica l  r e s o l u t i o n s .  We o b t a i n  by use o f  ( I )  and ( t h e  p r o o f  

o f )  1.6. t he  f o l l o w i n g  commutative diagram w i t h  exac t  columns. The rows a re  e a s i l y  

seen t o  be exac t .  

L 

n L  
k 

1 $ Ib ",; 
ll L(E,Fk) ------in L(E,Gk) -n L(E,Hk) 
k k k 

Ex t l (E ,F)  Ex t  1 (E,G) q Ext l (E,H) 

1 J16O 1 6 O  

.1 
0 

1 
0 

1 
0 

We see immedia te ly  t h a t  t h e  maps I and Q a r e  t h e  n a t u r a l  maps between t h e  

r e s p e c t i v e  spaces, i . e .  t h e  maps induced by n ck and n qk on t h e  q u o t i e n t s .  
k k 

Moreover we can by a s tandard  procedure o f  homological  a lgeb ra  ( s .  [15]) d e f i n e  

a map d : L(E,H) + Ex t  (E,F) as f o l l o w s :  

F o r  9 E L(E,H) we have, because o f  t h e  n u c l e a r i t y  assumptions, acp E i m  (n q k ) .  We 

choose j, E n L(E,Gk) such t h a t  (Il qk )  j, = acp. Since (TI q k )  b 9 = c ( n  q k )  j, = 

c acp = 0 we can f i n d  x E n L(E,Fk) such t h a t  (n L,;) x = b 9. We p u t  d cp := 6’x. 

It i s  n o t  d i f f i c u l t  t o  p rove  t h a t  d i s  w e l l  de f i ned ,  l i n e a r  and makes t h e  

f o l l o w i n g  sequence e x a c t  

1 

* 
b * b 

* 
d 1  1 1  ... + L(E,G) J--+ L(E,H) + Ext  (E,F) E x t  (E,H) + . .  

Hence 6’ = A o d where A i s  an automorphism o f  k e r  L~ and 6’ i s  t h e  one a c t i n g  

f rom L(E,H) + E x t  (E,F). 

We now p u t  Dcp  := [x] where [ ] denotes t h e  equ iva lence c l a s s  i n  r~ L(E,Fk) /B(E,Y) .  

I t  f o l l o w s  e a s i l y  (so a c t i n g  f rom n L(E,Fk) + E x t  (E.F) induces an isomorphism) 

t h a t  a l s o  i s  w e l l  d e f i n e d  and l i n e a r .  S t r a i g h t f o r w a r d  c a l c u l a t i o n  shows t h a t  

O = B o 0 where B i s  some automorphism o f  k e r  I ,  o r  e q u i v a l e n t l y :  t h a t  i m  0 = i m  0, 

k e r  D = k e r  D .  

We have t o  e x p l a i n  E. I t  desc r ibes  t h e  f o l l o w i n g  ( M i t t a g - L e f f l e r - )  approach t o  t h e  

s o l u t i o n  o f  t h e  l i f t i n g  problem 

1 

w 

1 k 

k 

N N 

N 
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F i r s t  we so l ve  a17 t h e  " l o c a l "  l i f t i n g  problems 

0 + Fk + Gk qk+ H k  --t 0 

E 

which we can do by  our  n u c l e a r i t y  assumptions. The qk 

i . e .  t h e  components o f  aq. The q k  g i v e  t h e  components 

a r e  t h e  maps induced 

o f  acp. Then we a p p l y  
by qY 

b, i . e .  

fo rm t h e  maps ~ ~ + ~ , ~ o $ ~ + ~  - qk. I f  we t h i n k  o f  L as an imbedding, these can be 

cons idered as maps i n  L(E,Fk), i . e .  t h e y  d e f i n e  t h e  components xk o f  an element 

X E f L(E,Fk)* 

Our o r i g i n a l  l i f t i n g  problem i s  e a s i l y  seen t o  be s o l v a b l e  i f  and o n l y  i f  we can 

k 
pk+l,k ($k+l - Bk+l) = qk - Bk f o r  a l l  k .  This  means n o t h i n g  e l s e  than EQ=[x] = 0 

and t h a t  i s  e q u i v a l e n t  t o  EQ = 0. 

f i n d  ( B k ) k  E n L(E,Fk) such t h a t  P k + l , k o $ k + l  - $k = Pk+l,k 0 Bk+l  - BkA hence 

Hence the  ax iomat i c  approach descr ibes  (under o u r  n u c l e a r i t y  assumptions) v i a  t h e  

concre te  r e p r e s e n t a t i o n  n o t h i n g  e l s e  than  t h e  poss i  b i  1 i t y  o f  t h e  " n a t u r a l  'I way o f  

s o l u t i o n  o f  t h e  l i f t i n g  problem. k e r  L descr ibes  t h e  o b s t r u c t i o n  a g a i n s t  t h i s  i n  

t h e  concre te  s i t u a t i o n .  E x t  (E,F) descr ibes  t h e  " s t r u c t u r a l "  o r  "maximal" ob- 

s t r u c t i o n  i n  any s i t u a t i o n .  I f  i t  i s  zero  t h e  procledure always works. 

We admi t  w i t h o u t  f u r t h e r  p r o o f  t h e  f o l l o w i n g  theorem ( s .  pl], Thm 1.8.): 

1 

1 

1.8. Theorem: The following are equivaZent: 

111 Ext'(E,F) = 0 

(2) 

131 

Every ezact sequence 0 -f F + G + E --f 0 spl i ts .  

For every exact sequence 0 + F + G + H + 0 and cp E L(E,H) there e x i s t s  

+ E L(E,G) m t h  cp = q o $. 

For every exact sequence o + H 4 G + E + o and cp E L(H,F) there e x i s t s  

$ E L(G,F) with q = Ji o L .  

9 

( 4 )  

The r e s t  o f  t h i s  paper w i l l  be m a i n l y  devoted t o  a d i s c u s s i o n  o f  c o n d i t i o n s  f o r  

E x t  (E,F) = 0 and t h e i r  a p p l i c a t i o n s .  We use t h e  f o l l o w i n g  c o n d i t i o n s  on two 1 
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* 
Frgchet  spaces E and F ( s .  [31] and f o r  (S1) Ap io la  [ 2  ] ) .  1 1  ( I 1  5 1 1  I l 2  5 . . .  
denotes a fundamental system of seminorms on E o r  F resp . ,  llyll," = s u p  1 / y ( x )  I :  
Jlxllk 5 11 t h e  dual  norm o f  / I  / I k  f o r  y c E’ o r  F ' .  

(S1) 3no Vw 3k VK,m 3n,S Vx E E,  y c FL 
* 

* * * 
/Ixllm l lYl lk 5 s ( /Ixlln llYllK + IIXII llYllw 1 

* 
( S 2 )  V p  3no,k VK,m 3 , s  Vx E E, y CFA 

I n  [31], Thm. 3.7. i n  connec t ion  w i t h  3.9. i t  i s  shown: 

1.9. Theorem: I f  E is countabZy normable o r  F re f lex ive  and one of them nuclear, 

then 
* 1 * 

(S1) = E x t  (E ,F )  = 0 3 (S2)  . 
* I n  [13] i t  i s  shown t h a t  ( S 2 )  i s  necessary and s u f f i c i e n t  f o r  Ex t  1 (E,F) = 0 i n  the  

case o f  Kothe spaces. A necessary and s u f f i c i e n t  c o n d i t i o n  f o r  Ex t  1 (E,F) = 0 i n  

t h e  genera l  case i s  con ta ined  i n  [33]. 

F u r t h e r  r e s u l t s  on s p l i t t i n g  r e l a t i o n s ,  g e n e r a l i z a t i o n s  and i n v e s t i g a t i o n s  o f  

c o n d i t i o n s  f o r  an exac t  sequence t o  s p l i t  i f  E x t  (E,F) # 0 a r e  con ta ined  i n  [1 1 ,  1 

, ~ 1 8 1 ~  [XI, [XI. 

2. I n  t h i s  s e c t i o n  a l l  spaces a r e  assumed t o  be nuc lear .  I n s t e a d  o f  p r e s e n t i n g  

d e t a i l s  o f  t h e  r a t h e r  compl ica ted  p r o o f  o f  Thm. 1.9. we d i scuss  w i t h  f u l l  p r o o f s  

an example which immedia te ly  l eads  t o  t h e  most impor tan t  cases o f  Ex t  (E,F) = 0 

w i t h  respec t  t o  a p p l i c a t i o n s .  I t  shows i n  a v e r y  n i c e  way t h e  i n t e r p l a y  between 

t h e  s t r u c t u r e  t h e o r y  o f  ( s )  as developed i n  [231, [34] ( c f .  a l s o  [5], [24], [35]) 

and t h e  p resen t  theo ry .  The f o l l o w i n g  lemma 2 . 1 .  i s  i n  an e q u i v a l e n t  fo rm (s .  Thm. 

1.8.) con ta ined  i n  [23], 1.5.. We g i v e  a d i r e c t  p r o o f  us ing  t h e  m a t r i c e s  o f  t h e  

r e s p e c t i v e  maps. 

2.1. Lemma: E x t  (s ,s )  = 0 

1 

1 

proof: We app ly  1.3. o r  1.5. t o  t h e  fundamental system 

of i n j e c t i v e  Banach spaces. L e t  Ak E L(s,Fk), k = 1,2, ... be given. Each Ak 

i s  represented  by a m a t r i x  (ai! j)v,j ~ w i t h  
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f o r  some n = n ( k ) ,  d = d ( k ) .  

We have t o  determine ma t r i ces  (b (k ! )  s a t i s f y i n g  analogous es t imates  such t h a t  

ack !  = b ( k + f )  - b(k!  f o r  a l l  k,v, j .  

We p u t  D ( l )  = d ( l ) ,  D(k+ l )  = max ( d ( k + l ) ,  2 D(k )  + k + 3 )  and N ( l )  = n ( l ) ,  

N ( k + l )  = max ( n ( k + l ) ,  2 N ( k ) )  f o r  a l l  k. 

;J 

v,J V,J V,J 

We w i l l  determine i n d u c t i v e l y  ma t r i ces  ( u ( ~ ! )  f o r  k = 2 , 3 ,  ... and (v!!;) f o r  

k = 1,2, ... w i t h  
V ,J 

( 1 )  lUiy I z ( k - 2 ) j  5 2-k 

v;pj 2 k j  p ( k ) + N ( k ) v  

1 k,v, j .  

We s t a r t  w i t h  v ( ' )  = 0 f o r  a l l  v , j .  L e t  vi:j be determined. We d e f i n e  
V ,J 

1, = 

I1 = 

t ( v , j )  : D(k)  + N(k)v  + k + 2 < j }  

t ( v , j )  : D(k)  + N(k)v  + k + 2 2 j }  

Hence ( 3 )  i s  f u l f i l l e d  by d e f i n i t i o n .  

For  ( v , j )  E I. we o b t a i n  
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21+D( k)+N( k ) v + j  
~ 

- 22D(k)+2N(k)v+k+3 

D(k+ l )+N(k+ l ) v  5 2  

which proves  ( 1 )  and (2) 

Now we d e f i n e  

The second e q u a l i t y  comes f rom ( 3 ) .  

The s e r i e s  converges because o f  ( 1 ) .  We o b t a i n  t h e  f o l l o w i n g  es t ima te :  

f o r  a p p r o p r i a t e  C = C(k)  and a l l  k ,v , j .  

Hence (bi ! j )v, j  E N  d e f i n e s  a map Bk E L(s,Fk).  

We f u r t h e r  have because o f  ( 3 )  

which means t h a t  pk+l,k 0 Bk+l - Bk = Ak . 

From 1 . 5 .  and 1.7.  we g e t  immedia te ly  

2.2. Theorem: 

E x t  (E,F) = 0. 

I f  E i s  a subspace o f  s and F a quot ien t  space of s then  
1 

For  t h e  f o l l o w i n g  r e s u l t  we use t h e  method o f  [23], Satz 1.7., i t  i s  i n d i c a t e d  i n  

t h e  remark a t  t h e  end o f  p r o o f  o f  Satz  1.7. . 

2.3. Lemma: 

u: There e x i s t s  an  exac t  sequence ([23] , 1.6.) 

rf Ex t l (E ,s )  = 0 then E i s  isomorphic t o  a subspace of S .  

O - s - s ~ s ~  - 0  
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According t o  T. and Y .  Komura's theorem ( [ l l ] )  we can assume E imbedded i n  sN. We 

s e t  E = q - -1 E and o b t a i n  an exac t  sequence 
N 

O + s + E + E + O  
N 

which s p l i t s  by assumption (and Thm. 1.8. ) .  Hence we have an imbedding E + E + s.  

The Ex t ' ( s , - )  case i s  a l i t t l e  b i t  more d i f f i c u l t .  The p r o o f  uses t h e  method f i r s t  

used i n  [3q i n  t h e  s l i g h t l y  changed fo rm o f  [24]. 

2 .4.  Lemma: 

Proof: 
as ? i n  t h e  p rev ious  p roo f .  kle g e t  t h e  f o l l o w i n g  diagram 

1 If E x t  (s ,F)  = 0 then F is isomorphic to a quotient space of s. 

We cons ide r  F as imbedded i n  s', c a l l  Q t h e  q u o t i e n t  space and o b t a i n  Q 
N 

0 0 

1 1 -  S ince 5 c s we g e t  f rom E x t  (s,E) = 0 and 1.7. t h a t  Ex t  (Q,E)  = 0. There fore  t h e  

second row s p l i t s  which g i v e s  H = E a+:. 

The f i r s t  column o f  t h e  diagram above g i ves  t h e  f i r s t  row o f  t h e  diagram below. 

Our s tandard  exac t  sequence g i ves  t h e  r i g h t  column. The r e s t  i s  cons t ruc ted  a long  

t h e  same l i n e  as above . 

0 0  

t 9  

t t  

t T  

t t  

O + s + H + s N + O  

O + S + G + S  + O  

S S 

0 0  
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Because o f  2.1. t h e  second row s p l i t s .  Hence H 

G 

E @ Q i s  a q u o t i e n t  o f  

s 61 s 2’ s and t h e r e f o r e  a l s o  E .  

Now we have a l l  i n g r e d i e n t s  f o r  t h e  f o l l o w i n g  theorem which desc r ibes  t h e  exac t  

s o l u t i o n  c lasses  o f  E x t  (E,s) = 0, Ex t  (s,E) = 0. Remember t h a t  a l l  spaces i n  t h i s  

s e c t i o n  a r e  assumed t o  be nuc lea r .  

2.5. Theorem: Ial Ex t  (E,s) = 0 if and on ly  if E is isomorphic to a subspace of s. 
Ibi Extl(s,E) = 0 if and onZy if E is isomorphic to a quotient space of 5. 

1 1 

1 

The c lasses  of subspaces and q u o t i e n t  spaces o f  s have been descr ibed i n  [23J, [34] 

by t o p o l o g i c a l  l i n e a r  i n v a r i a n t s  ( D N )  and (9). It i s  i n t e r e s t i n g  w i t h  r e s p e c t  t o  

t h i s  t o  compare Thm. 2.5. w i t h  [31], 5 4 where we desc r ibe  e.g.  t h e  c lasses  

{ E  : E x t  (E,s) = 0 1  and { F  : E x t  (s,F) = 01 by t o p o l o g i c a l  i n v a r i a n t s .  
1 1 

3. I n  t h i s  s e c t i o n  we use t h e  theo ry  o f  5 1 t o  show t h a t  h y p o e l l i p t i c  p a r t i a l  

d i f f e r e n t i a l  ope ra to rs  w i t h  cons tan t  c o e f f i c i e n t s  have no r i g h t  i nve rses  i n  C"(Q), 

where o i s  an open s e t  i n  R n .  Th is  extends a r e s u l t  o f  Grothendieck on e l l i p t i c  

ope ra to rs  ( s .  [24, [ 2 2 ] ) .  I t  i s  shown by a d i f f e r e n t  p r o o f  and i n  g r e a t e r  

g e n e r a l i t y  i n  [32]. 

L e t  P ( D )  be a h y p o e l l i p t i c  l i n e a r  p a r t i a l  d i f f e r e n t i a l  ope ra to r  w i t h  cons tan t  

c o e f f i c i e n t s ,  Q c lRn open and P(D)-convex. We p u t  

f(Q) = { f  E C"(s) : P ( D ) f  = O j  

From t h e  exac t  sequence 

we o b t a i n  by ( I )  f o r  any nuc lea r  Fr6chet  space E an exac t  sequence 
8 0 

0 --f L(E. &a)) L(E,Cm(B))- P(W* L(E,C"(a)) - 6 1  E x t  (E,f l (a))  - L1 E x t  1 (E,C"(B))+ . .  . 

From [ Z q ,  2 . 1 .  we t a k e  t h e  f o l l o w i n g  lemma. I t i s  shown t h e r e  under t h e  assumption 

o f  e l l i p t i c i t y  b u t  t h e  p r o o f  needs o n l y  h y p o e l l i p t i c i t y .  Fo r  t h e  sake o f  complete- 

ness we g i v e  a p r o o f .  

3 . 1 .  Lemma.: L' = 0. 

Proof: 
and denote by Hk  t h e  c l o s u r e  o f  J ( n )  

f u n c t i o n s  on Q ~ .  We o b t a i n  i n  a n a t u r a l  way a commutative diagram w i t h  exac t  l i n e s :  

We choose a sequence Q1 cc a2  cc . . .  cc  Q o f  open se ts  such t h a t  B = u slk 
k 

i n  C(3,) cons idered as a space o f  1 Ek 
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q 
0 + Crn(Q) --t n cm(") -+ n C"(Qk) + 0 

f j k 
9 

t j  k 
t L  

0 --f d(a) + Hk --f nHk + 0 .  
k 

L and j a r e  the  i d e n t i c a l  imbeddings, q i s  d e f i n e d  by q ( ( f k ) k )  = (fk+llek - f k ) k .  

The lower l i n e  i s  a canon ica l  r e s o l u t i o n  (see 1 . 3 . ) .  To show exactness i n  t h e  

upper l i n e  we have t o  p rove s u r j e c t i v i t y  o f  q. We even g i v e  a r i g h t  i nve rse .  

There fore  we choose q k  c D ( Q k ) ,  qlk = 1 on 52 k - l  ( Q ~  :=  pl ) and p u t  

k 

v = l  
( ( f k ) k )  = ( qVfv - f k ) k  * 

Th i s  d e f i n e s  a cont inuous ,  l i n e a r  map R : n C"(Q,) -+n Crn(Qk). Since 
k k 

on Q~ we have q o R = i d .  

A p p l i c a t i o n  o f  ( I )  g ives  t h e  f o l l o w i n g  commutative diagram w i t h  exac t  l i n e s  
* 

. . .  + n  L(E,Crn(Gk)) L n  L(E,Cm(Qk)) --+ 6O Ex t  1 (E,Crn(Q)) -+ ... 

? L 1  
6’ 

t j *  k 

... + n  L(E,Hk) - Extl(E, d(~)) + 0 . 
k 

q * i n  t h e  upper l i n e  i s  s u r j e c t i v e  s ince  q has a r i g h t  i n v e r s e  the re .  Hence 6’ = 0 

i n  the  upper l i n e  and t h e r e f o r e  L~ o 6’ = 0 where 6' ( l ower  l i n e )  i s  s u r j e c t i v e .  

Th is  proves the  r e s u l t .  

I f  P f D )  has a r i g h t  i nve rse ,  t hen  c l e a r l y  P(D)* i s  s u r j e c t i v e  f o r  eve ry  F. Hence 

E x t  ( F , ~ ( Q ) )  = 0 f o r  eve ry  F, i n  p a r t i c u l a r  f o r  F = w :=  (I;' . 

3.2. Lemma: 

Banach space fo r  every continuous seminorm I1 

=: Since t h e  assumption i m p l i e s  E x t  (w,H/L) = 0 f o r  any c losed  subspace L c H 

it s u f f i c e s  t o  show: If H i s  a F r i k h e t  space w i t h  cont inuous  norm such t h a t  

E x t  (w,H) = 0 then H i s  a Banach space. 

1 

1 If H is a Fr6chet space such that E x t  (w,H) = 0 then H/ker 1 )  1 1  i s  a 

II on H. 

1 

1 

We may assume t h a t  1 1  
on H. We c a l l  Hk t h e  comple t ion  o f  t h e  normed space (H,ll 11,) and P ~ , ~  : Hk -+ H, 

( f o r  k 3 1 )  t h e  canon ica l  ex tens ion  o f  t h e  i d e n t i t y .  Then we have t h e  canon ica l  

r e s o l u t i o n  

5 1 1  1 1 2  5 . . .  i s  a fundamental system o f  con t inuous  norms 
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where q ( ( x k ) k )  = (Pk+l,k ' k + l  - 'k)k . 

If H i s  n o t  a Banach space then f o r  each k > 1 we can f i n d  ak C Hk such t h a t  

pk,l ak f H. Otherwise we would have pk,l Hk = H f o r  some k which, by t h e  c losed  

graph theorem, would i m p l y  t h a t  H i s  i somorph ic  t o  t h e  Banach space Hk/ker okk,l . 

For 5 = (c1, c 2 ,  . . . )  E w we p u t  A(5) = (c l  al, E~ az, . . .  ) c n H 
assumption f o r  A E L(w, n Hk) t h e r e  e x i s t s  B E L (w,  n Hk) such t h a t  A = q o B .  We 

p u t  B e = (bl,j, bz,j, ... ) where e j  = ( 6  ) and o b t a i n :  

Then by 
k k '  

k k 
j k , j  k 

b f o r  k > j and k .= j 'k+l,k k + l , j  = bk , j  

- b .  . ( 2 )  aj = o j + l , j  bj+l,j j.j 

( 3 )  Fo r  each k we have jk such t h a t  b = 0 f o r  j 2 jk 
k ,j 

(1 )  i m p l i e s  t h a t  t h e r e  i s  b .  F H such t h a t  b = b .  f o r  a l l  k 2 j .  I f  we choose 
J k,j J 

j 3 j,, we have because o f  ( Z ) ,  t h e  second p a r t  o f  (1) and (3 )  

P ~ , ~  a j  = b.  - b . = b . - b  = b . E H  
J 'j,l j,J J 1,j J 

j '  
which c o n t r a d i c t s  t h e  cho ice  of a 

We r e t u r n  t o  o u r  h y p o e l l i p t i c  o p e r a t o r  P ( 0 ) .  I f  i t  has a r i g h t  i n v e r s e  i n  C"(Q) 

we know t h a t  E x t  ( w . ~ ( s ? ) )  = 0.  We choose a compact K c M w i t h  non empty i n t e r i o r  

and app ly  Lemma 2 t o  t h e  seminorm I l f l l  = su 

i s  a n u c l e a r  Banach space, hence f i n i t e  i i m e n s i o n a l .  T h i s  i s  p o s s i b l e  o n l y  f o r  

n = 1. There fo re  we proved t h e  main r e s u l t  o f  t h i s  s e c t i o n :  

1 

I K  I f ( t )  1 .  Then ~ ( Q ) / k e r  I1 112 d ( Q )  c-R . 

3.3. Theorem: 

in c - ( Q ) .  

If n 2 2 and P(D) is hypoeZZiptic then P(D) has no r i g h t  inverse 

For  t h e  e l l i p t i c  case t h i s  r e s u l t  was f i r s t  p roved by Grothendieck ( s .  [21J, 

Appendix C o r  [22], p .  40 f ) .  Theorem 3 i m p l i e s  t h a t  a l s o  p a r a b o l i c  ope ra to rs  

( t h e  heat  equa t ion  e.g.) have n o  r i g h t  i nve rses .  For  h y p e r b o l i c  ope ra to rs  i t  i s  

known t h a t  t hey  have r i g h t  i nve rses  a t  l e a s t  i n  C m ( W n ) ) .  

4 .  I n  Grothendieck [83, I1 § 4 and a l s o  i n  [27] r e l a t i o n s  between Kothe ma t r i ces  

resp .  F rcche t  spaces a r e  i n v e s t i g a t e d  which l e a d  i n  concre te  examples t o  r e s u l t s  

very  s i m i l a r  t o  t h e  r e l a t i o n  
1 Ex t  (E,F) = 0. 
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We explain,up t o  some extent , the connection. In p a r t i c u l a r  we show how the re-  

s u l t s  on E x t  (E,F) = 0 can be used t o  solve a problem o f  Grothendieck i n  [ 8 ] ,  11, 

5 4,  p .  118 ( s .  Thm. 4.6. below) and t o  complete h is  inves t iga t ion  of the re la t ion  
E b  Gfl F i n  the case t h a t  one of the  spaces i s  a power s e r i e s  space sa t i s fy ing  a 

cer ta in  s t a b i l i t y  condi t ion.  I n  f a c t  we get  a ra ther  complete answer. A more 

systematic approach can be found in  1331. The crucial  lemma 4 . 4 .  i s  a spec ia l -  

ized version of  a r e s u l t  proved there .  For spaces with basis  see [13]. 

1 

We assume E = h " ( A ) ,  F = h ( B ) ,  E a Schwartz space and p u t  P = E b  Gn F. P can be 

considered as  a space of double indexed sequences or  of matr ices .  The dual P '  can 

be ident i f ied  with the space of a l l  matrices belonging t o  bounded l i n e a r  maps 

from F t o  E.  By P*we denote the  Kothe dual o f  P ,  i . e .  the  space o f  a l l  matrices 

v = ( v .  . ) .  such t h a t  
1 ,J  1 , j E N  

i;j 
v. . j  < + " 

1 ,J  

f o r  a l l  u = ( u .  . )  

E = k ( A ) .  

E P .  E, means t h e  s e t  of nonnegative real  sequences i n  
I , J  i , j c l N  

4.1.  Theorem (Grothendieck): The following are equivalent: 

( a )  P is bornological 

ibi P is barrelled 

i c j  P '  = P* 
(d i  Vno 3no Vm, h c  E+ 3 R 0 V i , j  : 

I t  i s  easy t o  see t h a t  we can wr i te  down (Si) in  the  following way: 

( S 2 )  Vno 3mo Vm 3 n ,  R > 0 Vi,j : 
* 

Both conditions on the  matrices a r e  obviously r e l a t e d .  We have even (see [13)): 

4.2. Proposition: Conditions 4.1. (d i  and (S2)  are equivalent. 

A t  l e a s t  f o r  one par t  of 4.2. we shal l  now give a proof not involving any special  

assumptions on E o r  F, in  p a r t i c u l a r  they a r e  not assumed t o  be Kothe spaces. 

* 

We recal l  t h a t  f o r  any complete l o c a l l y  convex space X t h e  following implications 
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ho ld :  

X b o r n o l o g i c a l  3 X b a r r e l l e d  = X b  s e q u e n t i a l l y  complete. 

We s h a l l  show t h a t  sequen t ia l  completeness o f  

i m p l i e s  ( S 2 ) .  

F o r  t h e  p r o o f  which has some s i m i l a r i t y  w i t h  t h e  p r o o f  o f  Theorem 7 i n  [ 4 1  we 

use t h e  f o l l o w i n g  n o t a t i o n :  A p r o j e c t i o n  P i n  F i s  c a l l e d  12 -admiss ib le  i f  t h e  

range o f  P i s  f i n i t e  dimensional  and 

P i ,  P = Lb(E,F) o r  P = E '  hV F * 

Px = z x .  y . ( x )  
J J  j 

w i t h  y .  t F '  . 
J P  

* 
4 .3 .  Lemma: 

e x i s t  no.k such that  f o r  a22 K,m there e x i s t  n,S and a F-adniissible project ion P 

with 

( S 2 )  i s  equivalent to  the following condition: For euery there 

* 
f o r  a l l  x E E and y E ( k e r  P ) '  

Proof: 
f o r  j = cl,k,K we have 

We o b t a i n  

1 l w  e tc .  denote the dual norms i n  ( k e r  P ) ' .  
F. 

We p u t  Q = i d  - P and assume IJ. < k < K. With C such t h a t  11Qx11. 5 Cllxllj * * * J 
I y l j  5 lly o Q l l j  5 C I y I .  f o r  these j .  J 

f o r  a l l  x c E, y E ( k e r  P ) '  

range an analogous i n e q u a l i t y  w i t h  Q rep laced  by P i s  t r i v i a l .  

We add these i n e q u a l i t i e s  and observe t h a t  Ily o Q I I j  + 1Iy o P l l j  i s  e q u i v a l e n t  t o  

llyllj f o r  j = p,k,K. T h i s  proves t h e  a s s e r t i o n .  

4.4. P r o p o s i t i o n :  If P b  i s  sequentially complete for  P=Lb(E,F) or P = E i  &,, F, 

then E and F s a t i s f y  condition ( S 2 ) .  

Proof: 
sequences x i n  E and y i n  F '  such t h a t  t h e  s e r i e s  

hence f o r  a l l  y E F '  S ince  P has f i n i t e  dimensional  
IJ.' IJ.' 

* * 
i t  

* 
Under t h e  assumption t h a t  ( S 2 )  does n o t  h o l d  we c o n s t r u c t  doub le  indexed 

k ,n k ,n 

k$n <Yk ,n ' 'PXk ,n )  

converges u n i f o r m l y  on eve ry  equ icon t inuous  s e t  o f  maps cp c.L(E,F) and such t h a t  

t h e  map A E L(F,E) d e f i n e d  by 
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i s  n o t  bounded. 

S ince  t h e  equ icont inuous  subsets o f  L(F,E) a r e  t h e  bounded se ts  i n  Lb(E,F), s i n c e  

fu r the rmore  t h e  canon ica l  map E '  

canon ica l  i d e n t i f i c a t i o n s  (Eb @n F)  

( i f  t h e i r  image i s  conta ined i n  E c E " )  t h i s  proves t h e  a s s e r t i o n .  

F + Lb(E,F) i s  con t inuous  and under t h e  
I -b n ,  

corresponds t o  t h e  bounded maps i n  L(F,E) 

We app ly  lemma 4 .3 .  

f o r  every  k ( w i t h  no = k-1) t h e r e  e x i s t  K (we can assume K = k + l )  and m (we can 

assume m = k )  such t h a t  f o r  a l l  n and C and f o r  a l l  1 -admiss ib le  p r o j e c t i o n s  P we 

have x E E, y E ( k e r  P ) ;  w i t h  

Then by assumption we have p (we can assume IJ. = 1) such t h a t  

We choose a b i j e c t i o n  v + ( k ( v ) ,  n f v ) )  f rom D\1 o n t o  h’ x IN and s e t  up an i n d u c t i o n  

on V .  For  v = 1 and k = k ( l ) ,  n = n ( 1 )  we p u t  C = 8, P = 0 and choose x ~ , ~ ,  yk,n 

accord ing  t o  (*) .  We choose a E F w i t h  llak,nlJk 5 1, Yk,n(ak,n) = 1. 

L e t  x ~ , ~ ,  Y ~ , ~ ,  ak,n be chosen f o r  k = 

t h a t  (*) i s  s a t i s f i e d  and = 6 6 

We p u t  ~ ( x )  = ,dl x 

p u t  k = k ( v + l ) ,  n = n ( v + l ) ,  Q = i d  - P and choose Co such t h a t  I lQxl l .  5 Co l lxl l j , 
2k+n+1 and f i n d  x f o r  j = l , k ,k+ l .  Now we s e t  C = Co 

accord ing  t o  (*), i . e .  such t h a t  w i t h  y 

k ,n 

k ( p ) ,  n = n (p)  and p = 1, ... ,V 

k , l  n,m ' 

( x ) .  P i s  a 1 -admiss ib le  p r o j e c t i o n .  We 

such 

k(P)  ,niIJ.) Y k b )  ,n(lL) 

J l  

E E, yk,n c ( k e r  P )  k ,n 
= yk,n o Q k ,n 

.-., 
We choose ak,n E k e r  P = i m  Q such t h a t  /lak,nllk = 1 and yk,n (ak,n) = Yk,n ( a k y n )  

= 1. 
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Every equ icont inuous  subset o f  L(E,F) i s  con ta ined  i n  one o f  t h e  fo rm B = 

{ v  6 L(E,F) :Ilqxilk 5 C(k)  ~ ~ x l ~ n ( k )  f o r  a l l  k }  w i t h  i n c r e a s i n g  sequences n ( k )  i n  N 
and C ( k )  z 0. 

Given B we p u t  1 = n ( l ) ,  rn = n ( l + l )  and o b t a i n  f o r  ip E B 

S ince  t h e  es t ima te  i s  termwise, t h e  s e r i e s  on t h e  l e f t  hand converges u n i f o r m l y  

on B.  

Fo r  A E L(F,E) as d e f i n e d  above we have A ak,n = x ~ , ~  hence IIA ak,nllk = n w h i l e  

Jlak,nllk = 1 f o r  a l l  k and n. There fo re  f o r  eve ry  k t h e  s e t  { A  x : llxllk 5 11 i s  

n o t  bounded, i . e .  A i s  n o t  bounded. 

S ince  a l l  t h e  necessary c o n d i t i o n s  f o r  Ex t  (E,F) = 0 i n  1311 a r e  based on ( S p )  

t h e y  a l l  a r e  necessary c o n d i t i o n s  f o r  t h e  b o r n o l o g i c i t y  o r  ba r re l l edness  o f  

Lb(E,F). I n s t e a d  o f  a converse o f  Prop. 4 . 4 .  

c o n d i t i o n .  

1 it 

wecomplement i t  by a s u f f i c i e n t  

4.5. P r o p o s i t i o n :  

(B), then Lb(E,F) = Eb an F is bornoZogica2. 

prooS: 
we know t h a t  Lb(s,s)  i s  b o r n o l o g i c a l .  

From [24], Prop. 3.3. and 4 .5 . ,  by add ing  complements we o b t a i n  exac t  

sequences 

If E and F are nuczear, E has property ( D N )  and F has property 
,.d I -  

From Gro thend ieck 's  r e s u l t  [81,11,§4,n03, Cor. 2 ( c f .  4.1.  and 4.2.)  

L 
O + E + s + G - 0  

O + H - s - F + O  q 

where G and H a r e  complemented subspaces o f  s .  

Since E x t  (E,H) = 0 and E x t  ( G , s )  = 0 we o b t a i n  t h a t  t h e  map 1 1 
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i s  s u r j e c t i v e .  By [ 8 ] ,  I ,  5 1, no 2, Prop. 3 L* 8 q i s  a t o p o l o g i c a l  homomorphism. 

Hence E '  6 F = Lb(E,F) i s  b o r n o l o g i c a l .  

L e t  V be a complex a n a l y t i c  m a n i f o l d .  I n  [ 8 ] ,  11, 0 4, p .  128 Grothendieck s t a t e s  

t h a t  L b ( X ( V ) ,  % ( V ) )  i s  b o r n o l o g i c a l  if V = Ic, whereas f o r  V = D ( u n i t  d i s c )  i t  

i s  n o t .  He asks f o r  a c l a s s i f i c a t i o n  o f  complex man i fo lds  w i t h  respec t  t o  l i n e a r  

t o p o l o g i c a l  p r o p e r t i e s  o f  X ( V ) .  Now f o r  t h e  p resen t  case we can g i v e  a complete 

answer. 

b n  

4.6.  Theorem: The following are equivaZent: 

( 1 )  L ~ (  % ( V ) ,  & ( V ) )  i s  bornoZogicaZ 

( 2 )  L b ( X ( V ) ,  & ( V ) )  i s  barrelzed 

( 3 )  g ( V )  has property (DN) 

( 4 )  every pZurisubhamonic funct ion on V, which i s  bounded from above i s  constant 

(strong LiouvilZe proper ty ) .  

Proof: We have (1) = 1 2 )  = Pt; s e q u e n t i a l l y  complete f o r  P = Lb(&(V) ,&(V) ) .  By 

4 .4 .  t h i s  i m p l i e s  ( S 2 )  f o r  E = F =a(V). Since [3l], Thm. 7.2. i s  comp le te l y  based 

on (S;) we know f rom t h a t  theorem t h a t  x(V) has (DN).  

( 3 )  = ( 1 )  f o l l o w s  f rom 4.5. s ince  x ( V )  i s  nuc lea r  and has p r o p e r t y  ( a )  ( c f .  [31] 

§ 7,B). 

The equ iva lence o f  ( 3 )  and ( 4 )  i s  shown i n  L371. 

Before  we t r e a t  t h e  case o f  power s e r i e s  spaces we 

t h e  connect ion  between t h e  r e s u l t s  o f  [27] and t h e  

denote t h e  space o f  a l l  bounded l i n e a r  maps f rom F 

need some i n f o r m a t i o n  about 

p resen t  paper.  By LB(F,E) we 

t o  E, i . e .  those maps which 

send some neighbourhood o f  zero  i n t o  a bounded s e t .  We o b t a i n  f rom [27], 1.3. 

and 1.4. 

4.7. Theorem: If E = x"(A) o r  F = X(B) then the foZZowing are equivalent:  

( 1 )  L(F,E) = LB(F,E) 

(21 f o r  every sequence K(N) there e x i s t s  K such that  f o r  each n we have No 
and C wi th  

for alZ x f E, y F ' .  
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One p a r t  o f  [Zq, 7.3. says t h a t  a t  l e a s t  f o r  r e f l e x i v e  E t h e  e q u a l i t y  L(F,E) = 

LB(F,E) i m p l i e s  t h a t  E b  @n F, hence a l s o  E L  &n F i s  b a r r e l l e d .  

We r e c a l l  t h a t  a Frgchet  space F has p r o p e r t y  (5) i f  t h e  f o l l o w i n g  ho lds  ( s .  [36] , 
c2q 1: 

*2 * *  
VY E F '  : I l ~ l l K  5 C IIYIIL IIyllk. (5) Vk 3K VL 3C > 0 

One connect ion  between [21 and t h e  p resen t  paper i s  g i v e n  by t h e  f o l l o w i n g  lemma 

wh ich  e x p l a i n s  i n  a v e r y  s a t i s f a c t o r y  way t h e  co inc idence  o f  t h e  c o n d i t i o n s  i n  

[31] , 4.2. and [ 2 n ,  4.3.  as w e l l  as i n  [31], 4.3.  ( r = l )  and [27], 2.1. a t  l e a s t  

f o r  nuc lea r  i i l ( u ) .  

4.8. Lemma: If E = X m ( A )  or F = X(B) and F has property (L) then (S;) impZies 

L(F,E) = LB(F,E). 

Proof: *(ST) y i e l d s  n o .  For  a g i ven  sequence K(N) we p u t  p = K(no) and o b t a i n  

f rom (S1) a number k such t h a t  f o r  a l l  K and m we have n and S w i t h  

f o r  a l l  x E E, y E F ' .  

F o r  k we choose K 3 k accord ing  t o  (L) and o b t a i n  f o r  L = K (n ) ,  n = n(K,m) as i n  

(S;), a C 0 such t h a t  

f o r  a l l  y E F ' .  

We o b t a i n  f o r  x E E, y E F ' :  

* * * 
I I X I I ~  IIYIIK 5 (C + S )  max (lIxl ln I IY I IK (~ )  ,lIx/I / I Y I I K ( ~ ~ )  1 

which proves  t h e  a s s e r t i o n .  

Remark: 

p e r t y  (DN) .  

* * 
A s i m i l a r  p r o o f  shows t h a t  (S1) and (S2)  a r e  e q u i v a l e n t  i f  E has p ro -  

I n  t h e  f o l l o w i n g  theorem we assume f o r  (3 ) ,  a.and p. t h a t  SLIP an+,/ an < + m 
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and f o r  (3 ) ,  y. t h a t  l i m  

A Fr6chet  space F has p r o p e r t y  (E) i f  t h e  f o l l o w i n g  ho lds  ( s .  [27] ; [31] ) : 

/ an = 1 ( s t a b i l i t y  assumptions).  
n 

*ltE * +€ 

( E )  V k ,  E > O 3K VL 3C > O Vy E F '  : IIYIIK C- C IIYIIL IIYIIk . 
Obv ious ly  p r o p e r t y  (n) i m p l i e s  ('5'). 

The theorem extends ( i n  t h e  n u c l e a r  case) Prop. 15 i n  181, 11, 54, n03 which g i v e s  

t h e  case a. f o r  E a Kothe space. 

4.9. Theorem: If E and F are nuclear and one o f  them a power s e r i e s  space 

f y i n g  our s t a b i l i t y  asswlrptions, then t h e  following are equivalent:  

( 1 )  Lb(E,F) i s  bornological 

(2) Lb(E,F) i s  barre l led  

(31 

s a t i s -  

a . i f  F = hr(a) : E has property (DN) 

p . i f  E = AJu) : F has property (Q) 

y . i f  E = Al(a)  : F has property (5) .  
- 

* 
proos: 
4.1., 4.2., 4.3. i n  [31] 

t h e  cases  and p. ( 3 )  3 (1) f o l l o w s  f rom 4.5., i n  t h e  case y . c o n d i t i o n  (S;) i s  

s a t i s f i e d  as we know from [3], 4.2. t h e  s u f f i c i e n c y  p a r t  o f  wh ich  i s  based on (S1). 

4.8. y i e l d s  L(F,E) = LB(F,E), which i m p l i e s  ba r re l l edness  o f  E L  6~~ F Lb(E,F) 
( s .  [2g, 7.3.). F i n a l l y  Theorem 14.3. b i n  [ 8 ] ,  11, 5 4 no 2 t e l l s  t h a t  i n  t h i s  

case (2 )  3 (1). 

As i n  4.6. we have (1) 3 ( 2 )  = ( S 2 ) .  S ince  t h e  n e c e s s i t y  p a r t s  o f  thms. 

a r e  based on ( S z ) ,  these theorems y i e l d  ( 2 )  5 ( 3 ) .  I n  

5 .  We want t o  de termine those F r6che t  spaces E and F which can occur  i n  a non- 

t r i v i a l  way i n  t h e  r e l a t i o n  Ex t  (E,F) = 0. We s h a l l  use t h e  t h e o r y  o f  131). Hence 

t h e  main t o o l  i s  an i n v e s t i g a t i o n  o f  t h e  r e l a t i o n s  (S1) and (S2) .  

F o r  a g i ven  fundamental system o f  seminorms i n  F we denote by Fk t h e  canon ica l  

Banach spaces. The dual  o f  Fk can be i d e n t i f i e d  w i t h  t h e  space F;C, i t s  norm 

w i t h  /I  11;. We use t h e  f o l l o w i n g  c o n d i t i o n  i n t roduced  by B e l l e n o t  and Dubinsky 

[3] 
cont inuous  norm 

(*I 

Typ ica l  examples f o r  spaces n o t  s a t i s f y i n g  (*) a r e  p roduc ts  o f  Banach spaces o r ,  

more genera1,quoject ions ( s .  [ 3 ] ) .  The o n l y  Fr6chet  Monte1 space which does n o t  

s a t i s f y  (*) i s  W. 

1 
* 

t o  c h a r a c t e r i z e  t h e  Fr'echet spaces which have n u c l e a r  Kothe q u o t i e n t s  w i t h  

* * 
3w Vk 3K : SUP {llyIJk : y E F;L , IJy/JK 5 1) = + -. 
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5.1. P r o p o s i t i o n :  

FrQchet space E. 

If F does not  s a t i s f y  (*) then (S1) i s  s a t i s f i e d  f o r  every 

The proof i s  obv ious .  

Wi th  respec t  t o  t h e  f o l l o w i n g  a n a l y s i s  (Lemma 5.3.  and Thm. 5 .5 . )  t he  p r o p o s i t i o n  

means t h a t  f o r  F n o t  s a t i s f y i n g  (*) we cannot g e t  any i n f o r m a t i o n  on E f rom (S1) 

o r  f rom ( S 2 ) .  However i t  i s  o n l y  known under a d d i t i o n a l  assumptions t h a t  (S1) i m -  

p l i e s  E x t  (E,F) = 0 (see e.g. Thm. 1.9. o r  1 3 9 ,  5 3) .  

* 
.I). * 
1 

I f  we r e s t r i c t  o u r  a t t e n t i o n  m a i n l y  t o  t h e  cases where e i t h e r  E o r  F i s  con ta ined 

i n  t h e  c l a s s  o f  nuc lea r  spaces then t h e  case where F i s  nuc lea r  causes no d i f f i -  

c u l t y  s ince  i n  t h i s  case (S1) i m p l i e s  E x t  (E,F) = 0 .  

I n  t h e  o t h e r  case we can g i v e  a p r e c i s e  c h a r a c t e r i z a t i o n  o f  t h e  spaces F f o r  which 

E x t  (E,F) = 0 f o r  every  E .  Fo l l ow ing  B e l l e n o t  and Oubinsky 131  we c a l l  quo jec t i ons  

t h e  F rgche t  spaces F where F /ke r  1 1  1 1  i s  a Banach space f o r  any cont inuous  semi- 

norm 1 1  1 1 .  These a r e  t h e  spaces occu r ing  i n  Lemma 3 . 2 . .  From Lemma 3 .2 .  and an 

argument i n  [3g, we o b t a i n :  

1 * 

1 

5.2. Theorem: 

111 F i s  a quojection 
1 (2) Ex t  (w,F) = 0 
1 

(31  

The following are equivalent  f o r  a FrQchet space F: 

E x t  (E,F) = 0 for every nucZear FrQchet space E. 

From 1 3 1  we know t h e  f o l l o w i n g .  I f  F i s  a q u o j e c t i o n  then  i t  does n o t  s a t i s f y  

(*) .  The converse i s  t r u e  f o r  r e f l e x i v e  F. It i s  unknown i f  i t  i s  t r u e  always, 

i . e .  i f  F i s  a q u o j e c t i o n  i f f  i t  does n o t  s a t i s f y  (*).  Hence we do n o t  know i f  

( f o r  E r e s t r i c t e d  t o  t h e  c l a s s  o f  nuc lea r  spaces) 5.1. and 5.5. cover  eve ry th ing .  

Bu t  5.1. says t h a t  5.5. (1) i s  op t ima l  as l o n g  as we use c o n d i t i o n s  (S1) and (S;) 

f o r  o u r  a n a l y s i s .  

Whi le  i n  t h e  p reced ing  we d iscussed cases where we cannot g e t  any i n f o r m a t i o n  on 

E f rom (S1) resp .  (S2)  o r  f rom E x t  (E,F) = 0, o u r  main o b j e c t i v e  i s  now t o  i n -  

v e s t i g a t e  the  case o f  spaces w i t h  (*). We need t h e  f o l l o w i n g  g e n e r a l i z a t i o n  o f  (ON) 
( c f .  [ Z ] ,  [34]). L e t  cp a lways denote a s t r i c t l y  i n c r e a s i n g  cont inuous  f u n c t i o n  

( O , + - )  --f ( O , + - ) ,  l i m  cp(r) = + m. 

r=- 

(DN ) 3no ’dm 3, C b'x c E, r > 0 : 

Y .I). 1 

cp 
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* 
5.3. Lemma: 

( ONcp) for  some cp . 

Proof: 
y i e l d s  K and p u t t i n g  t h i s  i n t o  (S;) we f i n a l l y  ob ta in :  Fo r  every  m t h e r e  e x i s t s  

n and S such t h a t  f o r  a l l  x E E and y f 0 E F '  we have: 
I-L 

I f  F sa t i s f i e s  (*) and E and F sa t i s f y  (SE) then E has property 

* 
We choose )I accord ing  t o  ( * )  and o b t a i n  f rom (S1) no and k .  (*)  aga in  

* * 

We choose a sequence y, E F '  such t h a t  
P 

and a f u n c t i o n  cp such t h a t  f o r  a l l  S 3. 0 we have C 7 0 w i t h  

f o r  a l l  v c IN. For  

we o b t a i n  

1 
lIxllm c C'P ( r )  Ilxll + llxlln . 

By i n c r e a s i n g  C i f  necessary we have t h i s  i n e q u a l i t y  f o r  a l l  r 0 which proves 

(ONcp) * 

5.4. Lemma: 

Kiithe space k ( B )  with continuous nomi such tha t  (S1) i s  sa t i s f i ed .  

Proof: 
$(l) = 1, l i m  $(r) = + - such t h a t  

I f  E has property (DN ) f o r  some cp then there ex i s t s  a nuclear 
cp i t  

We choose a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  $ : (0,tm) + (O,t-), $ ( r )  5 r, 

r-te- 

r C 

r 
r 

-1 
f o r  a l l  v c N .  Moreover we choose a sequence p .  > 1 such t h a t  2 p .  

J -  J J  
< t - . 
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We p u t  

b .  = 1 f o r  a l l  j 
J 9 1  

-1 -1 

( j -1) ti mes 

bj,* = $ o ..o+ ( p j )  f o r  a l l  j + 
and d e f i n e  b f o r  k > 2 i n d u c t i v e l y  by 

j ,k 

We o b t a i n  f o r  j 2 k 

-1 -1 

( j - k ) t imes 

b .  
J'k+l = $ o ... Q $  (bj,2) = $ ... 0 ~r ( p j )  
bj ,k 

( k -  1 ) t i  mes 

Hence x(B)  i s  n u c l e a r .  I t  has cont inuous  norm. 

To e s t a b l i s h  (S1) we choose no  such t h a t  f o r  a l l  m we have n,C w i t h  
* 

1 
llxllm 5 C q  ( r )  llxll + Ilxll, 

"0 
(1) 

f o r  a l l  r > 0 and x C E. For  g i v e n  p we p u t  k = p + 1 and o b t a i n  f o r  a l l  K > k 
and l a r g e  j 

I n  (1) we p u t  r = bj'K and o b t a i n  f o r  l a r g e  j 5 

hence 
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f o r  a l l  j w i t h  a p p r o p r i a t e  S > 0, which proves t h e  a s s e r t i o n  ( c f .  4 .2 . ) .  

Lemma 5.3. and 5.4. t oge the r  g i v e  t h e  f o l l o w i n g  theorems. P r o p o s i t i o n  5.1. 

t e l l s  us t h a t  t h e  r e s t r i c t i o n  on F i s  n a t u r a l .  

5 .5 .  Theorem: The fol lowing are equivalent:  

( 1 )  there e x i s t s  F s a t i s f y i n g  (*)  such t h a t  E x t  (E,F) = 0 

(2) 

131 

Remark: 

cont inuous  norm. 

1 

1 
there exists anucZear Fnot isomorphic t o  ~il such t h a t  Ex t  (E,F) = 0 

E has property (DN ) for some 9. 
‘p 

A t r i v i a l  consequence i s  t h a t  (1) o r  ( 2 )  i m p l i e s  t h a t  E admits a 

To g i v e  a more c a r e f u l  a n a l y s i s  o f  t h e  meaning o f  ( 3 )  i n  5.5. we use t h e  

f o l l o w i n g  c o n d i t i o n  ( s .  1281): 

(**) There e x i s t s  po such t h a t  f o r  eve ry  p 2 p, we have a q 3 p w i t h  t h e  f o l l o  - 
wing p roper t y :  eve ry  sequence i n  E which i s  Cauchy w . r . t .  1 1  I1 and converges t o  

0 w . r . t .  1 1  1 )  even converges t o  0 w . r . t .  II II 

T h i s  c o n d i t i o n  i s  e q u i v a l e n t  t o  E be ing  coun tab ly  normable ( s .  [ 7 ] ) ,  i . e .  t o  

t h e  ex i s tence  o f  a fundamental system o f  norms on E whichmakes i t  i n t o  a countab ly  

normed space i n  t h e  sense o f  Ge l fand - S i l o v .  

9 

P ’  Po 

” 

5.6. Lemma: The folzowing are equivaZent : 

( 1 )  E has property (DN ) for  some cp 

( 2 )  t he  analogue t o  ( * * ) w i t h  “Cauchy” repZaced by ’%bounded” hoZds. 
cp 

proos: 
p r o p e r t y  t h e r e  i m p l i e s :  

I t  i s  easy t o  p rove  t h a t  (1) i m p l i e s  ( 2 ) .  We assume ( 2 )  and show t h a t  t he  

for a l l  x 6 E, r > 0 and an a p p r o p r i a t e  f u n c t i o n  cp(r) = cp ( r ) .  P.Po39 

F o r  t h i s  i t  s u f f i c e s  t o  show 

a l l  x E F 

llxllp 5 M llxll + 

We assume t h a t  t h i s  were n o t  

M we have xM F E w i t h  

P O  

t h a t  f o r  eve ry  r > 0 t h e r e  e x i s t s  M such t h a t  f o r  

1 r I lX l l q  * 

t r u e .  Then t h e r e  e x i s t s  a r 7 0 such t h a t  f o r  eve ry  
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+ 

I n  p a r t i c u l a r  IIx 1 1  
/ Ix ( 1  5 r f o r  a l l  M which c o n t r a d i c t s  ( 2 ) .  

We choose cp such t h a t  

> 0. Hence we can assume 11x 1 1  = 1. But then  Jlx 1 1  -+ 0 and 
M P  M P  M Po 

m q  

v ( r )  PYP0.q = 0 

r- Cp(t-1 

f o r  a l l  p,po,q which occu r .  It f o l l o w s  t h a t  E has p r o p e r t y  (DN ) .  

I f  E i s  a Schwartz space then  f o r  eve ry  p we have 'i; such t h a t  eve ry  sequence 

which i s  bounded w . r . t .  has a subsequence which i s  Cauchy w . r . t .  p. Th i s  proves 

t h e  second p a r t  o f  t h e  f o l l o w i n g  lemma, t h e  f i r s t  one i s  obvious f rom 5.6. . 

cp 

5.7.  Lemma: ( 1 )  I f  E has property (ON ) f o r  some then it i s  countably normatile. 
cp 

(2) I f  E i s  a countabZynomable Schwnrtz space then it hasproperty (DN ) for  
cp 

some cp . 

Hence theorem 5.5. g i ves  f o r  t h e  case o f  Schwartz spaces: 

5.8. Theorem: 

( 1 )  there e x i s t s  a Schwarta spuce (nuclear space) F not isomorphic t o  w such 

For a Schwartz space E the  fofolowing are equivalent:  

1 t h a t  E x t  (E,F) = 0 

121 E is countably normable. 

I n  Dubinsky [ 5 1 ,  1 6 1  and i n  [ 7 1 ,  [28] t h e r e  a r e  g i v e n  examples o f  nuc lea r  

(F)-spaces w i t h  cont inuous  norm b u t  n o t  coun tab ly  normable which t h e r e f o r e  do 

n o t  have t h e  bounded approx imat ion  p r o p e r t y .  From t h e  p reced ing  we conclude t h a t  

t h e r e  a r e  a l s o  examples o f  nuc lea r  spaces E w i t h  cont inuous  norm f o r  which t h e r e  

i s  no F s a t i s f y i n g  (*) such t h a t  Ex t  (E,F) = 0. Fo r  F s a t i s f y i n g  (*) and nuc lea r  

E 5.1. i m p l i e s  E x t  (E,F) = 0 .  

To determine c o n d i t i o n s  on F f o r  t he  ex i s tence  o f  E such t h a t  Ex t  (E,F) = 0 we 

r e c a l l  t h e  f o l l o w i n g  concept which was in t roduced  by Grothendieck [ 9 ]  : A l o c a l l y  

convex space F i s  c a l l e d  quasi-normable i f  f o r  every  equ icont inuous  s e t  A c F '  

t h e r e  i s  a neighbourhood o f  zero  V i n  F such t h a t  on A t h e  topo logy  o f  FA c o i n -  

c ides  w i t h  t h e  topo logy  o f  un i fo rm convergence on V .  

1 

1 

1 

E q u i v a l e n t l y  ( s .  [9] ,  p. 107): F i s  quasi-normable i f  and o n l y  i f  f o r  every  

neighbourhood of  zero  U t h e r e  e x i s t s  V such t h a t  f o r  each a > 0 t h e r e  e x i s t s  a 
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bounded s e t  B c F such t h a t  

V C B  t a u .  

I n  [14] i t  i s  shown t h a t  a Frgchet  space F i s  quasinormable i f  and o n l y  i f  

t h e r e  e x i s t s  9 such t h a t  F has t h e  p r o p e r t y  

(QY) Vp 3k VK 3 C V r > 0, y c F '  : 
* " 1  * 

l l ~ l l ~  5 C cp ( r )  l l ~ l l ~  + IMlV - 
* 

5.9. Lemma: 

space, then F has property (9 ) for  some 9 . 

proos: 
f o r  eve ry  cp and hence i t  i s  quasi-normable.  

I f  E and F sa t i s f y  ( S p )  and E i s  a proper inon normablel Frdchet 

9 

If  F does n o t  s a t i s f y  c o n d i t i o n  (*) then  i t  o b v i o u s l y  has p r o p e r t y  (9 ) 
cp 

I f  i t  s a t i s f i e s  c o n d i t i o n  (*) then  we know f rom t h e  remark a f t e r  5.5. t h a t  E 

admits a cont inuous  norm. We can assume t h a t  a l l  1 1  I l k  on E a re  norms. I n  an 

analogous way as i n  the  p r o o f  o f  5.3.  we show t h a t  F has p r o p e r t y  (Q ) f o r  

some cp . 

Given IJ- we f i n d  no and k acco rd ing  t o  ( S p ) .  We choose m > no such t h a t  t h e r e  

e x i s t s  a sequence xv E E such t h a t  

9 

* 

T h i s  i s  p o s s i b l e  s ince  F i s  n o t  normable. Fo r  g i v e n  K and m we o b t a i n  n and S 

such t h a t  f o r  a l l  y E F '  and \I : 

We con t inue  as i n  t h e  p r o o f  o f  5 .3,  

The ex i s tence  o f  a nuc lea r  h(A), even w i t h  some a d d i t i o n a l  p roper t ies ,  f o r  g i ven  

F w i t h  p r o p e r t y  ( a  ),such t h a t  E x t  ( X ( A ) , F )  = 0 i s  i m p l i c i t l y  shown i n  [14]. 

Bu t  s ince  we do n o t  need here t h e  a d d i t i o n a l  p r o p e r t i e s  we g i v e  a d i r e c t  p r o o f .  

1 
9 

5.10. Lemma: 

Kothe space E = h(A)  such that (S1) is sa t i s f i ed .  

Proof: 

I f  F has property (Q ) f o r  some cp then there e x i s t s  a nuclear 
*'p 

We can assume cp(r) 2 r, 911) = 1. We choose a > 1 such t h a t  Z a < t m 

j -  j j  
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and p u t  

a = 1 f o r  a l l  j 
j ,1 

For  k > 2 we d e f i n e  a i n d u c t i v e l y  by 
j ,k 

a j , k + l  = a j , k  cP(a j , k ) .  

An i n d u c t i o n  argument shows t h a t  @ ( a .  ) 2 U .  f o r  k 3 2 hence 
Jlk J 

which i m p l i e s  t h a t  h(A) i s  n u c l e a r .  

The p r o o f  con t inues  as t h e  p r o o f  o f  5 . 4 .  

The equ iva lence o f  ( 2 )  and ( 3 )  i n  t h e  f o l l o w i n g  theorem i s  conta ined i n  [lq,  
theorem 6. I t  shou ld  be n o t i c e d  t h a t  here  we do n o t  need t h e  more s o p h i s t i c a t e d  

c o n s t r u c t i o n  o f  x(A) g iven  i n  (141. The equ iva lence o f  (I) and (2)  i s  con ta ined  

i n  Lemmas 5.9 .  and 5.10. 

5.11. Theorem: 

( 1 )  

(2) F has property (D ) f o r  some cp 

131 F i s  quasi-normable . 

For a FrBchet space F the  f o l l m i n g  are equivazent: 

E x t  (E,F) = 0 1 there e x i s t s  a proper Frdchet space E such that  

‘9 
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